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Cl! ESTIMATES FOR ELLIPTIC EQUATIONS WITH PARTIAL AND
PIECEWISE CONTINUOUS COEFFICIENTS*

JINGANG XIONGT

Abstract. In the paper, we establish existence, uniqueness and optimal C1:1 regularity of LP-
viscosity solutions of Dirichlet problem of linear elliptic equations with partially and piecewise Holder
coefficients. For piecewise Holder coefficients, our C1:! estimates are independent of the distance
between interfaces of discontinuity of the coefficients.
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1. Introduction. Let € be a bounded domain in R", n > 2, with boundary 052
of class C2. Consider the following second order elliptic differential operator

n
Lu = Z aij(:c)Diju, aij(x) = aji(:c),
i,j=1
where z = (z1,---,2,) € , and {a;;} is a Lebesgue measurable matrix-valued
function on €2, which satisfies the uniformly elliptic condition
(1.1) MNEP? < aij&é < AlEJ?,  for any € € R™,

with 0 < A < A < 0.
A fundamental question in elliptic equation theory is when the Dirichlet problem

(1.2) Lu=fin Q, wu=p on df

is uniquely solvable. From the classical Schauder theory [10], (1.2) has a unique
classical solution provided the given boundary condition and coefficients are smooth.
If {ai;} is only continuous, the LP-Schauder theory or W?2P theory implies the unique
solvability of (1.2). In [5], Chiarenza, Frasca and Longo discovered that the LP-
Schauder theory still holds if {a;;} belongs to the Sarason class VMO. If Q = R,
Krylov and D. Kim [13], [14] can reduce {a;;} to be of VMO only in partial variables.
Most recently, Dong and D. Kim in [8] removed the condition 2 = R™ and obtained
LP-Schauder theory for a general class of elliptic and parabolic equations of higher
order.

For a € (0, 1], the partial Holder semi-norm of function u with respect to partial

variables ' = (21, ,x,—1) in Q is defined as
w(r',x,) —uly',
o= sp  sp I Zulh)]
¥ ta<zn<t* (2',2,),(y ,2n)EQ |2’ — /|
a' Ay’

where t* = sup{t : {z, =t} NQ # 0} and ¢, = inf{t : {z, =t} NQ # B}. We say a
function u € L>°(Q2) belongs to C% () if [u]ca ) < co. Similarly, we define

[l o) = (D3 uloe, (@),
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where D, = (D1, -+ ,D,,_,) and k is a nonnegative integer. For = (¢/,x,),%& =
(&, 2n), let

B, &) =Y laij (@, 2n) — aij (&', 2n)]
i

and

1/n
1
Wa,; (1) =sup | 7=———= B(x, )" dx
s (7) @en<|Br($)mQ| B, (#)nQ (=) )

We say {ai;} is uniformly continuous with respect to &’ in € in L™ sense or a;; €
Cor,pn(Q) if wq,; (r) — 0 asr — 0.
Next, we recall the definition of LP-viscosity solution in [3].

DEFINITION 1.1. For f € L} (Q), p > n/2, a function uw € C(Q) is an LP-

viscosity subsolution (supersolution) of Lu = f in Q if for any ¢ € VVfof(Q) touching
u from above (resp. below) at point & locally one has

esslimsup(a;;(z)D;;p(z) — f(z)) >0

T
(essliminf(a;;(z)Dijp(x) — f(x)) <0).
r—x
We say u € C(Q) is an LP-viscosity of Lu = f if u is both an LP-viscosity subsolution
and supersolution.

Note that the test functions in Definition 1.1 are of class WIQO’C” not C?. When a;j
and f are continuous, viscosity solutions defined in [6] are equivalent to LP-viscosity
solutions, see [3] for more details.

THEOREM 1.1. Suppose that a;; € Cyr () satisfies ellipticity condition (1.1)
and f € LP(2) for some p > n. Then for every boundary value v € C(0), there
exists a unique LP-viscosity solution u € W2P(Q) N C(Q) of the Dirichlet problem

loc

(1.2). Moreover, for any Q' CC Q, we have

(1.3) lullwzr@y < C{llellLe@a) + [ fllze@}

where C'is a positive constant depending only on n, \, A, p,Q, dist(Y,Q) and w,,; (7).
If aij, f € C%(Q), then u € C1(Q) and

loc

[ullora @y + 1 Darull or.agary

1.4
44 < Ol o + 1= + [fles @

where C is a positive constant depending only onn, A\, A, Q, dist(€',Q) and [aij]cg/(g).

