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SHARP SINGULAR ADAMS INEQUALITIES IN HIGH ORDER
SOBOLEV SPACES*

NGUYEN LAM! AND GUOZHEN LU*

Abstract. In this paper, we prove a version of weighted inequalities of exponential type for
fractional integrals with sharp constants in any domain of finite measure in R™. Using this we prove
a sharp singular Adams inequality in high order Sobolev spaces in bounded domain at critical case.
Then we prove sharp singular Adams inequalities for high order derivatives on unbounded domains.
Our results extend the singular Moser-Trudinger inequalities of first order in [7, 46, 39, 11] to the
higher order Sobolev spaces W™ 7 and the results of [47] on Adams type inequalities in unbounded
domains to singular case. We also prove a sharp singular Adams inequality on W22 (]R4) with
standard Sobolev norm at the critical case.
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1. Introduction. Let 2 C R", n > 2 be a smooth bounded domain,
and W, " (Q) be the completion of C§°(Q) under the norm Hu||W01,n(Q) =

[ (lul" + Vul™) dm]l/n. The classical Moser-Trudinger inequality [42, 45, 55, 57
which plays an important role in analysis says that

sup L/ exp (6 |u|%) dr < +00
uewlv”m), 1val, <t 1€ Ja
275
((2)
unit n—ball. Moreover, this constant f3,, is sharp in the sense that if 5 > 3, then
supremum is infinite. Here and in the sequel, for any real number p > 1, ||-]] p denotes
the LP-norm with respect to the Lebesgue measure.

There is also another well known inequality in analysis: the Hardy inequality.
Thus it is very natural to establish an interpolation of Hardy inequality and Moser-
Trudinger inequality. Inspired by the following Hardy inequality [4]:

<"1) / [ul” d:c</|Vu|
n o/ Jo gl (log )

where u € Wy (Q) and R > sup (Jz €*/™), Adimurthi and Sandeep proved in [7] a
Q

for any f < f, = nw,~1, where w,_, = is the area of the surface of the

n17

singular Moser-Trudinger inequality with the sharp constant:

THEOREM A. Let Q be an open and bounded set in R™. There exists a constant
Co = Co(n,|?]) > 0 such that

o (S1™T)
/Q—a T = Co

]

*Received April 1, 2012; accepted for publication November 29, 2012. Research is partly supported
by a US NSF grant DMS0901761.

TDepartment of Mathematics, Wayne State University, Detroit, MI 48202, USA (nguyenlam@
wayne.edu).

fCorresponding Author. Department of Mathematics, Wayne State University, Detroit, MI 48202,
USA (gzlu@math.wayne.edu).

243



244 N. LAM AND G. LU

for any a € [0,n), 0 < B < (1—2)B,, any u € W™ (Q) with [, |Vu|"dz < 1.
Moreover, this constant (1 — %) Br is sharp in the sense that if 5 > (1 — %) B, then
the above inequality can no longer hold with some Cy independent of w.

There is another improved Moser-Trudinger inequality on the disk B C R?, which
was recently proved and studied in [10, 41]:

dx < 4o00.

sup
ueWy?(B),

exp (47r |u|2) -1
/ :
IVull,<1/B (1 . |:c|2)
Very recently, Wang and Ye [56] proved an interesting Hardy-Moser-Trudinger in-
equality on the unit disk in R2?, which improves the classical Moser-Trudinger in-
equality and the classical Hardy inequality at the same time. Namely, there exists a
constant Cy > 0 such that

7\"“/2
/ HE 4y < Co < o0, Vu € C5° (B)\ {0},
B

where

2

H(u):/B|Vu|2dx—/Bmdx.

We also mention results of sharp Moser-Trudinger trace inequalities and sharp
Moser-Trudinger inequalities without boundary conditions by Cianchi [17, 18] and
the sharp Moser-Trudinger type inequalities for the Hessian equation by Tian and
Wang [53].

We notice that when €2 has infinite volume, the usual Moser-Trudinger inequalities

become meaningless. In the case 2] = +o00, the following modified Moser-Trudinger
type inequality can be established:

THEOREM B. For all >0, 0<a <n and u € WL (R™) (n > 2), there holds

[ ¢ (81ul77)

B dxr < oc.
x

Furthermore, we have for all 5 < (1 — %) Brn and T >0,

sup /n Mdm<oo

lull, , <1 |z
where
n—2,;
t]
t
o(t) =¢€" — Zﬁ
=0

1/n
full, = ([ 09l 4 7ulae)
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Moreover, this constant (1 — %) Br is sharp in the sense that if 5 > (1 — %) B, then
the supremum is infinity.

The above modified Moser-Trudinger type inequality when a = 0 was established
by B. Ruf [46] in dimension two and Y.X. Li and Ruf [39] in general dimension. It was
then extended to the singular case 0 < o < n by Adimurthi and Yang [11]. Indeed,
such type of inequality on unbounded domains in the subcritical case 8 < 3, (o =0)
was first established by D. Cao [15] in dimension two and by Adachi and Tanaka [1]
in high dimension.

