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DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES* 

P. MARONI+ AND R. SFAXI* 

Abstract. We deal with a problem linked to the generalized coherent pairs problem [3,12], when 
the two orthogonal sequences are identical, then called diagonal sequences. We exhaustively describe 
all the diagonal sequences (see Definition 1.5, below) associated with 0(a;) = x—c , with index s , 1 < 
s < 3 . In particular, we prove that the diagonal forms arising are classical forms, sum of a Dirac 
measure and a Laguerre (resp. Jacobi) form. Other solutions arise , (x — c)w where w , depending 
on c , is a shifting of a classical form. But c must be chosen to make (x — c)w regular. It is an 
open problem, except for some particular cases. 

Introduction. In [3] Iserles et al. introduced the concept of the coherent pair, 
for solving problems in the theory of Sobolev inner products. This concept and the 
more general notion of generalized coherent pair, see [1], are special cases of a global 
definition given in [10]. It reads as follows. 

Let {Bn}n>o and {Pn}n>o be monic orthogonal polynomial sequences and (/> a 
monic polynomial with t = deg 0. When there exists an integer s > 0 such that 

n+t 

(*) <l>(x)Pn(x)=   Y,   V^te),    An,n_s^0,    n>5, 
i/=n—s 

with   Bh*(x)   =   (n + l)"1 B'n+1(x), n > 0,   then   we   shall   say   that   the   pair 

[{Pn}n>Q, {Bn}n>o) is a coherent pair associated with (j) with index s. Relation (*) 

is itself a particular case of a finite-type relation between two polynomial sequences 
[10]. 
Here we deal with diagonal sequences, that is to say, when in (*) we have Pn = 
Bn, n > 0. The case (}){x) = 1 is well-known. In this occurrence the relation (*) 
characterizes classical orthogonal sequences (Hermite, Laguerre, Bessel and Jacobi) 
where necessarily 0 < 5 < 2, see corollary 2.3. It is the aim of the present papier to 
describe the case t — 1 completely and to determine all diagonal sequences arising. 

The first section contains material of a preliminary and introductory character. 
The second section gives some general results about diagonal polynomial sequences. 
In particular, we prove that the second sequence of a coherent pair is always a diagonal 
sequence. Section 3 deals with the case t — 1. We exhaustively describe the cases 
which arise. We prove that a diagonal sequence either is classical or is semi-classical 
with the class a = 1. Finally, section 4 gives an example of computing the coefficients 
^n,U' 

1. Preliminaries and notations. Let V be the vector space of polynomials 
with coefficients in C and let V' be its dual. We denote by < u, f > the action of 
u G V on / G V. In particular we denote by (u)n :=< u,xn >, n > 0 the moments of 
u . 
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Let us introduce some useful operations in V. For any form u, any polynomial h 
and any c £ C, we let Du = u', hu and {x - c)-V be the forms defined by duality 

<u,J>:=-<uJ,>;   <huj>:=<u,hf>, feV, 

<(x- c)-y / >:=< u, 9c(f) >, / 6 V, 

where 0c(f)(x) = f^~^c\ 
x — c 

Let {Bn}n>o be a sequence of monic polynomials, deg(5n) = n, n > 0 (polynomial 
sequence : PS) and let {^n}n>o be its dual sequence un G V defined by < un, Bm >:= 
^n^, n,m > 0. Let us recall the following result [5,6]. 

LEMMA 1.1. For any ueV and any integer m > 1, the following statements are 
equivalent: 
i) < i/,2?m_i >#0,   < u,£n >=0, n >m. 

m—l 

ii) There exist A^ € C, 0 < // < m - 1, Am_i 7^ 0 such that u = ^ A^. 

As a consequence, the dual sequence {u^jn^o of {B^^n^o where B[n\x) = 
(n + ir^+ifr), n > 0 is given by 

(1-1) (^^-(n + lK+i, n>0. 

Similarly, the dual sequence {un}n>o of {Bn}n>o with Bn(x) = a-nBn(ax + b), n > 0, 
a 7^ 0, is given by un = an(ha-i o T-b)un,   n > 0 where 

<T-hu,f>:=<u,nf>=<u,f(x-b)>    ,    ueV,   f 6V,   b6C, 

<hau,f>:=<u,haf>=<uj(ax)>    ,    ueV,   feP,  a G C - {0}. 

The form u is called regular if we can associate with it a polynomial sequence 
{Bn}n>o such that < u,BmBn >= rn5n,m, n,m > 0; rn 7^ 0, n > 0. The sequence 
{Bn}n>o is orthogonal with respect to u. Necessarily, u = At/o- In this case, we have 

(1.2) un = (< txo, B^ >)~1Bn^o, n > 0. 

When u is regular, if A is a polynomial such that Au = 0, then A = 0. 
A form u is called semi-classical when it is regular and there exist two polynomials 

E and F, E monic, deg(JP) > 1, such that {Eu)' + Fu = 0. The pair (£7,F) is not 
unique. The previous equation is simplified (see [8]), if and only if there exists a root 
f of E such that 

(13) (Ef(O+F(O=0, 
{ <u,61(E) +^(F)>=0. 

Then w fulfils the equation (^(E1)^)' + {0f (JE) + ^(F)}w = 0. 
We call the class of u, the minimum value of the integer max (deg(E) — 2, deg(F) — l) 

for all possible pairs (E,F). The pair(B,F) giving the class a > 0 is unique. When 
a = 0, the form w is classical, (Hermite, Laguerre, Bessel, Jacobi) and degi? < 
2, degF = 1. Any shift leaves invariant the semi-classical character. Indeed, the 
shifted form u = (ha-i o T-^u fulfils the equation (Eu)' + Fu = 0 where JS(a;) = 

a-deg^(aa; + 6), F(a:) = a1-d^EF(ax + 6) [8,9]. 
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Let 0 be a monic polynomial with deg(^) ■= t > 0 and let {Bn}n>Q be a (PS) 
with its dual sequence {^n}n>o; for n > t we have < (f)un: Bn-t >=< un) (j)Bn-t >= 1 
then (j)Un ^ 0, n > t, but generally, there can exist values of n, 0 < n < t such that 
<Mn = 0. 

DEFINITION 1.2. We say that the polynomial sequence {Bn}n>o is compatible 
with (j), if we have (j)Un ^ 0, n > 0 [10]. 

REMARK. Any orthogonal sequence is compatible with any monic polynomial. 

LEMME 1.3. If the (PS) {Bn}n>o is orthogonal, then the sequence {Bn }n>o is 
compatible with any monic polynomial. 

Proof Suppose that there exists an integer n, 0 < n < t such that (j)Un = 0. 
After differentiating and on account of (1.1) and (1.2), we obtain 

M11- ^  ^t^      6Bn+1uo,  n>0. 