When a;; are constants, estimate (1.4) was obtained by Dong and S. Kim [9],
Tian and Wang [21] independently. They also considered the right hand function f
satisfying general partially Holder conditions. Moreover, [9] established a version of
Schauder estimates in partial variables.

The C'! regularity in Theorem 1.1 and the following two theorems is optimal.
Indeed, it is easy to verify that

U= SL'? - 3X{l‘2>0}x§ - 5X{l‘2<0}1’§
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is an LP-viscosity solution (strong solution actually) of equation
A(l‘)Duu + Dyu =0 in B; (0),

where x is the characteristic function and A(7) = 3x{z,>0} + 5X{as<0}. However, u
does not belong to C?(By).

THEOREM 1.2. Let M C R™ be an (n — 1)-dimensional embedded (but not nec-
essarily connected or compact) C1® hypersurface for some o € (0,1). Suppose that
MNQ # O and for any point x € Q there exists a positive constant r, depending on x,
such that a;; and f are uniformly Hélder continuous on every connected component
of B.(x) \ M but might be discontinuous cross M. Then for every boundary value
@ € C(9Q), there exists a unique LP-viscosity solution u € CL1(Q) N C(Q) of the
Dirichlet problem (1.2).

In view of the Krylov-Safonov’s Holder estimates (Chapter 9 of [10]), another
natural way to define solutions of (1.2) is by approximating. Solutions defined by such
a way are usually called good solutions. It follows from [3] that good solutions are
LP-viscosity solutions. Cerutti, Escauriaza and Fabes [4] established the uniqueness of
good solution of (1.2) if a;; are continuous except at a countable set of points having
at most one accumulation point. Safonov [20] pointed out that if the Hausdorff
dimension of discontinuous set is less than some positive constant § = §(n, A, A), then
there is uniqueness, too. However, one cannot expect to extend Safonov’s result to
merely measurable a,; because of the counterexample of Nadirashvili [19].

Elliptic equations (systems) of divergence form with piecewise Holder coeflicients
have been studied extensively. A problem arising from composite material asks: Are
interior L> bounds for gradients of W12 weak solutions independent of the distances
between the surfaces of discontinuity of the coefficients? Li and Vogelius [16], Li and
Nirenberg [15] gave a positive answer for elliptic equations and systems respectively.
For nondivergent elliptic equations, we consider the following model: Let 21,25 be
two disjoint subdomains of 2 with dist(21,Qs) = £ > 0 and 9,90, € C# for some
B € (0,1). Denote Q3 := Q\ (1 UQ2). Suppose that a;; and f are uniformly Holder
continuous with exponent o in each subdomain, namely,

Q-;af

Suppose also that a,; satisfies elliptic condition (1.1). Then we have

Q € C*(), i=1,2,3.

ai]-

THEOREM 1.3. Assume the above conditions, and let u be an LP-viscosity solution
of a;jDiju = f in Q. Then u € C’llc;i(Q) and for any Q' CC Q,

B

0 <o <minf{o, ——-—1,
= minte, TG
we have
3
(1.5) Jullerr@y < Clllull@) + D 1fllear @, b
m=1

where C is a positive constant depending only on n, A\, A, HainCa/(Qm), dist(Q),00)
and CY% norms of the Q,, but independent of .
Note that in Theorem 1.2 and Theorem 1.3, we only assume M and 9€2; and 9€)

are O, Therefore, we cannot flat them to prove those theorems. As in [16] and
[15], Theorem 1.3 also holds for multiple subdomains cases.
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REMARK 1.1. By Theorem 1.3, we can weaken the condition of M in Theorem
1.2. For example, M = Bl/Q(%el) U Bl/g(—%€1) C Q, where eg = (1,0,---,0).
Indeed, we can approzimate M by M. = By 5((3 +€)e1) U By a(—(5 +¢€)e1) C Q for
some small positive €. Note that M is even not Lipschitz continuous.

The paper is organized as follows: In section 2, we establish the existence and
uniqueness of LP-viscosity solution to the Dirichlet problem of good equations. In
section 3, we prove several perturbation results. In section 4, the main theorems are
proved.

Note: Recently, the estimate (1.4) is also obtained by Hongjie Dong [7] with
partial Dini continuous coefficients. His method is completely different from ours.
We would like to thank him for sending us the paper and some helpful comments.

