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C1,1 ESTIMATES FOR ELLIPTIC EQUATIONS WITH PARTIAL AND

PIECEWISE CONTINUOUS COEFFICIENTS∗

JINGANG XIONG†

Abstract. In the paper, we establish existence, uniqueness and optimal C1,1 regularity of Lp-
viscosity solutions of Dirichlet problem of linear elliptic equations with partially and piecewise Hölder
coefficients. For piecewise Hölder coefficients, our C1,1 estimates are independent of the distance
between interfaces of discontinuity of the coefficients.
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1. Introduction. Let Ω be a bounded domain in R
n, n ≥ 2, with boundary ∂Ω

of class C2. Consider the following second order elliptic differential operator

Lu :=
n
∑

i,j=1

aij(x)Diju, aij(x) = aji(x),

where x = (x1, · · · , xn) ∈ Ω, and {aij} is a Lebesgue measurable matrix-valued
function on Ω, which satisfies the uniformly elliptic condition

(1.1) λ|ξ|2 ≤ aijξiξj ≤ Λ|ξ|2, for any ξ ∈ R
n,

with 0 < λ ≤ Λ < ∞.
A fundamental question in elliptic equation theory is when the Dirichlet problem

(1.2) Lu = f in Ω, u = ϕ on ∂Ω

is uniquely solvable. From the classical Schauder theory [10], (1.2) has a unique
classical solution provided the given boundary condition and coefficients are smooth.
If {aij} is only continuous, the Lp-Schauder theory or W 2,p theory implies the unique
solvability of (1.2). In [5], Chiarenza, Frasca and Longo discovered that the Lp-
Schauder theory still holds if {aij} belongs to the Sarason class VMO. If Ω = R

n,
Krylov and D. Kim [13], [14] can reduce {aij} to be of VMO only in partial variables.
Most recently, Dong and D. Kim in [8] removed the condition Ω = R

n and obtained
Lp-Schauder theory for a general class of elliptic and parabolic equations of higher
order.

For α ∈ (0, 1], the partial Hölder semi-norm of function u with respect to partial
variables x′ = (x1, · · · , xn−1) in Ω is defined as

[u]Cα
x′(Ω) = sup

t∗<xn<t∗
sup

(x′,xn),(y
′,xn)∈Ω

x′ 6=y′

|u(x′, xn)− u(y′, xn)|

|x′ − y′|α
,

where t∗ = sup{t : {xn = t} ∩ Ω 6= ∅} and t∗ = inf{t : {xn = t} ∩ Ω 6= ∅}. We say a
function u ∈ L∞(Ω) belongs to Cα

x′(Ω) if [u]Cα
x′(Ω) < ∞. Similarly, we define

[u]Ck,α

x′ (Ω) = [Dk
x′u]Cα

x′(Ω),
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where Dx′ = (D1, · · · , Dxn−1
) and k is a nonnegative integer. For x = (x′, xn), x̂ =

(x̂′, x̂n), let

β(x, x̂) =
∑

i,j

|aij(x
′, xn)− aij(x̂

′, xn)|

and

ωaij (r) = sup
x̂∈Ω

(

1

|Br(x̂) ∩Ω|

∫

Br(x̂)∩Ω

β(x, x̂)n dx

)1/n

We say {aij} is uniformly continuous with respect to x′ in Ω in Ln sense or aij ∈
Cx′,Ln(Ω) if ωaij (r) → 0 as r → 0.

Next, we recall the definition of Lp-viscosity solution in [3].

Definition 1.1. For f ∈ Lp
loc(Ω), p > n/2, a function u ∈ C(Ω) is an Lp-

viscosity subsolution (supersolution) of Lu = f in Ω if for any φ ∈ W 2,p
loc (Ω) touching

u from above (resp. below) at point x̂ locally one has

ess lim sup
x→x̂

(aij(x)Dijφ(x) − f(x)) ≥ 0

(ess lim inf
x→x̂

(aij(x)Dijφ(x) − f(x)) ≤ 0).

We say u ∈ C(Ω) is an Lp-viscosity of Lu = f if u is both an Lp-viscosity subsolution
and supersolution.

Note that the test functions in Definition 1.1 are of class W 2,p
loc not C2. When aij

and f are continuous, viscosity solutions defined in [6] are equivalent to Lp-viscosity
solutions, see [3] for more details.

Theorem 1.1. Suppose that aij ∈ Cx′,Ln(Ω) satisfies ellipticity condition (1.1)
and f ∈ Lp(Ω) for some p > n. Then for every boundary value ϕ ∈ C(∂Ω), there
exists a unique Lp-viscosity solution u ∈ W 2,p

loc (Ω) ∩ C(Ω) of the Dirichlet problem
(1.2). Moreover, for any Ω′ ⊂⊂ Ω, we have

(1.3) ‖u‖W 2,p(Ω′) ≤ C{‖ϕ‖L∞(∂Ω) + ‖f‖Lp(Ω)},

where C is a positive constant depending only on n, λ,Λ, p,Ω, dist(Ω′,Ω) and ωaij (r).

If aij , f ∈ Cα
x′(Ω), then u ∈ C1,1

loc (Ω) and

‖u‖C1,1(Ω′) + ‖Dx′u‖C1,α(Ω′)

≤ C{‖ϕ‖L∞(∂Ω) + ‖f‖L∞(Ω) + [f ]Cα
x′(Ω)},

(1.4)

where C is a positive constant depending only on n, λ,Λ,Ω, dist(Ω′,Ω) and [aij ]Cα
x′(Ω).