Multiplying the previous relation by 0, we get  —^ ^BU^IUQ = 0 and the 

regularity of UQ implies  —s <t>2Bn+i = 0, which is impossible. □ 
< uo,Bn+1 > 

Let{Pn}n>o be a (PS) with its dual sequence {vn}n>o. Since {£4 }n>o is a basis, 
we get 

n+t 

(1.4) (f>(x)Pn(x) = J2 An|V4
1](«), "> > 05 

with An^ =< (f)ul,Pn >, 0 < i/ < n + ^ n > 0. 

DEFINITION 1.4. [10] Le£ {Bn}n>o ^nd {Pri}n>o be monic orthogonal polynomial 
sequences (MOPS) and </> a monic polynomial. When there is an integer s > 0 such 
that 

(1.5) <l>(x)Pn(x)=   Y,   ^uB^(x),    An,n_s^0,    n>s, 

w;e shall say that the pair ({Pn}n>o,{Bn}n>o) is a coherent pair associated with (j) 

with index s. Equivalently, the pair (vo,Uo) is a coherent pair associated with (j) with 
index s. 

The case 0 = 1, s = 1 is treated in [13]. See also [4,11,12,14]. For the case 
0=1, 5 = 2, see [1]. 

DEFINITION 1.5. Let {Bn}n>o be a (MOPS) and 0 a monic polynomial When 
there exists an integer s > 0 such that the sequence {-Bn}n>o fulfils 

n+t 

(1.6) (t>(x)Bn(x)=   Y,   \n,vBW(x),    An,n_s^0,    n>5, 
i/=n—s 

we shall say that the sequences ({-Bn}n>o, {Bn}n>o) is a self coherent pair associated 

with 0 with index s. In this case, the form UQ is called a self coherent form associated 
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with (j) with index s. For the sake of convenience, we shall say also that {i?n}n>o is a 
diagonal sequence (associated with (j) with index s). 

Recall the following fundamental result 

PROPOSITION 1.6. [10] Let (j) be as a above. For any (MOPS) {Pn}n>o and 
{Bn}n>o, the following statements are equivalent 

i) The pair of polynomial sequences ({.Pn}n>(b {Bn}n>o) is a coherent pair associated 

with (j) with index s. 
ii) There exist a monic polynomial sequence {fln+s}n>o, degfin+s = n + s, n > 0 and 
non-zero constants kn, n>0 such that 

(1.7) (Mrffi = knnn+aVo,  n > 0. 

In this case, we have 

\ n+s   \       ^ i)   P2     ^> 

< Vo, -Pn+5 > Z^Q An+S'n    < V0' Pv  > 

When Pn = Bn, n > 0, the relation (1.7) characterizes diagonal sequences. 

Now, we can prove that the second sequence of a coherent pair is always a diagonal 
sequence. 

PROPOSITION 1.7. Suppose that HPn}n>oJ{-Bn}n>o) is a coherent pair as- 

sociated with (j) and with index s, then there exist two polynomials £ and T such 
that {Bn}n>o is a diagonal sequence associated with $ = (f)2^ with index s', where 
deg$ = 2(deg</> + s), s' = s + degcf) + deg(£) and 

(1.9) £ = ^(do^ifi^+i - diB2Sls){for d0,di, see below),    T - nsfi's+1 - n^i^. 

Moreover, the forms v§ and UQ are semi-classical. 

Proof Differentiating both sides of (1.7), then according to (1.1) and (1.2), we 
obtain 

(1.10) fiuW - fo"!"1)        ^w+illo =   fcn^n+^o)',  Tl > 0. 

Multiplying both sides of Eq. (1.10) by the polynomial (j) and on account of (1.7), we 
get 

(1.11) U'^n+s - fln+s^JVo - dn(j)2Bn+iUQ = ^Qn+8v'0,  Tl > 0, 

where 
dn = -Z 52 ^TT' n ^ 0- <uo,B^+1 > kn 

Taking n = 0 and n = 1 successively into (1.11), we obtain 

(1.12) (Vns - tl'^vo - dotfBiUo = (t>ilsv'0, 

(1.13) (^fia+i - fii+i^o - d1(i)2B2u0 = 00,+!^. 
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Eliminating I>Q from (1.12) and (1.13), we obtain 

(1.14) (f)£uQ = (frFvo, 

with £ = 0(do£A+i - d^tts) and F = ClsQ
f
s+1 - ^+1^. Now, from (1.7), 

we have (f)!F(f)Un   = kn(j)FQn+svo and according to (1.14) $wk   = knrLn+s(f)£uo = 
kneyVn+s'Uo, n > 0 where WVM' is monic and e is a normalisation factor of £. 
By cancelling i^o between (1.12) and (1.13), we obtain 

(1.15) (Evo)' - {{dotts+i -d1B
t

2ns)(f) + 2(doB1ns+1 - dlB2ns)(l>,^vo = 0, 

which implies that VQ is semi-classical and UQ as well. 

REMARK. The formula (1.15) is not optimal from the point of view of the reduc- 
tion of the degrees of polynomials involved on it. 

2.    General results about diagonal polynomial sequences. Let 0 be a 

monic polynomial (}>(x) — TT(^ — c^)771",   VJ m^ — t where m* denotes the number 
11=1 

of distinct roots of </>. Let us put 
(2.1) 

(1,    t = 0 

M=l 

A(x) = < 
Jlix-c^),    t>l 

;    B(x) = { 

fO,    i = 0 
m* m* 

53(mM + l)    JJ    {x-c),    t>l' 
^   (1=1 i/=l,i/^n 

LEMMA 2.1. For all t > 0, we have the following relation: 

(2.2) Afi = (t)(B-A,). 

For t = 0, it is evident. For t > 1, we have 

ra* m* 

^(x) = ^mM(a;-cMr''-1     J]    (ar-cr 
(1=1 U=1,J/^(1 

Therefore 

AWfr) = 0(x) ^m^    JJ    ^ " c^ = <KX){B(X) - A,(x)}' 
(1=1 v=l,v^ii 

As a particular case of the statement of Proposition 1.7, we have 

PROPOSITION 2.2. Any diagonal sequence {i?n}n>o is necessarily semi-classical 
and its canonical form UQ fulfils the following equations 

(2.3) 

where 

(2.4) 

(AQ,n+suo) + (dnA<f)Bn+1 - BQn+s)uo = 0,  n > 0, 

dn = (n + 1) 
<uo,Bl+s>     ^ 

< uo,Bn+1 > \n+s,n 
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Moreover, the sequence {On+S}n>o satisfies 

(2.5) Wn+S£ls — fin+sfys = (j){dQVtn+sBi — dnflsBn+i),   n > 0. 

Proof. From (1.10) where ^o =^05 we obtain 

t'^n   - ^2 -^n+1^0 =   kn(Qn+8Uoy,    71 > 0. 