In the case of compactly supported functions, D. Adams [2] extended the original

Moser-Trudinger inequality to the higher order space W(;n l(Q) In fact, Adams
proved the following inequality:

THEOREM C. There exists a constant Cy = C(n,m) > 0 such that for any

u € WOmTL(Q) and ||Vmu||Lﬁ(Q) <1, then

ﬁ / exp(Blu(z)

#)dm < Cy

for all p < B(n,m) where

n [w"/%’"r(%)
T ()

n [w"/%’"r(%)

et [T

} "™ Wwhen m is odd

n—’m .
when m is even

Furthermore, for any S > B(n,m), the integral can be made as large as possible.

Note that 3(n, 1) coincides with Moser’s value of 3,, and 3(2m, m) = 22"7™T'(m+
1) for both odd and even m. Here, we use the symbol V™u, where m is a positive
integer, to denote the m—th order gradient for u € C™, the class of m—th order
differentiable functions:

m—1

V Az

AZy for m even
m —
Vi = { u for m odd

where V is the usual gradient operator and A is the Laplacian. We use ||V™ul|, to
denote the L? norm (1 < p < o0) of the function |V™u|, the usual Euclidean length
of the vector V™u. We also use Wé“ P(2) to denote the Sobolev space which is a
1/p
k
completion of C§°(§2) under the norm of Z||Vju||’£p(m
3=0

Recently, in the setting of the Sobolev space with homogeneous Navier boundary

conditions Wy ™ () :

n n . —1
W;\I,@m Q) := {ueWm’W Ay =00n0Q for 0 < j < [mT]},

the Adams inequality was extended by Tarsi [52]. Note that W:;*" (Q) contains the

Sobolev space W o (Q) as a closed subspace.



246 N. LAM AND G. LU

The Adams type inequality on Sobolev spaces Wom v () when Q has infinite
volume and m is an even integer was studied recently by Ruf and Sani [47]. In fact,
they proved the following

THEOREM D. If m is an even integer less than n, then there exists a constant
Cm.n > 0 such that for any domain Q@ C R"

_sup / 0] (ﬁo (n,m) |u|#> dz < Chn
wewy" ™ (@), lull,, <177
where
n 722m] (%) o
n,m) = — ,

BO( ) Wn_1 [ F(n2m)
jn —2 ;
— &

o(t) =e' — Z ]

§=0

ji:mm{jGN:jZ—}Z—.
™ m m

Moreover, this inequality is sharp in the sense that if we replace Bo(n, m) by any larger
B, then the above supremum will be infinity.

In the above result, Ruf and Sani used the norm

i = | =2+ D ¥ ],
which is equivalent to the standard Sobolev norm
fully e = (Bl + 3 |97
j=1 '

In particular, if u € Womﬁ () or u € W™ (R™), then |ul ym.2 < |ul,, .-

Because the result of Ruf and Sani [47] only treats the case when m is even,
thus it leaves an open question if Ruf and Sani’s theorem still holds when m is odd.
Recently, the authors of [29] have established the results of Adams type inequalities
on unbounded domains when m is odd. More precisely, the first result of [29] is as
follows:

THEOREM E. Let m be an odd integer less than n: m = 2k + 1, k € N. There
holds

sup / @ (ﬁ (n,m) |u|#> dx < oco.

n n
u€W™ i (R"), || V(= A+D ul| 3 + || (- A+ Dk % <1

Moreover, the constant S(n,m) is sharp.
In the special case n = 2m, we have the following stronger results in [29]:
THEOREM F. Let m =2k + 1, k € N. For all 7 > 0, there holds

sup / (eB(Qm’m)“2 — 1) dz < oo.
uGWmv?(RQm),||V(7A+Tl)ku||:+'r||(7A+Tl)ku||2§1 R2m
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Moreover, the constant $(2m,m) is sharp in the sense that if we replace 5(2m,m) by
any B > (2m,m), then the supremum is infinity.

The result of [47] (stated as Theorem D above) for m being even were also ex-
tended recently using the standard Sobolev norm by Yang in the special case n = 4
and m = 2 [58] and by the authors [29] to the case n = 2m for all m being both odd
and even. More precisely, the following has been established by the authors in [29]:

THEOREM G. Let m > 2 be an integer. For all constants ag = 1,a1,...,a,m > 0,
there holds

sup /]RM [exp (ﬂ (2m,m) |u|2) - 1} dx < oo.

m
uEWm’2(R2m)1fR2m ( E amjlvju2) dz<1

=0

Furthermore this inequality is sharp, i.e., if B(2m,m) is replaced by any [ >
B(2m,m), then the supremum is infinite.

As a corollary of the above theorem, we have the following Adams type inequality
with the standard Sobolev norm:

THEOREM H. Let m > 1 be an integer. There holds

sup /Rzm {eXp (6 (2m, m) |u|2) - 1} dx < oo.

u€Wm2(R2™), [|lullyym,2 <1

Furthermore this inequality is sharp, i.e., if B(2m,m) is replaced by any o >
B(2m,m), then the supremum is infinite.