When aij are constants, estimate (1.4) was obtained by Dong and S. Kim [9],
Tian and Wang [21] independently. They also considered the right hand function f
satisfying general partially Hölder conditions. Moreover, [9] established a version of
Schauder estimates in partial variables.

The C1,1 regularity in Theorem 1.1 and the following two theorems is optimal.
Indeed, it is easy to verify that

u = x2
1 − 3χ{x2>0}x

2
2 − 5χ{x2<0}x

2
2
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is an Lp-viscosity solution (strong solution actually) of equation

A(x)D11u+D22u = 0 in B1(0),

where χ is the characteristic function and A(x) = 3χ{x2>0} + 5χ{x2<0}. However, u
does not belong to C2(B1).

Theorem 1.2. Let M ⊂ R
n be an (n − 1)-dimensional embedded (but not nec-

essarily connected or compact) C1,α hypersurface for some α ∈ (0, 1). Suppose that
M∩Ω 6= ∅ and for any point x ∈ Ω there exists a positive constant r, depending on x,
such that aij and f are uniformly Hölder continuous on every connected component
of Br(x) \ M but might be discontinuous cross M. Then for every boundary value
ϕ ∈ C(∂Ω), there exists a unique Lp-viscosity solution u ∈ C1,1

loc (Ω) ∩ C(Ω) of the
Dirichlet problem (1.2).

In view of the Krylov-Safonov’s Hölder estimates (Chapter 9 of [10]), another
natural way to define solutions of (1.2) is by approximating. Solutions defined by such
a way are usually called good solutions. It follows from [3] that good solutions are
Lp-viscosity solutions. Cerutti, Escauriaza and Fabes [4] established the uniqueness of
good solution of (1.2) if aij are continuous except at a countable set of points having
at most one accumulation point. Safonov [20] pointed out that if the Hausdorff
dimension of discontinuous set is less than some positive constant δ = δ(n, λ,Λ), then
there is uniqueness, too. However, one cannot expect to extend Safonov’s result to
merely measurable aij because of the counterexample of Nadirashvili [19].

Elliptic equations (systems) of divergence form with piecewise Hölder coefficients
have been studied extensively. A problem arising from composite material asks: Are
interior L∞ bounds for gradients of W 1,2 weak solutions independent of the distances
between the surfaces of discontinuity of the coefficients? Li and Vogelius [16], Li and
Nirenberg [15] gave a positive answer for elliptic equations and systems respectively.
For nondivergent elliptic equations, we consider the following model: Let Ω1,Ω2 be
two disjoint subdomains of Ω with dist(Ω1,Ω2) = ε > 0 and ∂Ω1, ∂Ω2 ∈ C1,β for some
β ∈ (0, 1). Denote Ω3 := Ω \ (Ω1 ∪ Ω2). Suppose that aij and f are uniformly Hölder
continuous with exponent α in each subdomain, namely,

aij |Ωi , f |Ωi ∈ Cα(Ωi), i = 1, 2, 3.

Suppose also that aij satisfies elliptic condition (1.1). Then we have

Theorem 1.3. Assume the above conditions, and let u be an Lp-viscosity solution
of aijDiju = f in Ω. Then u ∈ C1,1

loc (Ω) and for any Ω′ ⊂⊂ Ω,

0 < α′ ≤ min{α,
β

n(β + 1)
},

we have

(1.5) ‖u‖C1,1(Ω′) ≤ C{‖u‖L∞(Ω) +
3
∑

m=1

‖f‖Cα′(Ωm)},

where C is a positive constant depending only on n, λ,Λ, ‖aij‖Cα′(Ωm), dist(Ω
′, ∂Ω)

and C1,β norms of the Ωm but independent of ε.

Note that in Theorem 1.2 and Theorem 1.3, we only assume M and ∂Ω1 and ∂Ω2

are C1,α. Therefore, we cannot flat them to prove those theorems. As in [16] and
[15], Theorem 1.3 also holds for multiple subdomains cases.
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Remark 1.1. By Theorem 1.3, we can weaken the condition of M in Theorem
1.2. For example, M = B1/2(

1
2e1) ∪ B1/2(−

1
2e1) ⊂ Ω, where e1 = (1, 0, · · · , 0).

Indeed, we can approximate M by Mε = B1/2((
1
2 + ε)e1)∪B1/2(−(12 + ε)e1) ⊂ Ω for

some small positive ε. Note that M is even not Lipschitz continuous.

The paper is organized as follows: In section 2, we establish the existence and
uniqueness of Lp-viscosity solution to the Dirichlet problem of good equations. In
section 3, we prove several perturbation results. In section 4, the main theorems are
proved.

Note: Recently, the estimate (1.4) is also obtained by Hongjie Dong [7] with
partial Dini continuous coefficients. His method is completely different from ours.
We would like to thank him for sending us the paper and some helpful comments.

2. Uniqueness and regularity for viscosity solutions of good equations.

We begin with the following strong maximum principle.

Theorem 2.1. Let u ∈ C(Ω) be an Lp-viscosity subsolution of Lu = 0 in Ω. If
u attains its maximum in the interior of Ω, then u ≡ constant.