2. Uniqueness and regularity for viscosity solutions of good equations.
We begin with the following strong maximum principle.

THEOREM 2.1. Let u € C(Q) be an LP-viscosity subsolution of Lu = 0 in Q. If
u attains its maximum in the interior of , then u = constant.

Proof. Suppose that u attains its maximum M in the interior of 2 and is not
identical to M. It follows that there exist some point & € ) and positive constants
r, R such that

T={zeR":r<|z—% <R} CQ, sup u(z) <M

|z—z|=r

and u(zg) = M for some zy € T. Consider
v(@) = u(2) +exp{—gle — 3%}, weT,
where v > 0 is large so that
sup wv(z) < M.

|z—z|=r

For any point x on the outer boundary of T, i.e., |z — &| = R, we have

v(@) = (@) + exp{~2|z — &’}

< u(wo) + exp {— o — &%}
< v(xo).
It follows that v(z) must reach its maximum at some point T € T. By the definition
of v(z),
u(z) < u(T) + ex JE-zP) - e — 32y =
< p (-2 — 4%} — exp {~ 2z — 4} = 6(a).
Then ¢ € C?(T) touches u at T from above. By the definition of LP-viscosity subso-

lution

0 < esslimsupa;;(z)D;jp(x)

T—T

= ess limsup'yexp{f%kc —2* N E @i — yaij(x, — ) (x5 — Z5))
=T :
K2

< ess limsup’yexp{—zu — 22} (nA — yAr?)

T—T 2

<0,
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provided vy > ;—TAQ The proof is completed. O

The following comparison principle was proved in [3] for fully nonlinear elliptic
equations. Now it can be derived directly from Theorem 2.1.

COROLLARY 2.1. Let p > n/2 and f € LP(Q). Assume that u,v € C(Q) are two
LP-viscosity solutions of Lu = f in Q andu=v on 0Q. Ifv € VVfof(Q), then u = v
in €.

Set A(A, A) as the class of measurable matrix-valued functions {a,;(z)} satisfying
(1.1).

THEOREM 2.2. Suppose A;; = A;j(zn) € AN A) for z, € (—=1,1) and F =
F(x,) € L>*((=1,1)) . Let By = B1(0) C R" be the unit ball centered at the origin
and ¢ € C(0By). Then there exists a unique LP-viscosity solution u € C(B1) of

(21) AijDiju =F in Bl, U= on 8B1

Moreover, u € C2N(By) N C(By) and

loc

l

(2:2) Y D%l o, ) < Clllulloe sy + 1 F (s}
k=0

where C' is a positive constant depending only on n, A\, A and [.

Our argument is based on the following boundary C1® estimate without assuming
oscillation condition on the coefficients of L. It was initially established by L. Wang
[22] for parabolic equations, while the elliptic version can be found in [17], see [18] for
a proof.

LEMMA 2.1. Let B = By N {z, > 0}. Suppose u € C?(B) is a solution of
Lu= f e L"(B) in B and u(2’,0) = p(z') is differentiable at the origin

lp(2') = (0) — Durp(0)z’| < Nia'|*+,
where ' = (21, -+ ,Tn—1) and a € (0,1). Assume
lullzoemy) + 1 llLnimyy < 1.
Then there exist constants B,C and v = v(«) such that
|B| < CN
and
[u(z) = u(0) — Darg(0)a’ — Ban] < CNJa| ',

where C' > 0 depends only n, A\, A.
In fact, Lemma 2.1 holds for viscosity solutions.

Proof of Theorem 2.2. Ezistence. Choose smooth Af;(x,) € A(A,A) such that
A5 (@) — Ajj(zn) ae. in [-1,1] as € — 0. Analogously, find smooth functions
Fe(x,) and ¢°(z) such that F¢(z,) — F(z,) a.e. in [—1, 1] and ¢° — ¢ uniformly on
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0B; as € — 0. According to the standard linear elliptic equation theory there exists
a unique smooth solution u® of approximating Dirichlet problem

AijijuE = F®in By, = ¢° on 0B;j.

Because of the Krylov-Safonov estimates for linear elliptic equations, there exists a
function u° and a subsequence of u°, which will be still denoted as u®, such that
u® — u® locally uniformly as e — 0. By Theorem 3.8 of [3], u® € C(By) is an
LP-viscosity solution to (2.1).