Moser-Trudinger type inequalities and Adams type inequalities have important
applications in geometric analysis and partial differential equations, especially in the
study of the exponegltial growth partial differential equations where the nonlinear term
behaves like e®“™™ ™ as |u| = oo. There has been a vast literature in this direction.
We refer the interested reader to [13], [16], [3], [7], [6], [9], [11], [8], [20], [21], [19],
[27, 28], [49], [50] and the references therein. When the nonlinear terms do not satisfy
the Ambrosetti-Rabinowitz condition, existence of nonnegative and nontrivial weak
solutions has also been verified in [30] and [32]. See also a survey article [31].

In this paper, we will first establish a sharp inequality of exponential type with
weights ﬁ for the fractional integrals.

THEOREM 1.1. Letl < p < o0, 0 < a<nand 2 CR" be an open set with
|Q < co. Then there is a constant co = co(p, Q) such that for all f € LP (R™) with
support contained in €,

L +f(x) ”/)

exp ((1 -8 o |

/ @ dI S Co,

where v =n/p and I, = f(z) = [ |x —y|""" f(y)dy is the Riesz potential of order ~.

We will prove the above theorem by using the approach of Adams in the non
weighted case (i.e., @ = 0). It can also be deduced from a general result in [23] by
verifying our weight satisfies the condition in [23].
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Next, we will establish a version of singular Adams inequality on bounded do-
mains. More precisely, we will prove that:

THEOREM 1.2. Let 0 < a < n and Q be a bounded domain in R™. Then for all
0 < B < Ba,n,m = (1 - %) B(n,m), we have

n
eBlul T
Sup ——a—dx < oo. (1.1)
™ o |z
weWy ™ (Q), [VMulln <1

When B > Ba.n,m, the supremum is infinite. Moreover, when m is an even number,
the Sobolev space Wom’m (Q) in the above supremum can be replaced by a larger Sobolev
space Wx'™ (Q).

A similar singular Adams inequality on the Heisenberg group has been estab-

lished in [35]. Using the above Theorem 1.2, we will then set up the singular Adams
inequality for the space W™ m (R™) when m is an even integer number:

THEOREM 1.3. Let 0 < a < n, m > 0 be an even integer less than n. Then for
all 0 < B8 < Banm= (1 - %) Bo(n,m), we have

6 (Blu|™7) do
sup H Sl/"

‘ . ———dz < ®© (1.2)
(~Aa+D) % u

uEWm’ﬁ(]R"), |l‘|

n
m

Jjn —2 )
where ¢p(t) = et — > E—J, Moreover, when B > Ban,m, the supremum is infinite.
=0

Finally, in the special case n = 2m = 4, we will prove a singular Adams inequality
in the spirit of Theorem G above.

THEOREM 1.4. Let 0 < a < 4. Assume that T > 0 and o > 0 are any two positive
constants. Then for all 0 < § < B, = (1 - %) 3272, we have

()
sup / ——F—dzr < oc. (1.3)
uEW?22(R4), foa (|Au)?+7| Va2 +olul?) <1 /RY ||

Moreover, when > B4, the supremum is infinite.

As we can see, when o = 0, this theorem is already included in Theorem G. When
0 < a < 4, we note that the above inequality (1.3) for the subcritical case 8 < 8, =
(1 — %) 3272 was proved in [58]. However, the critical case 3 = (1 — %) 3272 is much
harder to prove. Thus, our Theorem 1.4 in the critical case settles a unsolved question
remained in [58].

Recently, in [33] we developed a new method of rearrangement-free to establish
the sharp Adams inequalities on high order Sobolev spaces W& (R™) of any frac-
tional order 0 < a < m. The approach used in [33] is completely different from and
substantially simpler than those in [47], [29] and this paper. We completely avoid
the symmetrization argument and we do not use the complicated comparison princi-
ple for solutions to the polyharmonic operators unlike as used in [47], [29] and this
paper. This method can be adapted to many other settings such as Rieamannian
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manifolds and metric measure spaces where no symmetrization is available. In fact,
sharp Moser-Trudinger inequalities on the Heisenberg group on the entire Heisenberg
group has been established in [34].

More precisely, we have proved in [33]:

THEOREM I Let 0 < a < n be an arbitrary real positive number, p = = and

7> 0. There holds
sup / ¢n,a (ﬂO (Tl, a) |U|pl) dxr < oo

wEWap (Rn), ‘(TI—A)%uH <1
P

where

/

n [n"/%ar (a/2)r

T ()

Furthermore this inequality is sharp, i.e., if Bo (n, ) is replaced by any v > Bo (n, @),
then the supremum is infinite. We have used the notations
jn =2

m

bnalt) = = Y 5

Moreover, we have recently improved in [33] our Theorem 1.4. We established
in [33] an improved version of the Adams type inequality in the Sobolev space
w2m (RQm) for any m. In this special case, it has been proved in [33] that:

THEOREM J. Let 0 < a < 2m and 7 > 0. Then for all 0 < g <
(1 — i) B(2m, 2), we have

2m

Gam,2 (ﬂ |u

[ Gl
weW2m (R2m), [ o | Au|™4r|ulm <1 JR2m ||

Moreover, the constant (17%) B(2m,2) is sharp in the sense that if [ >

(1 — %) B(2m,2), then the supremun is infinite.

dr < o0o.

