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GEVREY REGULARITY OF CERTAIN SOLUTIONS TO THE
CAHN-HILLTIARD EQUATION WITH ROUGH INITIAL DATA*

DAVID SWANSONT

Abstract. In this article we consider the problem of local Gevrey regularity of periodic solutions
to the Cahn-Hilliard equation with initial data in a space of distributions. The method presented in
this paper is based on the analysis of the Navier-Stokes system presented in [2] and makes use of a
convolution inequality due to Kerman [3].
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1. Introduction. The Cahn-Hilliard equation we shall study is

(1.1) uy = =A% — alu + BAWP), x € Q=[0,L]", t >0,

(1.2) u(z,0) = uo(z), x € Q,

where a > 0, and 8 > 0 and u satisfies a periodic boundary condition on 02. We
assume for simplicity that L = 2.

We let ¢, k € Z™, denote the k' Fourier mode of a space periodic function ¢,
so that ¢ may be identified with its Fourier series

b~ Y bne
kezm

The sequence of Fourier coefficients of ¢ is denoted by q; = {¢r}. Equation (1.1) may
be cast as an infinite dimensional complex-valued dynamical system taking the form

d
(13) %uk:f|k|4uk+a|k|2ukfﬁB[ﬁ]k, kez",
where B[] = B[u, 4, 4] is a trilinear term satisfying
(1.4) Blit, o, @k = [k[>> > ujonwy—jn.
i h

We denote by A the operator @ — A% given by (A%), = |k|[?vg, so that the system
(1.1)—(1.2) takes the form

(1.5) i, = — A% + oAt — BBJi).
(1.6) O) = Uugp-.

2. Main result.

Sy

DEFINITION 2.1. We denote by V the vector space of all complex valued sequences
U = {v }rezn defined on Z™. Given 7€ V, A >0, 0 € R, and 1 < p < oo we define

1/p
Aop = <Z e/\p\k\(l + |k:|)‘9”|vk|p>

kezmn
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and
Vaop =V {0 |V]x0,, < oo}

In case A = 0 we write ||¥]|g,, and Vp, in place of ||T]|0,0,, and Ve p, respectively.
Vi0.p is a Banach space with norm || - ||x,0,,. We denote by V the vector space

V=Vn{T:v =0}
and define

Vaeop =V N Vigp
For any ¥ € V3 g, the norms

1/p
rop and <Z€Ap|k||k|6p|vk|p)

kezm

gl

are equivalent.

DEFINITION 2.2. A mild solution to equation (1.1) with initial data in Vj, is
a map () € C([0,7): Vi) satisfying

t
(2.1) (t) = et oG, g / e~ t=(A—aN prics)|ds, 0<t<T.
0

for some T' > 0. A mild solution # is said to be Gevrey regular if, in addition to
satisfying (2.1), there exists A > 0 with the property that

(2.2) sup ||t(t)]|xt.0,p < o0
0<t<T

THEOREM 2.3. Let1 <p < oo, let 0 = z% —1 wherep’ = p/(p—1), and let A > 0.
Then
1. For any T > 0 there exists a solution @ € C([0,T];Vy,p) to (2.1) satisfying
(2.2) provided that B > 0 is sufficiently small.
2. For any B > 0 there exist T > 0 and a solution @ € C([0,T;Vy,p) to (2.1)
satisfying (2.2).

It is well-known that weak solutions to (1.1) exist for all times 7' > 0 provided
that the initial data belongs to L?(f2), cf. [5, Ch. III, Theorem 4.2]. Solutions in
the sense of (2.1) are known to exist for initial data in V59, cf. [4, Lemma 55.3].
In case n = 1,2, 3 the initial data spaces allowed in Theorem 2.3 allow for rougher
initial data than the classical existence theory. Recently Biswas and Bae [1] obtained
general estimates which when p = 2 yield Theorem 2.3 as a special case. The result
presented in this paper is valid for general p and is based on the analysis of convolution
inequalities rather than methods of harmonic analysis.