Hence 

AfiuN - -2 —AtfrBn+iUo = kn(Ann+sUo)   - knA'tln+sUQ. 
< uo,Bn+1 > 

With (2.2) and (1.7), we get (2.3) - (2.4). Taking n = 0 in (2.3), we have 

(2.6) (ASlsUo)' + {doA(f>B1 - Bns)uo = 0. 

Cancelling out U'Q between (2.3) and (2.6), we obtain (2.5), by virtue of regularity of 
UQ. U 

COROLLARY 2.3.    When {Bn}n>Q is a diagonal sequence given by (1.6), then 
necessarily we have 

(2.7) 7:t<s<t + 2. 

Moreover 
(2.8) 

^n-f-s,/! —  ^ 

(n + i)<«o1:g±£><^o1||>As0)     (do_rfii=0)> n>0; s<i+lj 

(n + l)<tio,jg^+L2
><tl0,jBl2>AJto> (do-dn=rz), n > 0; s = t + 2. 

where r}n =< uoyB^ > —nXs^ < uo,Bf > . 

Proof. We have deg(doQ,n+sBi - dnftsBn+1) =n + s + l-fj,n where 0 < //n < 
n 4- 5 + 1. Therefore, from (2.5), we obtain n + 2s-l = t4-n-|-5H-l-/zn, hence 
^ = t+2-s, n>l. With 0 < fii < 5 + 2, we get (2.7). Accordingly deg(donn+sBi - 
dnQsBn+i) = n + 2s - t - 1, n > 1. When 5 < ^ + 1, we have n + 25 - t — 1 < n + 5, 
therefore dn = cfo, ft > 0 and when 5 = ^ + 2, we have dn ^ do, n > 0. Then, 
examination of the highest degree coefficients in the members of (2.5) gives n = 
do - dn, n > 0. Hence (2.8), according to (2.4). D 

REMARK. When t = 0, we recover a characterization of classical forms [9]. 
From definitions and (2.3), we see that the class of UQ is less than or equal to 

m* +1, since 

(2.9) m*+t + n = max|deg(^fin+s) -2, deg(dnA(j)Bn+i -Bfln+S) - ij,    n > 0. 

It is possible to obtain a more accurate estimation. For this, we may read (2.5) as 

(2.io) nn+,{d(,0Bi + n;} = n,{n;+5 + dn0£n+1},   n > o. 
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First a lemma. 

LEMMA 2.4. Let {Bn}n>o be a diagonal sequence associated with (f) and with index 
s and let (E, F) be a pair of polynomials, E monic and deg(F) > 1 such that (Euo)' + 
FUQ = 0. Then if we associate with the pair (E, F) the integer p = max (deg(E) — 
2,deg(F) — l), we have 

(2.11) p = deg(F) - 1 = deg(E) +t-8. 

Proof. Let F = J^ < u^F > Bv where r = degF > 1. But {Euo)' + FUQ = 0 
i/=0 

r-l l 

implies < uo,F >= 0 and with (1.1) - (1.2),  [EUQ - ^2,9^v)   — 0> where gv = 

r-l 

(iz + l)"1 <ixI/+i,jFT><ixo,B2+i >5 
0< v<r-l, Qr-i ^ 0. Hence EUQ■= ^g^. 

Multiplying both sides by (/>, according to (1.7) where ^o = ^o and by virtue of 
regularity of UQ , we get 

r-l 

(j)E = ygykMu+s- 
i/=0 

We infer deg0 + degE = r - 1 + s — degF - 1 + s. Hence (2.11), taking (2.7) into 
account. D 

PROPOSITION 2.5. The diagonal form UQ associated with (f> with index s, t > 1 is 
of class less than or equal to m* +1 — 1. 

Proof. Consider euclidian division of nn+s by fis 

(2.12) nn+s(a;) = ns(x)Qn(x) + i?5_i(n)(a:),    n > 0, 

with degRs-i(n) < s — 1 when Rs-i(n) ^ 0, ^-1(0) = 0. Equation (2.3) becomes 
(2.13) 

(ARs-iWuo)' + {AnsQ'n - A<l>{doBiQn - dnBn+1) - BRs-i(n)}uo = 0,    n > 0. 

Two cases arise. 
1) There exists no > 1 such that i?s_i(no) / 0. From (2.13), we have 

E = ARs-i(nQ)    and   F = AnsQ'no - A(t)(doB1Qno - dnoBno+l) - BRs-i(no). 

Since degE < m* + s — 1, we have degF — 1 <ra* + s — l + t — s = m* +t — 1. Hence 
the desired result by taking (2.11) into account. 

REMARK. Since 1 < degF < m* + t, we must have t >1. 
2) For any n > 1, we have Rs-i(n) = 0. Equation (2.10) becomes 

(2.14) n8Q
t
n = <l>{doBiQn-dnBn+1},    n > 0. 

For n = 1 in (2.14), ns = 0{doBiQi - di^} := 0£, whence ZQ^ - do^iQn = 
—dnJBn+i, n > 0. 
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It follows < UQ, ZQ^-doBiQn >= -dn < UQ, Bn+i >= 0 or < (Zuoy+doBiUo,Qn > 
= 0, n > 0, which implies 

(Zuo)' + doBmo = 0   with    deg Z < 2. 

In this case, the class of ^o is zero, i.e. ^o is a classical form. D 

COROLLARY 2.6. Let {Bn}n>o be a diagonal sequence associated with <f) with 
index s. When the polynomials fls and fJJ, -\-.do(f>Bi are coprime, then {^n}n>o is a 
classical sequence. 

Proof. Following (2.10), the assumption implies existence of a polynomial se- 
quence {qn}n>o such that nn+s = fis(7n, n > 0. Therefore qn = Qn and R8-i{n) = 
0, n > 0. Hence the desired result from above. D 

Under certain conditions, it is possible to build a diagonal sequence from a given 
one. 

PROPOSITION 2.7. Let {Bn}n>o be a diagonal sequence associated with (j) with 
index s. Let fa be a polynomial, deg fa = ti and consider fauQ. Suppose that fauo 
is regular with {Pn}n>o the (MOPS) associated with it. Then {Pn}n>o is a diagonal 
sequence associated with facf) with index ti + s. 

Proof. Let us put i^ = A^i^o with (vo)o — 1. Following the Proposition 2.4 of 
[10], we have 

n 

Bn{x) =    ^   dn^Pu{x)1     tin^n-t! ¥" 0,     n>ti. 
l/=n—t1 

Hence 
n 

where i9n?z/ = (n + l)"1^ + l)i?n+i,i/+i- On account of Lemma 2.1 of [10], this is 
equivalent to 

n+ti 

"i.11 = E ^.«^11' n *o- 
v'=n 

Because the sequence {Bn}n>o is diagonal relatively to $ with index s1 consequently, 
from the last equality and using (1.7) where VQ =uo,-we obtain 

n+ti n+ti 

(2.15) <t>v[n] = ^T, dwfaP = ^2 fiv,nKttv+sUo = rnAn+t1+sUo, 
u=n i/=n 

With An+ti+5 = Yjutn  kvd^nrn^v+s,      ^n = *n+«i^n+ti,n}      TI > 0. 
From (2.15), we infer 

fac/yu^ = rnAn+a+sfauo = A""1rnAn+t1+tfvoJ'    n>0. 