Regularity. As for the approximating solutions u®, we have

(2.3) 1ullcacs, o < CLUIU Lo sy + 7]

L"(Bl)}a

where a € (0,1) and C depend only on n, A, A.

Next, we intend to derive uniformly higher order derivatives estimates for u®
independent of ¢.

Let e; (1 <7 < n) be the 7-th coordinate direction. Since A§; and F'° depend
only on z,, for § € (0,1],0 < |h| < 1/16,

1
wp () = W(Ua(x — her) —ut(x))
satisfies
(2.4) A (x)Dijws =0 in Byjg.

Making use of (2.3) and arguing as Corollary 5.7 of [2], we have

Dol cacg, 0y < Clns X M) {ufll L (i) + 1F |l Loy -

Note that D, u® are classical solutions of (2.4). By bootstrapping we obtain

(2.5) > ID5 | ga s, ) < CUIW ILoe(my) + 1F°]
k<l

L"(Bl)}a

where C' > 0 depends only on n, A\, A and I(> 2). Thanks to Lemma 2.1, we have
(2.6) 1DuDote s,y < Clr AN IDEE 5, -

Making use of equations and combining (2.5) and (2.6), the uniform L*> bound for
D,,,uf follows. By covering argument and letting ¢ — 0, u° € C’llo’c1 (B1) N C(By)
and estimate (2.2) holds for u°.

Uniqueness. Since u° € Cllo’c1 (B1), by Corollary 2.1 u = u" if and only if u is an
LP-viscosity solution of (2.1). O

Let
Dp={x€R" : by 1 <z <lp}, m=1,-- K,

where /,,, are increasing constants lying between —1 and 1 with ¢y = —1, ¢, = 1. Let
Aij(x) = A7} in Dy, where {A7}} € A(A, A) are constant matrices. Similarly, I is a
constant function in each D,, but may vary with D,,. As a special case of Theorem
2.2, we have
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COROLLARY 2.2. Assume A;;, f are piecewise constants as above. Suppose
© € C(0By). Then there exists a unique LP-viscosity solution u of

(2.7) AijDiju=F inBi, u=¢ ondB.

Moreover, u € C2Y(By) N C>(D,, N By) and

loc
(2.8) lulleraes,)n) + 1ullor@,.nm, ) < CLlullie(s) + I1F L= (s) }s

where C' is a positive constant depending only on n, A\, A, k.

Note that the estimate (2.8) is independent of the width ¢,, — ¢, of stripe D,,
and k.

Proof of Corollary 2.2. In view of Theorem 2.2, there exists a unique LP-viscosity
solution u € CL!(By) N C(By) of Dirichlet problem (2.7). Since A;; and F are

loc
constants in D,,, we have

Note that D,u is C* on {z, = {,} and {acn_z lym—1}. Hence, it follows from
standard elliptic equations theory that u € C*°(D,, N B1). By estimate (2.2),

|\D92c'DnUHLoe(5mmB3,4) + HDJC’D%UHLOO(ﬁmmBW@ < C{lJullze By + [1FllLeB1)}-
Making use of equation (2.9), we therefore obtain
HD':?LU||L°°(5,,LQB3/4) < C{lJullzoe(yy + [1F LBy }-
In combination, we conclude that
HDBUHLoe(ﬁmnBM) < Cllullee(sy) + 1 F (s}

By bootstrapping, the estimate (2.8) follows. O

3. Perturbation results. Throughout this section we may assume all the LP-
viscosity solutions are smooth, but the estimates we shall derive are independent of
the smoothness of solutions. For convenience, we say a constant is universal means
that it depends only on dimension n and ellipticity constants A, A.

LEMMA 3.1 (Approximation lemma). Let a;j(z) € A(N A) be measurable func-
tions in By and f € L™(By). Suppose u € C(By) is an LP-viscosity solution of

aijDiju = f m Bl

with ||ullc(p,y < 1. Assume there exist functions Aij € A(X\,A) and F' depending only
on the variable x,, such that

Haij - Al]| L™(Bsz/4) <e
where € € (0,1/16), then there eists a function v € C(Bjy4) with

AijDijU =F n B3/4
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in LP-viscosity solution sense such that
lu=vllem,,,) < CLA+FllLes))e” +I1f = Fllor s}

where v < 1 and C' are positive universal constants.

Proof. By Theorem 2.2, there exists a unique v € C(Bg/4) N C11(By) solving

loc
AijDijv = F in B3y, v =wuon dBy/,.