We should note this result does not require the restriction on the full standard
norm and hence, it extends Theorem 1.4 here. Indeed, the results stated in Theorem
1.4 are for the special case m = 2 and they require that the full standard norm

™ (|Au|2 +o|Vul> +7 |u|2> dzx is less than 1.

We remark that we have also established in [37] sharp affine Moser-Trudinger
inequalities and improved Moser-Trudinger-Adams inequalities in the spirit of [38],
[5], [40]. In particular, among many sharpened versions of Adams inequalities, we
proved in [37] the following:

THEOREM K. Let 0 < 8 < 2m and T > 0. Then there exists a constant C =
C (m,B) >0 such that for all u € C§° (R*™) \ {0}, [|Aul|,, <1, we have

1
27T (1-2)8(2m,2) | | _m_
¢2m,2( (1+(|Au2|m))m11 |'U/|m—1 ||u||m )
/ 8 dz < C (m S—
i B TN
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Consequently, we have that there exists a constant C = C (m, 3,7) > 0 such that

1
omT g _m_
[ R — u m—1
/@m’Q ((1+|Au||:z)mll lu )

2|

dx < C(m,B,7),

sup
WEW ™ (R2™),  [am | Au|" +r]ul™ <1

R2m

foral 0 < a< (1 — %) B(2m,2). When o > (1 — i) B(2m,2), the supremum is

2m
infinite.

Concerning the Adams inequality for unbounded domains, in the spirit of Adachi-
Tanaka [1], T. Ogawa and T. Ozawa [43] in the case I = 2 and T. Ozawa [44] in the
general case proved that there exist positive constants o and Cy, such that

/qbn,m (a|u|ﬁ) dx < Cq ||u

R

7, Yu e W (R, [V™ul|n < 1.

Their approach of proving the above result is similar to the idea of Yudovich [57],
Pohozaev [45] and Trudinger [55], namely using the sum up of power series, and thus
the problem of determining the best constant cannot be investigated by this way.
In fact, as pointed out in [48], it is still left as an open problem. Thus, it is very
interesting to identify the best constants in such inequalities.

Recently, in [37], the authors establish the sharp subcritical Adams type inequal-
ities in some special cases. More precisely, we have proved in [37] that

THEOREM L. For any a € (0,8 (n,2)), there exists a constant Cy, > 0 such that

1)< Cullul} Vu € WA ®), JAuly <1 (1)

/%,2 (a |u

R

THEOREM M. For any « € (0,5 (2m,m)), there exists a constant C, > 0 such
that

/qsgm,m (alul®) de < Co llull3, Vu € W2 (R2™), |V ul, <1 (15)

R2m

It was proved in [26] that the inequality (1.4) in Theorem L does not hold when
a > f(n,2), neither does inequality (1.5) in Theorem M when a > 3 (2m,m). Nev-
ertheless, we still cannot verify the borderline case & = 5 (n,2) in Theorem L and
a = 8 (2m,m) in Theorem M. These are still left as open problems in [37]. We should
mention that using the rearrangement-free argument developed in [33], we have proved
in [36] sharp subcritical Moser-Trudinger type inequalities on the Heisenberg group
and sharp Moser-Trudinger inequality on the Heisenberg group with full norm in [34].

Our paper is organized as follows: In Section 2, we give some preliminaries.
Section 3 deals with the sharp weighted inequality of exponential type for fractional
integrals (Theorem 1.1). The singular Adams inequality for the bounded domains
(Theorem 1.2) will be proved in Section 4. Theorem 1.2 will be used to prove Theorem
1.3 and Theorem 1.4 in Section 5.



SHARP SINGULAR HIGH ORDER ADAMS INEQUALITIES 251

2. Some preliminaries. In this section, we provide some preliminaries. For
u € W™P (Q) with 1 < p < oo, we will denote by Viu, j € {1,2,...,m}, the j —th
order gradient of u, namely

i .
Viu — A2uj71 for j -even
V Az u for jodd

We now introduce the Sobolev space of functions with homogeneous Navier
boundary conditions:

n n . -1
W™ (Q) = {uEWm’W (Q): AMu=0o0n 0N for 0 < j < {mT}}

It is easy to see that W;\,nl (©) contains Wgn’% (Q) as a closed subspace. We also
define
W (Bg) := {u € W™= (Bg) : u(z) = u(|z|) a.e. in Bg},

rad

Wy (Br) = Wx' (Br) N W,ny™ (Br)

rad

where Bg = {x € R" : |z| < R} is a ball in R™.

Next, we will discuss the iterated comparison principle. Let © be a bounded
domain in R™ and Bgr be an open ball with radius R > 0 centered at 0 such that
|| = |Bg|. Let u: Q@ — R be a measurable function. The distribution function of u
is defined by

() = {z € Qf [u@)] > £}] ¥t > 0.