Hence the result. D 

REMARK. The relation (2.15) means that ({Bn}n>o, {Pn}n>o) is a coherent pair 

associated with (j) with index ti+ s. 
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In the sequel, we shall use the following second order recurrence relation fulfilled 
by the diagonal sequence {i?n}n>o 

fBo(aO = l,    B1(x)=x-I30, 
(2*16) { Bn+2(x) = (x - pn+1)Bn+1(x) - in+iBn{x),    n > 0. 

It follows 
(2.17) 

*S.i(*) - ^x - ^)B^{x) - -^^flW^x) + -^BnM,    n > 0. 

3. Diagonal sequences with index 5, 1 < s < 3. In this section, we only 
study diagonal sequences associated with 0(a;) = x -c with index s where s = 1,2,3, 
by virtue of (2.7). From (2.3) where n = 0, the form UQ satisfies the following equation: 

(3.1) (Euo)' + Fuo = 0, 

with E(x) = (x- c)ns(x) and F(x) = do(x - tfB^x) - 2ns(x). 
Following Proposition 2.5, this equation can be simplified, since the class of UQ is less 
than or equal to 1. According to the expression of E(x), the equation (3.1) can be 
simplified either by x - c or by a factor of fis. Thus by virtue of (1.3), the equation 
(3.1) is simplified by x - c if and only if 

(3.2) JB/(c)+F(c) = -n,(c) = 0, 

(3.3) < uo,62
c(E) +ec(F) >= - < uoMto') > +do7i = 0. 

Then UQ satisfies 

(3.4) (Emo)1 + F1uo = 0, 

where 

(3.5) JSifr) = Slsix),    Fifr) = do(x - c)Bi(x) - {8c(ns))(x). 

Denoting by ^, i = 1,2, ...5, the roots of Qs, for simplifying by x - & it is necessary 
and sufficient that 

(3.6) £'(&) + F&) = (6 - c){(%(fis))(6) + dote - c)Bi(&)} = 0, 

(3.7) <uo,el{E) + eii(F)> 
= doin + fe - c)2}- < «o,^(n8) > +(& - c) < tio.fl^ft.) >= 0. 

Then UQ fulfils 

(3.8) (£r2«o)' + F2U0 = 0, 

where 
(3.9) 

E2(x) = (x-c)(6si(ns))(x), 

F2(x) = do{(x - 2c + ti)B1(x) + (6 - c)2} - (6l€<(n.))(x) + (6 - c)(^(ns))(x). 

Two cases arise: 
Lcg{6}; IL    cGfe}. 

First, we deal with the case 
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I. ft,(c)#0 
Necessarily, there exists i, for instance i = 1, such that (3.6) — (3.7) are fulfilled. 

With the following shape 

(3.10) (%(fis))(^) = <&3-alo(3 - c)2 + aiCrc - c) + OQ, 

where ao := (%(n5))(c), ai := ((9c%(ns))(c) = ^(^'(c);  the relations (3.6) - 
(3.7) become 

(3.11) ao + (6 - c){dbBi(fi) + ai + ^-^oKi - c)} = 0, 

(3.12) (do - S3^ohi + (do + <J3-s,o)(£i - c)2 

+ ^3-s,o(/3o - c)Ki - fa) + ai(6 - /3o) - ao = 0. 

Consequently, on account of (3.10), for (3.9) we have 
(3.13) 

' E2(x) = (x -c){83-Sto(x-c)2 + ai(x - c) + ao}, 

F2(x) = (do - Sz-s,o)(x - c)2 + {^_,,o(6 - c) + do(6 - A)) - ai}(a - c) 

+ (do + Sz-s,o)(tii - c)2 + (ai - (A) - c)do)(6 - c) - ao- 

We distinguish the three cases s = 1,2,3. 

Ii. s = 1,    Qi(x) = x — ^i 
Here (^1(fii))(x) = 1, therefore ai = 0, ao = 1. Hence, on the basis of (3.11)- 

(3.13) 

(3.14) E2(x)=x-c,    F2(x)=do{x2 + (Z1-2c-f30)x + f3o(2c-Z1)-f1}. 

It follows ii^c) + ^(c) = -1, which means that the form UQ is of class a — 1. 

12. 8 = 2,    Sliix) = (x - €i)(x - &) 
Here (%(fi2))(a:) = x - &, therefore ai = 1, ao = c-&. Taking (3.11)-(3.13) 

into account, we have 

(3.15) E2(x) = (x-c)(x-b),    F2(x) = do(x-c)2+{do(^-0o)-l}(x-c)+2(^-c). 

It follows ^(c) + ^(c) = ^2 - c ^ 0. But, we also have 

F2(x) = do(x - 6)2 + {do[2(6 - c) + 6 - /?o] - l}(x - &) + (6 - c)(doX + l), 

where X = ^i - ^o + £2 - c. We deduce 

^2(6) + ^2(6) - (6 - c)(2 + dbX),    < «o,fl|a^j + e^Fi >= doS, 

with S = £1 + £2 - 2c. On the other hand, the relation (3.11) becomes 

(3.16) 5 - (6 - c) (do* + 2) = -do(6 - c) (6 - c). 

In any case, the class of uo is a = 1, since 5 = 0, 2 + doX = 0 is not possible from 
(3.16). 

13. s = 3,    1*3(3) = (x - &)(* - &)(* - 6) 
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Here (^^(^s))^) = (x-^ix-^s), therefore ai = 2C-&-6, ao = (6-c)($3-c)- 
With (3.11H3.13), we obtain 

E2(x) = (x- c)(x - &)(x - 6). 

F2(x)^(do-l)(x-c)2 + {^-c + ^-c + ^-c + do($i-Po)}(x-c) 

-2(6-c)(&-c). 

It follows E^(c) + F2{c) = -(6 - c)(6 - c) ^ 0. Moreover 

F2(x) =(do - 1)(3 - 6)2 

+ {(do + 1)5 + (do - 2)(6 - c) + 6 - c - do(/3o - c)}(ar - 6) 

+ (6 - c){(do + 1)5 - (6 - c) - (& - c) - do(^o - c)}, 

on the basis of (3.11) which becomes 

(3.17) (& - c)S + (6 - c){do^ - 2(6 - c) + 6 - c - (do + !)(& - c)} = 0. 

Consequently, we have 

£2(6) + ^(fe) = (& - c){(do + 1)5 - 2(6 - c) - do(/Jo - c)} = (6 - c)T, 

(9lE2)(x) + (0i2F2)(x) = do(x - 00) + (do + 1)5, 

where 

(3.18) T - (do + 1)5 - 2(6 - c) - do(A> - c) = (do + 1)X - 2(6 - c) + A) - c. 