According to the Krylov-Safonov estimate, there exist universal constants o € (0, 1)
and C > 0 such that

lullgamy,y < C{L+1fllLnB) -

It follows from global Holder estimates ([2], Proposition 4.13) that

oll a2z, 0y < Clllullgas, o + IFll Lz}

(3.1)
< C{L+ | fllenByy + |1 Flloey} =: CK.

Since u — v = 0 on 9Bs/4, we have

(3.2) flu— U||L°°(6Bg/475) < 5a/2||u - U||Ca/2(§3/4) < CK(SCE/Q;
where 0 < 6 < 1/4. Next, we claim that

(3.3) I1D20]| oo By,0_5) < CK6*/272

Indeed, for any fixed T € Bs/4_s define

w(z) = v@+ 222_ v(x), x € By.

It follows from estimate (3.1) that |w(zr)] < CK for all x € B;. Note that w(z)
satisfies

Aij(T + 0x)Dijw(x) = 62~ 2F (T + dx) for = € By
and from the C1! estimates in Theorem 2.2 we conclude that
|D*w(0)| < CK,
or
|D%0(T)| < CK§*/?72.
Therefore, the claim follows. Note that v — v is an LP-viscosity solution of
aijDij(u —v) = f — F — (ai; — Aij)Dijv  for v € By 4.
By Alexandroff maximum principle and estimates (3.2) and (3.3),

Hu - U||L°C(Bg/4,5) < Hu - U||L°°(333/475) + Cllf - FHL”(B3/4—<5)
+ C|ID?0|| Lo (B4 )1 (as; — Ay
< CK(6%2 4 6°272) 4 C||f - F|

L™ (B3z/a—s)

L"(Bl)'
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Take § = ¢'/2 < 1/4 and then v = a/4. Since

| fllzn(yy < |IBilllFllpee(By) + [1f = Fllonsy),
the proof is completed. O

PROPOSITION 3.1. Suppose u is an LP-viscosity solution of
aijDiju = f mn Bl.

Let A;j, F be as in Lemma 3.1. For a € (0,1), suppose that
1 1/n
(— |f—F|" d:n) < Cir b forany 0 < r < 1.
|Br| B,
Then there exists a 8 > 0 depending only on n, A\, A and «, such that if
1 1/n
(— |aiijij|"d:E) <0 foranyO<r<l,
|Br| JB,

then u is C1 at 0; that is, there is an affine function | such that

lu—1po(py < Nr't*  for any 0 <r <1,
1L(0)] + [DL(0)] < N

and
N < C{llullpe(sy) + 1FllLe(m,) + Ci}

where C > 0 depends only on n, \, A and «.

Proof. From Lemma 3.1, we can follow the proof of Theorem 2 of [1], which
improves Cordes-Nirenberg’s C1'® estimate. We only need to point out that LP-
viscosity solutions of the approximating equation

AijDijv =F in B1
have ! estimates. That is exactly Theorem 2.2. 0

Similarly, based on Lemma 3.1 and C''! estimates of good equations the following
W2P estimates hold. We refer Chapter 7 of [2] for a proof.

PROPOSITION 3.2. Suppose u is an LP-viscosity solution of
aijDiju = f mn Bl.

Then for any p € (n,00) there exist positive constants 8,C depending only on n, A\, A
and p such that if

(-0 [ o o) <o

for any ball B.(&) C By, where 5(x, %) is as in Theorem 1.1, we have

ullwze (s, ) < ClllullL=s,) + 1fllLes:)}-
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DEFINITION 3.1. For 8 > 0 and function G, define

1 1/n
G lyes (0) = sup —(][ o ax) "
o<r B,

<17P
where f,, -do = ‘B i [p, -da.
PROPOSITION 3.3. Let a;j(x) € AN\, A) defined in By and f € L™(B1). Suppose
that w is an LP-viscosity solution of
ai;Diju=f in By
with ||ul|pes(p,) < 1. Let Aj;j € AN\, A) and F be functions depending only on the

variable x,. For any o € (0,1), there exist constants 6 € (0,1/16) and N depending
only on n, \, A, « such that if

laij = Aijllyne(0) + |f = Fllyna(0) <6

and

[E oo By < 1,
then we have

|D*u(0)] < N,
and for x € By

|Dyru(x) — Dpr(0) — DDyu(0) - 2| < Nz,
where DD, u(0) -z = (DDg,u(0) -z, - , DD, _,u(0)-x)
Proof. Note that we can assume F' = 0. Indeed, let w € C(B) be a solution of
AijDijw=F in By,
w=wu ondBj.

