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DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES*

P. MARONI! AND R. SFAXI}

Abstract. We deal with a problem linked to the generalized coherent pairs problem [3,12], when
the two orthogonal sequences are identical, then called diagonal sequences. We exhaustively describe
all the diagonal sequences (see Definition 1.5, below) associated with ¢(z) = z—c, withindex s, 1<
s < 3. In particular, we prove that the diagonal forms arising are classical forms, sum of a Dirac
measure and a Laguerre (resp. Jacobi) form. Other solutions arise , (z — ¢)w where w , depending
on c,is a shifting of a classical form. But ¢ must be chosen to make (z — ¢)w regular. It is an
open problem, except for some particular cases.

Introduction. In [3] Iserles et al. introduced the concept of the coherent pair,
for solving problems in the theory of Sobolev inner products. This concept and the
more general notion of generalized coherent pair, see [1], are special cases of a global
definition given in [10]. It reads as follows.

Let {Bn}n>0 and {P,}n>0 be monic orthogonal polynomial sequences and ¢ a
monic polynomial with ¢ = deg¢. When there exists an integer s > 0 such that

n+t
(*) $(z) Pn(z) = Z )‘n,VB,[;I](m)7 Ann—s #0, n>s,

v=n-—s

with BY ](a:) = (n+1)7'B),,(z), n >0, then we shall say that the pair
{Pp}n>0, {Bn}nZO) is a coherent pair associated with ¢ with index s. Relation (%)

is itself a particular case of a finite~type relation between two polynomial sequences
[10].
Here we deal with diagonal sequences, that is to say, when in (%) we have P, =
Bp, n > 0. The case ¢(z) = 1 is well-known. In this occurrence the relation (x)
characterizes classical orthogonal sequences (Hermite, Laguerre, Bessel and Jacobi)
where necessarily 0 < s < 2, see corollary 2.3. It is the aim of the present papier to
describe the case t = 1 completely and to determine all diagonal sequences arising.
The first section contains material of a preliminary and introductory character.
The second section gives some general results about diagonal polynomial sequences.
In particular, we prove that the second sequence of a coherent pair is always a diagonal
sequence. Section 3 deals with the case ¢t = 1. We exhaustively describe the cases
which arise. We prove that a diagonal sequence either is classical or is semi-classical
with the class ¢ = 1. Finally, section 4 gives an example of computing the coefficients
An,p-

1. Preliminaries and notations. Let P be the vector space of polynomials
with coefficients in € and let P’ be its dual. We denote by < u, f > the action of
u € P’ on f € P. In particular we denote by (u), :=< u,z™ >, n > 0 the moments of
u.
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Let us introduce some useful operations in P’. For any form u, any polynomial A
and any c € C, we let Du = u',hu and (z — c¢)"!u, be the forms defined by duality

<u,f >i=—<u, f'> <hu,f>=<uhf>, feP,
<(z—c)tu, f >i=<u,0.(f) >, feP,

where 0,(f)(z) = Lﬁ#

Let {Bn}n>0 be a sequence of monic polynomials, deg(B,) = n, n > 0 (polynomial
sequence : PS) and let {uy,},>0 be its dual sequence u,, € P’ defined by < un, By, >:=
0n,m, m,m > 0. Let us recall the following result [5,6].

LEMMA 1.1. For any u € P’ and any integer m > 1, the following statements are
equivalent:
i) <u,Bp-1>#0, <u,B,>=0,n>m.

m—1
ii) There ezist A\, € C, 0 < p<m —1, Ap_1 # 0 such that u = Z Aplhy-
pn=0

As a consequence, the dual sequence {un]}n>0 of {Bn }n>0 where B[I]( ) =
(n+1)"'B.,,(z), n >0 is given by

(1.1) @) = —(n + Dupyt, n>0.

Similarly, the dual sequence {uy, }n>0 of {En}nzo with En(m) =a "B,(ar+b),n >0,
a # 0, is given by 4, = a™(hg-1 0 T_p)un, n > 0 where
<Topu, f > =< u,pf >=<u,f(z—-b) > , ueP, feP, be(,
< hot, f > :=<u,hof >=<u, f(az)> , ueP, fEP, ac C-{0}.
The form u is called regular if we can associate with it a polynomial sequence

{Bn}n>o such that < u, BBy >= Tnlpm, n,m >0; 7, #0, n > 0. The sequence
{Bn}n>o is orthogonal with respect to u. Necessarily, u = Aug. In this case, we have

(1.2) Up = (< uo,B,zl >)"!Bpug, n > 0.

When u is regular, if A is a polynomial such that Au = 0, then A = 0.

A form u is called semi-classical when it is regular and there exist two polynomials
E and F, E monic, deg(F') > 1, such that (Eu)’ + Fu = 0. The pair (E, F) is not
unique. The previous equation is simplified (see [8]), if and only if there exists a root
¢ of E such that

13) { E'&)+F(¢) =0,

< u,3(E) + 6¢(F) >=0.

Then u fulfils the equation (9¢(E)u) + {02(E) + 6¢(F)}u = 0.

We call the class of u, the minimum value of the integer max ( deg(E) — 2, deg(F) — 1)
for all possible pairs (E, F). The pair(E, ﬁ) giving the class ¢ > 0 is unique. When
o = 0, the form u is classical, (Hermite, Laguerre, Bessel, Jacobi) and degE <
2, degﬁ = 1. Any shift leaves invariant the semi-classical character. Indeed, the
shifted form @ = (h,-1 o 7_p)u fulfils the equation (E'ﬂ)' + Fii = 0 where E(x) =
a9 EE(az +b), F(z) = a'~48EF(ag + b) [8,9].
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Let ¢ be a monic polynomial with deg(¢) =t > 0 and let {B,},>0 be a (PS)
with its dual sequence {un, }n>0; for n >t we have < ¢un, Bp—t >=< upn, ¢pBp_s >=1
then ¢u, # 0, n > t, but generally, there can exist values of n, 0 < n < ¢ such that
du, = 0.

DEFINITION 1.2. We say that the polynomial sequence {Bpn}n>o is compatible
with ¢, if we have pu, # 0, n > 0 [10].

REMARK. Any orthogonal sequence is compatible with any monic polynomial.

LEMME 1.3. If the (PS) {Bn}n>0 is orthogonal, then the sequence {B,[f]}nzo 18
compatible with any monic polynomial.