Therefore < uo,0f2£2 +06,-^2 >= (do +1)5. Further, from the definitions and (3.18), 
we have 

(3.19) (£3 - c)S + (& - c)r = (6 - c)(do + 2)(6 - c). 

Let us prove either (do+ 1)5 / 0 or T 7^ 0. First, suppose 5 = 0 and T = 0. Then, from 
(3.19) and (3.18), we obtain do 4- 2 = 0 and fo = £3. Consequently, (3.12) becomes 
—371 = 0 which is a contradiction. Now, suppose do + 1 = 0 and T = 0. Then UQ 

fulfils ((x — c)(x — £3)1x0) — (x — AO^o = 0 where c ^ £3 and p0 — c = 2(^3 — c), taking 
(3.18) into account. With a suitable shift, we can choose c = 1, £3 = —1, therefore 
Po = -3 and WQ satisfies ((x2 — l)uo) — (x + 3)wo = 0. It follows that WQ is the Jacobi 
form with parameters (—2,1), which is not regular [2,8,9]. Hence the desired result. 
Similarly for the root £3. In this case, the class of UQ is also a — 1. 
Thus, when fJs(c) ^ 0, the class of i^o is a = 1. We shall see a shorter proof below. 

Does a form w exist such that UQ = T(X - d)w where r 7^ 0 and d are chosen for 
making w a shift of a classical form? It is easy to see the following results. 

For Ii, we have r = do(£i — c), d = c and u; fulfils 

w' + {do(a; - c) - (£1 - c)-1}^ = 0. 

By a shift, we obtain the Hermite form. 
For I2, we have r = -do(£i - c)(f2 - c)-1,  d = c and tu fulfils the following 

equation 

((a? - 6H' + {do{x - c) + (& - c)(€i - c)"1}™ = 0. 

By a suitable shift, we obtain a Laguerre form. 



780 P. MARONI AND R. SFAXI 

Finally for I3, when 4 + 1 ± 0, we have r = (do + l)(fi-c)(&-c)-1(f3-c)-1, d = 
c and w fulfils 

(0* - 6)(a? - &M' + (db + 1) (a: - c - r"1)^ = 0. 

By a suitable shift, we obtain a Bessel form, when £2 = £3 and a Jacobi form, when 
67^3. 

When db + 1 = 0, it is not possible to determine r ^ 0, d 6 C for making w 
essentially classical. 

In any case, it remains to determine the values of c for which r(x - c)w is regular. 
A little about this problem is the fact that if {Zn}n>o denotes the (MOPS) with 
respect to w, then (x - c)w is regular if and only if Zn(c) # 0, n > 1 [2]. 
For instance, in the case Ii, following Chihara's notation, if {Hn}n>o denotes the 
(MOPS) associated with the Hermite form H fulfilling H' + 2x71 = 0, we have w = 
(ha-i o T-b)n, Zn{x) = a~nHn(ax 4- 6), where 2a2 = do, 2ab = -doc - (£1 - c)"1. 

Thus ac + b = - (2a(£i - c)) must not be a zero of any monic Hermite polynomial. 
When do < 0, £1 G IR, then any real c ^ £1 is suitable. But when do > 0, £1 G R, the 
problem is open for obtaining non singular real c through a constructive way. For the 
other cases, there are similar results. 

ILn5(c)=0 

LEMMA 3.1. When the equation (3.1) is simplified by the factor x-c, then it can 
be simplified a second time by x — c and the form UQ satisfies 

(3.20) (E*uo)' + F*uo = 0, 

where 

(3.21) E*(x) = {6cns)(x),    F*(x) = d0B1(x). 

Consequently, the form UQ is classical (a = 0). 

Proof Since the equation (3.1) is simplified by the factor x — c, the form UQ 

satisfies (3.4) with (3.5). Moreover 

£{(c)+Fi(c)=0    ,    <uo,e2
cE1+9cF1>=<uo,doB1>=0. 

Therefore, we have (3.20) and (3.21). Necessarily, the form ^o is classical. D 

This leads to 

THEOREM 3.2. The diagonal form UQ associated with x — c is classical, if and 
only if the conditions (3.2) — (3.3) are satisfied. 

Proof Sufficiency follows from the previous Lemma. When the diagonal form UQ 

is classical, from (1.7), we have (x — 0)1/5 = ^o^s^o and there is a monic polynomial 
$,deg$ < 2 and ^ 7^ 0 such that 1$ = k^u^ [9]. The regularity implies k^{x - 
c)$(x) = kotis(x), hence Ct8(c) — 0 and consequently $ = 0c(ns), k'0 = ko = (do7i)_1. 
Moreover 

<uo,0c(n8) >=<Uo,$ >=<$uo,l >=kQ1 <u[o\l >=do7i. D 

Hi. s = 1,    fli(x) = x — c 
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Inevitably, the form ^o satisfies (3.4) with do71 = 1.  From the previous Lemma, 
we get 

£*(*) = !,    F*(x)=7r1Bi(x). 

Through a suitable shift, we obtain the Hermite form. 

II2. s = 2,     n2(x) = (x- £i)(z - c),     (& = c) 
Reve(ec(n2)){x)=x-^. 

1121. < UQiX-ti! >=do7i 

From the previous Lemma, the form UQ satisfies (3.20) with E*(x) = #—£1, F*(x) 
= doBi(x). It is the Laguerre case when £1 = 0, do = 1 and putting /?o = a + 1. 

1122. <^o,a;-6. >^do7i 

Then UQ fulfils (3.8) and (6^(0,2))(x) = x — c, hence ai = 1, ao = 0 in (3.10). 
The conditions (3.11) — (3.12) and (3.13) respectively become 

(3.22) do(£i - A>) + 1 - 0,    0 ^ do7i + £1 - A) = -*(& - c)2 

(3.23) E2(a?) = (x - c)2    ,    F2(x) = do{x - c)2 - 2(x - c). 

It follows 

E^c) + F2(c) =0,    < uo,e2
cE2 + ecF2 >=< uo,do(a: - c) - 1 >= do(£i - c) # 0, 

taking (3.22) into account. 
Putting (x — c)wo = ^^0 with (wo)o = 1, we have i? = /?o — c 7^ 0. For, if /3o = c, we 
should have do(fi - c) + 1 = 0, therefore 0 7^ do7i = 0 from (3.22). Thus the form WQ 

satisfies 

(3.24) (Or - C)TI;O)' + {do(x - c) - 2}wo = 0. 

