
METHODS AND APPLICATIONS OF ANALYSIS. © 2000 International Press 
Vol. 7, No. 3, pp. 465-472, September 2000 003 

ON MULTIPLICATORS IN HOLDER SPACES 
WITH NONHOMOGENEOUS METRIC* 

O. LADYZHENSKAYAt 

Abstract. We give a criterion when function m : En -> C is a multiplicator in 
Holder spaces with nonhomogeneous metrics. This criterion is applied to nonstation- 
ary system of hydrodynamical type. 

I know two criterions when function m : En —> C is a multiplicator in the space 
I/7(En). The first of them goes back to Marcinkievicz (see [1] — [3]). It has found 
numerous applications to the study of elliptic equations and systems. But it is not 
applicable to parabolic equations. Even for m(£, A) = ^^2 arising for heat equation 
this criterion does not fulfilled. For this m the criterion given by Lizorkin and Stein 
([4], [5]) can be used. As it was shown in [6] the later can be also applied to functions 
m which we have got solving the Cauchy problem for the system 

(1) dtUj - DjktimdlhXmui + dXjq = fc,    j = 1,2,3, 

div u = 0 

with coefficients Djkjm fixed at a point (x,t). System (1) is a linearization (up to 
lower nonsignificant terms) of the Modified Navier-Stokes system (see [7], [8], etc) 

(2) dtv + v-Vv-div       ^ + Vp = g,    divv = 0, 
OS       £=e(v) 

where D : MfyJ^ -> E]_ = [0, oo) is a smooth convex function of the symmetric tensors 
e = (eij) and e(v) = |Vv + |(Vv)T (here Vv is the gradient of v with respect to the 
space variables x = (xi,^,^) G E3). 

In (2) velocity field v and pressure p are unknown functions and in (1) their 
variations u and q are the functions under consideration. At first, we reduce the 

nonhomogeneous initial data v = v0 to the data 
t=o 

(3) = 0 
t=o 

and study the Cauchy problem ■(!), (3), supposing that f(x,0) = 0. After that we 
put u, q and / equal to zero for (x, t) € E* x E\. — (-oo, 0) and pass to their Fourier 
images u, q and /. For them we get the system 

(4) i\uj + Aji^)ui+i£>jq = fj,    j = 1,2,3,    &&*=(), 

where Aji(g) = DjkjmtkZm- The variables ^ = (fij&jfs) are dual to variables 
(xi,X2,xs) and A is dual to t. The conditions which are usually put on D (see [7]—[9], 
etc) generate for Djk,im the restrictions 

(5) VQ\X\
2
 < DjkjmXjkXim < //QM

2
, 
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where VQ and /io are positive constants, x is arbitrary symmetric tensor and \x\2 = 
^TxjkXjk. 
hk 

The relations 

\p) ■L'jk,lm :=: ^kj,lm — J-^kj,ml — -^jk,ml = ■Lsimjk 

are also fulfilled.  According to (5) and (6) matrixes A(£) = (Aji(€)) are symmetric 
and they satisfy the inequalities 

MOvjm > MSW 
for arbitrary vectors £, r] e E3. 

System (4) is uniquely solvable for all real f and A except the axis A (i.e. when 
£ = 0 and A is arbitrary). The principal matrix £?(£, A) of the system (4) satisfies the 
inequalities 

(7) |deti?&A)|>^K|2(K|4 + |A|2) 

with a positive constant 1/1 and arbitrary (£, A) G E4. The solution u, q of (4) has the 
form 

1 3 

fyfoA) = detg(^A) E^*^'^/*^^)'    J^1'2'3 

^'A) = d^A)Ec-«'A)/fc^A)- 

The functions CJA; , j < 4 have the structure 

(81) Cj/feCf? A) = Cjk,lm(€, A)£/£m 

where Cjk,im are 2-homogeneous polynomials in the following sense: 

(82) Cjk,im(a£,a2\) = a2Cjk,im(^\) 

Functions C4A; are 5-homogeneous polynomials, i.e. 

(83) C4fc(a£,a2A)-a5C4^(£,A). 

For / satisfying the condition 

(Ox) div/ = 0 

functions / = F(f) satisfy the relations 

(Qa) &A(f,A)=0> 

and C^k have the following structure 

(93) CWf, A) = C,4fc,/mn(£5 A)£/£m£n 

with 2-homogeneous polynomials C±k,imn- Besides (7), function deti? has the prop- 
erties 

(10i) detJ5K,A) = 6w(f,A)&6 
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and 

(IO2) bkt(a^a2\)=a%l(^\). 