Proof. Suppose that there exists an integer n, 0 < n < t such that ¢u[1] =0.
After differentiating and on account of (1.1) and (1.2), we obtain

(n+1)

pull = ——— -7
" <we,B2., >

¢Bny1uo, n > 0.
( +1)

B2 >¢2Bn+1u0 = 0 and the
n+1

Multiplying the previous relation by ¢, we get
( +1)
0, B2, >
Let{P,}n>0 bea (PS) w1th its dual sequence {vy, }n>0. Since {B,[ll}}nzo is a basis,
we get

regularity of ug implies ¢* By 11 = 0, which is impossible. 0

n+t

(14) $()Pa(z) =Y AnwBl(z), n >0,
v=0

with Apy =< gull, P, >, 0< v <n+t, n>0.

DEFINITION 1.4. [10] Let {Bpn}n>0 and {P,}n>0 be monic orthogonal polynomial
sequences (MOPS) and ¢ a monic polynomial. When there is an integer s > 0 such
that

n+t
(1.5) ¢(z)Pp(z) = Z An, ,Bl(z), Ann-s 0, n>s,

v=n-—s

we shall say that the pair ({Pn}nzo, {Bn}nZO) is a coherent pair associated with ¢

with index s. Equivalently, the pair (vo,uo) is a coherent pair associated with ¢ with
index s.

The case ¢ = 1, s = 1 is treated in [13]. See also [4,11,12,14]. For the case
$p=1, s=2,see[1].

DEFINITION 1.5. Let {Bp}n>0 be a (MOPS) and ¢ a monic polynomial. When
there exists an integer s > 0 such that the sequence {Bn}n>o fulfils

n+t

(1.6) $(@)Bn() = Y MwBl(@), Aan—s #0, n>s,

v=n-—s

we shall say that the sequences ({Bn}nZOa {Bn}nzo) is a self coherent pair associated
with ¢ with indez s. In this case, the form ug is called a self coherent form associated
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with ¢ with index s. For the sake of convenience, we shall say also that {Bp}n>0 is a
diagonal sequence (associated with ¢ with index s).

Recall the following fundamental result

PRropoOSITION 1.6. [10] Let ¢ be as a above. For any (MOPS) {P,}n>0 and
{Bn}n>0, the following statements are equivalent
i) The pair of polynomial sequences ({Pn}nZO’ {Bn}nzo) is a coherent pair associated

with ¢ with indez s.
i) There ezist a monic polynomial sequence {Qpts}n>0, degQnts =n+s, n >0 and
non-zero constants ky, n > 0 such that

(1.7) pulll = k,Qpysv0, n > 0.
In this case, we have
A L Mn <wvo, P2, >
1.8)  kn=—"E—, Qnis(z) = n 2_1ts ~ P, (x), n>0.
18) "< Vo, Pr%—]—s > i (11?) 1;) Antsn < V0, PV2 > @, nz

When P, = By, n > 0, the relation (1.7) characterizes diagonal sequences.

Now, we can prove that the second sequence of a coherent pair is always a diagonal
sequence.

ProrosITION 1.7. Suppose that ({Pn}nzo,{Bn}nzo) is a coherent pair as-

sociated with ¢ and with index s, then there exist two polynomials £ and F such
that {Br}n>o is a diagonal sequence associated with ® = & F with index s', where
deg® = 2(deg ¢ + s), s' = s+ deg¢ + deg(€) and

(1.9) & =¢(doB1Qsy1 — d1B2Qs) (for do, dy, see below), F = Q911 — Qe Q.
Moreover, the forms vg and ug are semi-classical.

Proof. Differentiating both sides of (1.7), then according to (1.1) and (1.2), we
obtain

(1.10) gl - 0+ 1)

—— 7 #Bai1ug = kn(Qprsvo), n>0.
L <uo,B,2H_1>¢ n+1Uo n(Qntsv0)’, n >

Multiplying both sides of Eq. (1.10) by the polynomial ¢ and on account of (1.7), we
get

(1.11) (' Qs = Vy8) v0 — dag®Burauio = $Qusath, n 2 0,

where

_ n+1
<U0,B72H_1 >kn

dn , n>0.

Taking n = 0 and n = 1 successively into (1.11), we obtain

(1.12) (¢'0, - Q;¢)v0 — do¢? Biuo = ¢Q,v},

(1.13) (#9041 = Qs @) v0 — di1¢2Bouo = $Qus1vi.
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Eliminating v from (1.12) and (1.13), we obtain
(1.14) pEuo = ¢Fvo,

with & = ¢(doB1s1 — d1Ba,) and F = Q,Q,; — 0,4, Q.. Now, from (1.7),

we have ¢.7-'¢u£l = kndFQnisv0 and according to (1.14) @un] knQpysdlup =
kneWntsug, n > 0 where Wy, is monic and e is a normalisation factor of £.
By cancelling uo between (1.12) and (1.13), we obtain

(115)  (Ewo)' = { (dofss1 — i BY2,)6 +2(doBrQsr — i Bafl,)¢' Juo = 0,

which implies that vg is semi-classical and ug as well.

REMARK. The formula (1.15) is not optimal from the point of view of the reduc-
tion of the degrees of polynomials involved on it.

2. General results about diagonal polynomial sequences. Let ¢ be a

monic polynomial ¢(z) = H (x —cp)™, Z m,, =t where m* denotes the number
p=1 p=1

of distinct roots of ¢. Let us put

(2.1)
1, t=0 0, t=0

Alz)={ ™ . B(z)={ ™ m .

(=) H(z—cu), t>1 (@) Zmu+1 H (z—ecy), t>1

n=1 p=1 v=1,v#u

LEMMA 2.1. For all t > 0, we have the following relation:
(2.2) Ag' = ¢(B- A").

For t = 0, it is evident. For ¢t > 1, we have

m* m*
¢'(z) = Z mu(z —c,)™ ! H (z—cp)™.
p=1 v=1u#p
Therefore

*

m

A@)d' @) =) Y mu [ (@-c)=0@){B) - A}

p=1 v=1,v#p

As a particular case of the statement of Proposition 1.7, we have

PROPOSITION 2.2. Any diagonal sequence {By}n>0 is necessarily semi-classical
and its canonical form ug fulfils the following equations

(2:3) (AQn1suo0)' + (dnAPBny1 — Bnys)uo =0, n >0,
where

‘ B2
(2.4) dpn=(n+1) < U0, By > n > 0.

< ’U,o,B2+1 > /\n+s n -



774 P. MARONI AND R. SFAXI

Moreover, the sequence {Qnys}n>0 Satisfies

(2.5) Qs — Dy s = ¢(doQnys Br — dnQsBrya), n>0.

