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GLOBAL ENTROPY SOLUTIONS OF THE GENERAL NONLINEAR
HYPERBOLIC BALANCE LAWS WITH TIME-EVOLUTION FLUX
AND SOURCE*
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Abstract. In this paper we investigate the initial and initial-boundary value problems for strictly
hyperbolic balance laws with time-evolution of flux and source. Such nonlinear balance laws arise in,
for instance, gas dynamics equations in time-dependent ducts and nozzles, shallow water equations,
lanes-changing model in traffic flow and Einstein’s field equations in a spherically symmetric space-
time. To account for the time dependence of flux and source, we introduce the perturbed Riemann
and boundary Riemann problems. Such Riemann problems have unique solutions within elementary
waves and an additional family of waves. Based on the work of [12, 13], a new version of Glimm
scheme is introduced and its stability is established by modified interaction estimates. Finally, the
existence of global entropy solutions is achieved by showing the consistency of scheme, the weak
convergence of source term and the entropy inequalities.
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1. Introduction. In this paper we are concern with the initial and initial-
boundary value problems for strictly hyperbolic balance laws with time-evolution
of flux and source:

(1.1a) (IVP)  wu + fla(z,t),u)e = azg(a(z,t), az,ar,u), (z,t) € R x RT,

(1.1b) u(z,0) = up(x) € Q, —00 < & < 00,

(1.2a)  (IBVP) wus+ f(a(z,t),u)s = azg(a(z,t),az,as,u), (z,t) € RT x RY,
(1.2b) u(z,0) = up(x) € Q, x>0,
(1.2¢) u1(0,t) = u1p(t), t>0,

where Q is a ball of radius 7 in R?, v = (u,uz) is the unknown, f = (f1, f2) and
g = (g1, g2) are smooth functions of their variables, and w1 5(t), uo(z) € L*NBV. In
addition, a(x,t) € R is assumed to be a given smooth function defined in R x [0, 00).
The initial-boundary condition of (1.2a) is of Dirichlet type. Throughout this paper,
we impose the following conditions.

(A1) The total variations of a(0, -), a(-,t) and a(-, t) are sufficiently small for every

t> 0.
(Az) (i) Each component of Ry(a,u) is non-zero for all (z,¢) and u € 2 where
(1.3) Ro(a,u) == (Duf)il(g_fa)(avu)a
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(i) % is non-zero for all ¢ € R and u € 2 in IBVP (1.2).
U2

(A3) Our system is strictly hyperbolic and the eigenvalues A\ (a,u) and As(a, u) of
D, f satisfy

Ar(a,u) <0< Ag(a,u) in R x Q.

This condition implies that the boundary in IBVP (1.2) is non-characteristic.
We assume further that each characteristic field of (1.1a) is genuinely nonlin-
ear, more precisely, for ¢ = 1, 2,

VAi(a,u) - Ri(a,u) =1 in R x Q.

Here R; is the normalized right eigenvector corresponding to A;.
One famous example for applications is the Euler equations of compressible isen-
tropic gas dynamics

9¢(ap) + 9x(apv) =0,

1.4
(1.4) O(apv) + Oy (apv2 + ap) = azp,

where a = a(z,t) > 0 denote the spatial-time dependent cross section of a duct, and
p, v and p = p(p) are the density, the velocity and the pressure of gas, respectively.
Here we ignore the effect of gas flow through the duct, so that a is given. The others
can be found in the shallow water equations with time-variation of riverbed elevation
[32], the traffic flow model with lanes-changing intensity [19] and the Einstein’s field
equations for a spherically symmetric space-time [11]

(1.5)

where u is related to the stress energy tensor T', and A and B are the elements of
metric in the standard Schwarzschild coordinates. To treat (1.1a) as a warm up model
of (1.5), we need to solve the second and the third equations of (1.5) for A and B in
advance, then writing g as A, g (or Byg) when A, (or B,) is non-zero.

In this paper, we will establish the existence of global entropy solutions by using
a Glimm-type method. Our results can be extended to the general n x n systems in
the same analysis. Therefore, we only consider the 2 x 2 case here.

We review some results on the subject and clarify the motivation of the study.
The Riemann problem for n x n strictly hyperbolic conservation laws

(1.6) ut + f(u)s =0,

was first studied by Lax [21]. The solution is obtained by resolving the jump dis-
continuity of initial data into fans of elementary waves (including rarefaction waves,
shocks and contact discontinuities), that is, the solution is self-similar and consists of
at most n+1 constant states separated by these waves. The existence of BV solutions
to a general Cauchy problem with initial data of small total variation is established
by Glimm [9]. The solution is attained as the Az | 0 limit of a family of approximate
solutions ua4(z,t) which are constructed in time steps of length At = O(Az) by the
following procedure: Assuming that uaz(z,t) has already determined on R x [0, nAt),
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one constructs initial data ua,(z,nAt) as a random step function approximation to
uag(z,nAt™) and then obtains ua,(z,t) in the next time strip R x [nAt, (n + 1)At)
by Lax’s method. A random choice of initial data in each time step ensures the
scheme is consistent, that is, the limit of {uag(z,)} is a weak solution of (1.6). The
convergence of the family {ua,(x,t)}, or a subfamily thereof, is secured by an a priori
bound, independent of Az, on the total variation, which is induced by approximate
conservation laws that govern elementary wave interactions and is established with
the help of Glimm functional. This scheme is established in the genuinely nonlinear
case and generalized to the linearly degenerate case in the paper [27] referenced by
Liu. The initial-boundary value problem for (1.6) with the shape of different bound-
aries was first studied by Goodman [10]. The author proved the global existence of
weak solutions when initial and boundary data satisfy the so-called smallness and
non-degeneracy conditions.
For the Cauchy problem of quasi-linear hyperbolic system

(17) ut+f(x7u)1 :g(x,u),

the global existence and asymptotic behavior of solutions were first established by
Liu [26] by a steady state scheme. For further results on the initial-boundary value
problems for (1.6) and (1.7), we refer to [1, 2, 3, 7, 8, 25, 28§].

For the general strictly hyperbolic system

(1.8) us + f(u, 2, t), = g(u, z,t),

the Cauchy problem was studied by Dafermos-Hsiao [5] and Hong-LeFloch [13]. In
[5], the authors use Glimm’s scheme along with the method of fractional steps to
construct a BV weak solution. An additional dissipativity condition on the flux and
the source is imposed, that is, assume that there exists a constant b > 0 such that

(1.9) R (a,t) = > [R¥(x,t)] > b, p=1,-,n,
RFE

for every (z,t) € (—o0,00) x [0,00), where R(z,t) = (R (z,t)) := —(r1g,7)(0,z,1)
and r is the n X n matrix consisting of normalized right eigenvectors of D, f. On the
other hand, an alternative version of Glimm scheme for (1.8) was introduced in [13]
whose Riemann solutions were constructed by the techniques of asymptotic expansion
to the classical Riemann solutions and the frozen variables (z,t) in f. Through the
detailed wave interaction estimates, the global existence of entropy solutions for (1.8)

was established provided that the L' norms of g;i , g;ét , ¢ and g—g are sufficiently

small where A := D, f and q(t,z,u) := g(t,x,u) — %(t,x,u).

For the systems of nonlinear balance laws in the degenerate form

ay = 0,
(1.10) ur + fla(z),u), = d'g(a(x),u),

the general n x n strictly hyperbolic case was first studied by LeFloch [23]. In [23],
the addition of the extra equation a; = 0 allows us to consider (1.10) as a non-
conservative system so that the results in [5] can be applied. On the other hand, the
generalized Glimm method for (1.10) was given in [12] that the residual only converges
weakly in L!. The Riemann solutions in [12] are “weaker than weak” because, due
to the re-scaling of the source by discontinuities, the Riemann solutions do not solve
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the equations even weakly, yet the Glimm scheme is a valid method and converges.
The 2 X 2 resonant systems in the form of (1.10) was first studied by Isaacson and
Temple [18]. The method in [18] showed that incorporating the source term as a
wave gave sharp time independent bounds for solutions of the initial value problem,
while the operator-splitting method gave only time dependent bounds in this non-
strictly hyperbolic setting. Recently, this framework was extended to quasi-linear
wave equations [4, 14, 29],

(1.11) u — (p(p(x),uz)), = p(x)h(p(2), u, us),

with applications to shallow water wave and the deformation of rubbery materials.
In [29], p is considered as a more general form p = p(z,t), and the result of global
existence was obtained under a dissipative condition. The initial-boundary value
problem for (1.10) was also studied in [15]. Some problems with regard to non-strictly
hyperbolic and non-conservative systems, we refer to [6, 16, 17, 20, 22, 24, 30].

In this paper, we investigate the possibility that time dependent sources can be
treated like source free equations by incorporating an additional family of waves,
and to utilize this in the Glimm scheme. Since the time dependence of a is al-
lowed, the framework in [12, 18] can only be carried out locally. To apply the
method, the Riemann problems must account not only for the x-dependence of the
source, but also for the time dependence. This then requires an approximate Rie-
mann solver to account for time dependence. Since no total variation bound on the
source in time is assumed, Glimm’s functional in [9] may fail to be non-increasing
in time. This will lead to the instability of Glimm method. Moreover, for approxi-
mate solutions {a% ., u%, } generated by Glimm’s scheme, it cannot be expected that
(0265,,)-9(a% ., 0205, Ot ,, U, ) does converge to azg(a, az, at, u) in the weak sense.

In order to overcome difficulties above, the steps in the paper are thus as follows:
(1) “weaker than weak” solutions of the Riemann and boundary Riemann problems are
established that account for the leading order effects of time dependence in the source;
(2) a modified Glimm-type interaction estimate and a boundary interaction estimate
are obtained; (3) a Glimm-type argument is developed to prove time independent
total variation estimates for the approximate solutions. At this stage, an additional
assumption on a(x,t) is necessary to obtain the total variation bounds of approximate
solutions. (4) Finally, the weak convergence of the residual and

(1.12)

/ {0zaA, - 9(aAy, Gz, b, U, ) — azg(a, zyar,u)} pdrdt — 0 ase,Ax — 0
>0

for ¢ € C! are established to prove the Glimm method converges to a weak solution
(modulo the usual subsequences). Here, a, and b° are given in Section 5. Here
we point out that condition (As) gives the existence and generic structure of the
standing wave discontinuities for the Riemann and boundary Riemann problems [12].
Comparing to the results in [5, 12, 29], the contribution of this paper is that the
global existence result can be extended to more general flux and source without the
dissipative condition.

We now give the definitions of weak and entropy solutions to the problems (1.1)
and (1.2), and state the main theorem.

