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TOWARDS A GENERALIZATION OF THE SEPARATION OF

VARIABLES TECHNIQUE∗

MICHAEL DOSCHORIS†

Abstract. The method of separation of variables is simple, elegant and very powerful but
has been applied to a limited number of differential operators both linear as well as non-linear.
The underlying reason can be sought in the common belief that separation of variables for higher-
order partial differential equations which include mixed derivatives is not possible. Although, the
statement is valid when separation of variables is applied in its traditional form, these impediments
can be bypassed introducing a generalized version of this over 250 years old technique. This will be
attempted in the context of the present article. After familiarizing the reader with the concepts of the
generalized form of the method of reduction, emphasis is placed on the effectiveness of the technique,
providing explicit solutions to higher-order linear partial differential equations incorporating mixed
derivatives.
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1. Introduction. Perhaps the technique with the longest history in construct-
ing exact solutions for partial differential equations is the method of separation of
variables. It’s beginnings can be traced back to the middle of the eighteenth century
where the work of Daniel Bernoulli, d’ Alembert and Euler demonstrated how a lin-
ear partial differential equation can be solved by decomposing the variables (for an
exciting walkthrough see [15]). This well-known technique in applied Mathematics is
commonly associated with the name of Fourier who developed and utilized separation
of variables to his research on conductive heat, initiating in this way the mathematical
theory of approximation.

Classically, the procedure of separation of variables reduces an nth-order partial
differential equation in N variables to a system of N nth-order ordinary differential
equations. For linear partial differential equations this is accomplished by replacing
the unknown function with a product ofN functions which depend solely on one of the
variables and introducingN−1 so-called separation constants. The “classical” method
of variables separation will succeed if decomposition of the variables is feasible. In
such manner, a set of solutions is obtained which, due to the superposition principle,
can be summed up to provide a “general solution”. In the case where the partial
differential equation is placed in a physical setting, appropriate conditions must be
applied to the solutions, restricting the summed functions to a subset, yielding the
coefficients of the series. Nevertheless, the existence of mixed partial derivatives causes
this approach to utterly fail.

In the early 1950’s, M.H. Martin [19] noted that the identity X ′′ Y + X Y ′′ =
0, which is obtained if the method of variables separation is applied to Laplace’s
equation, is actually a special case of the identity

F1(x)G1(y) + F2(x)G2(y) = 0 . (1.0.1)
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His observation constituted a turning point for the classical method of reduction,
leading to what nowadays is know as methods of generalized and functional separation
of variables.

Regarding a PDE of the form

(Lu)(x, y) = 0 (1.0.2)

the mentioned methods differ only in the way solutions are sought, viz either in the
general form

u(x, y) =

m
∑

k=1

fk(ξ) gk(η), ξ = a1x+ a2y, η = b1x+ b2y (1.0.3)

a1, a2, b1, b2 constants, or as

u(x, y) = Φ(ζ), ζ =

m
∑

k=1

fk(x) gk(y) , (1.0.4)

respectively. In formula (1.0.2), L denotes a given linear or nonlinear partial differ-
ential operator containing quadratic and power nonlinearities, and u is the unknown.

Substituting (1.0.3) into (1.0.2) and differentiating the resulting equation, one
arrives eventually at a separable two-term equation of the form (1.0.1). The ordinary
differential equations obtained in this way have to be solved and their general solu-
tions are then substituted into the original PDE (1.0.2). In the sequel, one has to
manage all possible cases in order to evaluate the constants introduced via the general
solutions in order to find u(x, y). This, however, is a demanding task. The method
of differentiation described briefly above, although furnishing solutions of (1.0.2), if
separation of variables is permitted, introduces superfluous constants, which have to
be eliminated at the final stage. Moreover, differentiating results in a two-term equa-
tion that will be of higher-order then (1.0.2). Nonetheless, these constrains can be
removed by “splitting” (1.0.2) into a number of sub-problems with simpler structure,
which, unfortunately, leads to loss of solutions regarding u(x, y). Substituting (1.0.4)
into (1.0.2) similar arguments hold. An analytic presentation of these methods is
provided in [23, Supplement B].