Proof. From (1.10) where vy = ug, we obtain

(n+1
¢'ulll - m)l—>¢3n+1uo = kn(Qnysuo)’, n>0.
Hence
n+1 '
Ag'ulll - mAq&BnHuo = i (A 50) — Ko A' Qo st10.
With (2.2) and (1.7), we get (2.3) — (2.4). Taking n = 0 in (2.3), we have
(2.6) (AQyu0)' + (doAdBy — BR)ug = 0.

Cancelling out ug between (2.3) and (2.6), we obtain (2.5), by virtue of regularity of
ug- 0

COROLLARY 2.3. When {Bp}n>0 is a diagonal sequence given by (1.6), then
necessarily we have

2.7) %t§s§t+2.

Moreover

(2.8)

< ug, B2, ><uog, B} >
A do—d,=0),n>0; s<t+1
<UO,B,2H_1 >< uo,Bg > s ( 0 " )’ =7 = ’

< ug,B%,, ><ug,Bf >
< UO,B%,.H > Tin

(n+1)

An+s,n =

(n+1) As,0, (do—dn=mn), n2>20; s=1t+2.

where N, =< ug, B2 > —nAso < ug, B > .

Proof. We have deg(doQntsB1 — dnQ0sBnt1) =n + s+ 1 — p, where 0 < pp, <
n + s + 1. Therefore, from (2.5), we obtain n +2s —1 =t +n+ s+ 1 — u,, hence
U =t+2—35,n > 1. With 0< p; < s+2, we get (2.7). Accordingly deg(doQln+sB1—
dnQsBny1) =n+2s—t—1,n>1. When s <t+1,wehaven+2s—t—1<n+s,
therefore d, = dy, » > 0 and when s = ¢ + 2, we have d, # do; n > 0. Then,
examination of the highest degree coefficients in the members of (2.5) gives n =
dy — dpn, n > 0. Hence (2.8), according to (2.4). O

REMARK. When t = 0, we recover a characterization of classical forms [9].
From definitions and (2.3), we see that the class of ug is less than or equal to
m* + ¢, since

(2.9) m* +t+n= max{deg(.AQn+s) —2, deg(dnA¢pBns1 — Bnys) — 1}, n>0.
It is possible to obtain a more accurate estimation. For this, we may read (2.5) as

(2.10) Qn+s{d0¢Bl + Q;} = QS{Q;WS +dn¢Bnt1}, n>0.



DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES 775

First a lemma.

LEMMA 2.4. Let {Bn}n>0 be a diagonal sequence associated with ¢ and with index
s and let (E, F) be a pair of polynomials, E monic and deg(F') > 1 such that (Euo)’ +
Fug = 0. Then if we associate with the pair (E, F) the integer p = max (deg(E) —
2,deg(F) — 1), we have

(2.11) p=deg(F) —1=deg(E)+t—s.

T
Proof. Let F = Z < Uy, F > B, where r = deg F' > 1. But (Eug)’ + Fug =0

v=0

r—1 ’
implies < ug, FF >= 0 and with (1.1) — (1.2), (Euo - Zguug]) = 0, where g, =

v=0
r—1
v+t <upyr, F ><wug,BZ,; >, 0<v<r—1, gr—1 # 0. Hence Eup = Zgyugl.
v=0

Multiplying both sides by ¢, according to (1.7) where vo = uo and by virtue of
regularity of ug, we get
r—1

OE =" g,k Qs

v=0

We infer deg¢ +degE =71 — 1+ s = deg F' — 1 + s. Hence (2.11), taking (2.7) into
account. O

PROPOSITION 2.5. The diagonal form ugy associated with ¢ with index s, t > 1 is
of class less than or equal to m* +t — 1.

Proof. Consider euclidian division of 2,45 by £
(2.12) Qn+s(2) = Qs(2)Qn(2) + Rs—1(n)(2), n 20,

with deg Rs—1(n) < s — 1 when R;_1(n) # 0, Rs;—1(0) = 0. Equation (2.3) becomes
(2.13)

(AR3—1(N)U0)I + {AQsQ% — A¢(doB1Qn — dnBny1) — BRs—l(n)}Uo =0, n>0.

Two cases arise.
1) There exists ng > 1 such that Rs_1(ng) # 0. From (2.13), we have

E = ARs_l(no) and F = AQsQ;m - A¢(doBlQn0 - dnano+1) - BRs_l(’no).

Sincedeg E < m*+s—1, wehavedegF —1<m*+s—1+t—s=m*+t—1. Hence
the desired result by taking (2.11) into account.

REMARK. Since 1 < deg F' < m* + t, we must have t > 1.
2) For any n > 1, we have R,_;(n) = 0. Equation (2.10) becomes

(2.14) QSQ;‘L = <Zs{doBlQn - dan+1}’ n > 0.

For n = 1in (2.14), Q, = ¢{doB1Q1 — d1 B} := ¢Z, whence ZQ!, — doB1Qn =
—dan+1, n Z 0.
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It follows < ug, ZQ!,—doB1Qy >= —d,, < ug, Bpy1 >=0o0r < (Zug) +doBiug, Qn >
=0, n > 0, which implies

(Zug)' + doBrug =0 with degZ < 2.
In this case, the class of ug is zero, i.e. ug is a classical form. O

COROLLARY 2.6. Let {Bp}n>0 be a diagonal sequence associated with ¢ with
index s. When the polynomials Qs and Q) + do¢B, are coprime, then {Bp}n>0 is a
classical sequence.

Proof. Following (2.10), the assumption implies existence of a polynomial se-
quence {¢n}n>0 such that Qs = Qsqn, n > 0. Therefore ¢, = @ and R,_;(n) =
0, n > 0. Hence the desired result from above. O

Under certain conditions, it is possible to build a diagonal sequence from a given
one.

PROPOSITION 2.7. Let {Bp}n>0 be a diagonal sequence associated with ¢ with
index s. Let ¢, be a polynomial, deg ¢1 = t1 and consider ¢iug. Suppose that ¢1ug
is regular with {Py}n>o the (MOPS) associated with it. Then {Pn}n>o0 s a diagonal
sequence associated with ¢1¢ with index t1 + s.