To prove Theorem 2.3 we let T' > 0 and fix a parameter v > 0 satisfying

(2.3) min{lf%,lf%/f%}<’y<l
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where p’ denotes the Holder conjugate of p. We employ the path space

B c<[07T1;Ve,p>m{a: sup [180l|re < oo}m{ﬁ: sup 63 [@0O] e < oo}

0<t<T 0<t<T

with norm

o R 1.
[@( e = sup [[@(®)lxe0p+ sup t3[|d(t)||xe,041,p-
0<t<T 0<t<T

We will obtain a solution to (2.1), (2.2) by showing that for @y € Vp, the map

t— e’t<A2*aA)ﬁo belongs to E and that the trilinear functional S on £ x E x E
defined by

t 2
(2.4) S(a(t), u(t), w(t)) = 5/ e” T A= Blii(s), #(s), i(s)] ds

0

is bounded from £ x F x E to E.

3. Estimate on the linear term. Define
(3.1) K =fgx=-—min{iz? —az® —Ix: z € R}.

We will show that for iy € Vg,p the map ¢t — e_t(A2_O‘A)1IO belongs to E. We make
repeated use of the elementary inequality

(3.2) ematz’ pb < C’aybt*%, a,b,t,x > 0.

PROPOSITION 3.1. If € Vy, then t v et A=) g belongs to E.

Proof. Let ¥ € Vp,,. Equation (3.1) implies

e~ tAZ e dgp = Z A PtIkl =Ptk —alkl*) o Op )y P < epAt Z e BtH k|02 |y, P
»U,p -
k k

so that
2
(3.3) le= A =2 D ]|, < e |30,

for all 0 <t < T. Similarly, equations (3.1) and (3.2) imply

le~ A abgp < et N e BN 0y P < O et ST (k| g [P
k k
so that
2 N -
(3~4) t ||eit(A 7QA)’U||9+%1> < Cw,pe’“llvlle,p

for all 0 < ¢ < T'. Finally we may combine the estimates (3.3) and (3.4) to obtain
e=t A=) || g < co. O
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4. Weighted convolution inequalities. The analysis of the nonlinear term
will be based on the following convolution theorem due to Kerman [3].

THEOREM 4.1. Assume that 1 < p,q,r < 0o and that the following eight condi-
tions hold: L1
1. ’ya+ﬂ+n<—+——1>,
p q T
1
+ -
q

2.

S 3|+
IN

A\
S EC
3

a7,
B=.

RS> v ™ o
2
V
|
|

Then

(/Rn | * g(@)|"|z["" dm)l/T <cC (/ |f(:c)|p|m|ap)1/” </Rn R dx) 1/

for all measurable f and g, where C' does not depend on either f or g.

Our primary interest is in the case p = ¢ = r and the corresponding inequality

([1reswrerr ) <o ([ir@pee) " ([ o@pema)”

In this case, condition (2) is superfluous and conditions (7) and (8) are implied by
conditions (1), (3), and (4). From now on we denote by C, . a constant whose
precise value depends only on a,b,.... The preceding remarks are summarized in the
following theorem:

THEOREM 4.2. Let 1 < p < oo. Ifa,ﬁ<§,a+620, anda+ﬁ>§—%,
then

1/p
(/ |f*9(w)|p|x|(“+ﬁ_?)pdx)

R‘VL
1/p 1/p
< Cosmp ( / If(w)l”lwlap) < [ tat@piar dx)

for all measurable functions f and g.

The convolution of two sequences 4,7 € V is given by
(U* ﬁ)k = Z Uk —hUp
h

whenever the sum is convergent. Theorem 4.2 will be used to prove the following
inequality in weighted sequence spaces.

THEOREM 4.3. Under the same hypotheses as Theorem 4.2 we have that

[@ % Vllats—2.p < Capinpll@llapllVllsp
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for all @€ V,,, and ¥ € Vg .

Proof. For each k € Z"™ we denote by @ the open n-cube in R" with edges
parallel to the coordinate axes, sidelength one, and center k. Two cubes @ and Q)
are said to be adjacent if |k — l|oo = 1. First we observe that if ¢ > —n then

(4.1) / |z|* dz ~ (1 + |K|)*.

Qk

If k # 0, then |z| > C), for all € Q. In this instance we have

|z < |z — k[ + |k < Ca(1 + [K])

and
k| < |z — k| + [z] < Cyla],
hence
1+ |k < Cplzl.
Since

/ (1+ k) de = (1 + [K])

k

the equivalence (4.1) is valid for any real ¢. On the other hand, if £ = 0, then

/ |zt dox = Cht
Qo

provided that ¢ > —n, establishing (4.1). Now let us examine the structure of the
convolution. Let vy =a + 5 — ﬁ. Since vp > —n we have

i * 35, = (L + k) P|(@ * D)5l

k

<Z 1+|k’| <Z Uh||vkh|)
(4.2) gzk:/Qk 7 <zh: |uh||vk_h|> da.