It is not difficult to calculate that the fractions 

(1.0 Mfjfe,    ^,^ = 1,2,3, 

and also the fractions 

(ll2) det^.A)'    *'' = 1'2'3' 

(when (74A; have the form (Os)) satisfy the conditions of Theorem 2 which we formulate 
and prove below. Thus, they are multiplicators in the Holder space H^^^^QT) with 
parabolic metric 

p({x,t),(x'J)) = \x-x'\ + \t-1?\1'2 

and any 7 <E (0,1). The norm in H^^/
2
\QT), QT = E3 x (0,r), is determined by 

the equality 

Miy(7,7/2) (QT) = sup M + (u)^/2) 

QT 

where the second term is called Holder constant and has the form 

/7A(7,7/2) _ KM)-^',*')! 
{)QT    ~    ^^(^OegT^^^^^ 

^((x,t),(^,0)<i 

So, with the help of Theorem 2 we get the statement 
THEOREM 1. For solutions u, q of the Cauchy problem (1), (3) with f G L2(QT)ri 

H^^^^QT) the following estimates 

(12i) \\dtu, d2
xxu, dxu, U\\L2{QT) < C\\f\\L2{QT) 

and 

(122) <ag,«>Si7/a) <.C7(7)</>Si7/a) 

ftoZd: //, additionally, f satisfy (9i) and /(#, 0) = 0; ^en 

(123) (Vg)^
/2) < C(7)(/)£7/2) 

is also true. 
Basing on this theorem the theorem on unique solvability of the Cauchy prob- 

lem for system (1) in space W^iQr) n #2+7'1+7/2(Qr) for u and space L2(QT) n 
Hin/2(QT) for Vg is proved by known methods. Let us point out that in the 
work [6] of G. Seregin and myself the estimate (12i) in the space Z/

7
(<2T) with 

arbitrary 7 £ (l,oo) is proved. To do this we have convinced that the functions 
^2(detB(^X))~1Cjk(^X), j,k = 1,2,3, satisfy Lizorkin-Stein criterion and hence 
they are multiplicators in the spaces I/7(E4), 7 £ (l,oo). In [6] we have proved also 
the estimate (122) (but not (123)). We did this by special technique developed for the 
study of parabolic systems (see Campanato [10] and others). Here inequalities (12&), 
A: = 2,3, are proved with the help of following criterion. 
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THEOREM 2. Let m be a bounded function of variables £ = (£',£71) € En, £,' — 
(£i>--- )£n-i) satisfying inequalities 

(13) IKH^^^M,    Vi€Z = {...,-1,0,1,...}, 

wttt a ^ < 00 anc/ 5 > n/2.   /n (13) m^-^) = 771(2^^,2J>^n) ^% a E (0,1] and 

w = {£   I   I < /9(0 < 4} w/iere p(0 = l^'l + |£n|* and ^1 = E |&|.  5Tic/» m {5 a 
ife=i 

multiplicator in Holder spaces H^'ai\En), 7 € (0,1), i.e. 

(14) (m * u)^a7) < C(7, a, n)M(U)^a7) 

w;/iere m = F-1^) anrf ^ is an arbitrary function from Cl{En). 
Here we have used the notations 

(15) (U>^= SUP l^^n)-tiy>gw)| 
{x',xnUy',yn)eE" P^'V) 

p(x - y) < 1 

and m = F~l{m) is the inverse Fourier image of m. 
Above we have used this theorem for a — 1/2 and 0-homogeneous functions, so 

that for them fhj{^) = m(£) and we have examine (13) only for function m(£) itself. 
We proof Theorem 2 following to the same plan that was applied by Hormander 

for the proof of Theorem 7.9.6 from [3], but we work with other auxiliary functions. 
Thus, we take a smooth function ip : E+ -> [0,1] which is equal 1 on the interval 
[0,1] and zero on [2, 00) and the function (p : E+ -> [0,1] determining by equality 
(p(p) = ijj{p) - il)(2p), p e E]_. The later is equal zero on the sets [0, |] and [2,00). 
Let us introduce also the functions tpj : E\_ -» [0,1] by equalities ipj(p) = ^(^■)- It is 
easy to see that 

00 

(160 J2  lPj(p) = 1'        P 6(0,00). 
j=-oo 

Now, using ip and ipj, we determine the functions (p and ^ : En —> [0,1] in the 
following way: 

(I62) $ = Vop,        i.e.   .4(0 = <p(p(Z)) 

<i>j = VJ 
o pi    i'e' ?i(o = ^(p(0) = 

(163) ^)=^(4%)=^,^). 
The equality (I61) generate the following 

00 

(164) Yi &(0 = i.      ee£;"\{0}. 
J=-oo 

According to (16^), k = 1,... ,4 we represent 2(f) = i^Xf) as the sum 2(f) = 

£2j(f) where Uj(£) - 2(0^'(0- Let ^i be the inverse Fourier transform of 0j, i.e. 
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(j)j = F~l((j)j). Then using a change of variables we get 

(17) 
= 2(«-ib+i/« f ei2Jx',>'+i2i/o'Xnin${ri',rin)dr) = 2^n-1^+:>/a(t>(2jx',2j/axn) 

where 0(») = F"1 (?)(*) = I eix^(0^ 
Let us introduce a smooth function 0 : E| -»• [0,1], which is equal to 1 for 

p G [|, 2], to zero for p G [0, j] and /> > 4, and the function x ■ En -> [0,1] determined 
by equalities x(£) = «(p(0)» £ 6 £"• It is clear that £(f) = 0(Ox(O and ^(0 = 
^i(0x(|r. 2^=-) and therefore 

?      Zn   ,    ,?      Zn ■t'      Zn i(0 = HOMO = m4>(^, 2^)X(^, 2^) = %(0X(^, 2^)- 

Let 

(18i) v = m* u. 