DEFINITION 1.1.  Let E := [0,00) X [0,00) and E, := (—o00,00) x [0,00). We
say that a bounded measurable function u is a weak solution to (1.2) if u satisfies
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Ry(a,u)=0 for all ¢ € C}(E) where

Ry(a,u) :== //E ugy + fla,u)p, + amg(a,am,at,u)qbd:cdtJr/o uo(z)o(x,0)dx

(113) + [ rawo.060. 0
0
Similarly, u is a weak solution to (1.1) if for all ¢ € C1(E.),
(1.14) // ups + fa,u)ds + azg(a, az, ar, u)pdadt + /OO uo(x)p(x,0)dx = 0.
E. —00

DEFINITION 1.2.  Let U be a conver subset of R?, and let U : U — R and
F:RxU — R. We say that (U(u), F(a,u)) is an entropy pair of (1.1a) if U is
convexr on U, and U, F satisfy

(1.15) D,F = (D,U)(D,f) onRxU.

Furthermore, u is called an entropy solution if u is the weak solution of (1.2) and
satisfies

// w)¢r + F(a,u)¢s + ax (DuU (g — fa) + Fu)¢]dwdt
(1.16) +/0 U(uo(z))d(z, 0)dx + /OOO F(a,u)(0,)6(0,t)dt > 0

for every entropy pair (U, F) and positive ¢ € CL(E). The definition for the entropy
solutions of (1.1) can be given analogously.

MAIN THEOREM. Consider initial value problem (1.1) and initial-boundary
value problem (1.2), where a, f and g satisfy conditions (A1) — (As). For a domain
X, we define

wX) = llatl i) + llawtl o)
Assume that w(E), w(E,) and the total variations of ug and uip are sufficiently
small, where E, E. are in Definition 1.1. Let {uj 5, } and {uj 5.} be respectively
the sequence of approxzimate solutions for (1.1) and (1.2) by the generalized Glimm
scheme. Then there exists a null set N C ® and a sequence {Az;} — 0 such that
if 0 € @\ N, then u(x,t), u(x,t) are respectively the entropy solutions to (1.1) and
(1.2), where

u(z,t) = AI{H?HOU@ Awir u(E,t) = AI{H?HOU@ Az

This paper is organized as follows. In Section 2, to account for time dependence,
we introduce a perturbed Riemann problem by asymptotic expansions of the flux and
the source. Its approximate solution is constructed within elementary waves and an
additional family of waves by the modified Lax method. In Section 3, we extend the
results of Section 2 and [15] to the boundary Riemann problem. At the same time, the
residual of approximate solutions in each grid is estimated for the consistency of our
scheme. In Section 4, a generalized Glimm scheme (GGS for short) with boundary
condition will be described. Moreover, the generalized versions of interaction estimates
are also obtained. In Section 5, the main theorem is proved by the consistency of the
GGS, the weak convergence of the source term and the entropy inequalities for the
solution.
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2. Generalized Riemann solver and its error estimate. In this section we
give a generalized Riemann solver for (1.1a). To start, for given (zg,to) € RT x [0, 00)
and §, x > 0 sufficiently small, we consider the following Riemann problem:

Ut + f(aau);c = a;cg(a7al‘aatau)7 (xvt) € (IO — K, o + K) X (t07t0 + 6)7

(2.1) (3,t0) = ur, «o— k< x < xo,
0 ug, T <z <0+ K,

where a, f and g satisfy conditions (A1) — (A4s), and uy, and ugr € Q) are two nearby
constant states. When a = a(z) and g = g(a,u), by the results of [12], (2.1) can be
treated like the source free equations by incorporating a linear degenerate wave field.
Based on this observation, we utilize linear expansions of a, a, and a; in time t = ¢,
to achieve a perturbed Riemann problem (PRP), which is derived as follows.

First, we approximate a, a, and a; in (xg — k, 2o + k) X (to,to + 9) by

(2.2)  a(x,t) =a(z) +6b(x), ax(z,t)~a (x)+ 60 (x), ai(x,t)~b(z)+ dc(x),

respectively, where

(2.3) a(x) :=a(z,tg), blx) :=a(x,to), c(x):= au(z, to).
Then, f and g are approximated by
(2.4) fla,u) = f(a,u) + 6b(z) fa(@, u),

(2.5)  g(a,az, ap,u) = (g + 0b(2)ga + 0V (2)ga, + dc(2)ga, ) (a(x), @ (x),b(), u),
respectively, where g,, = % and g,, = g—agt. By (2.2), (2.4), (2.5) and omitting

O(6?) terms, the system in (2.1) is linearized to

(2.6) ue+ [(f +0b(2) fa)(@,u)], = @' [g+ 0(b(w)ga + ' (¥)ga, + c()ga,)] + 0V (2)g,
)

where g, ga, 9o, and g,, are all evaluated at (a(x),a’(z), b(x),u). Next, for 0 < ¢ < 1,
the initial data u(x,to) together with a(z) and b(x) are approx1mated by

ur,, To— K< x <Xy — ER,
(2.7) uf(x,to) == § ¥°(®), | — x| < ek,
UR, o +erw <z < x9+ K,
(ar,br), g — k < x < T — €K,
(2.8) (@°(x),b°(z)) == § (n°(z ) ai(z,t0)), |z — ol < ek,
(ar,br), zo+ex <z < xo+ K,

where (ar,br) and (ag,br) are constant states, ¥°(x) is a monotone function con-
necting uy, at * = xo — ek and ug at * = xo + £k, respectively, and 7°(z) is also
a monotone function connecting ay at © = xg — ek and ar at © = xg + €k, respec-
tively. We then obtain the following perturbed Riemann problem centered at (xg,to)
forO<ex 1:

(2.9)
+ [(f + 06 (2) fa) (@, uf)], = (@°)'[g + 6 (b°(2)ga + (b°)(2)Ga, + c(2)da,)]
+0(b°)"(x)g,
(P:): ur, o — Kk < x < T — EK,

u(z,to) = ¢ ¥°(2), [z — 0| <er,
UR, o +erw <z < x9+ K,
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where ¢, ¢a, ga, and g,, are all evaluated at (a®(x),a’(x),b%(z),u®), and a°(z) and
be(x) are given in (2.8). The limiting perturbed Riemann problem, denoted by (Pp), is
given by taking the limit € — 0 to (P-). The system in (P.) is still genuinely nonlinear
for small § > 0. To see this, we define

(2.10) f°(a,b,u) == f(a,u)+ 6bfa(a,u).

Let {\(a,b,u)}%, be the ecigenvalues of the Jacobian matrix D, f° and let
{R%(a,b,u)}2_, be the corresponding right eigenvectors. Then there exist bounded
functions {k;(a,b,u)}?_; and {K;(a,b,u)}?_; such that

(2.11) N = Ni(a,u) +0ki, RS = Ri(a,u) +0K;, i=1,2.
By (2.11) and condition (As), we have for sufficiently small &

(VA - RO)(a,b,u) = (VA - Ri)(a,u) + (Vi - Ki + Vi - (R; + 0K;)) (a,b,u)
(2.12) = (VX - Ri)(a,u) +O(8) >0, i=1,2,

which implies that the characteristic fields of (2.9) are genuinely nonlinear.
Now, we construct approximate solutions to (2.9) by modified Lax’s method. Let

(2.13)
D3 =[xz — K,x0 — €K) X [to,to + 3], D% = (xo + ek, z0 + K] X [to,to + J],
D5 = [zo — ek, ko + K] X (to,to + 0], Te:=[ro—er,xo+ k] X {to}.

Since a@® and b° are constants in Df and D%, (2.9) is reduced to

u§ + fo(ar,br,uf), =0, on (D3)°,
u§ + f°(ar,br,uf); =0, on (D%)°,

e _Joup, xo—rK<x<®IO—ER,
u (I,to)—{ wp, To+ek <z < a0+,

(2.14)

where (D7)° and (D5%)° denote the interiors of Dj and D%, respectively. Owing
to the genuinely nonlinearity of (2.14), either a rarefaction wave or a shock wave is
adopted as the solution in every characteristic field. Let g/}?, j = 1,2, denote the
jth wave curve combined with either a rarefaction wave or a shock of the jth family.
Then, by (2.11) and the results of [21], ¢ is parametrized as

Q/Jf(nl;aL;bL,UL)
,'72
=up +mR{(ar,br,ur) + ?l(Rf -VR)(ar,br,ur) +O(m|*)

2
=ur +mPRi(ar,ur) + n—21(31 -VR1)(ar,ur)

n i i
+ (7715K1 + ?15K1 -VR; + ?151%1 -VK; + ?152K1 'VKl)(aL,bL,UL)
(2.15) 4+ 0(Im /),

where 7 is the (signed) wave strength of 1. If ¢¢ is the rarefaction wave, then 7, is
a function of % and 7; > 0. If 9 is the shock, then n; < 0. In addition, the
Rankine-Hugoniot condition of (2.14) gives

(2.16) s§[w9] = [f°(ar,br, ¥3)] = [flaL, ¥3)] + [6bL falar,¥))],
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where s9 is the speed of the shock-front and [] denotes the difference of states across
the shock. Notice that ¢ is independent of ¢ and the limit

Y1(m;ap,ur) == lim %% (m;ar,br,ur)
£,0—0
2
(2.17) =ur +mRi(ar,ur) + %1(31 -VERi)(ag,ur) + O(|m[*)

is the 1-wave solution of u; + f(ar,u), = 0. Similarly, the curves of 2-rarefaction wave
and 2-shock in D%, can be proved as in (2.15) except that ar, and by, are replaced by
ar and bg.

It remains to construct approximate solutions of (2.9) in D§,. Since a® = n°(z)
is only z-dependent, we augment (2.9) by adding a5 = 0. By the framework of [12],
an additional family of waves can be treated as waves of the zero characteristic field.
To achieve the target, we can further approximate b°(x) as

(2.18) b%(z) = b%(wo) + (z — 20)(b%)" (z0),

and apply this to (2.9). Let u$ vanish in (2.9) and omit O(1)d|z — x| terms, then we
obtain a time-independent approximate solution (standing wave) uS(z) in D5, which
satisfies the following ordinary differential equations:

[(f + 6b° (o) fa) (07, ud)] . = (n°) {g + 6(b°(z0)ga + (b°)' (z0)ga, + c(%0)ga,) }
(2.19) + 0(b%) (20)(9 — fa),

where ¢, ga, 9o, and g,, are evaluated at (n°(x),a’ (z),b°(x),us), and a(zx) is given in
(2.3). Since n°(x) is monotone, by the inverse function theorem, xz can be expressed
as a function of 7° and there exists a nonzero continuous function ¢ such that ¢(n°) =

(%75)’1. Applying the re-scaling to (2.19), we would have the following initial value

problem:
dui R (1E . uE T € €
(2 20) dne = RO(W 7U’s7x05t0;771) +6L(7’] ,US,IO7tO;n1)7
’U;Z(G/L) = Ui,
where

(221)  Ro:= (Duf + 6b°(20)Dufa) " - (N1 + Na),
(2.22) L= (Duf + 06 (wo)Dufa) - (b (w0)g(n°) (g — fa),
(2.23) N1 =g — fo+6b°(20)(ga — faa); Na:=06((b°) (x0)ga, + c(x0)ga,),
and the initial data u; satisfies
uy = ug +mR(ar,br,ur) + O(m[?).