Define functions f, g : R™ — [0,00) by
f(@) = lukl, g(z)=lvg|, € Q.
Fix k € Z™. Then

|up||vk—n| = F@W)|vi—nl dy.

Note that y € Qp, if and only if k — y € Qg—p. Therefore g(k — y) = |vk_p| for all
y € Qp and

Z/ Py =3 gk — y) dy.

Qn
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Now let x € Q. If y € Qp,, then k — y and =z — y belong to adjacent n-cubes. Thus
there exists j € Z™ with || < 1 such that g(k —y) = g(x + j — y). It follows that

glk—y) < > gla+j—y)

[7]o0 <1

and consequently

(4.3) Slunllon < 3 [ 1wole+i-wdy e Qu
h RW,

l71<1

Denote by 7, the translation operator given by (7,4)(y) = ¥ (y — z), and define

G = Z T—39-

[7lee <1

Then (4.3) may be written as
Z [un||ve—n| <
h

Inequality (4.2), Theorem 4.2, and Minkowski’s inequality imply that

> [ swrsste - wdy =1+ Glo)

l71<1

1/p
[ % |y p < (/ [P (f * G(x))" dfﬂ)
R‘n

< ([ telnstay az) v ([ et dm)l/p

SN </R || f (2)P dm)l/p </ |z|%P1_;g(x)? dm)l/p.

l7l<1

If |j]oo <1, (4.1) and the definition of g imply that

PP (1_;9) ()P da < 14 |k[)PP T7_;9)(z)? dx
L g de £ 3204 1 [ 0@

= 1+ |k|)PP z)P dx
S+ k) /ijgm
= (1 + [k 7ok

k

S Do+ kD) logl”

k

so that

1/p
( / |m|ﬂpmg<z>f°dx) < 95

1/p
([ lrsrar)  <pa

Likewise we have that

a,ps
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which yields the desired result. O
The following corollary extends Theorem 4.3 to three-term convolutions.

COROLLARY 4.4. If o, B,y < ,,a+ﬁ+’y> ,,anda+ﬂ+'y>—f— then

(|4 * T * U_j||a+5+’yf%,p < Co,gnplltllapll V] ,p 1G] p-

Proof. The stated assumptions imply that

(a+B-2)7 <2 (@+Bf—2)+7>0, and (a+f—2)+y>2 —

n
p’’ P

so that Theorem 4.3 implies

V5 % Dty -2 p = (@ % 9) * Dll ot -2y 17— 20

< CanpllT* Ullats—2 pll@l,p-

Finally note that the hypotheses imply o+ 8 > 0 and a + 8 > z% — % and apply
Theorem 4.3 again. O
The following simplification to Corollary 4.4 will be used in the sequel.

2n
3p’

COROLLARY 4.5. If 3%' <a< ﬁ and o > — 33 then

[@% 0% Wll30-25 < Copnpllllapl|Vllapll@lap

5. Estimate on the nonlinear term.

PROPOSITION 5.1. The mapping S defined by (2.4) is a bounded mapping from
ExXExEtoFE.

Proof. We will make a general estimate of the term ||S(@, ¥, w)|ls, for § € R
satisfying

(5.1) 0<d+2-30—- 37+ < 4.

The restrictions placed on « in (2.3) imply that both 6, 8 + ~ are admissible values
of § satisfying (5.1). Let u(-), (-), () € E. The triangle inequality implies

t
15 (@, 7, @) (1) at,6.p < 5/ le= =)A= Bi(s), 5(s), i (s)] | ae.5.p ds.
0

For simplicity of notation we will suppress the variable s from the trilinear term. Let
0 < s < t. Employing (3.1) above we have

e (= e B, 7, |, 5, < 2 APt Me Pt =k 17 B, 5, |
_ Z A pslkl g =p(t=s) (K* —alkl* =KD\ 9P| B[, 5, ] o |P

< epn(t—s) Z e pslklg=3p(t=9)F" | £157| B, 5, ), |P
k

< epr(t—9) Z e pslkl o= 3p(t=9) k" £ (+2)2 (|37 || || )7
k
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where we used (1.4) on the last line. An application of (3.2) and (5.1) yields
e—%p(t—s)|k|4|k|(5+2)p < Csmomplt — 8)7%(6+2736737+§,—’7)|k|(36+3v4‘;—’7)p

so that

: 2_ JER .
le= = =D Ba, 5, )| .50

s —1(642-30—-3y+22) ), - -
< Ciypnpe™ It — 5) 7% TN 18 5 181 0 30430 23

The definition 6 = z% — 1 and assumption (2.3) imply

n n 2n n
(5.2) g7 <O+7<4 and O+7>35— 4.