Proof. Let us put vg = Adrug with (vo)o = 1. Following the Proposition 2.4 of
[10], we have

n
Bn(z) = Z InwPo(@), Inp-t, #0, n >t

v=n-—t
Hence
BLI]("E) = Z 19n,VP1£1](x); 1§n,n—t1 7& O; n 2 tl)

v=n—t1

where 95, = (n + 1)} (v + 1)¥n41,041. On account of Lemma 2.1 of [10], this is

equivalent to
n+t1

vg] = Z 15,,,,,14,1], n 2> 0.
v=n

Because the sequence {B, }»>¢ is diagonal relatively to ¢ with index s, consequently,
from the last equality and using (1.7) where vg = ug, we obtain

n+t1 n+t1
(2.15) (,Z‘)’U%l] = Z 7§V,n¢u£;1] = Z 1§V,nkVQV+Su0 = rpAntt;+sUo,
v=n v=n

. t = _ 5
with An+t1+s = E:,l:nl kuﬁu,nrnlﬂwi—s, Tn = kntt, 19n+t1,m n>0.
From (2.15), we infer

¢1 ¢’U7[11] = TnAn+t1+s¢1u0 = /\—lf‘nAn+t1+s’Uo, n 2 0.

Hence the result. O
REMARK. The relation (2.15) means that ({Bn}nZOa {Pn}nzo) is a coherent pair
associated with ¢ with index t; + s.
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In the sequel, we shall use the following second order recurrence relation fulfilled
by the diagonal sequence {By}n>0

(2 16) BO(:L') = 13 Bl(x) =T - /303
. Bn+2(m) = (.’I} - ﬂn+l)Bn+l (.27) - 7n+an($)’ n Z 0.
It follows
(2.17)
1 n+1 n 1] 1
B7[1-]f—1(x) = n+ 2(5’3 - ﬂn+1)B£,1](fU) - n+ 27n+1B[ _1(37) + nt 2Bn+1($), n > 0.

3. Diagonal sequences with index s, 1 < s < 3. In this section, we only
study diagonal sequences associated with ¢(z) = = — ¢ with index s where s = 1,2, 3,
by virtue of (2.7). From (2.3) where n = 0, the form ug satisfies the following equation:

(3.1) (E’U,o)l + Fug =0,

with E(z) = (¢ — ¢)Qs(z) and F(z) = do(z — ¢)*Bi1(z) — 2Qs(2).

Following Proposition 2.5, this equation can be simplified, since the class of ug is less
than or equal to 1. According to the expression of E(z), the equation (3.1) can be
simplified either by z — ¢ or by a factor of Q,. Thus by virtue of (1.3), the equation
(3.1) is simplified by z — ¢ if and only if

(3.2) E'(c)+ F(c) = —Q4(c) =0,

(3.3) < ug, 02(E) + 0.(F) >= — < ug,0c(0s) > +dom1 = 0.
Then ug satisfies

(34) (Eruo)' + Fiuo =0,

where

(3.5) Ei(z) = Q(z), Fi(2) =do(z — 0)Bi(z) — (6c(Qs)) (2)-

Denoting by &, i = 1,2, ...s, the roots of Q, for simplifying by = — &, it is necessary
and sufficient that

(36) B'(6) + (&) = (6 — ] (66:(2))(€) + do(&s — O B1(6) =0,
(3.7) < uo,0Z,(E) + 0¢, (F) >
=do{m + (& — )’} = < uo,0(Qs) > +(§ —¢) < uo,e‘g’i (Qs) >=0.
Then ug fulfils
(3.8) (Bauo)' + Fyug =0,

where
(3.9
Ex(z) = (¢ — ¢) (0 (%)) (2),
Fy(z) = dof (z — 2c+ &)B1(2) + (& — ©)*} — (6e:(2)) (&) + (& — ) (6. () ().
Two cases arise:
Ic ¢ {fz}, II. ce {fz}

First, we deal with the case
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L Qs(c) #0 v
Necessarily, there exists i, for instance ¢ = 1, such that (3.6) — (3.7) are fulfilled.
With the following shape

(3.10) (0, () (2) = 83-s,0(z — ¢)? + a1(z — ¢) + ao,

where ag := (0¢, (€2)) (¢), a1 := (08¢, (Qs)) (c) = (b, (9))(¢); the relations (3.6) —

(3.7) become

- (3.11) ap + (& — C){dOBl (61) + a1 +d3_50(& — c)} =0,

(3.12) (do — 03—s,0)71 + (do + 83-5,0)(&1 — ©)?
+d3-5,0(80 — ¢)(é1 — Bo) + a1 (& — Bo) —ao = 0.

Consequently, on account of (3.10), for (3.9) we have
(3.13)
Es(z) = (¢ — ¢){d3-s0(z — ) + a1(z — ¢) + a0},

F2($) = (do - 53__3’0)(.’17 - 0)2 + {53_3,0(51 - C) + d0(€1 - ﬂO) - al}(x - c)
+ (do + 83-4,0)(&1 — ©)* + (a1 — (Bo — ¢)do) (&1 — ¢) — ao.
We distinguish the three cases s = 1,2, 3.

L,s=1, Q@) =z-&
Here (6, (1)) (z) = 1, therefore a; = 0, ao = 1. Hence, on the basis of (3.11)-
(3.13)

(3.14) Esy(z) =z —c, Fz(x) = d0{$2 + (& —2¢c— ﬂo)“«' + fo(2c— &) — ‘/1}-
It follows Ej(c) + Fa(c) = —1, which means that the form uy is of class o = 1.

L.s=2 M) =(@-4)z-&)
Here (8¢, (2))(z) = z — &, therefore a3 = 1, ap = ¢ — &. Taking (3.11)~(3.13)
into account, we have

(3.15) Ea(z) = (z—0)(z—&), Fa(z) = do(z—c)*+{do(&1—Po)—1}(z—c)+2(€2—0).
It follows Ej(c) + Fa(c) = & — ¢ # 0. But, we also have
Fy(z) = do(z — &)* + {do[2(62 = ©) + & — o] = 1}z — &) + (& — ) (doX +1),
where X = & — o + & — ¢. We deduce
Ey(&) + Fa(&) = (& — ) (2+doX), < uo,b,Ez + 0, F> >=doS,
with § = & + & — 2. On the other hand, the relation (3.11) becomes
(3.16) S — (& —¢)(doX +2) = —do(&1 = ¢) (& — ©).

In any case, the class of ug is ¢ = 1, since S = 0, 2 + dpX = 0 is not possible from
(3.16).