It is remarkable that this powerful methodology, although extensively used pro-
viding exact solutions to some classes of non-linear partial differential equations (a
comprehensive list is provided in [24]) as well as to integral equations [2], has not been
applied to linear problems.

In the present article, exploiting concepts and ideas from generalized and func-
tional separation of variables, a modified and simpler technique is proposed, leading
to exact solutions for higher-order linear PDE’s incorporating mixed derivatives. The
identification of higher-order differential equations is based on their “Laplacian coun-
terpart”. For example, the equation ∆n u = 0 is recognized as the n−harmonic (or
hn−) equation, since ∆u = 0 is labeled harmonic. This categorization will be further
applied to their solutions as well.

The article is organized as follows. Section 2 provides the details of the proposed
procedure which is then applied in sections 3 and 4, in order to retrieve explicit
solutions for the (i) n−harmonic equation up to n = 3, (ii) the general n−Helmholtz
equation (∆n+κ)u = 0 as well as (iii) the n−metaharmonic equation

∑n
j=1 αj∆

ju = 0
up to n = 3, in the polar coordinate system. The according three-dimensional cases
will be presented in a series of papers in the near future [6, 7].
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Importantly, the solutions derived in the present article are “general”, in the
sense that we do not carry what conditions these solutions satisfy. Obviously, suitable
boundary/initial conditions will restrict the generality of the solutions to be consid-
ered. However, these aspects will be neglected at present (although the main difficulty
in solving boundary/initial value problems consist in satisfying the prescribed condi-
tions). Another important feature is that, since separation of variables decomposes
a partial into a set of ordinary differential equations, we can only be certain to have
acquired the most general solution for these ODE’s if a completeness relation exist.
This issue, as well as details regarding the formulae derived in sections 3 and 4, will
be addressed in subsequent papers. Concluding, henceforth we assume that the con-
ditions for the existence and uniqueness of the solutions to the ordinary differential
equations under consideration are met (for details, see, e.g. [4]).

2. A generalization of the separation of variables technique. As we strive
to understand more and more complex processes encountered in the natural world,
the mathematical models developed in order to describe the observed behaviour are
expected to exhibit increased complexity. For example, higher-order partial differ-
ential equations occur in the theory of rotating viscous fluids [14, 17]. Such PDE’s
are also implemented to create, represent and manipulate surface/solid models in a
Computer-aided design environment [31] and are of fundamental importance in the
engineering (analysis and simulation) and medical sector (visualization of body tis-
sues, simulation of surgical operations, etc.). An analytical treatment for these PDE’s,
although possible by a repeated application of variables separation is very limited.

In what follows, a step-by-step presentation of the proposed technique is provided.
Consider, for simplicity, the two dimensional n−harmonic equation in Cartesian co-
ordinates

∆nu(x1, x2) = 0, ∆0 = 1 , (2.0.1)

where ∆n is the nth iteration of the Laplacian operator.

Introducing into Eq.(2.0.1) a multiplicatively separable solution of the form

u(x1, x2) =
∏2

j=1Xj(xj) where the functions Xj(xj), j = 1, 2 and corresponding
derivatives are continuous and not identically zero, yields

n
∑

m=0

(

n

m

)

X
(2n−2m)
1 X

(2m)
2 = 0, X

(0)
j = Xj (2.0.2)

where the binomial expansion has been implemented and X
(n)
j (xj) denotes the deriva-

tive of order n with respect to the variable xj .

The introduced generalization builds upon the following steps:

Step 1: Isolate the highest-order derivatives and divide the resulting expression

throughout the product X
(2n−2q)
1 X

(2p)
2 , where p = minm and q = maxm.

As a consequence, the extracted terms convert to functions depending on a single
variable and Eq. (2.0.2) becomes

X
(2n)
1

X1
+
X

(2n)
2

X2
+

n−1
∑

m=1

(

n

m

)

X
(2n−2m)
1

X1

X
(2m)
2

X2
= 0 . (2.0.3)

Step 2: Differentiate the outcome of step 1 with respect to both variables.
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Performing step 2 eliminates the extracted single variable functions, furnishing

∂2

∂x1∂x2

[

n−1
∑

m=1

(

n

m

)

X
(2n−2m)
1

X1

X
(2m)
2

X2

]

= 0 (2.0.4)

which holds true if the content of the bracket is either a constant or a function in one
of the variables x1 or x2, respectively.