It is noticed that D, f +6b%(x0) Dy f, is non-singular for small 8, and that 6L in (2.20)

is of order edx by the facts that ¢(n°) = (CI—C?;)*1 = O(ek) and L is bounded.

LEMMA 2.1. For sufficiently small § > 0, there exist vectors J1, Jo and a matriz
Ji evaluated at (n°,u,xg,to) such that

(2.24) Ro(nF, ug, o, to; m) = Ro(n, us) + 6(J1 + Ja),
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where Ry is given in (Asz),

Ji:=—b%(20)(Du f) " Jo (N1 + N2),
Jo:=(Dy f) _1{56 20)(9a — faa) + (ba)l(xo)gaz + C(wo)gat};

J Z 5%6 IO [(Dufa)( uf) ]H_l

and N1, Ny are given in (2.23).
Proof. First, by the facts that
Dy f + 5b8(x0)Dufa = [I + 5b€(m0)(Dufa)(Duf)_1} (Duf)a
and I + 6b°(z0)(Dufa)(Dyf) ™! is invertible for small § > 0, we have

(2.25) (Duf + 06 (20) Dufa) " = (Duf) ™ (I + 8b°(20) (Dufa) (D f)™1)

Next, since b (20)(Dufo)(Duf) ™t is uniformly bounded and
8% (20) [(Dufa)(Duf)~1]" approaches zero matrix as ¢ tends to zero,

(2.26) (T + 6b°(20)(Du fu) (Do f) ™) ™" = T = 6b°(0) s,

where J, is given in the lemma. Then, by applying (2.25) and (2.26) to (2.21), we
obtain (2.24). We complete the proof. O

Based on Lemma 2.1, we are ready to parametrize u$. According to the existence
and uniqueness theorem of ordinary differential equations, the solution (n%,u¢) of
(2.20) is a perturbation of the integral curve of (1, Ro(n°, u%)), which starts at (ar, u1).
More precisely, u$ in D3, can be parametrized as

2
us (Mo o, to, u1) = uy +noRo(ar, ur) + 77?O(Ro -VRy)(ar,u1)

(2.27) +n00 Ko + O(S|mol* + [no®),
where
(2.28) Ko = (Ji + 22+ L),

which depends on ay,, u1, ai(zo, to), at(xo,to) and as(xo, to). Note that, by (Az) and
Lemma 2.1, the system in (2.20) has no equilibrium in D5, for sufficiently small § > 0.
Hence, the total variation of u$ in D}, can be controlled due to the monotonicity of
7°. Also, ng equals to the total variation of a°.

By the previous analysis we have the following theorem.

THEOREM 2.2.  For the PRP (2.9), there exists a smooth parameter of states
that can be connected to uy, on the right by a smooth standing wave given by (2.20).

For the time-independent source, the standing waves are scale invariant and can
be re-scaled into discontinuities. We then have

DEFINITION 2.3.  An admissible solution us is called the standing wave discon-
tinuity of (Py) if us is the € | 0 limit of smooth standing waves {us}.

To give a description of our generalized Riemann solver for (Pp), we look for
2 intermediate states w; and us such that wp,ui,us,ur are separated by shocks,
rarefaction waves or the standing wave discontinuity, which is given in the following:
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DEFINITION 2.4.  Given (zg,t9) € RT x[0,00) and k, § > 0 sufficiently small, we
say that u(x,t) is the generalized Riemann solver for (Py) if the following conditions
hold:

(a) there exists two states (ar,u1), (ar,us) which satisfy us = us(no; o, to, 1)

for the wave strength ng := ar — ar;

(b) in region [xo — K,Zo) X [to,to + 8], u(x,t) coincides with the 1-wave to the

homogeneous PRP (2.9) with initial values ar, ur, ui; while in the region
(xo, o — K] X [to, to + 0], u(z,t) coincides with the 2-wave to (2.9) with initial
values aRr, us, UR.

The next theorem establishes existence and uniqueness for such Riemann solver.

THEOREM 2.5. Given (zg,t9) € RT x[0,00). Assume that conditions (A1)—(As)
hold and that uy, ur € Q with |urp, — ugr| sufficiently small. Then there exists a
neighborhood N C Q such that if uy, ur € N, then there exists a unique Riemann
solver of (Py) centered at (zo,to) in the sense of Definition 2.4.

Proof. In the previous analysis, we augment the system in (2.9) by adding a§ = 0.
So, let U¢ := (a®,u®)T and define

(2.29) Ry = (1,R0)", R;:=(0,R)", R;:=(0,R)7,
and
(2.30) K;:=(0,K;)", H(U®, A :=R;(U°)+ 6K (AY), i=0,1,2,

where K7, Ky are given in (2.11), Ky is given in (2.28), and the parameter A* describes
the point at which K} (or K;) is evaluated. According to (2.15) and (2.27), for any
constant state u¢ € Q, there is a set of C2-mappings {T?}2_, such that T9(oy; U°),
t=1,2, can be connected to U¢ on the right by either an i-shock or an i-rarefaction
wave with the wave strength o;, and TO‘S (00; U®, x0,10) can be connected to U¢ on the
right by a standing wave (zero-wave) of strength 0. Define the composite mapping

(2.31) T (o U%) = T (09; T (00; TP (013 US), o, Lo ),
where o := (01, 00, 02). By direct calculation we obtain
2
(2.32) To(o;UL) = Up+ Y o H; (Ur, A]) + O3] ]*) + O(lo]?),
§=0
where U, = (ap,ug), Al = A2 = (ag,bp,ur) and A% =
(UL, a(xo, to), ate(xo,t0), are(zo,to)). It is sufficient to show that, for every

small § > 0, there exists some 7 := (1,70, 72) such that
(2:33) T°(n;Us) = U,

where Ug := (ar, ugr).
Define

T(;(O'; U®) = f‘s(a; Us) - U*.

Then we have 7°(0,0,0;Uz) = 0. In addition, the Jacobian matrix D,T° at o =
(0,0,0) can be calculated by

D,T°(0,0,0;U) = [Hy (U, AL), Hy (UL, AY), H3 (UL, A7)]
(2.34) =R*(UL) + 6K (Ar),
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where
(2.35) R*:=[R}, R}, R3], K*(Ap):=[Kj(AL), Kj(AY), K5(A7)],

and R, RS and R} are given in (2.29). Since {R§, R}, R} is linearly independent
for all u € €, there exists a sufficiently small 6* > 0 such that

(2.36) det(D,T°(0,0,0;UL)) = det(R*(UL) + 0K*(AL)) # 0

for any ¢ € (0,0*). Therefore, by the inverse function theorem, there exists a unique
17 = (m, 70, n2) such that (2.33) holds. The above argument is independent of €. By
taking the limit € — 0 and using the standing wave discontinuity as the zero-wave,
we complete the proof. O

In the rest of this section, we estimate the residual of approximate solution of
(2.9) on Dys := [xo — K, T0 + K] X [to,to + 8]. Given ¢ € CL(E), the residual Ry is
defined by

(2.37)  Ry(a®,u’, Dys) := // uCpp + f(as,u)p, + (@) g(a®,a’,b°, u®)pdxdt.
Dy

In Section 5, we will see that the estimate of R4 is crucial to obtain the consistency
of the GGS.

THEOREM 2.6. Let u® be the approzimate solution to (2.9) constructed by the
modified Lax method for 0 < e < 1. Then

xo+K

u®(x, to + 0)p(x, to + 0)dx — / u®(z, to)o(x, to)dx

To—K

xo+kK

Rd)(ds,ue, Dm;) = /

To—kK

to+8
+ f+brfa)(ar,u(zo + K, t))Pp(xo + K, t)dt
[ o)

to

to+9
- / (f 4 0brfa)(ar, u®(xo — K, t))d(xo — K, t)dt

to
+ O(k*) + O(k*)| ¢l (0sc.{n® in Dys} + osc.{a; (-, to) in Dys})
(2.38) + O(k)e||¢]loo - 05c.{u in Dys},
where osc.{u} denotes the oscillation of u and ¢ € C}(E).
Proof. First, by the construction of u®, it is easy to see that

(2.39) R¢(@E,UE, Dys) = R¢(aL, u’, Di) + R¢(77€, ui, D}sw) + R¢(aR,u€, D%),

where D7, D3, and D5, are given in (2.13). Next, we estimate Ry in Dj and D5,
respectively. Applying the divergence theorem to Ry together with b° = by, and the
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Rankine-Hugoniot condition (2.17) for shock, we obtain
Ry(ar,u®, D3)

— // { E(b f+5bLfa)(aL,uE)¢)x}d:L'dt — //DE Sbr falar, u)ppdadt

To—EK

= /mo B u(z,to + 6)¢(w,to + 6)dx — / ut(x,to)d(x, to)d

0—K ro—K

to+5
—|—/ (f +6brfa)(ar, u(zo — ek, t))d(zo — ek, t)dt

to

(2.40)
to+96
- / (f + 0brfa)(ar, us (w0 — K, t))d(z0 — K, t)dt + O(K?).

to

Similarly, we have

To+hK To+kK
Ry(ar,u®,Dy) = / uf(x,to + 0)p(x, to + 0)dx — / us(z, to)p(z, to)dx
xo+ER ro+eER
to+o ’
— / (f + 5bea)(aR,uE(xo + ek, t))p(xo + ek, t)dt
t
Oto-‘r(s
(2.41) + / (f 4 0brfa)(ar, v (o + K, t))d(zo + K, t)dt + O(K?).
to

Finally, we calculate Ry(n°,u$, D5;). According to (2.19) and applying integration
by parts to R4, we obtain

ro+eER

ro+ER
Ro(F 1, Diy) = / W (.t + 6)6(, to + 8)dz — / W (2, )b, to)de

C0—ER To—€ER

to+9
+ / (f + 5b(:£0)fa) (ag,u(xo + ek, t))p(xo + ek, t)dt

to

to+5
— / (f + 5b(:£0)fa) (ap,u’(xo — ek, t))p(xo — er, t)dt

to
(242) +E1(nsauia (:L'o,to)) +E0(Ui, (IEo,to)),
where
E (77 7“’57 (.ﬁo,to) / 5b $0 fa(77 aus)(bxdxdt
-/ / b(0) + H (20)ga, + (z0)ga, |t

- / /D W (w0)g ~ fo)odat

xo+eER

Eo(us, (zg,t0)) == / (uf(z,t0) — ul(z, tg))d(x, to)dz.