The decreasing rearrangement of v is defined by
w(s) =inf {t > 0: pu,(t) <s} Vsel0,|Brl],
and the spherically symmetric decreasing rearrangement of u by

u#(z) = u* (0, |2|") Vz € Bg,

n

T2
TG0

We have that u# is the unique nonnegative integrable function which is radially
symmetric, nonincreasing and has the same distribution function as |u].

Now, we introduce the Trombetti and Vazquez iterated comparision principle [54]:
let ¢ > 0 and u be a weak solution of

—Au-+cu= fin Bg
u e W01’2 (BR)

On = is the volume of the unit ball B (0,1) in R".

(2.1)

where f € L7tz (Br). We have the following result that can be found in [54] (In-
equality (2.20)):

PROPOSITION 2.1. If u is a nonnegative weak solution of (2.1) then
S

/(f* —eut)dt, ¥s € (0,]Ba]) . (2.2)

0

* 2_2
du (s) < s

2/n
ds n2 Un/
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Now, we consider the problem

{ —Av+cv = f#in B

v e W2 (Bg) (2.3)

Due to the radial symmetry of the equation, the unique solution v of (2.3) is radially
symmetric and we have

S

/(f* — cB)dt, Vs € (0, |Brl) (2.4)

o~ 2
dv ) sn 2
ey = 2
2/n
ds nzgn/

where v (0, |z|") := v(x). We have the following comparison of integrals in balls that
again can be found in [54]:

PROPOSITION 2.2. Let u, v be weak solutions of (2.1) and (2.3) respectively. For

every r € (0, R) we have
/ uFdr < / vdzx,
B B,

and for every convex nondecreasing function ¢ : [0,+00) — [0, +00) we have

/B,“'“')dx < /B,.(“'“')d”

Next, we adapt the comparison principle to the polyharmonic operator. Let
u € W™?2 (Bg) be a weak solution of

k _ .
(=A+cl) 23’2— fin Bgr (2.5)
u € WN (BR)
where m = 2k and f € L7tz (Br). If we consider the problem
— ko — ## i
(—A+cl) ;}k,2 f# in Bpr (2.6)
v e WN (BR)

then we have the following comparison of integrals in balls:

PROPOSITION 2.3. Let u, v be weak solutions of the polyharmonic problems (2.5)
and (2.6) respectively. Then for every r € (0, R) we have

/u#dscg/ vdx.
B, B,

ks

Proof. The proof adapts the comparison principle as in [54] and [47]. We include
a proof for its completeness. Since equations in (2.5) and (2.6) are considered with
homogeneous Navier boundary conditions, they may be rewritten as second order
systems:

—Auy +cuy = f in Bg ) { —Au; +cu; =u;_q in Bp .
P1 P €{2,3,....k
( ) { uy € VVO172 (BR) ( Z) U; € VVO172 (BR) ! { }
—Avi +cv = f# in Br . —Av; +cv; =v;_1 in B .
1 2,3,...
(Q ) { v, € WOLQ (BR) (Q’L) v; € WOLQ (BR) (S { ) 3y ak}
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where uy, = u and vg, = v. Thus we have to prove that for every r € (0, R)

/uk#dxg/ vpdz. (2.7)
B, B

By the above proposition (Proposition 2.2), we have

/ufﬁdmg/ vid.
B, B,

T

Now, if we assume that

/ ufd:c < / vidx for all j =1,...,4,
B, B,

ks

/uﬁ_ldmg/ Vit1dx.
B, B,

ks ks

we will prove that

With no loss of generality, we may assume that u;; > 0. In fact, let w41 be a weak
solution of

{ 7Aﬂi+1 —+ CﬂiJrllj |uz| in BR
Uip1 € WO, (BR)

then the maximum principle implies that @; 1 > 0 and @W; 11 > |u;41] in Bg.
Since u;+1 is a nonnegative weak solution of (P (¢ + 1)) and v;11 is a nonnegative
weak solution of (Q (i + 1)), then by Proposition 2.1 we have

S

2
< : f—cul, ) dt, ¥V 0,|B
ds (S) > n20_721/n/ (uz Cuz+1) , VS € ( a| R|)a

S

dvi 1 s [
—?(S) = W (’Ui - C’Ui_i,_l)dt, Vs € (0, |BR|) .
n<on

Thus for all s € (0,|Bg|), we have

s P S
di)\’H-l du’?—‘rl 8%72 ~ * 5;72 * ~
I (s) — I (s) — W (i1 — cupyy) dt < 22 (u — ;) dt.
0 0

Thanks to the induction hypotheses, we get that

S

/(uz* —;)dt <0 ,Vs € (0,|Brl)
0

and then

Iy, dul,, si72 [ .
s (s) — (s) — T (Vip1 — culyy) dt < 0.
0

ds n2o2
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Setting

/ Ti1 —uly,) dt Vs € (0,|Bal)
0

we get

2 _
{ y’ — ;z"wny <0, Vs € (0,|Bg|)
y(0) =9'(|IBr[) =0
By maximum principle, we have that y > 0 which is what we need. O
From the above proposition, we have the following corollary:

COROLLARY 2.1. Let u, v be weak solutions of the polyharmonic problems (2.5)
and (2.6) respectively. Then for every convex nondecreasing function ¢ : [0, +00) —

[0, +00) we have
[, ouhde< [ o)

Now, we state the following known result from [12, 25]:

LEMMA 2.1. Let f(s), g(s) be measurable, positive functions such that
[ sts1as < /g<s>ds, r e [0,Rl;
[0,7] [0,7]
if h(s) > 0 is a decreasing function then

/f s)ds < /g(s)h(s)ds, r € [0,R].
[0,r]

[0,r]

Then we have the following:

PROPOSITION 2.4. Let u, v be weak solutions of (2.5) and (2.6) respectively. For
every convexr nondecreasing function ¢ : [0, +00) — [0, 4+00) we have

¢(ul) , o [ oD

Br |7l N

dr, 0 < a<n.