The latter observation needs further elaboration. In the case where the content
of the bracket is represented by a constant other than zero, not all solutions are com-
puted. On the other hand, if above expansion is set equal to a function of either
variable, the resulting ordinary differential equation accepts solutions in form of cer-
tain special functions. Introducing these solutions into (2.0.3) will lead to an equation
implicating both variables, therefore violating our assumption that the functions we
are looking for are of one variable alone. An explicit example is given at the end of
this section.

Designating the value zero to the sum in Eq.(2.0.4) and repeating the aforemen-
tioned steps k successive times the following formula is derived

(

n

k

)

[

X
(2n−2k)
1

X
(2k)
1

+
X

(2n−2k)
2

X
(2k)
2

]

+
n−k−1
∑

m=k+1

(

n

m

)

X
(2n−2m)
1

X
(2k)
1

X
(2m)
2

X
(2k)
2

= 0 . (2.0.5)

It is readily observed that the sum present in Eq. (2.0.5) vanishes if n ∈ Z+ equals
an odd number. On the other hand, if n represents even numbers only the (k + 1)th
term survives. Therefore,

k =

{

n−1
2 , if n is odd

n−2
2 , if n is even

. (2.0.6)

2.1. The case where n is an odd number. If n equals an odd number, only
the term

X
(n+1)
1

X
(n−1)
1

+
X

(n+1)
2

X
(n−1)
2

survives from Eq. (2.0.5) providing two ODE’s

X
(n+1)
1 − λX

(n−1)
1 = 0 (2.1.1)

X
(n+1)
2 + λX

(n−1)
2 = 0 (2.1.2)

where λ is the complex separation constant. The solutions to Eqs. (2.1.1) and (2.1.2)
are

X1(x1) =
{

1, x1, x
2
1, . . . , x

n−2
1 , e±

√
λx1

}

, (2.1.3)

X2(x2) =
{

1, x2, x
2
2, . . . , x

n−2
2 , e±ı̇

√
λx2

}

, (2.1.4)

representing any linear combination of its elements. Note that in the case where n = 1
only the exponential solutions are valid.

The final steps of the procedure retrieve the solutions for the under consideration
n−harmonic equation.
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Step 3: Select the appropriate elements from (2.1.3) or (2.1.4) in order for the
ratio X ′′

j /Xj to be independent of the variable xj .
Obviously, step 3 diminishes the spectra of available elements acquired solving

equations (2.1.1) and (2.1.2). Notwithstanding, step 3 is essential inasmuch it pro-
duces an differential equation preserving the basic assumption on which variables
separation is based.

Step 4: Substitute each suitable element from (2.1.3), (2.1.4) into the initial equa-
tion (2.0.3) and solve the resulting ODE’s of order 2n.

Replacing every element of (2.1.3) or (2.1.4) conforming step 3, into (2.0.3) fur-
nishes an ODE of order 2n for the variable x2 or x1, respectively. Computing the
2n solutions of the resulting differential equations combined with the corresponding
elements from which they have derived, a solution space for the unknown function
u(x1, x2) is provided.

2.2. The case where n is an even number. If n represents even numbers,
only the term

X
(n+2)
1

X
(n−2)
1

+
X

(n+2)
2

X
(n−2)
2

together with the first term of the sum remain, and Eq. (2.0.5) simplifies as follows

(

n
n−2
2

)

[

X
(n+2)
1

X
(n−2)
1

+
X

(n+2)
2

X
(n−2)
2

]

+

(

n
n
2

)

X
(n)
1

X
(n−2)
1

X
(n)
2

X
(n−2)
2

= 0 . (2.2.1)

Eliminating the highest-order derivatives, yields

∂

∂x1

(

X
(n)
1

X
(n−2)
1

)

∂

∂x2

(

X
(n)
2

X
(n−2)
2

)