Since

M (] (8] ¢ ), < 3030 N g € o] €,
h j

we may apply Corollary 4.5 to obtain
(|2 * |v] * |u_j|||>\s,36+3y—%,p < Cy,0,n,pl1 U xs,0-4+,pl| Tl 0-4+,p /1] x5,04++,p-
We arrive at the estimate
(@, @)(0)ls,

< Cioy s /Ot@ =) AR il gy 0l B 0,
At this point it is convenient to denote, for (-) € E,
[@()ller = sup [[a@(t)l|xe.04+.p
0<t<T
so that s7 ||@(s)||xs.64+.p < |[E(-)|| & for all 0 < s < T. This leads to the estimate
IS5 Ollsp < Campe™ Bl [ [ (=737 3% g
Since

L(0+2-30-37+2) <1 and F <1

this integral equals a constant Cs g ~,n,p times
t17§(5+273973y+;—7)7% _ 3(2-0+30-23)
We conclude there exists a constant C' = Cs ,0,n,p With the property that
1S, 3, @)(t)llsp < CeT B3 20D i) o |10 ||

for all 0 <t <T. When § = 0 this gives

I 1(2+20-22)) > - -
IS (@, @, @)(t)llo,p < CBE 112 o PP o
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and when § = 0 +  this gives
1 Ay 2n N ) =
1S (@, ,5)(t) |4 < CBEEET 175 | || |5
so that
1 _2n - i =
t3S(@, 7,0) (1) | gy p < CBETET 5|1 0 6] |30
Since 0 = ﬁ — 1 we conclude
(5.3) 15(@,7,%) ()| e < CamnpBllal e |5 e 15| -

It follows that S is a bounded mapping from F X F x E to E. O

6. Construction of the local solution. Write £ = Er to emph%size the
dependence of the space E on T. Let ug € Vy, and write 0(t) = et A —ad) g
Define

B={u() e B:ja() = v0)lle, <[100)]e;}
and define L : £ — E by
Lu(t) = v(t) + S(u, @, d)(t).
Let C be the constant from (5.3). It follows that
(6.1) L) = Ty < CBllEC) g, < 8CBITO)E,

for all #(-) € B. The trilinearity of S implies

S(ﬁl,ﬁl,ﬁl)*S(ﬁQ,ﬁQ,ﬁQ) = S(ﬁl*ﬁ27ﬁ27ﬁ2)+5(ﬁ17ﬁliﬁ25ﬁ2)+s(ﬁlaﬁlaﬁ1*ﬁ2)
so that

L) = Loy < (S0, 1)) — S(Ta(), B2, () 1,
(6.2) < 12C8@n () — @)y 15C) |,

Equations (6.1) and (6.2) show that L : B — B is a contraction provided that S is
sufficiently small. The Banach fixed point theorem provides a solution #(-) € B to
the equation

(") = Li(.).
This fixed point satisfies
(6.3) u(t) =o(t) + S(u,u,@)(t), 0<t<T.

which is precisely a solution to (2.1).
On the other hand, for any « € V having most finitely many nonzero terms we
have @ € V4, and thus
J _ 2_ — il _ 2_ — — il — 2_ —
t7 [|e™ Do 3 04,0 < 1T (g — D) |[at,0-404,p + 7 T TV 504,

< Ce ||y — g + t7 €T || 0] gy
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for all 0 <t < T. Since ||¥ — W|g, can be made arbitrarily small we conclude that

. ol _ 2_ .
tgr(l)l+ t3 [|e™ Do) x, 04,0 = 0.

This implies

Jim )1, =0,

so for arbitrary 8 > 0 equations (6.1) and (6.2) show that L : B — B is a contraction
provided that T is sufficiently small. As above we obtain a fixed point of L satisfying
(6.3), completing the argument.
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