I.s=3, Q) =@-&)@-&)(-6)
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Here (0¢, (23)) (z) = (z—&)(z—&3), therefore a1 = 2c—&—&3, ag = (§2—c)(&3—c).
With (3.11)—-(3.13), we obtain
Ea(z) = (z — o)(z - &)(z — &),
B =do-DE-c*+{&i—c+&—c+&—c+do(ér— Bo)}(z —¢)
-2(& - (& —o.
It follows Ej(c) + Fa(c) = —(&2 — ¢)(&s — ¢) # 0. Moreover

Fy(z) =(do — 1)(z — &)?
+{(do+1)S+(do—2)(&2—¢) +& —c—do(Bo — )} (z — &)
+ (& -{(d+1)S—(&—0) —(&—c)—do(fo — 0},
on the basis of (3.11) which becomes
B17)  (G-oS+(E—o){dX -2 -c)+& —c—(do+1)(62—c)} =0.
Consequently, we have
E5(&) + Fa(é) = (&2 — ) {(do +1)S — 2(é3 — ¢) — do(Bo — ©)} = (& — )T,
(62, E2) (z) + (0, F2) (x) = do(z — Bo) + (do + 1),
where
(3.18) T = (do+1)S — 2(és — ) — do(Bo — ¢) = (do + )X — 2(&5 — ¢) + flo — c.

Therefore < uy, 0?2 Ey 4 0¢, F5 >= (dp + 1)S. Further, from the definitions and (3.18),
we have

(3.19) (&3 —0)S+ (& —o)T = (& —¢)(do +2)(&2 — ¢)-

Let us prove either (dp+1)S # 0 or T # 0. First, suppose S = 0 and T' = 0. Then, from
(3.19) and (3.18), we obtain dyp + 2 = 0 and By = &. Consequently, (3.12) becomes
—3v1 = 0 which is a contradiction. Now, suppose dg + 1 = 0 and T = 0. Then uq
fulfils ((z — c)(z — &3)uo)’ — (& — Bo)uo = 0 where ¢ # & and o — ¢ = 2(€; — ¢), taking
(3.18) into account. With a suitable shift, we can choose ¢ = 1, & = —1, therefore
Bo = —3 and uy satisfies ((z2 — 1)u0)' — (z + 3)up = 0. It follows that g is the Jacobi
form with parameters (-2, 1), which is not regular [2,8,9]. Hence the desired result.
Similarly for the root £;. In this case, the class of up is also ¢ = 1.
Thus, when Q,(c) # 0, the class of ug is ¢ = 1. We shall see a shorter proof below.
Does a form w exist such that ug = 7(z — d)w where 7 # 0 and d are chosen for
making w a shift of a classical form? It is easy to see the following results.
For 1;, we have 7 = dyp(&; — ¢), d = ¢ and w fulfils

w' + {do(z —¢c) — (&4 —¢)F Jw=0.

By a shift, we obtain the Hermite form.
For I, we have 7 = —do(& — ¢)(é&2 — ¢)™1, d = c and w fulfils the following
equation

(= - §2)w)l +{do(xz —c)+ (e —c)(&1 =) Hw=0.

By a suitable shift, we obtain a Laguerre form.
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Finally for I3, when dp+1 # 0, we have 7 = (do+1) (&1 —¢)(é2—¢) " (€3 —0)~L, d =
c and w fulfils

(z - &)@ - &)w) + (do + 1) (z — c — ™ Hw =0.

By a suitable shift, we obtain a Bessel form, when & = ¢ and a Jacobi form, when

& # &3.
When do + 1 = 0, it is not possible to determine 7 # 0, d € C for making w

essentially classical.

In any case, it remains to determine the values of ¢ for which 7(z — ¢)w is regular.
A little about this problem is the fact that if {Z,},>0 denotes the (MOPS) with
respect to w, then (z — c)w is regular if and only if Z,(c) #0, n > 1 [2].
For instance, in the case I;, following Chihara’s notation, if {ﬁn}nzo denotes the
(MOPS) associated with the Hermite form # fulfilling #' + 2z = 0, we have w =
(ha=1 0 T_)H, Zn(z) = a~"Hp(az + b), where 24> = do, 2ab = —doc — (&1 —c)L.
Thus ac+b = —(2a(&; — C))_1 must not be a zero of any monic Hermite polynomial.
When dy <0, & € R, then any real ¢ # & is suitable. But when dy > 0, & € R, the
problem is open for obtaining non singular real ¢ through a constructive way. For the
other cases, there are similar results.

II. Qs(c) =0

LEMMA 3.1. When the equation (3.1) is simplified by the factor x — ¢, then it can
be simplified a second time by x — ¢ and the form ug satisfies

(3.20) (E*uo)' + F*up =0,
where
(3:21) E*(z) = (6:95)(z), F*(z) =doBi(x).

Consequently, the form g is classical (o = 0).

Proof. Since the equation (3.1) is simplified by the factor z — ¢, the form wug
satisfies (3.4) with (3.5). Moreover

Ei(c)+Fi(c)=0 , <wuo,02E; +0.F1 >=<wug,doB; >=0.
Therefore, we have (3.20) and (3.21). Necessarily, the form ug is classical. O
This leads to

THEOREM 3.2. The diagonal form uy associated with x — ¢ is classical, if and
only if the conditions (3.2) — (3.3) are satisfied.

Proof. Sufficiency follows from the previous Lemma. When the diagonal form u,
is classical, from (1.7), we have (z — c)ut[)ll = kof2suo and there is a monic polynomial
®,deg® < 2 and k; # 0 such that u([]ll = ky®up [9]. The regularity implies k{(z —
c)®(z) = koQs(x), hence Qs (c) = 0 and consequently & = 6.(Q;5), ky = ko = (doy1) .
Moreover

< 0, 0() >=< g, & >=< Bug, 1 >= k3! < ufl1>=doy. O

II;.s=1, Y(@)=z-c



DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES 781

Inevitably, the form ug satisfies (3.4) with doy; = 1. From the previous Lemma,
we get
E*(2)=1, F*(z)=7"Bi(w).

Through a suitable shift, we obtain the Hermite form.

IL.s=2 ME)=@E-4)@-c), (=0
Here(0.(022))(z) =z — &1.