Then w is bounded and has the estimates in Theorem 2.2. Let @ = v — w and

f= (A —aij)Dijw+ f — F. We have
a;jDiju = f in By,

Hence, we only need to establish Proposition 3.3 for u(2 x) for x € B;.
We will inductively find a sequence of functions wy € C’(M+1 Bi), k=0,1,---,
such that for all &,
3

(34) AijDijwk =0 in WBl,

lwy ()| < C4~FFDE+) for 2 ¢ s

— DBy,
2
| Dwy,(x)| < C"4= DA+ for 2 ¢ 4k+1B

(kD) 2
|D?wy, ()] < C'4~*+D for = € 7 Br,

2
| Dy D*wy,(z)| < C'4FFDA=0) for o € 4k+1B
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k
B . P
(36) |U(£L’) — Zwl(mﬂ § 4 (k+1)(2+e) for z € WBl,
1=0
and
k 1
(3.7) |Du(z) — Z Duwy(z)| < C"4=k+DA+)  for 4 WBl,
1=0

where C,C’ and C"” are positive universal constants.
It follows from Lemma 3.1 that there exists a function wy € C (%Bl) satisfying

AijDijwo =0 in zBl

and a constant Cjy depending only on n, A and A such that
) < Cpf < 4*(2+0¢)

[u —wollL=(B, ,

for small 6. From the proof of Lemma 3.1, we see that wo = w on dBs/4. By
Alexandroff maximum principle, there exists a universal constant Cy such that

[wollzoe(By,0) < Callullpoe s,y < Cf(1+0)4~ ),
where Cf = C143. By Theorem 2.2, there exists a universal constant Cs
| Dwoll Lo (B, ,5) + |1D*woll Lo (B, ,5) + |Dar D*wollpoe (5, ) < CallwollLoe(B,4)-
Note that
aijDij(u —wo) = (Aij — aij)Dijwo + f in By .
It follows from Proposition 3.1 that

HD(U*WO)HLOO(BW)
< Cs{llu—woll Lo, ) + [(Aij — aij) Dijwoll Lo, ) + 1 £
< C3{llu — woll o= (B, 2) + Ol Dijwoll L~ (B, ) + 0}
< O3(1+0(1 4 0)CoC1 + 0177)4~CFe)

L™(Byy2) }

where Cj3 is a positive universal constant. Thus (3.7) for wq follows. We should keep
in mind that the constants Cp, Cf, Co,C3 > 1 are all universal and would not change
in the following arguments.

We have proved (3.5) — (3.7) for k = 0. Assume they hold up to k& > 0. We prove
for £+ 1. Set

W(z) = (u - wl>(4_(k+1)x),

k
=0

ag; (@) = a;(47 V), AT (2) = Ay (4~ V)
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and

k
g () = 472041 ((Afj+1 —ali™) N DY w4~ g) + f(4*<’“+1>x)).
=0

Then W solves
afleijW = hk+1 in Bl.

By direct computations we obtain

gt = Al on gz <470, | FAE D) s, < 47 FD0,
According to the induction hypothesis, we have
k ']

Z DZw (4~ * gy < ¢ Z4‘l“ for z € By,

1=0 1=0
and

Wl oo,y < 47 FFDEF),
Therefore,
(o]
hkr1llon(my) < €04~ BF2EF) (1 4 N gmle,

1=0
Using Lemma 3.1, we may find a function v,y € C(Bs)4) satisfying
AZ'JFIDMUHl =0in By, vky1 =W on 0Bz

such that

W = vkt | oo (B, 0) < CL{IW [l poe (1) (A7 FFD0)T + || g |
< 4= (k+2)(2+a)

L"(Bl)}

provided 6 small. By Alexandroff maximum principle,
[vks1ll oo (y,0) < C1A™CTI (W | ooy + lhksallLn(sy))

SC1+4710C" (14 ) 4714 (B2,
=0

By Theorem 2.2, we have
Doy 1(2)| Lo (B, 5) + 1D*0k41(2) || L (B, )
+ ||Dx/D2Uk+1($)||Loo(Bl/2) < Collvkt1ll=(B,,.)-