Br |3U|

Next, we provide a Radial Lemma which will be used in the proof of Theorem
1.2. See [14, 24, 29, 47, 52]:

LEMMA 2.2. Ifu € Wom (R") then

1 \ ™" 1
fu(z)] < ( ) y
maon |£L'| n wh

for a.e. x € R".
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3. Proof of Theorem 1.1: Sharp inequality of exponential type for frac-
tional integrals. We begin with proving the following result that is a modified ver-
sion of the key lemma used to prove the Adams inequality in [2]:

LEMMA 3.1. Let 0 < a« <1, 1 < p < oo and a(s,t) be a non-negative measurable
function on (—oo0,00) x [0,00) such that (a.e.)

a(s,t) <1, when 0 < s < t, (3.1)
0 00 1/p’
sup / + /a(s,t)p/ds =b< o0. (3.2)
o \J
Then there is a constant co = co(p, b, @) such that if for ¢ > 0,
oo
/ 6(s)Pds < 1, (3.3)
then
/e_F"(t)dt < ¢ (3.4)
0
where
o 2
Fot)=at —« /a(s, t)p(s)ds | . (3.5)
We sketch a proof here.
Proof. First, we have
/ e~ Fult) gy — / |Bx| e 2d), (3.6)
0 —0

where Ey = {t > 0: Fy(t) < A}.
We will separate the proof into two steps.
Step 1. There is a constant ¢ = ¢(p, b, &) > 0 such that F,(t) > —c for all t > 0.
Indeed, we will show that if E,yx # 0, then A > —c, and furthermore that if
t € Eg, then

1/p

/ 1/p i
(v ++) /¢(s)pd5 < Ay + By NV (3.7)
t

In fact, if E,\ # 0 and t € E,, then

F,

t—A<t-— ﬂ
o
%) P’
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Repeating the argument as in the proof of Lemma 1 in [2], we then have completed

Step 1.

Step 2. |E)| < A|\| + B, for constants A and B depending only on p, b and «.
The proof of Step 2 is very similar to that in [2].
Hence, we finish the proof of the Lemma. O

Using the above lemma, we now can prove Theorem 1.1.

Proof of Theorem 1.1. Set u(x) = I,,;, * f(x), for f > 0. Using the notations

g(@) = [,

we have by O’Neil’s lemma that

u(t) < u ()

<L (g™ (1) + / £*()g" (3)ds

12

¢
1/ ! / ’
— (w"_l) ? pt= /P /f*(s)ds—i—/f*(s)s_l/” ds
0 y

n

Now, we change variables by setting
o(s) = 17 7 (12 ™) e/,

then it can be checked that
12

Jf@VM:aéﬁ@Wﬁ

~ [otsas,

0

By the Hardy-Littlewood inequality, note that with h(z) = |g;1|@7 then h*(t) =

(%)%, we have

de < o e

! Q e n * p’
[ exp ((1-8) g2 fu@)l) L P msee
Q |x|a .

Now, we do the change of variable
t=1Qle".
Noting that
dt = —|Q|e™?ds,
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Vi @le | P
/eXp (1 — g) P(|Q|e*5)_ﬁ [ (z)dz + f*(z)zfp_l’dz — (1 _ _) s| ds
0 0 [Qe—s

o o ; 3
8 |Q|1—%/exp (1-2) <pe5/f”/¢(w)e5dw+/¢<w) —(1-3)s|
0

oo

= oy Q' /exp [—F(l_%)(s)] ds,

7
0

n

where F(l_g)(s) is as in Lemma 3.1 with

1 forO<s<t
a(s,t) =< pe=9)/P" fort < s < 0o
0 for —co<s<0

Thus it suffices to prove that

oo o

/qb(s)pds < 1 implies /exp [—F(lfg)(s)} ds < ¢,

J J "
but this follows from Lemma 3.1 immediately.