IIz:. <wo,z—& >=dom

From the previous Lemma, the form ug satisfies (3.20) with E*(2) = 2—&, F*(2)
= doBj (). It is the Laguerre case when & =0, do = 1 and putting fo = a + 1.
Iys. <wup,z— & ># dom

Then uo fulfils (3.8) and (6, (Q2))(z) = z — ¢, hence a; = 1, ao = 0 in (3.10).
The conditions (3.11) — (3.12) and (3.13) respectively become

(3.22) do(€1—Bo) +1=0, 0#dovi +& — fo =—do(é1 — c)?
(3.23) Ey(z)=(x—c)? , Fy(z)=do(z—c)® —2(z —c).
It follows

Ej(c) + Fa(c) =0, < ug,02Ey +0.F> >=< ug,do(z —c) — 1 >=do(é1 — ¢) # 0,
taking (3.22) into account.
Putting (z — c)ug = dwp with (wg)o = 1, we have ¥ = By — ¢ # 0. For, if fp = ¢, we
should have dy(é — ¢) + 1 = 0, therefore 0 # dyy; = 0 from (3.22). Thus the form wyq
satisfies
(3.24) ((z = e)wo)' + {do(z — ¢) — 2}wo = 0.
Through a suitable shift, we can take ¢ = 0 and dy = 1. Then wo = £(1), the Laguerre
form with parameter & = 1. On account of the definition of wg, we have

(3.25) ug = & + 9z~ wo,

where § = &y defined by < do, f >= f(0).
We denote by {R,}n>0 the (MOPS) associated with wy. We know that ug is regular
if and only if

(3.26) ~ B Ly nnt,
R,”,(0)
where {R%l)}nzo is the associated sequence of {Ry}n>0 defined by

Rnq1(z) = Rt (§)

() = >
R, (z) :=< wo, " >, n >0,
and in this case, we have [7]
(327) Bn+1(.’17) = Rn+1((L') + wan(w), n >0,
where
(1)
(3.28) oy = — Bt O IR T()

Ry (0) +9RY(0)
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It can be seen that [2]

Z( 1H” v (Z’ti)m", n > 0.

v=0
Therefore
- n !
RW(0) =< w, Rny1(6) - Rny1(0) S= ;(_1)71—:/57;_:3_!' (Z i' 3) (wo)w-

But (wo)n = (n + 1)!. Thus

(1) ] ] . (="~ 1
(3.29) RV0) = (n+1)(n+2) ;0 o ). (,,+2)
We have
(=p ™ 1 = (=1t (=D
. = Zn - ) >0,
(3-30) Z(n—v)'(v+2)' 2\ Dl Ty 20
where
R N G A nev(m\ _(1=1" [0, n2>1,
(3:31) B VZ:O ) "l ”zz:( 2 (1/) ool { 1, n=0.
Consequently, for (3.29) we obtain
(3.32) RYO) = (-1)"(n+ D!(n+1), n>0.
Then, for (3.28)
1-— n+1l
(3.33) o= (n+2)—22_ n >0,

where ¥ # "TH n > 1 (cf. (3.26)).

REMARK. About (3.31), more generally, it is possible to show that Z,(p) =

n

Z(—l)”“”an_,,(p)a,,( Ywith a,(p) = ﬂ?é?-pL’ n > 0, fulfils Z5,4+1(p) =0, Eant2(p)=
v=0 .

p—1  T(p) n>0

n+pl(2n+2+p) ~
Now, since the sequence {Ry},>0 fulfils
Ro(z) =1, Ri(z)=z-Co
Rni2(z) = (z — Cop1)Rng1(z) — pntr Ra(z), n >0,

with ¢, = 2n+ 2, ppt1 = (n+2)(n + 1), n > 0 and taking the following formulas
from [7] into account

(3.34)

(3'35) Bo=%C%—wo=%; Bny1 = C+wn+p;—+1a Tn+1 = —wn(c+wn_4n)a n >0,

n
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(at present ¢ = 0), we obtain with (3.33)

m+1)n+2-n+1)9)° +n+2)(n+1-nd)’
(n+1-nd)(n+2-(n+1)9)

4 {n-1a-9)+1}{n+ DA -9 +1}

T+l = (n+1-—nd)?

Necessarily ¢ # 1 since £ # 0 by virtue of (3.22) where dyp = 1 and ¢ = 0. Then,
putting (1 —9)~! := a + 1, we have

/Bn+1 =
n > 0.

«
fo=2n+1- n+a)n+a+1l)
(3.36) (m+1)m+a)nta+2) 20
Tnt1 = (n+a+1)2

with @ # —n, n > 0. From (3.25), we have

+oo
<ug, f >= a’f% + ai - /0 =% f(z)de.

II3.5=3, W)= -&)(@z—-&&)(x—-c), (E=c
Here (6:(Q3))(z) = (z — &)(z — &).
Il31. <wo,(z—&)(z — &) >=dm

Following Lemma 3.1, ug is classical; it is the Bessel form when & = & = 0 and
the Jacobi form when & = —1, & = +1.

II3;. < wo,(z—&)(z — &) ># domn

The form ug is not classical by virtue of Theorem 3.2, since the relation (3.3) is
not fulfilled. Here (8¢, (Q3)) = (¢ — ¢)(z — &), hence ay = c— & , ag = 0 in (3.10).
The conditions (3.11) — (3.12) become
(3.37) (&—o){do(br—Bo) + & —&} =0
(3.38) 0# (do— )y1 — (&1 — Bo)(&2 — Bo) = —(Bo — ¢)> — (do + 1) (é1 — ¢)*.
Following (3.13) and taking (3.37) into account, we get
Bz (z) = (z — ¢)*(z — &)
Fy(z) = (do — 1)(z — ) + {51 —c+& —c+do(& — ,80)}(:1: -o).

We infer Ej(c)+ Fa(c) =0, (62E»)(z)+ (6.F2) () = do(z—c) + & —c+do(&1 — o),
therefore

(3.39)

< UO,&EEQ +0.F5 >= (do + 1)(61 - c).

Necessarily, we must have (dg + 1)(& — ¢) # 0, otherwise ug would be classical. Then
(3.37) reads

(3.40) (do +1)(& — Bo) = & — Po.

Likewise, we have

Ey(&)+ Fa(&) = (do+2)(&2—¢)?, <o, 03By +0g,F> >= (do+1)(&1 —c+ & —o).
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Necessarily, either (do + 2)(& —¢)? # 0 or (dp + 1)(&1 — ¢ + & — ¢) # 0, otherwise ug
would be classical.
Putting (z — c)up = 0, we get

(= o)z - &)b) + {(d — 1)(z — &) +2(& — ) }ab = 0.

The Bessel case is not possible; for, if ¢ = & = 0, we should have (dy — 1)z =
—2(az +1). Consequently ¢ # & and we choose ¢ = —1 and é&; = +1. Then dy — 1 =
—(a+B8+2), do+3 = a—p, therefore « = 1 and B = —(dp +2). We have the Jacobi
case with parameters (1, ) and the form o is regular if and only if 8 # —n, n > 1;
we can put 1 = Ywg with (wo)o = 1, since o + 1 =4(3 + 8)~! # 0. Thus, we obtain

(341) ug = 0_1 + 19(.’11 + 1)_1’11)0.