Proof. Suppose that u attains its maximum M in the interior of Ω and is not
identical to M . It follows that there exist some point x̂ ∈ Ω and positive constants
r, R such that

T = {x ∈ R
n : r < |x− x̂| < R} ⊂ Ω, sup

|x−x̂|=r

u(x) < M

and u(x0) = M for some x0 ∈ T . Consider

v(x) = u(x) + exp {−
γ

2
|x− x̂|2}, x ∈ T ,

where γ > 0 is large so that

sup
|x−x̂|=r

v(x) < M.

For any point x on the outer boundary of T , i.e., |x− x̂| = R, we have

v(x) = u(x) + exp {−
γ

2
|x− x̂|2}

≤ u(x0) + exp {−
γ

2
|x− x̂|2}

< v(x0).

It follows that v(x) must reach its maximum at some point x ∈ T . By the definition
of v(x),

u(x) ≤ u(x) + exp {−
γ

2
|x− x̂|2} − exp {−

γ

2
|x− x̂|2} =: φ(x).

Then φ ∈ C2(T ) touches u at x from above. By the definition of Lp-viscosity subso-
lution

0 ≤ ess lim sup
x→x

aij(x)Dijφ(x)

= ess lim sup
x→x

γ exp {−
γ

2
|x− x̂|2}(

∑

i

aii − γaij(xi − x̂i)(xj − x̂j))

≤ ess lim sup
x→x

γ exp {−
γ

2
|x− x̂|2}(nΛ − γλr2)

< 0,
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provided γ > nΛ
λr2 . The proof is completed.

The following comparison principle was proved in [3] for fully nonlinear elliptic
equations. Now it can be derived directly from Theorem 2.1.

Corollary 2.1. Let p > n/2 and f ∈ Lp(Ω). Assume that u, v ∈ C(Ω) are two
Lp-viscosity solutions of Lu = f in Ω and u = v on ∂Ω. If v ∈ W 2,p

loc (Ω), then u = v
in Ω.

Set A(λ,Λ) as the class of measurable matrix-valued functions {aij(x)} satisfying
(1.1).

Theorem 2.2. Suppose Aij = Aij(xn) ∈ A(λ,Λ) for xn ∈ (−1, 1) and F =
F (xn) ∈ L∞((−1, 1)) . Let B1 = B1(0) ⊂ R

n be the unit ball centered at the origin
and ϕ ∈ C(∂B1). Then there exists a unique Lp-viscosity solution u ∈ C(B1) of

(2.1) AijDiju = F in B1, u = ϕ on ∂B1.

Moreover, u ∈ C1,1
loc (B1) ∩ C∞

x′ (B1) and

(2.2)

l
∑

k=0

‖Dk
x′u‖C1,1(B1/2)

≤ C
{

‖u‖L∞(B1) + ‖F‖L∞(B1)

}

,

where C is a positive constant depending only on n, λ,Λ and l.

Our argument is based on the following boundary C1,α estimate without assuming
oscillation condition on the coefficients of L. It was initially established by L. Wang
[22] for parabolic equations, while the elliptic version can be found in [17], see [18] for
a proof.

Lemma 2.1. Let B+
1 = B1 ∩ {xn > 0}. Suppose u ∈ C2(B+

1 ) is a solution of
Lu = f ∈ Ln(B+

1 ) in B+
1 and u(x′, 0) = ϕ(x′) is differentiable at the origin

|ϕ(x′)− ϕ(0)−Dx′ϕ(0)x′| ≤ N |x′|1+α,

where x′ = (x1, · · · , xn−1) and α ∈ (0, 1). Assume

‖u‖L∞(B1) + ‖f‖Ln(B1) ≤ 1.

Then there exist constants B,C and γ = γ(α) such that

|B| ≤ CN

and

|u(x)− u(0)−Dx′ϕ(0)x′ −Bxn| ≤ CN |x|1+γ ,

where C > 0 depends only n, λ,Λ.

In fact, Lemma 2.1 holds for viscosity solutions.

Proof of Theorem 2.2. Existence. Choose smooth Aε
ij(xn) ∈ A(λ,Λ) such that

Aε
ij(xn) → Aij(xn) a.e. in [−1, 1] as ε → 0. Analogously, find smooth functions

F ε(xn) and ϕε(x) such that F ε(xn) → F (xn) a.e. in [−1, 1] and ϕε → ϕ uniformly on



378 J. XIONG

∂B1 as ε → 0. According to the standard linear elliptic equation theory there exists
a unique smooth solution uε of approximating Dirichlet problem

Aε
ijDiju

ε = F ε in B1, uε = ϕε on ∂B1.

Because of the Krylov-Safonov estimates for linear elliptic equations, there exists a
function u0 and a subsequence of uε, which will be still denoted as uε, such that
uε → u0 locally uniformly as ε → 0. By Theorem 3.8 of [3], u0 ∈ C(B1) is an
Lp-viscosity solution to (2.1).

Regularity. As for the approximating solutions uε, we have

(2.3) ‖uε‖Cα(B7/8)
≤ C

{

‖uε‖L∞(B1) + ‖F ε‖Ln(B1)

}

,

where α ∈ (0, 1) and C depend only on n, λ,Λ.
Next, we intend to derive uniformly higher order derivatives estimates for uε

independent of ε.
Let eτ (1 ≤ τ < n) be the τ -th coordinate direction. Since Aε

ij and F ε depend
only on xn, for β ∈ (0, 1], 0 < |h| ≤ 1/16,

wε
β(x) :=

1

|h|β
(uε(x − heτ )− uε(x))

satisfies

(2.4) Aε
ij(x)Dijw

ε
β = 0 in B7/8.