Note that

aijDij(W — vgy1) = hgyr + (Aij — aij) Dijvgy1r  in Byjs.
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It follows from Proposition 3.1 that

ID(W — vps1) | (B, ) < O (D),

From the process above, we see that the constants C,C’,C” and 6 can be chosen as
follows:
C=20C], C =20CCy, C"=10C"Cs

1 1
(24a) U lo
Cof" < 24 and C"60 E 4~ 2

1=0
Let

3
’U.)kJrl(l') = U(4k+1x) for x € WBl

We see that (3.4) — (3.7) hold for k + 1.
By (3.5) and (3.7), for 4=(+2) < |z| < 4~ (+1)

oo

| Du(z Zle
k k 00

< |Du(z Zle |+|Zle Zle )|+ | Z Duw;(0)
1=0 1=0

I=k+1

<160”|IE|1+0‘+C/Z4 l+1)a|x|+cl Z 4~ (I4+1)(1+«)

1=0 I=k+1
< Nlz|.
It follows that
=Y Duw(0)
1=0
and
|D?u(0)| < N.

Furthermore, for 4~ (F+2) < |z| < 4=(*+1),
[Darua ZDz/wz 0) = > DDy (0) - |
=0

k
< |Dyu(z) — Z Dywi(z)] + Y [Darwi(x) = Dprwi(0) — DDyrwy 0) - |
[ee] [ee]
+ > [Depwi(0)[+ Y [DDpwy(0) - x|
l=k+1 l=k+1

k
< 160//|x|1+a + C/|$|2 Z4(l+1)(1—a)
=0

+C! Z 4_(l+1)(1+a)+01|1'| Z 4—(l+1)a
I=k+1 I=k+1

< Nlz['*,
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where we have used the elementary inequality

4(k+1)(17a) _ 1) _ C( )
).

o (I41)(1—a) ) (1—a) 2%
|£L'| 24 §4 Jl—a _ 1 -

1=0
Thus the proof is completed. O

4. Proof of the main theorems. In view of the perturbation results of last
section, the proofs of main theorems reduce to verify various approximating conditions
of coefficients and functions on the right hand side of the equations.

Proof of Theorem 1.1. The existence follows from the same lines we used to prove
Theorem 2.2. As there we suppose u? is the limit of a sequence of classical solutions
u® of Dirichlet problem

a;;Diju® = f¢ in Q and u® = ¢° on 9.

It suffices to verify that u° is in Wf)f (Q) and C’llo’c1 (©) in the two cases respectively.
We only verify the second one, and the first is similar.

For any fixed point T = (', T,) € Q, we can find r > 0 such that B, (T) C Q.
Let Af; = af;(T', z,) and F* = f*(T',z,,). Since a;5, f € Cg, for some a € (0, 1), for
the 0 in Proposition 3.3 one can find a small constant ry independent of € such that

_ —c
||afj - Aij|

yna(0) + |f° = F|

yn.a(0) <6,
where
€

@ (2) = aj;(T + rora), Zij (z) = A3; (T + ror),

T (z) = fe(@+rorx), F (x)=F(T+rorx),
for x € By. Then u®(x) = u®(T + rorz) is a classical solution of
E%Dijﬂa = TE in Bjy.
By Proposition 3.3, we have

Do)+ sup (D0 = DT 0)
|z/|<1 |1./|a

C . —e —e
< @M=z, 0) + 17 (s, 0 + [F oz 00}

where C' > 0 depends only on n,\,A and [@;]ce, (B, (0))- Rescaling back and by
standard covering argument and then letting ¢ — 0, we complete the verification and
the estimate (1.4) follows. O

LEMMA 4.1. Let g(z') € CH#(B}), B € (0,1), satisfying g(0) = 0 and Dg(0) = 0,
where By is the (n — 1)-dimensional ball centered at the origin. Set

QF = {(2,2,) € By : x,, > g(2')} and Q™ = By \ QF.
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Let h be a function in L>°(B1) with h|q+ € CP(QF) and hlg- € CP(Q7), respectively.
Set

lim A in Bf,
i(a) = e 30 (y) 1
lim  h(y) in By,
yeQ—,y—0

where Bf := By N {x, > 0} and By := By N{x, < 0}. Then
1A = Rllyn.3m(0) < N,

where N is a positive constant depending only on ||h||csq+) and the CY8 norm of g.