We denote by {Rn}n>o the (MOPS) associated with wy = J(1,3). We have [8,9]

Ro()=1, Ri(z)=a- %
Rni2(2) = (7 — (1) Bnt1(®) — prr1Ra(z), 120,
with
Gurr = L5
n+1l — )
2n+B8+3)(2n+B+5)
(8.42) (n+1)(n+2)n+B+1)(n+8+2) n20

P = A T et BT 32T A1 )

The form wg is regular if and only if —Rn(—l)(RSll(—l))_1 #49, n >1 and
Byy1(z) = Rpy1(z) + wnRn(z), n >0 where [7]

1y 4 9RO
(3.43) wp = -t B s
Ral=1) + 9B, (-1)

It can be seen that [2]

r 2) © —
(3.44) R, (z) = "!r(g;—tr%%; ("jl) (’;ff) (@—1)"(c+1)"", n>0.
Next
RO (1) =< wp, Rn+1(5)€—+Rln+1(—1) > 030,
Since

Rn+1(5)5_+}i"+1(_1) = aml{Z bnt1p(§ = 1)Y(E+ 1"

v=0

+(n+2)) (-2)" (- 1)"},

v=0
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we have
n
RP(-1) = an+1{z bpt1w <wo, (§—1)"(E+1)"7" >
(3.45) v=0 .
+(n+2)) (-2)"" <wo, (€~ 1) >}, n > 0.
v=0
where

_ P(n+pB+2) _[(n+1 n+p
wnitrgegy b= () (G0):

We need the following lemma

LEMMA 3.3. Denoting
(3.46) Mi(a,B) =<w,(z+0)" > o==x1, n>0,
where w := J(a, ) is the Jacobi form, we have

\ ~ . owl(B+1+n) T(a+B+2)
(3.4.7) Mnl(aaﬁ) = (’"2) F(ﬂ + 1) F(OZ +B8+2+ TL),
Fla+1+n) T(a+B+2)

Ta+1) T(a+pB+2+n)’

n>0

(3.48) M a,p) =27 n > 0.

Moreover

<w,(z -1z + NP> = M o, B)MF (o, B+ q)

3.49
- =M a+p, M (a,8), p,g>0.

Proof. The form w fulfils the following equation [9]
((z® - 1)w)' +{-(a+B+2z+a—-Blw=0.
It easily follows

n+2+a+pf+ola-pP)

Miia(e:f) =0 n+a+pB+2

Mi(a,8), n 20,

with M (a, 8) = 1. Whence (3.47) and (3.48). Next, the form u = (z — 1)%w fulfils
((z* - 1)u)l+ {-(a+B+2+qQz+a-B-q}lu=0.

Thus v = AJ(a,8 + ¢) with A\ = M (a,B). Likewise M} (a, )T (o + p,B) =
(z +1)?J(a, 8). We deduce

<w,(z—-1)(z+1)P >=<(z - 1), (z+ 1) >= M;l(a, ,B)M;fl(a,ﬂ +4q)
=< (z+ 1w, (z - 1) >= M;’l(a,ﬂ)Mq_l(a +p,6). 0
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COROLLARY. For0<v <n, n>0,

B+1D(B+2)

(3:50) <wo, @ =17 >= ML H) = (D" g N p vy 20
(3.51) <ummz—n"m+1w-">=uuaxﬂ+mear?ﬂXn—u+m§%;E§E%,

0<v<n, n>0.

Consequently from (3.50)—(3.51), for (3.45) we obtain
RY(-1) = onn{Sh + (0 + 257}, n20,

where
n

=B+ + 2)m Z( Dbny1,l(n—v+ 2L+ B+1)

(=2)"(n+2)! i (=D

=B+ DB+D " 2 (n+2-0)!
=B+1)(B+ 2)%2_:_—21—), n >0, ‘on account of (3.30), (3.31).
(6+1)(8+2)

zg:Z;«aW’%—@(y+ﬂ+1xV+ﬁ+ﬂ

=(ﬁ+1)(ﬁ+2)(—2)"2 (u+;+1 B 1/+;+2>

v=0
(=2)"(n+1)
n+p+2

, n>0.

= (8+2)

Whence
I'n+8+4)
miB+DT@n+gray "=

Consequently, taking into account of (3.44) and (3.52), for (3.43) we have
(3.53)

(3.52) RW(-1) = (8+2)(-2)"(n + 1)(n +1)!

n(n+06+2)

(n+2)(n+8+2) 1-Uxnt1
(n+1)(n+B8+1)’

I on+ B+3)(2n+0+2) 1—Oxn
V#(xa)™" n>1
-1

This last condition is equivalent to the regularity condition ¥## — Ry, (-1) (R(l) D),
n > 1. With € := (8 + 2)9, we easily obtain
(3.54)
1-9Xny1 _ (n+1)(n+pB+1) (1—e)n?+(1—¢)(B+4)n+(1—¢)(B+3)+6+1
1-9xn  (n+2)(n+5+2) (1—-e)n2+(1-¢)(B+2)n+6+1 ’
n > 0.

n>0

1
with x, = ‘2‘(:6+2)

The case € = 1 does not arise, since (3.40) implies £; + 1 = 0 which is in contradiction
with the assumptions. Indeed, since ¥ = By + 1 from (3.41), the assumption € = 1
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implies 2 = —do(Bo + 1)( B = —(do + 2)) and writing (3.40) as (do + 1)(& —¢) =
& —c+do(Bp — ¢), we obtain with c = -1, & =41:(do+1)(&+1) =2-2=0.
Putting

X2+(B+2)X+(1-e) ' (B+1) = (X +01)(X +02),
we have

B=01+0y—2 6_0’102+1—0'1—O‘2
= , = .

0102

Consequently
X2+ (B+H)X+B8+3+(1-e) ' B+1) =X+ +1)(X +02+1).

It follows

m+D(n+o1+0s—1)(n+o1+1)(n+o02+1)
.55 =2 , > 0.
(3.5 ) “n (27’l+0'1 +02)(2n+01 +02+1)(n+01)(n+02) "=

A tedious but straightforward calculus based on (3.42), (3.35) where ¢ = —1 and @,
is given by (3.55), leads to

21+ 0102) ~ (01 + 02)(2 + 0102)

(3.56) Bo = 0102(01 + 02) ’
(3.57)
Brs1 = (4 — )My (n) — 26105 N3(n)
T @n+o1+02)2nto1+02+2) (n+ o1 +1) (n+oa+ 1) (nt o) (n+02)

_(n+1)2(n+o1+oa—1)2(n+to1—1)(n+o1+1)(n+os=1)(n+oe+1) 7
- (2n+01+cr2—1)(2n+01+02)2(2n+01+02+1)(n+01)2(n+02)2 ’

Yn+1
where

My(n) = (n+o1)(n+0o2)(n+o01+1)(n+o02+ 1),
Na(n) = 6n% +6(8+ 3)n + (B +3)(8 +4),

We must have 01,095,071 + 03 # —n+ 1, n > 0. Finally, from (3.41) we obtain
(3.58) up=(1—-¢€)d_1 +eJ(0,5),

because (z + 1)7(0,8) = 2(8 + 2)"1J(1,3), which is a special case of the general
easily proved formula

(@ +1)P(z - 1)"T (, ) = M7 (, B+ QM (o, B) T (+p, 8+ ),
where p, g are non negative integers.