0—ER
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The terms Ey and F4; can be estimated by

(243) B0, (0, o)) = O(6%) + O(k?) @l - 05c.{n° in Dys}.
(2.44) Eo(u$, (xo,t0)) = O(K)e||dlloo - 05c.{u® in D5}

In addition, we see that

to+96
/ 5(b(x0) — br) falam, uf (zo + £k, £))b(xo + £k, £)dt

to

to+0
- / 5(b(z0) — br)falar, v (zo — ek, 1)) (xo — ek, £)dt

to

(2.45) = O(K%)|9|loo - 05¢.{as (-, to) in Dys}.

Therefore, by (2.39)—(2.45), we obtain (2.38). The proof is complete. O

3. Generalized boundary Riemann solver and its error estimate. In this
section we study the following boundary Riemann problem near the boundary:

Ut + f(avu)m = amg(aaazaatau)a (:L',t) € (Oa ’i) X (tO;tO + 5)7
(3.1) (a,u)(z,to) = (ar,ur), 0 <z <k,
(a,u1)(0,t) = (ap,u1B), to <t<to+9,

where 0 < K, 0 < 1, and (ag,ugr) and (ap,u;p) are two constant states. By the
same analysis used in (2.2)—(2.8), we consider the corresponding perturbed boundary
Riemann problem (PBRP) for 0 < e <« 1:

ug + [(f +0b°(2) fa) (@, u®)], = (@) [g + 6(b° () ga + (0°) (2)ga,
. +e(x)ga, )] +0(6°) (2)g,
(32) (P7): c Pi(x), 0 <z <er,

us(x,tg) = { u}]i,( ) ek < 1 ;K’

x

(a,u1)(0,t) = (ap,u1p), to<t<top+9,

where g, ga, ga, and g,, are all evaluated at (a%,a’, b°, u®) with @’ = a,(x,t9), c(x) :=
At (x7 tO))

e c . n5(x),at(z,t0)), 0<x <ek,
(3.3) (@ (@), b (z) = { Eaﬁ,(b;), (), 052 "
1% () is a monotone function connecting ap at + = 0 and agr at x = ek, respectively,
and 1% (x) is a monotone function connecting boundary data (u1p,u2g) at © = 0 and
ur at x = ek, respectively. It is remarked that usp will be decided by the modified
Lax method. The limiting perturbed boundary Riemann problem, which is denoted by
(PP), is defined by taking the limit ¢ — 0 to (PZ). Our objective is to extend the

results in Section 2 to (PZ) and (PP). Then, in view of Definition 2.4, a generalized

Riemann solution to (P#) can be given by

u(z,t) := Eh_% u®(x,t),
where u(z,t) is the approximate solution to (PZ).
We recall that the second characteristic field of (3.2) is genuinely nonlinear. In
the region {ek < & < K,t9g < t < to + d}, a elementary wave curve is adopted on
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account of the absence of the source term. For given Us := (ar, u2) and a sufficiently
small parameter o5, there exists a C? mapping T3 such that

(3.4) T3 (09; Us) = (ar, uz + 02 Ra(Usz) + 020 K2(A3) + O(lo2|?)) = Uk,

where Ur := (ar,ug), Rz and K are given in (2.11), and A3 := (agr, br,us2). In other
words, Ug can be connected by a 2-wave curve starting at Uz with the (signed) wave
strength oo. For the zero characteristic field, we construct a time-independent approx-
imate solution. Followed by the results in Section 2, for given Up := (ap,u1p,u25)
nearby Us, there exists a mapping fo‘s such that

(35) Tg(do; UB, to) = (aB, up + O'QRo(UB) + Uo(SKQ(A%) + O(|0'0|2)) = Ug,

where oy = ap — ap, Ko is given in (2.28), and A% =
(ap,at(0,10), atz(0,10), a1t (0,t0), up), that is, Us can be connected by a zero-
wave curve starting at Up with the (signed) wave strength og. Here Ty is at least a

C? mapping of oy and Up, and og equals to the variation of a® near the boundary.
Define the composite T of Ty and TO‘S by

(3.6) Tp(00,02; Up) i= T3 (02; Tg (00; Up, to)).-
Then, by (3.4)—(3.6), we obtain

(37)  Tpl(00.02:Up) = Up+ D 0;H;(Up, M%) + O(loo| + |o2])* = Un,
j=0,2

where HY, j = 0,2, are given in (2.30), and A% = (ap,bp,up) with bp := a;(0,to).
Clearly, by (3.7), we have T(0,0;Up) = U, and
Ts
do2 1(0,0;U5)

T

= R;(U, SKZ(A%).
dog 1(0,0,U5) 3(Up) + 0K3(Ap)

(3.8) = R}(Up) + 6K (AY),

Now, we consider the mapping T given by
(3.9) TB(UO,UQ) = [fB(Uo,Ug; UB)]LQ — [UB]LQ,

where [U]1,2 denotes the 2-vector consisting of the first two components of U. Then,
by (3.7)—(3.9), we have T5(0,0) = (0,0) and the Jacobian matrix

1 0

(3.10) DTg(0,0) = [Ro(Ug) + 6Ko(AD)]y  [Ra(Up) + 6K2(A%)];

To apply Lax’s method, we need the following lemma.

LEMMA 3.1. The matrix DT (0,0) in (3.10) is non-singular provided that (As)
holds.

Proof. Suppose that DT5(0,0) is singular. It means [Ra(Up) + 0K2(A%)]1 = 0
and so

(3.11) X2(Ug)[Ra(Up) + 0K2(A%)]1 = 0.
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Moreover, since Ry + J K> is a nonzero right eigenvector of D, f°, we have [Ra(Upg) +
§K2(A%)]2 # 0 and

(3.12) Dy f°(bp,Us) - (Ra(Up) + 6K2(A%)) = X2(Up)(R2(Up) + 6 Ka(A%)).
It follows by (3.11) and (3.12) that
0

6’&2

X2 (Up)[Ra2(Us) + 0Ka(A%)h
[R2(Ug) + 6K2(A%)]2

(f1 +6bp f1a)(Up) = aiwf{;(bB;UB) = =0,

which violates the condition (As) for sufficiently small §. The proof is complete. O

a

A~

{a =ap,u =uip}

{)}/ﬂf\/

Us

Uy

{a = agr}

R
uz

Fig. 1. The approximate solution to the PBRP in the phase plane.

We are now ready to prove the existence of approximate solutions to (3.2). First,
by Lemma 3.1 and the inverse function theorem, there exist two neighborhoods Ny of
(0,0) and Np of [Ugl1,2 such that T is a diffeomorphism from Ny to Np. It means
that we can solve T for o and o9 in terms of Ug and Up when |(ap,u15)—(ag, u1R)]
is sufficiently small. Next, we determine ugp when [Ug]i,2 = (ar,uir) € Np is given.
In view of (3.7), we have

(3.13) [T5(00,02;Up)]s = uap + Y o5[H; (Up, A%)ls + O(|oo] + |o2])*.
§j=0,2

By (3.13), we see that

d[Ts(00,02; Us))3 . Z o, d[H;(Up, Ap)ls

3.14
(3.14) .

+O(loo| + [o2])*.

, duzp
7=0,2

In particular, we obtain d[T3(0,0;Ug)]s/dusp = 1. Therefore, by the inverse func-

tion theorem, there exists a unique usp which is nearby usp and satisfies (3.7) for

sufficiently small o¢p and o,. By the analysis above, we have the following theorem

regarding to the existence and uniqueness of solutions to (PZ).

THEOREM 3.2. Consider (PP) given in (3.2) with ur € Q and sufficiently small
|(ap,u1p) — (ar,u1r)|. Then, under conditions (A1) — (As), there exists a unique
approzimate solution u®(x,t) to (PP) obtained by the modified Lax method. The
approzimate solution us(x,t) consists of at most three constant states separated by a
2-wave issued from (g,0), and a smooth standing wave in 0 < x < . Moreover, there
exists a unique usp such that u®(0,t) = (u1p,uap) forto <t <to+9, see Fig. 1.
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The structure of u®(z,t) depends on the choice of a®. However, the wave curves
for (a®,u®) are determined uniquely on the phase plane. It means that the states
in u®(z,t) are independent of a° and e. By letting ¢ — 0 in u®(x,t), we generate a
generalized boundary Riemann solver for (P5).

COROLLARY 3.3. Consider the limiting case of perturbed boundary Riemann prob-
lem (PE). Then, under the same hypothesis as in Theorem 8.2, (PE) admits a unique
boundary Riemann solver u(x,t) := liH(l) u®(z,t) consisting of at most three constant

e—

states separated by the 2-wave and the standing wave discontinuity. Furthermore,
there exists a unique constant usp such that u(0,t) = (u1p,usp) for to <t < tg+ 9.

THEOREM 3.4. Let ¢ € CH(E) and DB := [0,k] x [to,to + 0]. Let u® be the
approzimate solution to (PP) constructed by the modified Laz method. Then

Ro(a®, ", D) = [ u(to +8)o(a.to + 0o — [ u(a.to)o(as o)
0 0

to+0
+/ (fJr5bea)(aR,UE(H,t))(j)(n,t)dt

to

to+9d
- / (f 4+ 0bpfa)(ap,u(0,t))¢(0,t)dt

to
+ O(K*) + O(k?) (0sc.{n® in DE;} + osc.{as(-, o) in DF})
(3.15) + O(k)e|¢|| oo - 05c.{u® in D5}

4. Generalized Glimm scheme and its stability. In this section we intro-
duce the generalized Glimm scheme (GGS) for (1.1), (1.2) and establish its stability.
Compared with the initial-boundary value problem, the analysis for the initial value
problem is simpler. Therefore, we focus primarily on the case of (1.2).

To describe the scheme for (1.2), let x := kAz, t; := iAt, k,i =0,1,2,..., and
divide the first quadrant plane into the time strips of length At = O(Ax):

TiS:{(ﬂC,t)|O§IL'<OO, ti§t<ti+1}, 1=0,1,2,....