Then for its Fourier image v we have 

(i82) v(0 = fh(0u(0 = 2^(0«i(0 = I>te)> 
j i 

where ^-(0 = fhj(0uj(0 and %(0 = ™>(0x($r, &?)• 
Let us show that F~l{fhj) have the uniformly (with respect to j) bounded norms 

in L1. For this purpose we remark that 

IIF-^-IU^) =jdx yete«m(0x(|,^K 

= j dy   /'eiwm(2V,2j/V)x(^)^ 

where M^T?) = ffi(2^r]',2^aT]n)x(v) = rhjirixiv)- 
In virtue of well known inequalities, for any Mj 

= HF-^IUi, 

(19) 
n 

\F-1Mj\\Li{En) < CfasWMjWw.w),    * > g- 

The right hand side of (19) is uniformly bounded due to our condition (13) and our 
choice of X- Thus we have 

(20) 

Due to (17) we have 

\\F   rhjWLi < cop,    for any je 

uj(x) = F-1(uj)=F-1(uj>j) 

(210 = U * ir~1(^) = U * h = 2{n~1)j+j/a J u(x - y)<t>(yy', 2^ayn)dy'dyn 

I  (u(x' -^j,Xn- ^jj^) - U(x))0(2)d2 
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Here we have used </>(0) = 0 = / (j)(z)dz. Analogously we get 

(212)       d^ujix) = v j(u{x' - ^,xn - ^)-u{x))dZk(t>{z)dz,   k < 

and 

(213) B^Uiix) = &« I (uix' -iL^-JfL.)- u(x))dZn<Kz)dz. 

The following inequalities we deduce from (21k): 

sup MaOl < <«><™> /(M + l-^fr<f>(z)dz 
(22i) xeE" J    H        & 

sup Ifl^aOl < (u)^.^)^"" \{\z'\ + \zn\«T\dZk4>{.z)\dz 
(222)        «€£■" y 

= c2(7,a)2^'7(u)<7'aT\ 

for fc < n and 

sup |a,n%(x)| < (u)^'^)2^-^ /"d^i + I^I^JT^ ^[^ 
(223) aj€JE» 7 

= C3(7,a)2^>-^(u)(7'a7\ 

These inequalities and estimate (20) we use to evaluate functions vy. 

(23i) ^-(x) = F"1^) = F-^rhjUj) = rrij *uj= I u^x - y)mj(y)dy 

where rrij = F~l(mj) and rhj is determined after (I82). Namely 

(232) sup|^(x)| < WrrijWLi sup|^(x)| < coixc^u)^*"1^-'1 = d^'^, 

(233) sup Id^Vjix)] < |K||Li sup l^u^a;)! < co^c2(u)(^a^2J'-" = cfc^'"^, 

(284)   sup la^w^a:)! < ||m,-||Li sup IS^u^a:)! < coficsiu)^^^^-^ = dz2
j/a-j\ 

X X 

Now we estimate \v(x) — v(y)\ for all x, y from i£n for which p(x — y) = l^' — 2/I + 
l^n — ynl01 < I? in the following way: 

\v{x) - v(y)\ < Y, \vj(x) - «i(»)l < E • • • + E • • • = 5l + 52' 

where no = — log2 p(x — y). For evaluation of Si we use (282) 

Si < Ys 2sup|^| < 2di Y 2"J7 

00      ., 

= 2^2""^ E ^ = ei(7> «)2""07 = e^ix - y). 
k=0 
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For evaluation of 52 we use (283) and (284): 

n-l 

0     k=l X X 

00 -j 00 -. 

^=0 k=0 

= e2|x/ - T/'lp7-1^ - y) + e3|a:n - 2/n|p7~1/a(x - 2/) < (62 + e3)p7(a; - y) 

Thus we have convinced that 

|i;(a:) - v(y)\ < (ei + 62 + e3)p7(^ - y). 

So Theorem 2 is proved. 
Remark. Theorem 2 is also true if we choose 

/0(o = Ei&io*' ai = 1' "^(O'1] 
A;=l 

Remark.   In Theorem 2 instead of the condition (18) we can take the condition 

(*) WF^MjUnE^KfAu      foralljGZ 

where Mj are determined just before the inequality (19). In fact, as it is seen from 
the proof of Theorem 2, the condition (13) was used only for to get the estimate (*) 
(See (19) and (20)). 
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