Through a suitable shift, we can take c = 0 and do = 1. Then wo = £(1), the Laguerre 
form with parameter a = 1. On account of the definition of Wo, we have 

(3.25) uo = 6 + tix-1wo, 

where 5 = 80 defined by < So, f >= /(0). 
We denote by {-Rn}n>o the (MOPS) associated with WQ. We know that UQ is regular 
if and only if 

<3-26) -IHM"- 
n>-u 

where {Rh }n>o is the associated sequence of {jRn}n>o defined by 

RV(x) :=< too, JWifrO-JWO >5 n > 05 
x-t 

and in this case, we have [7] 

(3.27) Bn+1(x) = Rn+iix) 4- wnRn(x),    n > 0, 

where 

ro9W „       Rn+1(o) + m^(o) 
(3.28) o7n = T-T ,     n > 0. 
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It can be seen that [2] 

«.w-i:(-i)-'7(^i) 
„_,n!^n + l^ n>0_ 

Therefore 

i?^(0)-<Wo, 1         ^ (T+iyiU-"^    ^ 

But (wo)n = (n+1)!. Thus 

(3.29) ^)(0) = (n + l)!(n + 2)!X:(-ir;);(^2)r 

We have 

z/=0 

where 

2,  (-1)"-"        l   " ^ /n\ _ (1 - 1)" _ / 0,  n > 1, 

n  v-        w— —        n vw n! 1,   71 = 0. 

Consequently, for (3.29) we obtain 

(3.32) X^W = (-l)n(^ + l)!(w + 1))    n > 0- 
Then, for (3.28) 

1       n+2(/ 

(3.33) ^^(n + 2)^^,    n>0, 
n+l 

where i? ^ ^-^,    n > 1 (cf. (3.26)). 
n 

REMARK.   About (3.31), more generally, it is possible to show that Sn(p) = 
n 

Y2(-l)n-I/an-u(p)au(p)with an(p) = f^j^j, n > 0, fulfils Z2n+i(p) = 0, ^+2^) = 

pz±_m n>o 
n + pr(2n + 2 + /9)'     " 

Now, since the sequence {i?n}n>o fulfils 

(      , Ro{x) = l,    R1(X)=X-CQ 

Rn+2(x) = (x- (n+i)Rn+1(x) - pn+1Rn(x),    n > 0, 

with Cn = 2n + 2, pn+i = (n + 2)(n + 1), n > 0 and taking the following formulas 
from [7] into account 

(3.35)   fio = Co-^0 = ^5    )9n+l = C+a7n+-^-^,      7n+i == -t^nCc+t^n-CnJi    ^ > 0, 
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(at present c = 0), we obtain with (3.33) 

_ (n + l)(n + 2 - (n + 1)#)2 + (ft + 2)(n + 1 - m9)2 

/Wl" (n + l-ntf)(n + 2-(ft + l)tf) n>0 

_ (ft + l)2{(n - 1)(1 - ti) + l}{(ft + 1)(1 - 1?) + 1}   ' 
7n+1 ~ (ft + 1 - fti?)2 

Necessarily d ^ \ since £i ^ 0 by virtue of (3.22) where do = 1 and c = 0. Then, 
putting (1 — tf)-1 := a + 1, we have 

Q 
Pn = 2ft + 1 - 7 TT —- 

(ft + a;)(ft + a + l) 
(3-36) _ (ft + l)2(ft-fa)(n + a + 2) '    n - 0' 

7n+1" (ft + a + 1)2 

with a / —ft, ft > 0. Prom (3.25), we have 

< uo, / >= ^r + -^-r f+00e-xf{x)dx. 
a + 1     a + 1 Jo 

II3. 5 = 3,    fiaCa?) = {x - ^){x - &){x - c),     (^■= c) 

Here(flc(n3))(x) = (a:-ei)(a:-&). 

1131. <wo)(a;-^i)(a;-6) >:= ^o7i 

Following Lemma 3.1, UQ is classical; it is the Bessel form when ^ = £2 = 0 and 
the Jacobi form when £1 = — 1, £2 = +1. 

1132. <^o,(^-^i)(^-6) >^do7i 

The form ^o is not classical by virtue of Theorem 3.2, since the relation (3.3) is 
not fulfilled. Here (%(^3)) = {x — c){x — £2), hence ai = c — £2 , «o = 0 in (3.10). 
The conditions (3.11) - (3.12) become 

(3.37) (£i-c){do(&-A>)+£i-&}=0 

(3.38) 0 ^ (do - l)7i - (£1 - A>)(& - A)) - -(A) - c)2 - (do + 1)(6 - c)2. 

Following (3.13) and taking (3.37) into account, we get 

/       x E2(x) = {x-c)2(x-£2) 
(3 39) 

F2(a;) = (do - l)(a: - c)2 + {^ - c + & - c + do(£i ~ /3o)}(^ - c). 

We infer E'2(c) + F2(c) - 0,    (e2
cE2){x) + {6cF2){x) = do(s-c) + £i -c + do(6 -A)), 

therefore 
< uo,92

cE2 + i9cF2 >= (do + !)(& - c). 

Necessarily, we must have (do H- l)(£i — c) ^ 0, otherwise i^o would be classical. Then 
(3.37) reads 

(3.40) (<Jo + l)(£i-A>)=&-A>- 

Likewise, we have 

£2(6) + ^2(6) = (* + 2)(& -c)2,    < u0,elE2 + O^F2 >= (d0 + !)(& -c + £2 -C). 
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Necessarily, either (do + 2)(6 - c)2 ^ 0 or (do + !)(& - c + 6 - c) # 0, otherwise ^o 
would be classical. 
Putting (x - c)uo =w, we get 

((x - c)(x - 6)^), + {(db - l)(x - c) + 2(6 - c)}w = 0. 

The Bessel case is not possible; for, if c = & = 0, we should have (do - l)x = 
-2(ax + 1). Consequently c ^ & and we choose c = -1 and ^ = +1. Then do - 1 = 
-(a + /? + 2), do + 3 = a - /?, therefore a = 1 and 0 = -(do + 2). We have the Jacobi 
case with parameters (1,/?) and the form w is regular if and only if (3 ^ -n, n > 1; 
we can put w = tiwo with (^o)o = 1, since (i0 + 1 = 4(3 + /J)"1 ^ 0. Thus, we obtain 

(3.41) tto = <J-i+0(a + l)~W 

We denote by {i?n}n>o the (MOPS) associated with wo = J(1,I3). We have [8,9] 

Ro(x) = 1,    iJ^a?) =x- 1~/3 

with 

Rn+2(x) = (x- Cn+i)Rn+1(x) - pn+iRn(x),    n > 0, 

Sn+l 
(3.42) (2n + P + 3)(2n + (3 + 5y 

_     (n + l)(n + 2)(n + /? + l)(n + /? + 2)        - 
/,n+1        (2n + /3 + 2)(2n + (3 + 3)2(2n + /3 + 4)' 

The form UQ is regular if and only if -#„(-!)(.R^iC-l))-1  ^ i?,   n >  1 and 
Bn+i(x) = Rn+i(x) + tvnRn(x),  n>0 where [7] 