Making use of (2.3) and arguing as Corollary 5.7 of [2], we have

‖Dx′uε‖Cα(B3/4)
≤ C(n, λ,Λ)

{

‖uε‖L∞(B1) + ‖F ε‖Ln(B1)

}

.

Note that Dxτu
ε are classical solutions of (2.4). By bootstrapping we obtain

(2.5)
∑

k≤l

‖Dk
x′uε‖Cα(B1/2)

≤ C
{

‖uε‖L∞(B1) + ‖F ε‖Ln(B1)

}

,

where C > 0 depends only on n, λ,Λ and l(≥ 2). Thanks to Lemma 2.1, we have

(2.6) ‖DnDx′uε‖L∞(B1/4)
≤ C(n, λ,Λ)

{

‖D3
x′uε‖L∞(B1/2)

}

.

Making use of equations and combining (2.5) and (2.6), the uniform L∞ bound for
Dnnu

ε follows. By covering argument and letting ε → 0, u0 ∈ C1,1
loc (B1) ∩ C∞

x′ (B1)
and estimate (2.2) holds for u0.

Uniqueness. Since u0 ∈ C1,1
loc (B1), by Corollary 2.1 u = u0 if and only if u is an

Lp-viscosity solution of (2.1).

Let

Dm = {x ∈ R
n : ℓm−1 < xn < ℓm}, m = 1, · · · , κ,

where ℓm are increasing constants lying between −1 and 1 with ℓ0 = −1, ℓκ = 1. Let
Aij(x) = Am

ij in Dm, where {Am
ij } ∈ A(λ,Λ) are constant matrices. Similarly, F is a

constant function in each Dm but may vary with Dm. As a special case of Theorem
2.2, we have
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Corollary 2.2. Assume Aij, f are piecewise constants as above. Suppose
ϕ ∈ C(∂B1). Then there exists a unique Lp-viscosity solution u of

(2.7) AijDiju = F in B1, u = ϕ on ∂B1.

Moreover, u ∈ C1,1
loc (B1) ∩ C∞(Dm ∩B1) and

(2.8) ‖u‖C1,1(B1/2) + ‖u‖Ck(Dm∩B1/2)
≤ C

{

‖u‖L∞(B1) + ‖F‖L∞(B1)

}

,

where C is a positive constant depending only on n, λ,Λ, k.

Note that the estimate (2.8) is independent of the width ℓm − ℓm−1 of stripe Dm

and κ.

Proof of Corollary 2.2. In view of Theorem 2.2, there exists a unique Lp-viscosity
solution u ∈ C1,1

loc (B1) ∩ C∞
x′ (B1) of Dirichlet problem (2.7). Since Aij and F are

constants in Dm, we have

(2.9) AijDijDnu = 0 in Dm.

Note that Dnu is C∞ on {xn = ℓm} and {xn = ℓm−1}. Hence, it follows from
standard elliptic equations theory that u ∈ C∞(Dm ∩B1). By estimate (2.2),

‖D2
x′Dnu‖L∞(Dm∩B3/4)

+ ‖Dx′D2
nu‖L∞(Dm∩B3/4)

≤ C{‖u‖L∞(B1) + ‖F‖L∞(B1)}.

Making use of equation (2.9), we therefore obtain

‖D3
nu‖L∞(Dm∩B3/4)

≤ C{‖u‖L∞(B1) + ‖F‖L∞(B1)}.

In combination, we conclude that

‖D3u‖L∞(Dm∩B3/4)
≤ C{‖u‖L∞(B1) + ‖F‖L∞(B1)}.

By bootstrapping, the estimate (2.8) follows.

3. Perturbation results. Throughout this section we may assume all the Lp-
viscosity solutions are smooth, but the estimates we shall derive are independent of
the smoothness of solutions. For convenience, we say a constant is universal means
that it depends only on dimension n and ellipticity constants λ,Λ.

Lemma 3.1 (Approximation lemma). Let aij(x) ∈ A(λ,Λ) be measurable func-
tions in B1 and f ∈ Ln(B1). Suppose u ∈ C(B1) is an Lp-viscosity solution of

aijDiju = f in B1

with ‖u‖C(B1) ≤ 1. Assume there exist functions Aij ∈ A(λ,Λ) and F depending only
on the variable xn such that

‖aij − Aij‖Ln(B3/4) ≤ ε

where ε ∈ (0, 1/16), then there exists a function v ∈ C(B3/4) with

AijDijv = F in B3/4
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in Lp-viscosity solution sense such that

‖u− v‖C(B1/2)
≤ C{(1 + ‖F‖L∞(B1))ε

γ + ‖f − F‖Ln(B1)},

where γ < 1 and C are positive universal constants.

Proof. By Theorem 2.2, there exists a unique v ∈ C(B3/4) ∩ C1,1
loc (B1) solving

AijDijv = F in B3/4, v = u on ∂B3/4.

According to the Krylov-Safonov estimate, there exist universal constants α ∈ (0, 1)
and C > 0 such that

‖u‖Cα(B3/4)
≤ C{1 + ‖f‖Ln(B1)}.