Here Ax and At satisfy the generalized Courant-Friedrichs-Levy condition:

Az

(4.1) ~

> (1—¢) tsup{|\i(a,u)|: i=1,2}, 0<e< 1.
We also define
(4.2) Az:=(1+¢)'Ax.

When introducing the GGS, we impose (4.1) to ensure that waves emanating simul-
taneously from points {(E&;}, t;), (xr £ eAx, t;)} do not interact on a time interval of
length At. Here we use the non-staggered grid points for the computational domain.
In each perturbed Riemann or boundary Riemann problem, we augment the equation
a; = 0 to the system. Hence, we need to provide the initial and boundary data for a
and v in each time step. Let U := (a, u). Following the arguments in Sections 2 and
3, we approximate initial data Up(x), boundary data (a(0,t),u1p(t)) and a:(x,0) as
follows.
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(I)o The initial data Ug(x) on [0,00) and the boundary data (a%,ulz) on [0,¢;) are
decided by

U0(z), 0<ux<eAr,
Uy, eAr < x < w1,
UOE(x) = (af)(ac),ug(ac)) = Ul?—l’ Tp1 < x < x) — A, k=2,4,6,...,
W(z), |z— x| < eAw,
Ul  ar+elz << apy,
(aj(t), uip(1)) = (a(0, At/2), u1p(AL/2)), 0<t<ty,

where UL, = (al_,u)_,) = Uo(eit) = (aan-1,0),up(wr-1,0)), ¥(a) :=
(n2(x),¥?(x)) is a smooth monotone function which connects UY | at z = x), — Az
and Up, | at © = a3 + Az, respectively, and U9 (z) = (n%(x),v%(x)) is a smooth
monotone function connecting (a%,u{z,u3z) at * = 0 and U} at x = Az, respec-

tively. Here, uJy is decided by the modified Lax method. Moreover, the approxima-
tion b§(x) to at(x,0) is decided by

ag,l, eAr < x < w1,

- a?k_l, Tp1 < x < x) — A,

bo(z) = ’ ~ ~
at(:E,O), 0<z<eAx, |LL‘*:L']€| < eAx,
ag,,ﬂ_l, Tk +elAr <z < xpyq,

k=24,6,...,

where a?y,wl = a¢(2g—1,0) for k = 2,4,6,.... We then solve the PBRP and the PRPs
centered at (xg,0), k = 2,4,6,..., by the modified Lax method. One generates an
approximate solution in the zero time strip 7j.

Let s~ 1(x,t), 0 < ¢ < 1, denote the approximate solution in the time strip
T;_1. For the ith time step, we choose the initial data u(z) by random choice along
with the boundary data (a'z, u ), a(z) and b (z) as follows.

(I); The initial data Uf (z) on [0, 00) and the boundary data (a%,ul ) on [t;, t;41) are
decided by

Ui(z), 0<ux<eAr,
Uf, 5A~x<x§x1,
Uf(z) = (a5,uf) (@) = Uiy, ap1<z<ap—cAz, k=246,...,
Vi), |z—a| <elx,
Uliﬂ, xk+5&<x§xk+1,
(alz(t),uip () = (a(0,t; + At/2),urp(t; + At/2)), t; <t <tiq,

where U}, = (a}_,,ul_y) == (a(zp_1,t;), u® " (zp_1 + GiEc,t;)), 0;€(-1,1)is a
random number, ‘II}C(I,)\,: (ni(x),¥i(x)) is a smooth monotone function connecting
Up—q at © = zp — eAr and U, at ¢ = z + €A, respectively, and Uh(x) =
(nz(x), Y5 (x)) is a smooth monotone function connecting (a’s,u} g, ubg) at x = 0
and U{ at z = s&c, respectively, where u’ 5 is decided by the modified Lax method.
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In addition, b5 (z) is decided by

aj eAr <z <z, .
al Tp_1 < x <z —eAw
bi(x) = ¢ LA Pl =R o k=2,4,6,...,
ag(z,t;), 0<z<eAzx, |x— x| <eAuz,
a;kﬂ, xp +eAr <z < Tpyq,
where af; w1 = at(zk_1,t;) for k =2,4,6,.... Again, by the results in Sections 2 and

3, we obtain an approximate solution in 7T;. Applying this process to each time step,
there exists an approximate solution uj o, constructed by the GGS with the random
sequence 0 := (61,62,...) in (—1,1) and 0 < ¢ < 1. By taking the € | 0 limit of
{u;Ax}, we generate the generalized Riemann solution, denoted by ug A, of (1.2).

Here we emphasize that, in every ith time step, the choice of a;, also denoted by
a%,, only depend on the values of a at (zx—1,t;), k = 2,4,6, ..., but not on the ones
in the previous time step. Moreover, the random points {(xp—1 + Hi&,t;) k=
2,4,6,...,7 € N} are chosen outside the domains of standing waves to preserve the
total variation of uj »,. This will not affect the equi-distributed property of random
sequences as € approaches 0.

To obtain the compactness of approximate solutions, the stability of the GGS is
required. Due to the effect of a(z,t), the interaction estimates in [9] are needed to be
generalized.

We begin with the interaction of waves away from the boundary. Here we adopt
the notations in [31]. Given (x,t;) € Rt x [0,00), U := (a,u) and V := (a,v). Let

(43) (U, V) = [(Uo,Ul,Ug,Ug)/(O'Q,O'l,O'g)]

denote the approximate solution to (2.9). That is, (U, V) consists of four constant
states, U = Uy, Uy, Us, Us = V, separated by the j-wave curve ff(oj;Uj) =Uj
for j = 0,1,2. On account of (2.30) and (2.36), [H{, Hy, H3] is nonsingular and its
inverse satisfies

(4.4)

* * *1— * -1
[Hg, Hy, Hy] ' (U, A; 2, t;) = (RY)

1 1

(U)=(At)(R) (U)K*(A)(R*)  (U)+0(Ax)?,
where R* and K* are given in (2.35). Therefore, the function V' = T%(o; U, x3, t;) can

be inverted on a small neighborhood of (0,0, 0) to give
(4.5) o = (0g,01,02) = O(V; U, xp, t;),

where © is smooth in (V;U, xy,t;), ©(U; U, z, t;) = (0,0,0) and

1

(4.6) DyO(U; U, zk, t;) = (R*)_l(U) — (A)(R*) T (U)K*(A) (R*)_l(U) +O(Az)?.
The function © solves the PRP (2.9) centered at (z,t;), that is, for fixed u € Q,
a € Rand for v € Q, @ € R with |v — u| small, the jump discontinuity {u,v} is
resolved into U = Uy, Uy, Uz and Uz = V such that U;4 is connected to Uj, on the
right, by a j-wave of strength o; = ©;(V;U, z,t;). Similarly, chose V', U’ € Q so
that (U’, V') can be expressed as

(47) (Ulvvl) = [(UévU{aUéaUé)/(O—éaOJlaOJQ)]a
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where o' := (0(), 01, 05) = O(V';U’, z},,t;). Then, by (4.6) and the fact that [V —-U| =
O(1)|0(V; U, z,t;)| = O(1)|o|, we obtain

/
g — 0

1
:/ L oW + (V! — U U . ) de /—@ Ut €V — U);U, g t:)dé
) dE

:/0 (DyOU’ + (V' = U'); U, 2, 1) — DyOU + &V = U); U, e, 1)) (V — U)dg

v/ DyOU + (V! — U U (V! = U) = (V — U))de

= O0)|o|([V' = V[ +|U" = Ul + (At)|a, — zx| + (AD)[t; — ti] + (Ax)?)
+OM|(V' =U") —(V = U)|.
(4.8)

We say that an i-wave and a j-wave are approaching if either (i) the wave on
the left possesses larger speed or (ii) ¢ = j and at least one of them is a shock. In
any case, two zero-waves are never approaching each other. Let 8 = (6y, 61,02, ...),
6o = 0, be an equi-distributed sequence of random numbers in (—1,1). The points
Py = (Ik + Hi&,ti), Py = (O, (Z + %)At), i =0,1,2,..., k = 1,3,5,..., are
called the mesh points. We can connect those neighboring mesh points to get a set
of diamond regions. In addition, the diamond regions near the boundary x = 0 are
triangles, see Fig. 3. An unbounded piecewise linear curve I is a mesh curve if [
lies on the boundaries of those diamond regions. Hence if I is a mesh curve, then [
divides the first quadrant plane into I and I~ parts such that I~ contains t = 0. It
reminds us that every mesh curve contains some unbounded portion of the boundary.
The mesh curves I > I; if every point of I is either on I; or contained in If. If
Iy > I and if all mesh points on I» except one are also on Iy, then I, is called an
immediate successor of I;.

Fig. 2. A interior diamond region and in-coming and out-going waves

Let A be a diamond region centered at (z,,tn41), m € {2,4,6,...}, and sup-
pose that its vertices (mesh points) N := (2,—1 + Oni2AT, tyys), E = = (Tmy1 +
Oni1Ax,tnt1), S = (Tmy1 + Az, t,) and W = (-1 + 9n+1A:c tnt1), Where
{0n,0n+1,0n42} C (—1,1) are the random numbers obtained by GGS, see Fig. 2.
Moreover, let A~ stand for the lower boundary of A connecting W, S and FE, and
OAT for the upper one connecting W, N and E. We call waves across 9A™ and AT
respectively the in-coming waves and the out-going waves of A. Notice that there is
at most one standing wave from the in-coming waves of A. We have the following
interaction estimate away from the boundary.

THEOREM 4.1. (Interior wave interaction estimate) Let Up = (a},ur), U ==
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(¢, ur), UL = (ar,ur), Ur = (ar,ur), and let Up := (an,unm) be a constant
state near Uy, and Ugr. Assume that
e=0Ur; UL, Tm,tns1)
are the out-going waves of A, and that
vy=0OUr;UL, Tm,tn), B =0Ur;Upn,Tmi2,tn)
are the in-coming waves of A with ~y across OA™, see Fig. 2. Then we have

e=7+6+00)D(,B) + OW)(Iv] + 8] (ae| + aat])(At)
(4.9) + O0(1)(Az)(At)|ag:| + C(Az, [v[ +B])

as |y] + |8l — 0, where a;z and ayzr are evaluated at (Tpm—1,tn), D(v,B8) =
> Approaching |VillB;| and C(Az, |y| +|B[) denotes the cubic terms of Az, || and |B|.