{oA6) wn = 7-T ,    n > 0. 
^(-IJ+^^-l) 

It can be seen that [2] 

Next 

p(i)/   n _/,„   -ftyH-iCO -i?n+i(-1) ^     ^^n 

Since 

+ (n + 2) £(-2)-^-1)4, 
i/=0 
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we have 

(3.45) Uo 

+ (n + 2) ^(-2)"-" <wo,(Z-ir>\,  ri> 0. 
i/=0 J 

where 

Q" = ri!r(2n + /? + 2)'    6"^(    ,    JU-- 
We need the following lemma 

LEMMA 3.3. Denoting 

(3.46) M^(a, (3) :=< w, (a; + a)n >,    a = ±1,    n > 0, 

ty/iere CJ := J(a,P) is the Jacobi form, we have 

(3.47) Mn (a,l3)-(-2)     ^ + ^    r(a + /, + 2 + n),    n>0 

(3.48) ^1(a,/9) = 2''r(° + 1t")
Tv

r(ayt2)v    « > 0. y n  v       ; r(a + l)     r(a + l3 + 2 + n)' 

Moreover 

(3.49) 
< w.Or - l)1*^ + !)"> = Al71(a,)9)M+1(a,i8 + g) 

= X?-1(Q+p^)7W+1(a,^),    P,9>0. 

Proof. The form a; fulfils the following equation [9] 

((a;2 - l)w)' + {-(a + f3 + 2)x + a - /3}w = 0. 

It easily follows 

..„    .    m       2n + 2 + a + /3 + a{a-/3) ^ „ 
MZ+1(a,0)=<T n + a + p + 2 

LM°n{a,p),    n > 0, 

with MZ{a,0) = 1. Whence (3.47) and (3.48). Next, the form u = {x - l)*w fulfils 

((a;2 - l)u)' + {-(a + 0 + 2 + q)x + a - (3 - q}u = 0. 

Thus u = \J{a,(3 + q) with A = M^faP). Likewise M+1(Q;,^)J(a + P,P) = 
(x + l)pJ(a, (3). We deduce 

<«,(«- l)9(a; + 1)" >=<(«- IJ'a;, (i + l)p >= ^^(a, /SJM+Ha./3 + «) 

=< (ar + 1)
P

CJ, (x - l)q >= M+1(c,P)M-1(a+p,l3). D 
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COROLLARY. For 0 < v < n,  n > 0, 

(3.50) <^(»-ir>=^1(l^ = (-2)"(B+
(g^jg + g+2),    n>0 

(3.51) <Wo,(x-ir(x+l)n^>=ip+lW+2)(-ir2nT(n-u+2)^^y 

0 < v < n, n > 0. 

Consequently from (3.50)-(3.51), for (3.45) we obtain 

RW(-l) = an+1{'£1
n + (n +2)?:2

n},    n>0, 

where 

2^ = 08 + 1)03 + 2)r(n+
2^ + 3) ^(-l)^^,^^ - i/ + 2)r(V + 0 + 1) 

-iP+l){P + 2)    n + p + 2     L,   Kn + 2_t,)l 
u=0 

(—2)n(n + 1) 
= (I3 + 1)(P + 2y—   )>    n,    n > 0,.   on account of (3.30), (3.31). 

n + p + 2 

P2  _ V,    pxn-w    ow 03+1)03 + 2) 
n"^1   ^      {   l]  {v + 0 + l){v + 0 + 2) 

i/=0 

"w+1»(#+2'(-J>"S(ri^M-rri+2) 

Whence 

(3.52,   ifflC-l) - (ff + 2)(-2)-(n + 1)(, + 1)1 (n + /l"^:^ + 4).    «>0. 

Consequently, taking into account of (3.44) and (3.52), for (3.43) we have 
(3.53) 

0     (n+2)(n+/3+2)      l-t?Xn+i     ...  ^      lr<} , 0x     n(n+/3+2) 
ro" = 2(2n+/3+3)(2n+/3+2)   1-^B   Wlth Xn= 2(^+2)(n4-l)(n+/3+l)' n ^ 0 

^^(Xn)-1,    n>l. 

This last condition is equivalent to the regularity condition i? j^ — Rn(—1) (#„_! (-1))    , 
n > 1. With e := |(/3 + 2)i?, we easily obtain 
(3.54) 

1-flXn+i = (n+l)(n+^+l)(l-£)n2 + (l-g)()3+4)n+(l-£)(/3+3)+/3+l 
l-i?Xn        (n + 2)(n+/5+2) (l-£)n2 + (l-£)(/3+2)n+/3+l 

n>0. 

The case e = 1 does not arise, since (3.40) implies ^+1 = 0 which is in contradiction 
with the assumptions.  Indeed, since i? = fo + 1 from (3.41), the assumption e = 1 



DIAGONAL ORTHOGONAL POLYNOMIAL SEQUENCES 787 

implies 2 = -do(A) + !)(/? = -(do + 2)) and writing (3.40) as (do + l)(£i - c) = 
6 - c + do(A) - c), we obtain with c = -1, £> = +1 : (do + 1)(6 + 1) = 2 - 2 = 0. 
Putting 

X2 + (/? + 2)X + (1 - e)"1^ + 1) = (X + (Ti)^ + a2), 

we have 
cricr2 + 1 - (Ji - cr2 

/? = (Ti + (72 - 2,     e =  . 
(Jicr2 

Consequently 

X2 + (/? + 4)X + /3 + 3 + (1 - e)"1 (/3 + 1) = (X + a! + 1)(X + (72 + 1). 

It follows 

0 (n + l)(n + ai + (J2 - l)(n + (Ji + l)(n + (72 + 1) 
(O.OO) Wn — £— r-r-r 777 77 7,       Ti ^ U. v       ; (2n + ai+C72)(2n + (71+a-2 + l)(n + (7i)(n + (72) 

A tedious but straightforward calculus based on (3.42), (3.35) where c = — 1 and mn 

is given by (3.55), leads to 

,« ^v . 2(l + (7i(72)"((71+(72)(2 + (71(72) 
(3.56) Po = 7—7—x , 

(7l(72{(7l +(72) 

(3.57) 
= (4-^2)M4(n)-2g(71(72iV2(n)  

^n+1     (2n+(714-c72)(2n+(7l+(72-l-2)(n+(7l + l)(r^+(72 + l)(n+(7l)(n+(72), 

_(n+l)2(n+(Ji+^2-l)2(n+cri-l)(n+(7i + l)(n + (72-l)(nH-o-2 + l) 
7n+1~     (2n+(7i+(72-l)(2n+(7i + (72)2(2n+(7i+(72 + l)(n+(71)

2(n+(72)2   ' 

where 
J M4(n) = (n + (7i)(n + (72)(n + ai + l)(n + (72 + 1), 

I Ar2(n) = 6n2 + 6(/3 + 3)n + ((3 + 3)(/3 + 4), 

We must have (7i, (72, (7i + (72 7^ —n + 1, n > 0. Finally, from (3.41) we obtain 

(3.58) uo = (l-eM-i+eJ(0,/3), 

because (x + 1)^(0,^) = 2(/3 + 2)~1Jr(l,^), which is a special case of the general 
easily proved formula 

(x + iy(x-iyj(a,f3) = M;1(aJ^q)M;1(a^)J(a+p,l3^q), 

where p, q are non negative integers. 