It follows from global Hölder estimates ([2], Proposition 4.13) that

‖v‖Cα/2(B3/4)
≤ C{‖u‖Cα(B3/4)

+ ‖F‖L∞(B1)}

≤ C{1 + ‖f‖Ln(B1) + ‖F‖L∞(B1)} =: CK.
(3.1)

Since u− v = 0 on ∂B3/4, we have

(3.2) ‖u− v‖L∞(∂B3/4−δ) ≤ δα/2‖u− v‖Cα/2(B3/4)
≤ CKδα/2,

where 0 < δ < 1/4. Next, we claim that

(3.3) ‖D2v‖L∞(B3/4−δ) ≤ CKδα/2−2.

Indeed, for any fixed x ∈ B3/4−δ define

w(x) =
v(x + δx)− v(x)

δα/2
, x ∈ B1.

It follows from estimate (3.1) that |w(x)| ≤ CK for all x ∈ B1. Note that w(x)
satisfies

Aij(x + δx)Dijw(x) = δ2−α/2F (x + δx) for x ∈ B1

and from the C1,1 estimates in Theorem 2.2 we conclude that

|D2w(0)| ≤ CK,

or

|D2v(x)| ≤ CKδα/2−2.

Therefore, the claim follows. Note that u− v is an Lp-viscosity solution of

aijDij(u − v) = f − F − (aij −Aij)Dijv for x ∈ B3/4.

By Alexandroff maximum principle and estimates (3.2) and (3.3),

‖u− v‖L∞(B3/4−δ) ≤ ‖u− v‖L∞(∂B3/4−δ) + C‖f − F‖Ln(B3/4−δ)

+ C‖D2v‖L∞(B3/4−δ)‖(aij −Aij)‖Ln(B3/4−δ)

≤ CK(δα/2 + δα/2−2ε) + C‖f − F‖Ln(B1).
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Take δ = ε1/2 < 1/4 and then γ = α/4. Since

‖f‖Ln(B1) ≤ |B1|‖F‖L∞(B1) + ‖f − F‖Ln(B1),

the proof is completed.

Proposition 3.1. Suppose u is an Lp-viscosity solution of

aijDiju = f in B1.

Let Aij , F be as in Lemma 3.1. For α ∈ (0, 1), suppose that

( 1

|Br|

∫

Br

|f − F |n dx
)1/n

≤ C1r
α−1 for any 0 < r ≤ 1.

Then there exists a θ > 0 depending only on n, λ,Λ and α, such that if

( 1

|Br|

∫

Br

|aij −Aij |
n dx

)1/n

≤ θ for any 0 < r ≤ 1,

then u is C1,α at 0; that is, there is an affine function l such that

‖u− l‖L∞(Br) ≤ Nr1+α for any 0 < r < 1,

|l(0)|+ |Dl(0)| ≤ N

and

N ≤ C{‖u‖L∞(B1) + ‖F‖L∞(B1) + C1},

where C > 0 depends only on n, λ,Λ and α.

Proof. From Lemma 3.1, we can follow the proof of Theorem 2 of [1], which
improves Cordes-Nirenberg’s C1,α estimate. We only need to point out that Lp-
viscosity solutions of the approximating equation

AijDijv = F in B1

have C1,1 estimates. That is exactly Theorem 2.2.

Similarly, based on Lemma 3.1 and C1,1 estimates of good equations the following
W 2,p estimates hold. We refer Chapter 7 of [2] for a proof.

Proposition 3.2. Suppose u is an Lp-viscosity solution of

aijDiju = f in B1.

Then for any p ∈ (n,∞) there exist positive constants θ, C depending only on n, λ,Λ
and p such that if

(

|Br(x̂)|
−1

∫

Br(x̂)

β(x, x̂)n dx
)1/n

≤ θ

for any ball Br(x̂) ⊂ B1, where β(x, x̂) is as in Theorem 1.1, we have

‖u‖W 2,p(B1/2) ≤ C{‖u‖L∞(B1) + ‖f‖Lp(B1)}.
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Definition 3.1. For β > 0 and function G, define

‖G‖Y n,β(0) = sup
0<r<1

1

rβ

(

−

∫

Br

|G|n dx
)1/n

,

where −
∫

Br
· dx = 1

|Br|

∫

Br
· dx.

Proposition 3.3. Let aij(x) ∈ A(λ,Λ) defined in B1 and f ∈ Ln(B1). Suppose
that u is an Lp-viscosity solution of

aijDiju = f in B1

with ‖u‖L∞(B1) ≤ 1. Let Aij ∈ A(λ,Λ) and F be functions depending only on the
variable xn. For any α ∈ (0, 1), there exist constants θ ∈ (0, 1/16) and N depending
only on n, λ,Λ, α such that if

‖aij −Aij‖Y n,α(0) + ‖f − F‖Y n,α(0) ≤ θ

and

‖F‖L∞(B1) ≤ 1,

then we have

|D2u(0)| ≤ N,

and for x ∈ B1/4

|Dx′u(x)−Dx′u(0)−DDx′u(0) · x| ≤ N |x|1+α,

where DDx′u(0) · x = (DDx1
u(0) · x, · · · , DDxn−1

u(0) · x)

Proof. Note that we can assume F ≡ 0. Indeed, let w ∈ C(B1) be a solution of

AijDijw = F in B1,

w = u on ∂B1.