Proof. Since g(0) = 0 and Dg(0) = 0, |g(2")| < C|2’|**#. By direct calculations,

/ |hfﬁ|”dx:/ |hfﬁ|”d:c+/ h— T de
B BIfnQ+ B\Q+

< C’/ lz["? da + C’/ |2/| 1P da!
BfnQ+ B

< C’T”Jrﬁ,

where B;I is the upper half ball. Analogously, we have
/ |h — h|"dz < Or™ P,
B,

In combination, we complete the proof. O
By Proposition 3.3 and Lemma 4.1, some proper scaling yields

COROLLARY 4.1. Let g and QT,Q as in Lemma 4.1. Suppose aij|q+, fla+ €
C*(0*F) and u is an LP-viscosity solution of

aijDiju = f m Bl.
Then u is C*7 at 0, with v = + min{a, 8}.

Proof of Theorem 1.3. By Corollary 4.1, v is CY on the boundary of £; and €.
Therefore, to prove Theorem 1.3, it suffices to show estimate (1.5) in Q, k= 1,2,3.
Let ' CcC Q. For any point T € Q) N, there exists a ball B.(Z) centered at T
with radius ¢ and a positive integer x such that B.(Z) N (02 U 09Q2) contains at
most x connected components, where ¢ and k are independent of T but depend on
n,dist(Q,Q) and C*# modulus of 9Q; U 99a, see [16]. To estimate D?u at a point
T in Q N, we may assume T close to some ); otherwise it follows from standard
interior estimates for elliptic equations. We take T as the origin. By suitable rotating
and scaling, we may suppose that the components of € contained in Bj take the
form

Tp = gm(2') forax’ € B, m=1,--- K
with

“l<gi(@) < - <gul@) <1
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and C*#(BY), where B} = {2’ : |2'| < 1}. Set go(2') = —1 and g,+1(2') = 1. Denote
Qn={2€B1:gm1(2) <zn <gm(x)}, 1<m<r+1.

We may suppose that gm,—1(0") <0 < gim,(0"), and closest point on 9, to the origin
is (0, gmo(0")). So Dgpm,(0’) = 0. Finally, we introduce

Dm:{xeRn:gm—l(ol)<In<gm(ol)}7 m=1,---,k+1

and define
Wy e, (00,91 (0)) @5 (¥) 0 Dmym > mo,
Aij =\ @ij (0)7 in Dy,
iy ey (07 g (07)) @05 (Y) in Dy, m < mo.

Analogously, we define F' corresponding to f.
It turns out that the above definitions give a nice approximating property (see

[16], Lemma 5.2).

LEMMA 4.2. For 0 < o < min{a, %}, there exists a positive constant N

depending only n, K, B3, and A, as well as 11§ﬂﬂ%§§(ﬁ||aijllca’(ﬁm)7 1énn§§ﬁ|‘f|‘0“/(ﬁm)

and 12173%(,{ HgmHCLB(E'l) such that
lai; = Aijllynar (0) + [[f = Fllyn.ar (0) < N.

Then (1.5) follows from Proposition 3.3 and Lemma 4.2 by appropriate scaling.
Therefore, we complete the proof of Theorem 1.3. O

REMARK 4.1. Comparing with lemma 4.1, the exponent o/ in lemma 4.2 can be
slightly improved to min{a, g} if constant N is permitted to depend on the distance
between (', gm (")) and (2, gm—1(2")).

REMARK 4.2. Making use of the same approach of [16] and [15], one can establish

3
(4.1) |‘“|‘02,a’(§kn9/) < C{HUHCU(Q) + Z HfHCa/(Qm)}v k=1,2,3
m=1

where C'is a positive constant depending only n,\, A, ||aij|| cor q,,), dist(Q',00) and
CYP norms of the Q,, but independent of €.

Proof of Theorem 1.2. Arguing as proving Theorem 2.2, there exists an LP-
viscosity solution u of (1.2). Let M be as in Theorem 1.2. Since M is a C1® embedded
n — l-dimensional hypersurface, for every point zy € M there exists an (n — 1)-
dimensional locally tangent hyperplane I(z) to M at z( (assuming I(z) C {z, = 0})
and small ball B, (zg) such that M = {(z/, g(2")) : |2/| < r} in B,(x¢), where g(z') is
a smooth function. By Theorem 1.3, u € C’llo’c1 (Br(x0)). The uniqueness follows from
Corollary 2.1. Thus we complete the proof. O
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