4. Proof of Theorem 1.2: A singular Adams inequality on bounded
domains. First, we will prove that

eﬂa,n,m,‘u|7"77n
sup / Tdaz < 00. (4.1)
m, X
wewy" m (Q), [Vrul p <17

To do that, it suffices to dominate an arbitrary C™ function with compact support
by a Riesz potential in such a way that the constants are precise. This can be done
as in [2] through the following lemma:

LEMMA 4.1. Let u € Cg° (R"). Set p = > and p' = —"—. Then if m is an odd
positive integer,

mo1 (wnlﬂ(n, m)

n

-1/p’ L
)L e ) )y
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and for m an even positive integer

o) = (1) () e

n

Proof of Theorem 1.2. It is clear that from Lemma 4.1, we have
(“2=1) B(n,m) |u(x)|” < [Iy *|V™u| (#)]” and then we apply Theorem 1.1. This

n

proves the first part of Theorem 1.2.
To show the second part of Theorem 1.2, suppose that m is even: m = 2k, k € N,
we will prove that

eﬂa,n,m,‘u|7"77n
m, Q |x|
weWy ™ (Q), [[V™u|| n <1

By a density argument, it is enough to prove that

oBanymlul T
sup / ——dr < >
wECF (Q), [Vull » <1J0 |z|

o

where

Ccy(Q) = {UECOO (Q)ﬂCmiQ (ﬁ) :u|aQ:Aju|aQ:0, 1<5< |:mle|}

Let u € CF () be such that ||[V™ul|. = ||AFul|, <1 and set f:= Ay in Q.
Then w is a solution of the Navier boundary value proglem
AFy = fin Q
u=Au=00n0Q, je{l<j<k}

Now, we extend f by zero outside 2

i _ f(x)a T e Q

f(x){ 0, z € R\ Q
Define

n—m

7 (#) " L [F] mR™,

anlﬂ (na m)

so that we have (—1)* AFy = ‘7| in R™. It’s clear that w > 0 in R™ and
. Lo« [F\™ "
< ﬁ in R™.
Wn—1 IIf

It can be proved that @ > |u| (see [47]) and then

n n
Ba,n,m|ul = Ba,n,m[w| =
e e
/7ad$§/ — @ dx
0 || 0 ||

exp (1_E)L Lorj\z)

R

- / i} .

B (n,m)[u

n
m

n
n—m

Igxf(x)
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By Theorem 1.1, (4.2) follows.

Moreover, it can be checked that the sequence of test functions which gives the
sharpness of Adams’ inequality in bounded domains [2] also gives the sharpness of
Ba,n,m- This completes the proof of Theorem 1.2.

5. Proof of Theorem 1.3 and Theorem 1.4.
5.1. Proof of Theorem 1.3.
Proof. Suppose that m = 2k, k € N. Let u € W™ m (R") H —A +I H <1,

by the density of C§° (R™) in W™ (R™), without loss of generality, we can | find
a sequence of functions u; € C§°(R™) such that w; — u in W™w (R") and

Jon (A + "
fi=(-A+ I) uy, then suppf; C Bg,. Consider the problem

{ (—A-i—[)k v = fl# in BRL
v € W;Vn’Q (BRL)

" dr < 1 and suppose that suppu; C Bpg, for any fixed I. Let

By the property of rearrangement, we have

/ ‘(fAJrI)kvl Edz:/
BRl BRl

and by the Hardy-Littlewood inequality and Proposition 2.4, we get

(—A+DFwy| " de <1 (5.1)

¢><ﬁmm\ul#_

[ (Baunm 77 o |7 & (Banm ] 77
dr < / dr < / dx
Br, || Br, || Br, “

||
Now, writing

n n n
/ ¢ (Ba,n,m |vl| nom ) d / ¢ (ﬁa,n,m |Ul|"7m ) d ¢ (Ba,n,m ‘vl‘ nom ) d
T < T +/ T
BR, |ft|a Br, \Cv\a Br,;~BR, |1|a

=11+ 1>

where Ry is a constant, independent of [ and v;, and will be chosen later. Then we
will prove that both I; and Is are bounded uniformly by a constant which depends
on Ry.

Using Theorem 1.2, we can estimate I;. Indeed, we just need to construct an

auxiliary radial function w; € W;\’;’% (Bg,) with ||[V™w;||» < 1 which increases the

integral we are interested in. Such a function was constructed in [47]. For the sake of
completion, we give the detail here. For each ¢ € {1,2,....,k — 1} we define

gi (J) = |2

, Vo € BRO
S0 g; € W:Zf' (BRr,)- Moreover,

A" for j e {1,2,

J — i}
Agi(lel) = { Oforje{k—i+1,.. k} vz € Br

where

¢ = ﬁ[n+m—2(h+i)][m—2(i+h—1)],Vj€{1,2,...k:—i}.
h=1
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Let
k—1
zi (|z]) == v (Jz]) Zazgz |x|) — ax, Vx € Bg,
i=1
where

1—1
Akiivl (Ro) — ZajAk’igj (Ro)

L= '  Vie{1,2,. .k —1},
a Akl (Ro) Vi e { }

a ‘=] Ro Zazgz RO

We can check that (see [47])

Z € WN rad (BR())
V™ = V™2 in Bg,.
We have the following lemma whose proof can be found in [47].