Proof. We construct 3 = O(Ur; Unt, T,y tn) and € = O(Ug; Ur, T, tn). Then,
by (4.8), we have

(4.10) B=B+0(1)|8|(Ax).
In addition, by the results of [9, 12] and (4.10), we yield
(411)  E=7+p+0M)D(, ) =7+ B+01)D(y, ) +C(Az,|5])

as |y] + || = 0, where D(, 8) := > App. |fyz||Bj| and C(Awx,|B|) denotes the cubic

terms of Az and |S|. It remains to relate € to € and D(vy, 8) to D(vy, 8), respectively.
By (4.10), we obtain

(4.12) D(y,B) = D(v, ) + O(1)|]| Bl (Az)?.
t-
€ - € _
Upi1 —__ U2 ? Ur
trt1
Uy —’ﬁ)' Y2 Uns 61 Ur
ty
0 z1 T2 T

Fig. 3: Approximate solutions to the PRPs and PBRPs.
From (4.8), (4.11) and (4.12), it follows

e =+ O0M)e[{IC|+ [Crl + (Az)*} + O(1)[Cr — (L
=7+ B+01)D(v,8) + OQ)(Iv[ + [BD(¢e] + [Crl) + OM)|Cr — (il
(4.13) +C(Az, |y +18])

as |y] +[B] = 0, where (g := aj — ag, (L = ap, — ar. Since

a/R - a(merlathrl)a aRr = a(merlvtn)a alL - a(xmflathrl)a ar = a(xmflatn)a
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so, by the Taylor expansion, we have

(4.14) G = (At t) + By w0180 + OAa),
(4.15) Cr = (A)awt(Tm_1,tn) + 2(A2) (At) gt (1, tn) + O(Ax)3,
(4.16) Cr—Cr = 2(A2)(At)agi (1, t,) + O(Ax)3.

It follows by (4.13)—(4.16) that (4.9) is achieved. We complete the proof. O

It remains to study the boundary wave interaction. Since a is a function of ¢ on
the boundary, the wave interaction estimate is more complicated than the one in [15].
However, we will show that the results in [15] can be extended to our problem. First,
we recall the results in [15].

LEMMA 4.2. [15] (a) (Elementary wave interaction) Assume that
W =T8T (U)W =T (0 T3 (85 U),

where i& and Tf are giwen in (2.31). Then there exists a continuous function 1 of v;
and B; such that

(4.17) W — W' =n(v, B;)viB;-

(b) (Combining waves of the same family) Assume that
V=T(wl), W=TB:V), W =T)(s+p:0).

Then there exists a continuous function  of v; and B; such that

0, if vi and B; are both rarefaction waves
(4.18) W—-W'= or both smooth standing waves,

C(vi, Bi)viBi, otherwise.

By Lemma 4.2, we have the following theorem regarding to the boundary inter-
action estimate.

THEOREM 4.3. (Boundary wave interaction estimate) Let Uy := (a%,uk g, ubp),
Ur = (a%,uR), Upt1 = (a?‘l,u]f};l,uggl) and Up := (a’f{“,uR). Suppose that
(Uk, Unm) == [(Ug, U2, Unt)/(0,72)] and (Uks1,Ur) := [(Uk+1,Uz,Ur)/(c0,€2)] are
the solutions to PBRPs on the kth and the (k + 1)th time strips, respectively. Also,
let (Un,Ug) := [(Un,Ur)/(B1)] be the 1-wave of the solution to PRP right next to
(Uk,Unr) on the kth time strip, see Fig. 3. Then there exists a constant C such that

f07’j = 0a27

63— (5 +B0I < C (X IllBil + 181l + [0 — bl + o™ — ab| + ok — o)
App.
(4.19) + O(Az)%

Proof. Let (Ux,Ur) := [(Uk, Uj,Ur)/ (w0, a2)] be the approximate solution to the
PBRP [Uy, Ug], where Uy := (a%,v% w%) and w% can be decided uniquely by the
framework in Section 3. We emphasize that, due to the time-dependence of a, we
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solve the problem [Uy, Ug] rather than [Uy, Ug] given in [15]. Then the terms of the
LHS of (4.19) are bounded by

(4.20) lej — (v + B < lej — ajl +]ag — (v +B1)], §=0,2.

We estimate |e; — «;|. In view of T in (3.9), there exists a smooth function

O(V;U,t) = (00(V;U,t),05(V;U,t)) such that
(4.21) (c0,2) = O(Upr; U1, tes1), (00, a2) = O(Ug; Uk, ).

The function © solves, for instance, the jump discontinuity {Usy1,Ur} into Ugy1,
U, and Upg such that Us is connected to Uy on the right by a 0-wave of strength
g = éO(UR;UkH,tkH), and Ug is connected to U, on the right by a 2-wave of
strength eo = éQ(UR; Uk+1,trk+1). Applying patterns of similar calculations in (4.8)
to (4.21), we obtain

(4.22) lej — oy < O™ — ol + |kt —ab|) + O(Az)?2, j=0,2.
The term |a; — (7, + 81)] is now estimated as follows. We notice that the map
(4.23) Ur = fi‘g(n—; Ut) is smooth in (7;, UL),

where Ug is the state which can be connected to Ur on the right by an i-wave of
strength 7; (Section 3). We first study the case that [, interacts with v2 and g
in order, see Fig. 4. By Lemma 4.2, the states U{, U, and Ug in Fig. 4 can
be completely determined by the interaction of waves (1, 79 and ~s, respectively.
Furthermore, following (4.17), (4.23) and the triangle inequality, we obtain

(4.24) |Ur — Ur| < C(I7081] + [r261l),
t
Yo V2 1 81 Yo 72
U, e
Uy Uns Up = Uk Ui Yoo
xX X

Fig. 4: Wave interaction with interchange of waves twice.

t t
V2 0 2 "0 % + 72
UJ/M :> U//
/ 2 "
Ul/c U{ U]/% Uy, Ugp
x x

Fig. 5: Interchange and combination of waves.

where U, is connected to Uy on the right by waves 1, 7o and 7. On the other hand,
it is easy to see that

(4.25) Uiz = (a5, uip)| < U = Ukl < CJBul,
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where U := (a%, u},u}) is connected to Uy on the right by 81, and [U{]; 2 stands for
the first two components of Uj.

Next, we solve the PBRP [(ak,ufp, %), U]], see Fig. 5. Again, by the results
in Sectlon 3, the solution to [(a%,uly,*),U]] exists and * is decided uniquely. Let
ubl =% and U, := (¥, ul g, ubl), and let (Uk, U7) == [(U},,U7)/(v5)] be the solution
to [U,,U{]. Then we estimate the case that 5 interchanges with 7o and then combines
with 79, see Fig. 5. By the differentiability of © and (4.25), it follows that ~4 satisfies

(4.26) 3l < Cllak, uip) — [Uili2| < ClBu.

By (4.17), (4.18), (4.23) and the triangle inequality, we obtain

(4.27) Ur — Ug| < Clvos| + aval) < C(1aD),

where U}é is connected to Uj, on the right by waves 7o and 4 + 2. Here we used the
fact that wave strengths 7 and 2 are bounded. It follows by (4.26) and (4.27) that

(4.28) Up — Ug| < C|B1.

In view of (Uy,Ug) = [(Ux, U4, Ur)/ (v, a2)], and by (4.24), (4.28) and the differen-
tiability of ©, we obtain that a;, 7 = 0,2, satisfy

loj — (v, + )| < CllUrl12 — [Ugli2| < C([Ur — Ug| + |Ur — Ug| + U — Ugl)
(4.29) < C(laftt = afl + 1ol + bl + |Bi]) + O(Az)?,

where v := 0. Finally, by (4.26) and (4.29), we have

laj — (5 4+ B1)| < ley — (0 +33)| + 7] + 181
(4.30) < C(lal™ = al| + Bl + [12B1] + |B1]) + O(Az)?, j=0,2.

Therefore, by (4.20), (4.22) and (4.30), we establish (4.19). The proof is complete. O

Based on the estimates in Theorems 4.1 and 4.3, we begin to establish the stability
of the GGS. It is sufficient to show that the total variations of approximate solutions
stay uniformly bounded in time and this can be accomplished by a globally non-
increasing Glimm functional introduced by Glimm [9]. Because of the presence of the
boundary data, |$1| and |a];-i+1 — ak| in (4.19), we propose a slight modification of

Glimm functional as follows.
(4.31) F(I):=L{I)+KQU),
where [ is any mesh curve, and
)i= D {ll s i crosses I} + K (181 + Y 1),
keB(I)
Q(I) == {|%llvi| : 3,7 cross I and approach},
U o= |yt — g+ laj™ — a| + (Aw) (|afE | + gt | + labp| + lafs)).-

Here, constants K > 1 and K; > 1 will be decided later. B(I) := {k : Py =
(0,1 + At/2) € I}, u’fgl = uy(Pyg+1) and afy := a4(Py ) etc. The term [By] is
involved in L(I) when f; crosses I and locates in some boundary triangle region,
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see Fig. 3. We notice that, in the initial value problem (1.1), we let K3 = 0 in the
functional L since there is no wave-reflection on the boundary.

THEOREM 4.4. Let T.VA{Uy,uip,ap} :=T.VA{Uo} + T.V{uig} + T.V.{a(0,-)}
and w(E) = ||a¢|| 1) +||axt| L1 (B), where E = [0,00) x [0,00). If T.V.{Uo, u1B,aB}
and w(E) are sufficiently small, then the approximate solution Up Ay 15 well-defined
fort>0and 0 <e k1.

Proof. Let I and J be two mesh curves and J an immediate successor of I. First,
suppose that I and J enclose an interior diamond region centered at (Z,,t,+1), see
Fig. 2. Then, with the help of (4.9), we obtain

L(J) = L(I) < O){D(v, B) + (I + 18]) (|lat| + |azt|)(AL) + (Az)(At)|az|}
(4.32) +0(Ax)?,

Q(J) = QU) < OM)LN{D(v, B) + (In] + 181 (lae| + |azt])(At) + (Az) (At)| @
(4.33) +0(Az)’} = D(y, ),

where a; and a,; are evaluated at (,,—1,t,). It follows by (4.31)—(4.33) that

F(J) = F(I) <OM[1+ KLI{D(, B) + (|7 + 8] (ac| + |az])(At)
(4.34) + (Az)(At)|ay| + O(Az)*} — KD(v, B).

Next, if J and I enclose a triangle region containing the mesh point P j, see Fig.
3, then by (4.31) we obtain

F(J) = F(I) = leo| + lea| = |v0] — |72l = |B1] — K1(|B1] + 1)
(4.35) + K (Y laillesl = D laal bl = D lallBal) = K (ol + [r2Bul)-

App. App. App.