Then w is bounded and has the estimates in Theorem 2.2. Let ũ = u − w and
f̃ = (Aij − aij)Dijw + f − F . We have

aijDij ũ = f̃ in B1,

ũ = 0 on ∂B1.

Hence, we only need to establish Proposition 3.3 for ũ(12x) for x ∈ B1.
We will inductively find a sequence of functions wk ∈ C( 3

4k+1B1), k = 0, 1, · · · ,
such that for all k,

(3.4) AijDijwk = 0 in
3

4k+1
B1,

|wk(x)| ≤ C4−(k+1)(2+α) for x ∈
3

4k+1
B1,

|Dwk(x)| ≤ C′4−(k+1)(1+α) for x ∈
2

4k+1
B1,

|D2wk(x)| ≤ C′4−(k+1)α for x ∈
2

4k+1
B1,

|Dx′D2wk(x)| ≤ C′4(k+1)(1−α) for x ∈
2

4k+1
B1,

(3.5)
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(3.6) |u(x)−
k
∑

l=0

wl(x)| ≤ 4−(k+1)(2+α) for x ∈
2

4k+1
B1,

and

(3.7) |Du(x)−
k
∑

l=0

Dwl(x)| ≤ C′′4−(k+1)(1+α) for x ∈
1

4k+1
B1,

where C,C′ and C′′ are positive universal constants.
It follows from Lemma 3.1 that there exists a function w0 ∈ C(34B1) satisfying

AijDijw0 = 0 in
3

4
B1

and a constant C0 depending only on n, λ and Λ such that

‖u− w0‖L∞(B1/2) ≤ C0θ
γ ≤ 4−(2+α)

for small θ. From the proof of Lemma 3.1, we see that w0 = u on ∂B3/4. By
Alexandroff maximum principle, there exists a universal constant C1 such that

‖w0‖L∞(B3/4) ≤ C1‖u‖L∞(B1) ≤ C′
1(1 + θ)4−(2+α),

where C′
1 = C14

3. By Theorem 2.2, there exists a universal constant C2

‖Dw0‖L∞(B1/2) + ‖D2w0‖L∞(B1/2) + ‖Dx′D2w0‖L∞(B1/2) ≤ C2‖w0‖L∞(B3/4).

Note that

aijDij(u− w0) = (Aij − aij)Dijw0 + f in B1/2.

It follows from Proposition 3.1 that

‖D(u− w0)‖L∞(B1/4)

≤ C3

{

‖u− w0‖L∞(B1/2) + ‖(Aij − aij)Dijw0‖Ln(B1/2) + ‖f‖Ln(B1/2)

}

≤ C3

{

‖u− w0‖L∞(B1/2) + θ‖Dijw0‖L∞(B1/2) + θ
}

≤ C3(1 + θ(1 + θ)C2C
′
1 + θ1−γ)4−(2+α),

where C3 is a positive universal constant. Thus (3.7) for w0 follows. We should keep
in mind that the constants C0, C

′
1, C2, C3 ≥ 1 are all universal and would not change

in the following arguments.
We have proved (3.5) – (3.7) for k = 0. Assume they hold up to k ≥ 0. We prove

for k + 1. Set

W (x) =
(

u−
k
∑

l=0

wl

)

(4−(k+1)x),

ak+1
ij (x) = aij(4

−(k+1)x), Ak+1
ij (x) = Aij(4

−(k+1)x)
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and

hk+1(x) = 4−2(k+1)
(

(Ak+1
ij − ak+1

ij )
k
∑

l=0

D2
ijwl(4

−(k+1)x) + f(4−(k+1)x)
)

.

Then W solves

ak+1
ij DijW = hk+1 in B1.

By direct computations we obtain

‖ak+1
ij −Ak+1

ij ‖Ln(B1) ≤ 4−(k+1)αθ, ‖f(4−(k+1)x)‖Ln(B1) ≤ 4−(k+1)αθ.

According to the induction hypothesis, we have

k
∑

l=0

D2
ijwl(4

−(k+1)x) ≤ C′
∞
∑

l=0

4−lα for x ∈ B1,

and

‖W‖L∞(B1) ≤ 4−(k+1)(2+α).

Therefore,

‖hk+1‖Ln(B1) ≤ C′θ4−(k+2)(2+α)(1 +

∞
∑

l=0

4−lα).

Using Lemma 3.1, we may find a function vk+1 ∈ C(B3/4) satisfying

Ak+1
ij Dijvk+1 = 0 in B3/4, vk+1 = W on ∂B3/4

such that

‖W − vk+1‖L∞(B1/2) ≤ C1

{

‖W‖L∞(B1)(4
−(k+1)αθ)γ + ‖hk+1‖Ln(B1)

}

≤ 4−(k+2)(2+α)

provided θ small. By Alexandroff maximum principle,

‖vk+1‖L∞(B3/4) ≤ C′
14

−(2+α)(‖W‖L∞(B1) + ‖hk+1‖Ln(B1))

≤ C′
1(1 + 4−1θC′(1 +

∞
∑

l=0

4−lα))4−(k+2)(2+α).

By Theorem 2.2, we have

‖Dvk+1(x)‖L∞(B1/2) + ‖D2vk+1(x)‖L∞(B1/2)

+ ‖Dx′D2vk+1(x)‖L∞(B1/2) ≤ C2‖vk+1‖L∞(B3/4).