= 0 (2.2.2)

which holds if

X
(n)
1

X
(n−2)
1

= λ1, λ1 ∈ C , (2.2.3)

and/or

X
(n)
2

X
(n−2)
2

= λ2, λ2 ∈ C. (2.2.4)

The solutions to the above equations are, respectively

X1(x1) =
{

1, x1, x
2
1, . . . , x

n−3
1 , e±

√
λ1 x1

}

, (2.2.5)

X2(x2) =
{

1, x2, x
2
2, . . . , x

n−3
2 , e±

√
λ2 x2

}

. (2.2.6)

Again, if n = 2 only the exponential solutions are considered.
Following previous steps, the solution to the initial equation (2.0.1) are obtained

as follows: (i) Adopt the relevant elements from (2.2.5), (2.2.6) according to step 3
and retrieve the corresponding ODE of order 2n via equation (2.0.3). (ii) Compute
the 2n solutions and couple with the solutions acquired through (i).
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Before we proceed a few remarks are in order.

Remark 2.1. In the case where n is equivalent to an odd number, the aforemen-

tioned analysis has shown that X
(n+1)
1 X

(n−1)
2 + X

(n−1)
1 X

(n+1)
2 = 0 which, rewritten

reads

∂2n−2

∂xn−1
1 ∂xn−1

2

∆u(x1, x2) = 0 (2.2.7)

and for n = 1 becomes separation of variables in his traditional form.

Remark 2.2. If no assumptions are made regarding the content of the bracket
of (2.0.4), it is straightforward to show that (2.0.4) yields a more involved identity of
the form (1.0.1), namely

n−1
∑

k=1

(

n

k

)

Fk(x1)Gk(x2) = 0 (2.2.8)

where

Fk(x1) =
∂

∂x1

(

X
(2n−2k)
1

X1

)

and Gk(x2) =
∂

∂x2

(

X
(2k)
2

X2

)

. (2.2.9)

However, following the routine so far, namely: (i) Isolate the highest-order deriva-
tives by extracting the first and last term of the expansion (2.2.8); (ii) Transform the
extracted terms to a function of a single variable by dividing throughout the lowest
derivatives present; (iii) Eliminate these single variable functions by differentiating
with respect to both variables. After several iterations we will arrive at an extremely
complex two-term relation of the form (1.0.1), if n is odd, or, an equally complex
relation of the form (2.2.2), if n is even. Nevertheless, the resulting ODE’s are of
higher-order than the original PDE but more importantly, there are highly non-linear!
Similar conclusions are valid on the assumption that the content of the bracket equals
a constant.

Let us elucidate the particulars of the introduced technique by evaluating solutions
to the 3-harmonic equation, viz

X
(6)
1 X2 +X1X

(6)
2 + 3X

(4)
1 X

(2)
2 + 3X

(2)
1 X

(4)
2 = 0 . (2.2.10)

Dividing above throughout X1X2 and differentiating once with respect to both vari-
ables gives

∂2

∂x1 ∂x2

(

X
(4)
1 X

(2)
2

X1X2
+
X

(2)
1 X

(4)
2

X1X2

)

= 0 . (2.2.11)

On the assumption that the content of the parenthesis vanishes leads, after simple
manipulations to the separable two-term equation

X
(4)
1 X

(2)
2 +X

(2)
1 X

(4)
2 = 0 (2.2.12)

and any linear combination of x1, x2, e
±
√
λ x1 , e±ı̇

√
λ x2 (λ being the separation con-

stant) is a solution to the latter. Placing, for example, X2 = e±ı̇
√
λx2 into (2.2.10)
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yields a ODE satisfied by e±
√
λx1 , x1 e

±
√
λ x1 , x21 e

±
√
λ x1 . Hence, a solution to the

initial PDE (2.2.10) is any linear combination of the functions e±
√
λ x1 e±ı̇

√
λ x2 ,

x1 e
±
√
λx1 e±ı̇

√
λx2 as well as x21 e

±
√
λ x1 e±ı̇

√
λ x2 . Further solutions are derived by sub-

stituting one-by-one the remaining solutions of the decomposed (2.2.12) into (2.2.10).
Note, that Eq. (2.2.12) can be obtained at once via (2.0.5) with n = 3 and there-
fore k = 1. Regarding the instance wherein the constant is not zero, Eq. (2.2.12) is
replaced by

X
(4)
1 X

(2)
2 +X

(2)
1 X

(4)
2 = const.X1X2 (2.2.13)

leading to the ODE’s

X
(2)
j − λj Xj = 0, j = 1, 2 . (2.2.14)

Above differential equations display reduced order as the system corresponding to Eq.
(2.2.12), resulting in fewer solutions.