LEMMA 5.1. For 0 < |z| < Ro, there exist positive constants d(m,n, Ry) depend-
ing only on m,n, Ry and ¢y, n depending only on m, n such that

n

k—1 n—m
# k—j m Cm,n -
for (J2)| 77 < |z (a7 <1+cm N e |vzlwl,;>
+ d(m,n, Ro).
Now, setting
=1 .
wi(fal) = 2 () | 1+ emnd_ gy 1A% 0l + = A
=111
Since
z € WN rad (BR())
AVAE v = vm Zl in BRO-
we have
w € W;\;L,;Ed (Bro)
and
=l . .
m _ m - k—j m m,n e
V™ w2 =1V 1+Cm,n;R§]ﬁ—1 [AM o[ + Rr orll 5
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Note that
v = [v™
el m/n
n
<=2 wra vl e
j=1
mk—1
SN Lo
nj:1 whm
we have
mk—1
vawl 7" - EZHA]C ]UZHWLm - HUZ m L2 X
Jj=1
1+cmn ! (| Ak JwH n + ol
O];*l RO 1

<1

if we choose Ry sufficiently large.
Finally, note that

P
eBolwi]

I < eﬁodm,n,Ro)/ .

Br, |

using Theorem 1.2, we can conclude that I; is bounded by a constant since w; €
Wy rad (Br,) and [|[V™ <1.
Now, we will estimate .[2 Note that

I = / & (Banm 0] ™)

= dr
Br,~Br, ||

n
=5 ds

By the same argument as that in [47], we can conclude that Is < ¢ (m,n, Rp) .
Combining the above estimates and using the Fatou lemma, we can conclude that

[ & (Baunam [ul ™)

|z

sup dr < co.

wew™ &), |[(—a+n#| <1

When S > fa.n,m, again, it’s easy to check that the sequence given by D. Adams
[2] will make our supremum blow up. This completes the proof of Theorem 1.3. O
5.2. Proof of Theorem 1.4.

Proof. 1t suffices to prove that

sup
WEW?:2 (B4, [ (|Aul£7|Vul? tolul?) <1 /B |z
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In fact, we will prove a stronger result that

sup / = dr < 0o (5.2)
wEW?2:2 (RY), | — Au-tcull,<1 JR4 ||

where ¢ > 0 is chosen such that || —Au + cuH; < Jpa (|Au|2 +7|Vulf’ + o |u|2) .

Let u € W22 (R*) ,||—Au + cul|, < 1. By the density of C§° (R*) in W22 (R?),
we can find a sequence of functions wuy in C§° (R4) such that u, — w in W22 (R4) ,
supp uy C Bg,. Without loss of generality, we assume ||—Aug + cugll, < 1. By the
Fatou lemma, we have

(632#2(17%%2 _ 1) (632#(17%)1@ _ 1)
/ = dr < lim inf/ e dz. (5.3)
" ] . E
Now, set fr := —Auy + cux and consider the problem

{ —Avg + cvp = flf in Bp,
vp € Wy (Br,)

We have that v, € W]%,’Q (Bg, ). Moreover, by Proposition 2.4 and the property of
rearrangement, we have

|—Aug + curll, = || —Avi + cvgll, < 1 (5.4)
<632w2(1—%)u§ _ 1) <632w2(1—%)u§ _ 1)

/ o dr < / = dx.
Br, || Br, |z|

Now, we write

Br, ||
(632w2(1—%)ug _ 1) (632w2(1—%)v§ _ 1)
B Br, | ot /BRk\BRo | “
= Il + IQ.

where Ry only depends on ¢ and will be chosen later.

Choose Ry > (zz (3 + %))1/3’ then by the Radial Lemma (Lemma 2.2) and

272
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(5.4), we have that |vg(z)| <1 when |z| > Ry. Thus

(632w2(1—%)v§ _ 1)

IQ Z/ o} dx
Br, \Br, ||
< 0402 1) do
RS JBr, \Bn,

IN
| -
8
—~
w
[N}
)
[ V)
—
!
=1L
SN—
| ~
CE
3
ol
i~
&}

Now, we estimate I;. Put

vi(|lz]) — ve (Ro), 0 < |x| < R,
mm){ e = o (o), B <l < fo

263

Then it’s easy to check that wy € W]%,’Q (Br,)- Moreover, when 0 < |z| < Ry, using

Radial Lemma 2.2, we have

(v (J2)))* = [wr (Ja]) + vx (Ro))®

C
< w? (jal) [1 + ||uk||§vl,2] ¢ d(e. Ro).

Let

o , 1V
sullel) = we o) |1+ g loulias
0

then z, € W? (Bg,) since wy, € Wa” (Br,). More importantly, we have

2 2 C 2
18513 = 8wl |1+ 5 ol
0

C
~ A0l |1+ 5 leulis
0

C C
< (1= 26| Vuell3 = ¢ orl )1 + 75 V0l + 7 loell)
0 0

<1

if we choose Ry sufficiently large.
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Then using Theorem 1.2, we have

I = x (5.6)
Brg ||
o320 (1-9 )=k
< (c)/ = dx
Brg ||
< C(e)

From (5.5) and (5.6), we get (5.2). Moreover, if we choose 0 < ¢ < min {Z, /7 }, then
we have

||7Au+cu||3 §/ (|Au|2 + 7 |Vul? Jrg|u|2) , Yu e W2 (RY)
R4

and thus the proof of Theorem 1.4 is completed. O
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