Here every summation above is taken over all approaching waves {«;} on the right of
B1, in addition, {a;} also crosses I. It follows from (4.35) and Theorem 4.3 that

F(J) = F(I) <0)C(ofil + bl + 18] +15) — Ki(1Ba] + 1)
+ O(l)CKZ il (0Bl + [v2B1] + |B1] + 15)
— K(|oB1| + [y2bu]) + O(Axz)?
< (-K;+0(1)C+OQ1)CK - F(I))(|51] +1%)
+ (=K +0(1)C + O0M)CK - F(I))([v0b1| + [261]) + O(Az)?
(4.36) < v(Ax)?

for some positive constant v provided that constants Ky, K > O(1)2C, and KF(I) <
1.

Now, let J,, be the mesh curve that is located on the time strip 7;, for x > 0 and
includes the half-ray ¢ > t,, + At/2 for = 0. Summing up (4.34) for even m together
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with (4.36), we have
F(Jns1) = F(Jn) = O()[1 + KL(Jn)]Q(Jn) — KQ(Jn)
+0M)(A1) Y (Il +18)(Cr + Cra)

m

+O0(1)(A2) (A1) Y st L (D, +O(A2)?
< O(1)(At)L(Jn) sup(Cyy, + Cp)

(4.37) +O0(1)(A2)(A1) Y [lazill L (..., + O(Az)?,

provided that K > O(1)2C and K F(J,) < 1, where Dy := [Tm—1, Tm+1] X [tn, tnt1]s
and

cr = sup lat(z,t,)], CI = sup |zt (2, tn)]|.

;cm,lgacg;cm+1 xrm—l<£<£rm+l

Furthermore, if a,(0,t) and a;(0,t) are bounded, then for sufficiently small
T.VA{Uy,u1,ap} and Az, we have
F(Jo) <L(J0)+KL(J0 = (L(Jo) + K L(Jo))L(Jo)
O()[1+ K1K - T.VA{Uy,u1p,ap}| K1 - T.VA{Uy,u1p, a5}
(4.38) (1)2K TV{UO,ulB,aB}

Therefore, by (4.37), (4.38) and by induction hypothesis, there exists a positive con-
stant M* such that

(4.39) L(Jy) < F(Jr) < M* fork=0,1,...,n,
F(J,i2) < F() + O(1)(AOM 3 sup(Ch, + €
k=0 ™
(4.40) +O0()(Az)(AE) > > " awtll=(p,.,) + O(Az).
k=0 m

From the assumption that the constant w(F) is finite, we see that

, i P+ CE) (A =w(E
(4.41) Alirgogszp(cm—i—Cm)( t) = w(E),
(4.42) Alirgogz @zt Loe Dy 2(AT) (AL) = [|ant]| L1(5).-

It follows by (4.39)—(4.42) that
(4.43) L(Jnt1) S F(Jpy1) S M* + O(1)M*w(E) + O(Ax).

According to (4.38) and (4.43), we are able to choose T.V.{Uy,u1p,ap} and w(E)
sufficiently small such that O(1)2K; - T.V.{Up,ui1p,ap} < M*/3 and O(1)M*w(E) <
M*/3, and this implies that

L(JnJrl) S F(JnJrl) § M
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as Az tends to zero. Therefore (4.39) holds for £ = n+1. By induction on n, we show
that L(J,) has a uniform bound for all n € N. Since the functional L is equivalent to
the total variation of Ug A,, the total variation of Uj A, is uniformly bounded for all
t > 0 and all sufficiently small Az > 0, so as well the 'L® norm of U§ ay- It is worthy
to indicate that ug A, is well-defined for ¢ > 0 and Az — 0. We complete the proof. 00

It is remarked that the approximate solutions of (1.1) has the same result as that in
Theorem 4.4. The following theorem is a consequence of Theorem 4.4 and the results
in [31].

THEOREM 4.5.  Let U§ 5, be the approzimate solution to (1.2) for any0 < e < 1.
Suppose that T.V.{Uy, u1p, aB} and w(E) are sufficiently small. Then
(i) T.VAUG p (1)} < CL(TVA{Uo,u1p,ap} +w), where Cy is independent of 6,
Az and €.
(i) T.VAUG p, (2, i) }4sup, [Us A, (z,iA)] < Co(T.V{Uy, u1p, ap}+w), where
C’goois independent of 8, Ax, iAt and €.

(1ii) / U nu(, 1) = Uj ap ()| de < C3(|t" —t| + At), where Cs is independent

0
of 8, Az and €.
Similarly, the above inequalities also hold for the initial value problem (1.1).

Finally, we give the compactness of subsequences of {Uj A,} and {f(U§ A,)}-
Weak convergences of the residual and of the source will be proved in Section 5.

THEOREM 4.6. [15] Let {Uj A, } be the approzimate solution to (1.2) generated
by the GGS. Then there exists a subsequence {U§ Az} of {U§ At such that U .
converges to some measurable function U®(x,t) in Llloc( ). The result also holds for
sequence {Up az} obtained by letting ¢ — 0, that is, there exists a subsequence of
{Up,az} tending to some measurable function U(z,t) in L}, (E). Furthermore,

(i) Us(z,t) = Ul(z,t) in L}, (E) as e — 0,
(i) for every continuous function f, we have

fU§ ax,) = (U (x,t)) in Lj,(E) as Az — 0,
and
f(U(x,t)) = f(U(z,t)) in Llloc(E) as e — 0.

Similarly, properties (i), (ii) also hold for the initial value problem (1.1).

By the results in Section 3, we notice that
[u59,00(0,8) —urB(t)] < [uip —uip(t)] < O(Ax)

for any ¢ > 0 and i € NU{0}. This implies that uf, A, will match the boundary data
u1p(t) as Az tends to zero.

5. Weak convergence and global existence theorem. In this section we
prove the main theorem of this paper. Again, since the analysis for problems (1.1)
and (1.2) are similar, we only concentrate on the problem (1.2). According to the
results in Section 4, it remains to establish the consistency of the scheme, the weak
convergence of the source term and the entropy inequalities.

Before we begin with the consistency of the scheme, we recall Definition 1.1 that
u(x,t) is a weak solution to (1.2) if and only if Rg(a,u) = 0 for all ¢ € CL(E).
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Hereinafter we let u® := uj 5, be the approximate solution satisfying ug o, — u

in L},.(E), and let a® denote a%,. Since aSg(a®,a,as,u®) may fail to converge to
agzg(a, az, ar, u) weakly, we use the approximation b® := b5, instead of af and re-define
the residual as

qu(aa,ba,ua,E)::// uC Py + f(a®,u®)py + aSg(a®,a’, b, u)pdxdt
EOO o0
(5.1) + / o (), 0)dz + / Fla,u)(0,8)6(0, )dt,
0 0
where (0, t) satisfies u(0,t) = (u1p(t),u5(0,t)) and
a'(x) = Z az(T,1;)X{t,<t<tis1}» (X the characteristic function).
i=0
Then, to prove that the limit « is a weak solution to (1.2), it is sufficient to show for
any ¢ € CL(E),
(5.2) ]de)(aa, b°,u®,E) —» 0, ase, Az — 0,
(5.3) // (aig(aa, a', b, u®) — azg(a, a, at,u))(bd:cdt —0 ase, Az — 0.
E

First, we show (5.2). Applying the divergence theorem to ]de)(as, b%,uf, E), to-
gether with Theorems 2.6, 3.4 and 4.5, we obtain

R o(a®,b%,u, E)= Z]Z /OO (z,0) — uo(z))p(z, 0)dx

- /OOO (F(a®,u7)(0,8) — f(a,u)(0,6))$(0, £)dt + O(A)
(5.4) =—J. +O(Az) + O(Ax) - (T.VA{Uy,u1B,ap} + w),
where
] (2, 1A= (a, £F) — 0 (1, £),
Ji = Ji(0, Az, 6)— / ), A bl A,

J. = J.(0, Az, ¢ Zﬂ
i>1

It remains to estimate J.. To this aim, we appeal to a result in [15].

THEOREM 5.1.  (See [15]) Let {Ug A} be a family of approzimate solutions
constructed by the GGS in Section 4. Then for any 0 < ¢ < 1 we can find a null set
N. C ® and a subsequence {Az;} — 0 such that for any 6 € ®/N. and ¢ € CH(E),
we have

Jo(0,Azi, ) = O(1) -7 as Az; — 0.

Therefore, by (5.4) and Theorem 5.1, we obtain (5.2).
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Next, we show the weak convergence of the source, i.e., show (5.3). Given § >
0, let gs(a,as,ar,u) be the mollification of g(a,ay, ar,u), that is, gs(a, ay, at,u) :=
9(a, az, a, uw) x5 where ¥; is the standard mollifier and “*” denotes the convolution.
Then, by the triangle inequality, we see that

(5.5) ‘// asg(a®,a’' b, u®) — amg(a,am,at,u)qbdacdt‘ <L+ I+ Is+ 14,
E

where
I = //E as(g(a®, @', b%, u®) —g(;(aa,a',ba,ue))qﬁdxdt‘ ,
Iy = //E (a5 — az)gs(a®, @', b, u”)pdadt|
I3 = //E az(gs(a®, @', b%,u) — g(as,d’,bs,ue))d)dzdt' ,
I = //E az(g(a®,a@’,b%, u®) g(a,az,at,u))d)dzdt‘ )
Let

Eiy = [0, 21] x [ti, tiz1],  Eig = [2p—1, Trp1] X [t tig1], 1=0,1,2,...,k =2,4,....