REMARK.   The choice c = +l,  £2 = — 1 leads to the similar case UQ = 5i+ 
^(x — l)-1^ with wo = J^a, 1). 

4.   Calculating the coefficients An ^. An example. We are looking for the 
case II22 where c — 0 and s = 2. From (1.6), we must have 
(4.1) 

xBn(x) = B^+l(x) + Xn^B^ix) + A„,n_1Bi1I1(a;) + Xn^2B
[^2(x),    n>2, 

A„,n-2 ^0,    n > 2. 
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xB0(x) = B^(x) + Xofi, 

xBi(x) = B^](x) + \i,iBP(x) + Ai,o. 

PROPOSITION 4.1. We have 

(4.3) Ao,o = 2 ■      1 

01 + 2' 

(4-4) ^ = 5 - (a/lKa + S)'    Al'0 = 4 - (a + l)a(a + 2)- 

(4.5) ^+2,n+, = Sn + 8 + ^±^-4-^r2,    n>0, 

(4.6) A„+2,„+1 = („ + 2)(3n + 7) + ^^ - g±lL,    n > 0, 

(4.7) Wn = (n + l)(n + 2)^W + "+^(" + ° + 3)
>    n > 0. 

Proof.   First (4.3) and (4.4). From (2.17) and (2.16), we obtain B^](x) = x - 

|(i9o+)9i)> therefore, from (4.2), we get Ao,o = ^(Po+Pi) = 5-, in accordance with 

(3.36). For (4.4), by virtue of (2.17), we have Bl2](x) = Kz-AOM^W-^ + i^z) 
and on using the second expression of (4.2), we get 

xBi(x) = {(x-02) + X1A}B^(x) + ^B2(x) + Ai,o - ^72, 

= x2 + {Ai,i - l(Po+0i+^)}x - i(/3o + /3i)(Ai,i - ^2) 

+ gA)/3i+Ai,o--(7i+72), 

taking (2.16) into account. It follows 

AM = I (A + Ih) - ^0,    ALO = ^(7! + 72) - lift - 2/9? + AA). 

But, from (3.36), we have 

1 (X ex 
A = 1~^Tr /3l=3-(a + l)(a + 2)     '    /32 = 5"(a + 2)(a + 3)' 

_ a(a + 2) _    (a + l)(a + 3) 
71 " (a + I)2 ' 72 " (a + 2)2      * 

Hence (4.4). 
Now, let us transform :ci?n+2(#) to obtain (4.1) where n will be replaced by n + 2. 
Here, we have £n+i (a;) = iJn+i (a;)+tunJRn(x) where {i?n}n>o is the Laguerre sequence 
orthogonal with respect to £(1) and from (3.33), we have 

(4.8) wn = (n + l)n    a       ,    n > 0. 
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We get 

xBn+2(x) = x{Rn+2(x) + VJn+lRn+l(x)} 

= Rn+3(x) + Cn+2#n+2(z) + pn+2^n+l(^) 

+ Wn+l{Rn+2(x) + tn+lRn+lfr) + pn+ii?n(a:)} 

= Rn+3(x) + {Cn+2 + G7n+1 }#n+2 (x) 

+ {pn+2 + Cn+lE7n+l}#n+l(s) + ™n+lPn+lRn(x),      71 > 0, 

taking (3.34) into account, with 

(4.9) Cn = 2(n + 1),    p„+i = (n + l)(n + 2),  n > 0. 

But the sequence {i^n}n>o fulfils [2] 

Rn(x)=I®{x)+nI$_1(x),    n>0. 

It follows 

a;JBn+2(a?) = ^L+sW + {n + 3 + Cn+2 + ^n+l}^ (») 

+ {(n + 2)(Cn+2 + ^n+l) + Pn+2 + Cn+l^n+lj^n+l^) 

+ |(n + l)(Pn+2 + Cn+l^n+l) + Wn+lPn+lfR^fa) 

+ ntHn+i/On+i^ix^),      n > 0. 

Since 

(4.10) B^(x) = Ii^(x) + -^lwnI^_1(x),    n>0, 

from this with n replaced by n + 3, we obtain 

xBn+2(x) =B%(X)+ \n+2,n+2Rlnl2(x) 

+ {(n + 2)(Cn+2 + t37n+i) + Pn+2 + Cn+l^n+1 j^L+l («) 

+ Un + l)(Pn+2 + Cn+l^n+l) + ^n+lPn+1 j^1 (») 

+ n^n+ipn+ii41L1(£),    n>0, 

with 0 n 4-3 
An+2,n+2 = Tl + 3 + Cn+2 + ^n+1 - ^n+Z> 

On account of (4.8), (4.9), we get (4.5). 
Next, from (4.10) where n is replaced by n + 2, we have 

Z£n+2(Z) =513.3(2:) + An+2,n+2B{!i2(£) + An+2,n+li?n+l(^) 

+ ((n + l)(Pn+2 + Cn+l^n+l) + ^n+lpn+l ]$$ 0*0 

+ nzUn+iPn+iJR^liCx),    n > 0, 

with 
n + 2 

An+2,n+l = (n + 2)(Cn+2 + ^n+1.) + Pn+2 + Cn+l^n+l " ^j7^n+2An+2,n+2,      n > 0. 
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Taking (4.8), (4.9) and (4.5) into account, we have (4.6). 
Further, we get 

xBn+2(x) =B%(X) + \n+2,n+2B%(x) + \n+2,n+lBl*l1(x) 

+ \n+2tnRln](x) + nmn+xPn+xR^l^x), 

with 

n + 1 
An+2,n = (n + i)(pn+2 + Cn+l^n+l) + ^n+lPn+1 m^n+l An+2,n+l,      n > 0. 

n + 2 

By virtue of (4.8), (4.9) and (4.6), we obtain (4.7). Finally (4.10) leads to 

xBn+2(x) =Bl*l3(x) + An+2ln+2i?n+2(a?) + ><n+2,n+lBl*l1(x) 

+ An+2,n-Btl
1,(a;) + {nmn+1pn+1 - —^ u7nAn+2,n}^nIi(^). 

But 
71 

nmn+ipn+i —rWnAn+2,n = 0,    n > 0. 
n + 1 

This yields (4.1) where n is replaced by n + 2. □ 

REMARK. The case II32 goes analogously but the calculations are more compli- 
cated. 
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