Note that

aijDij(W − vk+1) = hk+1 + (Aij − aij)Dijvk+1 in B1/2.
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It follows from Proposition 3.1 that

‖D(W − vk+1)‖L∞(B1/4) ≤ C′′4−(k+2)(2+α).

From the process above, we see that the constants C,C′, C′′ and θ can be chosen as
follows:

C = 2C′
1, C′ = 2C′

1C2, C′′ = 10C′C3

C0θ
γ ≤

1

2
4−(2+α) and C′θ

∞
∑

l=0

4−lα ≤
1

2
.

Let

wk+1(x) = v(4k+1x) for x ∈
3

4k+2
B1.

We see that (3.4) – (3.7) hold for k + 1.
By (3.5) and (3.7), for 4−(k+2) ≤ |x| < 4−(k+1),

|Du(x)−
∞
∑

l=0

Dwl(0)|

≤ |Du(x) −
k
∑

l=0

Dwl(x)| + |
k
∑

l=0

Dwl(x) −
k
∑

l=0

Dwl(0)|+ |
∞
∑

l=k+1

Dwl(0)|

≤ 16C′′|x|1+α + C′
k
∑

l=0

4−(l+1)α|x|+ C′
∞
∑

l=k+1

4−(l+1)(1+α)

≤ N |x|.

It follows that

Du(0) =

∞
∑

l=0

Dwl(0)

and

|D2u(0)| ≤ N.

Furthermore, for 4−(k+2) ≤ |x| < 4−(k+1),

|Dx′u(x)−
∞
∑

l=0

Dx′wl(0)−
∞
∑

l=0

DDx′wl(0) · x|

≤ |Dx′u(x)−
k
∑

l=0

Dx′wl(x)| +
k
∑

l=0

|Dx′wl(x)−Dx′wl(0)−DDx′wl(0) · x|

+
∞
∑

l=k+1

|Dx′wl(0)|+
∞
∑

l=k+1

|DDx′wl(0) · x|

≤ 16C′′|x|1+α + C′|x|2
k
∑

l=0

4(l+1)(1−α)

+ C′
∞
∑

l=k+1

4−(l+1)(1+α) + C′|x|
∞
∑

l=k+1

4−(l+1)α

≤ N |x|1+α,
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where we have used the elementary inequality

|x|1−α
k
∑

l=0

4(l+1)(1−α) ≤ 4−(k+1)(1−α) 4
1−α(4(k+1)(1−α) − 1)

41−α − 1
≤ C(α).

Thus the proof is completed.

4. Proof of the main theorems. In view of the perturbation results of last
section, the proofs of main theorems reduce to verify various approximating conditions
of coefficients and functions on the right hand side of the equations.

Proof of Theorem 1.1. The existence follows from the same lines we used to prove
Theorem 2.2. As there we suppose u0 is the limit of a sequence of classical solutions
uε of Dirichlet problem

aεijDiju
ε = f ε in Ω and uε = ϕε on ∂Ω.

It suffices to verify that u0 is in W 2,p
loc (Ω) and C1,1

loc (Ω) in the two cases respectively.
We only verify the second one, and the first is similar.

For any fixed point x = (x′, xn) ∈ Ω, we can find r > 0 such that B2r(x) ⊂ Ω.
Let Aε

ij = aεij(x
′, xn) and F ε = f ε(x′, xn). Since aij , f ∈ Cα

x′ for some α ∈ (0, 1), for
the θ in Proposition 3.3 one can find a small constant r0 independent of ε such that

‖aεij −A
ε

ij‖Y n,α(0) + ‖f
ε
− F

ε
‖Y n,α(0) ≤ θ,

where

aεij(x) = aεij(x+ r0rx), A
ε

ij(x) = Aε
ij(x+ r0rx),

f
ε
(x) = f ε(x+ r0rx), F

ε
(x) = F ε(x+ r0rx),

for x ∈ B1. Then uε(x) = uε(x+ r0rx) is a classical solution of

aεijDiju
ε = f

ε
in B1.

By Proposition 3.3, we have

|D2uε(0)|+ sup
|x′|<1

|D2uε(x′, 0)−D2uε(0′, 0)|

|x′|α

≤
C

r2
{

‖uε‖L∞(Br(0)) + ‖f
ε
‖L∞(Br(0)) + [f

ε
]Cα

x′(Br(0))

}

,

where C > 0 depends only on n, λ,Λ and [aεij ]Cα
x′(Br(0)). Rescaling back and by

standard covering argument and then letting ε → 0, we complete the verification and
the estimate (1.4) follows.

Lemma 4.1. Let g(x′) ∈ C1,β(B′
1), β ∈ (0, 1), satisfying g(0) = 0 and Dg(0) = 0,

where B′
1 is the (n− 1)-dimensional ball centered at the origin. Set

Ω+ = {(x′, xn) ∈ B1 : xn > g(x′)} and Ω− = B1 \ Ω+.
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Let h be a function in L∞(B1) with h|Ω+ ∈ Cβ(Ω+) and h|Ω− ∈ Cβ(Ω−), respectively.
Set

h(x) =







lim
y∈Ω+,y→0

h(y) in B+
1 ,

lim
y∈Ω−,y→0

h(y) in B−
1 ,

where B+
1 := B1 ∩ {xn > 0} and B−

1 := B1 ∩ {xn < 0}. Then

‖h− h‖Y n,β/n(0) ≤ N,

where N is a positive constant depending only on ‖h‖Cβ(Ω±) and the C1,β norm of g.