0(1)

€

0(1)

€

To estimate I, we use the smoothness of standing waves, |a5| = and

gs — g as § — 0 at every point of continuity of g. Hence

laz| =

T L
b <l lollis [ [ fotaf an b uf) - ga(a?, a7 u) o
0 0
C
(56 <ol - gslur,

where [0, T x [0, L] is support of ¢ and, by the property of the mollification, I; — 0 as
d — 0. To estimate I, we use Taylor expansion of gs and 0%gs = 0%(g*s) = gx0%s
for @ = (a1, a2) so that I can be written as

L= Z};//E (a5 = a2) [g5(wns 1) + (9 i) (1) (@ — 1)

(x — zp, t — ;)

+(g * 8t1/)6)(lﬂk, ti)(t — ti) + Z Taag,;(fk, 12) odxdt
la|=2 '
(5.7 <Y |gs(wti)] - Ly + Y Ly + O(Ax),
ik ik

where (.fo,fi) S [O,Il] X [ti,ti+1], (jk,fi) S [mk—lamk—i-l] X [ti,ti+1], and

Ll = ‘ Il (e al.)qﬁdxdt‘ ,
Lo | [ (05 =) [l + 0evs) o) = 20 + (0 0 1) = )] ]
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Here we emphasize that it is necessary to use the mollification g5 so that the Taylor
expansion of gs can be apply to Io. Now, L}k and Lfk are estimated as follows. By
the construction of a® along with Taylor expansion of ¢, we have

tita
Liy, = (@, ;)] / [a(zpi1,ti) — a(@ps1,t) — alzr—1, ) + a(fﬂkht)]dt‘
ti

+0(Az)* - sup {T.V{a(-t)in [zp_1,zk11]}}

t;<t<tit1

= |¢(Ik,ti)| /t o {at(ackH,ti)(t — ti) — at(xk_l,ti)(t — ti)}dt‘ + O(AI)B

+0(Az)* - sup {T.V{a(-t)in [zp_1,zp41]}}

t;<t<ti1

tit1
/ ae (25, ) (2A2) (¢ — t;)dt| + O(Ax)?
t

i

+0(Az)* - sup {T.V{a(-t)in [zp_1,zk11]}}

t;<t<ti1
(58) =0(Az)* +0(Az)? - sup {T.V{a(t)in [zp_1,2841]}},
t;<t<ti1
where 2} € (zr_1,2k+1) and k = 2,4,6, . ... Similarly, L}; is estimated by
(5.9) L}, =0(Az)* + O(Az)?* - sup  {T.V.{a(t)in [0,z1]}}.

t;<t<tit1

By the properties of the mollifier, we have (g * 0%¢5)(x,t) < ||g|lpe=||0%s||rr for
(z,t) € E, and it leads to

L5=0(8a) |6l gl 00311 [[ o = a|dode
Eik

(5.10) =0(Az)*- sup {T.V{a(-,t)in [xr_1,2r41]}}

t;<t<tit1
Therefore, by (5.7)—(5.10), there exist positive constants C7 and Cy such that
(5.11) IL,<Ci(Ax) + Ca(Ax) - sup{T.V.{a(-,t)}}.
>0

To estimate I3, by the smoothness of a and the property of mollifiers, we obtain

(5.12) I3 < G|l L=< lg — gsll -

Finally, we estimate I,. We notice that |a’ — a,| = O(Ax) and |b* — at| = O(Ax)
in each grid. Therefore, by the boundedness of ¢4, ga,, ga,, gu and Theorem 4.6, we
obtain

1=00)(la” =l -+ e =l )+ OB g o+ o) [ lac]doct
<O(1)(||e* - a||Llloc + |Ju® - uHLzloc) + O(Ax) stt;g{T.V{a(~,t)}}.
(5.13)

Finally, for any 0 < ¢ < 1 we choose such § so that [|g — gs||,» — 0 as € — 0. Then,
by taking ¢ and Az — 0 in (5.5)—(5.13), we obtain (5.3). We establish the global
existence of weak solutions to the IBVP (1.2).
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In the end, we show that the weak solution u is an entropy solution satisfying
(1.16) for every entropy pair (U(u), F(a,u)). It is equivalent to show that, for any

entropy pair (U, F') and positive ¢ € CL(E), the approximate solution u® satisfies the
inequality

%; Ry(as, b5, u; Eyp.) + /OOO U(uo(z))p(z,0)dx + /OOO F(a,u)(0,t)6(0,¢)dt
(5.14) > O(Az) +O(1)e?,

where
Rola® V0 B) = [ 0000+ Fla® w0+ (DU (g ~ ) + Fi) ]
Eiy

To prove (5.14), we need to calculate E¢ in each grid E;;. Write Ey, = D5 UD5 UDE,
where DL = {(z,t) : 21 < z < x) — eAx, t; <t < tig), D5, = {(z,t) :
:ckfsAN:E <z < xk+5§£, t; <t <tip1} and Dﬁc = {(z,1) : :ck+5AN:E <x <
T+, t; <t < t;p1}. Without loss of generality, we assume that there exist a single
shock, denoted by S, in Dsz and a rarefaction wave in Dﬁ;. In addition, the shock

S divides DZ-Lk into DiL,; and DZ-L;, and also connects the left state uy, and the right
state uy. Also, let a® = ar, b* = by, in DiLk and a® = ap, b* = bgr in Dﬁ. Then, it is
easy to see

éd)(as, b*,u®; Di) = qu(aL, br,,u’; DZLk) + éd)(as, b, u; D3)
(5.15) +Ry(ag,bg,u®; DX).

First, we estimate ﬁ¢(aL,bL,u€;DiL,€). By U(uf) = U(ug) in DL and U(uf) =
U(up) in Dﬁ:, we have

é¢(aL,bL,ue;Dﬁg)=//Dk (U(ur)o)e + ((F + (At)bL Fo)(ag,ur)) dudt
Jr//DL+ (U(u1)e)e + ((F + (At)bLF,)(ap,u1)¢) dwdt

(5.16) —// (At)br, Fy(ar, u®)ddxdt.
Dl uDL"
Applying the divergence theorem to (5.16), we obtain

]:'Ed)(aL, bL,ue; DZI;C):Y;]C(U, F) + /3 ¢(*U(UL) + U(ul))d:c
+/5¢((F+ (At)bLFa)(aL,uL) — (F+ (At)bLFa)(aL,ul))dt

(5.17) 7// (At)br, Fy(ar, uf)pzdrdt,
Dl uDf!
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where

xp—eAx

Tp—eAx
Viu(U, F)= / U (2, ti41)) (@, £z — / U (1)) bl £:)

Tk—1 Tk—1

tit1 — —~
+/ (F 4+ (AbLF,)(ar, u® (zr — eAx, t)d(xy —eAx, t)dt
t

i

_ / U (ADbLE) (an, uf (21, £)d(zh 1, D)t

i

The Rankine-Hugoniot condition (2.16) gives
(5.18) s8(up, —uy) = fAap, b, ur) — f2%ag, by, ur),

where fA% is given in (2.10) with § = At and s2¢ is the speed of S. Furthermore, by
the definition of (U, F'), we have D, F, = (D,U)(D,f,) and therefore

(5.19) Dy (F 4 (At)bp F,) = (D U)(Dy f2Y).

Then, by (5.18), (5.19) and the results in [31], we obtain

(5.20) s2HU (ur) — U(ur)] = [(F+ (ADbLFo)(ar, ug) — (F+ (At)br Fy)(ag, u1)] < 0.
By (5.17) and (5.20), we obtain

(5.21) Ry(ar,br,u%; DE) > Y (U, F) + O(Ax)?

for any positive test function ¢ € C(E).

To compute E¢(aR, br,ut; Dﬁ;), we notice that the rarefaction wave in Dﬁ is a
classical solution. It follows

§¢(aR, bR,uE; Dﬁ;)
Thk4+1

/ka U(ue(m,tiﬂ))éf’(xvtwl)dﬂf*/ Uu(z, t:))¢ (@, t:)dz

k -‘rEAVl‘ xk—i-a&?c

tit1
+/ (F + (A)brF,)(ag,u (xrt1,t))d(xp41, t)dt
t

ii+1 — —_—
(5.22) - / (F 4 (At)brF,)(ag,u(zr + eAx,t))p(x) + Az, t)dt
ti
for any positive test function ¢ € C1(E).

Finally, we calculate Ed)(as,be,uE;ka). Since U(u®) is only a function of x in
Ds,., by the integration by parts, the definition of (U, F') and D, F, = (D,U)(Dufa),
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we obtain
Ry (a%, 0%, u%; Df)
/ / Vo + F(a° 1) do + (AD(ax) Fads — (AD)b(zi) Fahy] dids
DU — £) + F,) ¢dxd
+//kaaz< (W) (g — fa) + Fu)ddrdt
~zuw.p) - [ / [(DuF)us — a5 (DuU)(g — f)] ddadt
// (At - b(z)F,)pddzdt + O(Ax)?
— Zu(U.F) - / DUUDuf); ~ dily = )] o
(At)b(zy, // Foad, + (DyU)(Dy fo)ul | ¢dadt + O(Az)?
=Zir (U, F) / DU [(f + (At)b(:ﬂk)fa)x — aSg|pdadt
(5.23) + (A)b(zg, // faa*Faa}¢dmdt+O(Aac)3,
where

:karsAz Tpt+elAx
Z(U, F) / (x,tix1))p(z, tig1)dx —/ U (x, ) p(z, ty)dx

Tp— eAx T —eAx

tiy1 — —~
—|—/ (F 4+ (At)b(zy) Fo)(ar, u® (zr + eAx, t))d(ay + eAx, t)dt

/ (F + (At)b(xx) Fo) (ap, us (x) — eAx, t))d(x), — eAx, t)dt.
It is easy to see
(5.24) / / U°) faa — Faa] pdadt = O(Az)osc.{a®(-,t;) in D, }.
In addition, by (2.19), we have
(5.25) // DU ) [(f 4 (At)b(z) fa), — ag]ddadt = O(Axz)®.
Then, by (5.15) and (5.21)—(5.25), we obtain

~ Thk+1 Th41
Ry(a®,b%,u%; Ey) 2/ U(ue(x,ti+1))q§(x,ti+1)dx—/ U(u®(x,t;))p(z, t;)dx
Th_—1 x

k—1

tit1
+/ (F+ (At)bRFa)(aR,ue(l'k+1,t))¢(1'k+1,t)dt
ti

_ / W(F + (AL F,) (ar, u (zr—1,1))p(z—1,t)dt + O(Ax)?

(5.26) + O(Az)?(0sc.{a®(-, t;) in By} + osc.{as(-,t;) in Ey})
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for any positive test function ¢ € C1(E).
It follows by (5.26) and the similar results in [15] that

52 Rl 105 B | vtuw@yote. 0+ [ Pla.wo.000. 0
>_J. - /Oo (U (u (2,0)) — U(uo(2))) ¢(x, 0)dz:
0
— (F(a®,u®)(0,t) — F(a,u)(0,1))$(0,t)dt + O(e + Az)
0
(5.27) > —J. 4+ O(c + Ax),
where
T=7.0.80.0) =Y [ 00w a0t idt)ir,

[U(u)](z,iAt) := U(u®)(x, ;) — Uu®)(z,t; ).

Using (5.27) and replacing J. by J. in Theorem 5.1, we obtain (5.14). Moreover,
the weak convergence of {a5(D,Ul[g — fa| + Fa)(a®,@,b%,u®)} can be obtained by
using the similar argument for {aZg(a®,a’,b%,u®)}. We then establish the existence
of global entropy solutions to (1.2). The global existence result for (1.1) can also be
obtained in the similar way. We accomplish the main theorem of this paper.
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