REMARK. The choice ¢ = +1, & = —1 leads to the similar case ug = 61+
¥z — 1) Twg with wo = J(a, 1). ’

4. Calculating the coefficients ), ,. An example. We are looking for the
case IIy; where ¢ = 0 and s = 2. From (1.6), we must have
(4.1)

2Ba(@) = BLLy(@) + MnBY (@) + A1 By (@) + Mane Bl (0), 22,

n—2
/\n,n_Q 75 0, n 2 2.
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zBy(z) = Bgll (@) + Xo,o,

(42) — plil (1]
zBi(z) = By '(z) + M 1By () + Aro.

PROPOSITION 4.1. We have

1
4.3 Ao=2— ——
( ) 0,0 a+2a

a—1 «
4.4 AM1=—-—m——r-—--— N =4——7——.
(44) Lt @+ )(a+3)’ “*° (a+ D(a+2)

a+1 «
4.5 A =3 - >
(4.5) n+2,n+2 n+8+n+a+4 n+a+2’ nz0,
a? a(a+1)

46 )‘n n = 2 3 - ) > )
(4.6) +2,n41 (n+)("+7)+n+a+2 mtat3 n >0
A7) Amson = (n4 D422 0totNtatd)

(n+a+2)2

Proof. First (4.3) and (4.4). From (2.17) and (2.16), we obtain Bl'(z) = & —

%(ﬁo+ﬂ1), therefore, from (4.2), we get Ao,0 = %(ﬂo+ﬂ1 = %_—:—23

)
(3.36). For (4.4), by virtue of (2.17), we have By] (z) = %(x—ﬂz)BP] (z)— 372+ 3 B2 ()
and on using the second expression of (4.2), we get

,in accordance with

wBi(@) = {(z — ) + M | BU@) + 3Ba(e) + o - 37
=22+ {/\1,1 - g(ﬂo + 6 +,32)}1; - %(,80 + ,81)(,\171 — gﬂz)
+ %ﬂoﬁl + A0 = %(71 +72),

taking (2.16) into account. It follows

M= 2B+ B) = 2o Mo =30n ) — (8 — 26 + Bop).

But, from (3.36), we have

1 a S —
bo=l-cog A=3-ropoTy 0 2= GinEersy
_ae+2)  _  (e+D(@+3)
s T @y
Hence (4.4).

Now, let us transform zB,42(x) to obtain (4.1) where n will be replaced by n + 2.
Here, we have B, 11 (z) = Rn+1(z)+wnRn(x) where { Ry, } >0 is the Laguerre sequence
orthogonal with respect to £(1) and from (3.33), we have

n+o-+2

. = _— > 0.
(4.8) Wn (n+1)n+a+1’ n>0
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We get
zBpya(z) = J’{Rn+2(“’) + @nt1Rnt1 (5"')}
= Rpy3(2) + ntaRnt2(2) + pni2 Ry (2)
+ @nt1{Rnt2(2) + Coy1Rata(2) + pri1Rn(z)}
= Ruy3(@) + {Cnr2 + @ns1 f Rnra(2)
+ {pn+2 + (or1@ns1 } Ry (2) + Tng1pn1 Rn(2), n 20,
taking (3.34) into account, with
(4.9) (e=2(n+1), ppr1=m@m+1®n+2), n>0.
But the sequence {Rjy},>0 fulfils [2]
Ra(z) = RP() + nRYL (2), n>0.
It follows
TBny2(z) = n+3 (z) + {n+ 3+ (nr2 + a1 }Rn+2(-’”)
+ {(n +2)($n+2 + @ng1) + Pnt2 + Cnt1 @nt }Rgl.l(f'f)

+ {(n + 1) (pn+2 + Cat1@n41) + wn+1pn+1}R£}]($)
+ nwn+1pn+1R 1.(@), n>0.
Since

(4.10) B(z) = RW(z) + — wnR[” [(z), n>0,

from this with n replaced by n + 3, we obtain
Bpta(z) =B 5(2) + Anszint2 Bt (@)
+ {(n +2)(lnt2 + Wnt1) + Ptz + Cn+1wn+1}R£:zl-]+-l(m)

+ {(n + 1)(pn+2 + Cnt1@ngr) + wn+1pn+1}Rw(-’”)

+ nwn+1pn+1RE]_1($), n 2 0)

with
n+3w
n+4 n+3-

Ant2nt2 =0+ 3+ (2 + Wnyr —

On account of (4.8), (4.9), we get (4.5).
Next, from (4.10) where n is replaced by n + 2, we have
2Bnia(z) =BlLg(@) + Ant2,ns2Bita(®) + Mz Bl (2)
+ {(n + 1)(pr+2 + Cnt1@nt1) + @nt1Pnt }RE] (z)
+ nwp1pns1RLL; (@), 0 >0,
with
n+2

Aa2nt1 = (0+2)(Cnre +@ni1) + Pnt2 + Grt1 Wng1 — nt3

789

——Wny2Ant2,nt2, N 2>0.
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Taking (4.8), (4.9) and (4.5) into account, we have (4.6).
Further, we get

with

Ant2n = (0 + 1) (pnt2 + Cnr1@nt1) + Wnt1Pnt1 —

©Bnya(z) =BU4(2) + Ant,nta BiLo (@) + Antont1 BIL, (2)

+ /\n+2,nRg] (T) + NWnt1Pn+1 RLI]—I (z),

n+1
n+2

wn+1)\n+2,n+1? n > 0.

By virtue of (4.8), (4.9) and (4.6), we obtain (4.7). Finally (4.10) leads to

Bn42(%) =BlL5(2) + Ansa,ns2Bhls (2) + Anyzin1 BIL, ()

But

n
+ /\n+2,nBL1] (z) + {nwn+1pn+l - n—;—lwn/\n+2,n}RE]—1(x)~
n
NWnp+1Pn+1 — _‘_wn/\n+2,n = 0, n Z 0.

n+1

This yields (4.1) where n is replaced by n + 2.0

REMARK. The case II3» goes analogously but the calculations are more compli-

cated.
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