Proof. Since g(0) = 0 and Dg(0) = 0, |g(x′)| ≤ C|x′|1+β . By direct calculations,

∫

B+
r

|h− h|n dx =

∫

B+
r ∩Ω+

|h− h|n dx+

∫

B+
r \Ω+

|h− h|n dx

≤ C

∫

B+
r ∩Ω+

|x|nβ dx+ C

∫

B′
r

|x′|1+β dx′

≤ Crn+β ,

where B+
r is the upper half ball. Analogously, we have

∫

B−
r

|h− h|n dx ≤ Crn+β .

In combination, we complete the proof.

By Proposition 3.3 and Lemma 4.1, some proper scaling yields

Corollary 4.1. Let g and Ω+,Ω− as in Lemma 4.1. Suppose aij |Ω± , f |Ω± ∈
Cα(Ω±) and u is an Lp-viscosity solution of

aijDiju = f in B1.

Then u is C1,γ at 0, with γ = 1
n min{α, β}.

Proof of Theorem 1.3. By Corollary 4.1, u is C1,γ on the boundary of Ω1 and Ω2.
Therefore, to prove Theorem 1.3, it suffices to show estimate (1.5) in Ωk, k = 1, 2, 3.
Let Ω′ ⊂⊂ Ω. For any point x ∈ Ωk ∩ Ω′, there exists a ball Bc(x) centered at x
with radius c and a positive integer κ such that Bc(x) ∩ (∂Ω1 ∪ ∂Ω2) contains at
most κ connected components, where c and κ are independent of x but depend on
n, dist(Ω′,Ω) and C1,β modulus of ∂Ω1 ∪ ∂Ω2, see [16]. To estimate D2u at a point
x in Ωk ∩ Ω′, we may assume x close to some Ωk; otherwise it follows from standard
interior estimates for elliptic equations. We take x as the origin. By suitable rotating
and scaling, we may suppose that the components of ∂Ωk contained in B1 take the
form

xn = gm(x′) for x′ ∈ B′
1, m = 1, · · · , κ

with

−1 < g1(x
′) < · · · < gκ(x

′) < 1
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and C1,β(B′
1), where B′

1 = {x′ : |x′| < 1}. Set g0(x′) = −1 and gκ+1(x
′) = 1. Denote

Ω̃m = {x ∈ B1 : gm−1(x
′) < xn < gm(x′)}, 1 ≤ m ≤ κ+ 1.

We may suppose that gm0−1(0
′) < 0 < gm0

(0′), and closest point on ∂Ωk to the origin
is (0′, gm0

(0′)). So D̃gm0
(0′) = 0. Finally, we introduce

Dm = {x ∈ R
n : gm−1(0

′) < xn < gm(0′)}, m = 1, · · · , κ+ 1

and define

Aij =











limy∈Ω̃m,y→(0′,gm−1(0′))
aij(y) in Dm,m > m0,

aij(0), in Dm0
,

limy∈Ω̃m,y→(0′,gm(0′)) aij(y) in Dm,m < m0.

Analogously, we define F corresponding to f .

It turns out that the above definitions give a nice approximating property (see
[16], Lemma 5.2).

Lemma 4.2. For 0 < α′ ≤ min{α, β
n(β+1)}, there exists a positive constant N

depending only n, κ, β, λ and Λ, as well as max
1≤m≤κ

‖aij‖Cα′(Ω̃m), max
1≤m≤κ

‖f‖Cα′(Ω̃m)

and max
1≤m≤κ

‖gm‖C1,β(B
′

1)
such that

‖aij −Aij‖Y n,α′ (0) + ‖f − F‖Y n,α′ (0) ≤ N.

Then (1.5) follows from Proposition 3.3 and Lemma 4.2 by appropriate scaling.
Therefore, we complete the proof of Theorem 1.3.

Remark 4.1. Comparing with lemma 4.1, the exponent α′ in lemma 4.2 can be
slightly improved to min{α, β

n} if constant N is permitted to depend on the distance
between (x′, gm(x′)) and (x′, gm−1(x

′)).

Remark 4.2. Making use of the same approach of [16] and [15], one can establish

(4.1) ‖u‖C2,α′(Ωk∩Ω′) ≤ C{‖u‖C0(Ω) +
3
∑

m=1

‖f‖Cα′(Ωm)}, k = 1, 2, 3

where C is a positive constant depending only n, λ,Λ, ‖aij‖Cα′(Ωm), dist(Ω
′, ∂Ω) and

C1,β norms of the Ωm but independent of ε.

Proof of Theorem 1.2. Arguing as proving Theorem 2.2, there exists an Lp-
viscosity solution u of (1.2). LetM be as in Theorem 1.2. SinceM is a C1,α embedded
n − 1-dimensional hypersurface, for every point x0 ∈ M there exists an (n − 1)-
dimensional locally tangent hyperplane l(x) to M at x0 (assuming l(x) ⊂ {xn = 0})
and small ball Br(x0) such that M = {(x′, g(x′)) : |x′| < r} in Br(x0), where g(x′) is
a smooth function. By Theorem 1.3, u ∈ C1,1

loc (Br(x0)). The uniqueness follows from
Corollary 2.1. Thus we complete the proof.
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