Nevertheless, relation (2.2.11) is still satisfied when the content of the parenthesis
equals a function of the form X1 +X2. Consider for economy of presentation that

X
(4)
1 X

(2)
2

X1X2
+
X

(2)
1 X

(4)
2

X1X2
= x1 (2.2.15)

from which the relation

∂

∂x1

(

x1
X1

X
(2)
1

)(

∂

∂x2

X2

X
(2)
2

)

= 0 (2.2.16)

follows.
Equation (2.2.16) implies the system of ODE’s

X
(2)
1 − ξ3 x1X1 = 0, X

(2)
2 − η2X1 = 0 . (2.2.17)

Whereas the solutions to the second ODE are e±η x2 the first accepts solutions in
form of Airy functions. Substituting either X1 =Ai(ξ x1) or Bi(ξ x1) into (2.2.10)
produces an equation implicating both variables violating the basic conjecture on
which separation of variables is based, i.e. that the sought functions are of one variable
alone.

On the other hand, dropping the assumption made equation (2.2.11) rewrites as
the two term relation

F1(x1)G1(x2) + F2(x1)G2(x2) = 0 (2.2.18)

where

F1(x1) =
∂

∂x1

(

X
(4)
1

X1

)

, F2(x1) =
∂

∂x1

(

X
(2)
1

X1

)

,

G1(x2) =
∂

∂x2

(

X
(2)
2

X2

)

, G2(x2) =
∂

∂x2

(

X
(4)
2

X2

)

. (2.2.19)

Again, equation (2.2.18) separates as F1 − ζ F2 = 0 and G2 + ζ G1 = 0. Both ODE’s
can be treated in two ways. First, by carrying out the differentiation leading to non-
linear equations. Second, by integrating introducing an additional constant. This has
the disadvantage that supported boundary conditions will be harder to satisfy, if at
all.
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3. Linear Partial Differential Equations of order n = 2 and n = 3 of

Mathematical Physics. Let us now illustrate the effectiveness of the developed
framework. In what comes next, we present explicit solutions to the following PDE’s,
expressed in the polar coordinate system: (i) Starting with the important biharmonic
equation which arises in many physical problems concerning the linear theory of elas-
ticity, the creeping flow of a viscous incompressible fluid and other, we “move” an
order higher to the (ii) triharmonic equation which appears, e.g. in the theory of
rotating viscous fluids. We continue exploring the (iii) 2-Helmholtz equation originat-
ing from the study of vibrations in thin elastic plates and we complete our expedition
with the (iv) 3-Helmholtz equation, which to the authors knowledge has not yet a
physical interpretation.

3.1. The biharmonic equation ∆2u = 0 in polar coordinates. In the po-
lar coordinate system the biharmonic (2-harmonic or h2) equation transforms, after
lengthy manipulations into

r4
∂4u

∂r4
+ 2r3

∂3u

∂r3
− r2

∂2u

∂r2
+ r

∂u

∂r
+ 2r2

∂4u

∂r2∂θ2
− 2r

∂3u

∂r∂θ2
+
∂4u

∂θ4
+ 4

∂2u

∂θ2
= 0

(3.1.1)

given that

∆2 =
∂4

∂r4
+

2

r

∂3

∂r3
− 1

r2
∂2

∂r2
+

1

r3
∂

∂r
+

2

r2
∂4

∂r2∂θ2
− 2

r3
∂3

∂r∂θ2
+

1

r4
∂4

∂θ4
+

4

r4
∂2

∂θ2
.

(3.1.2)

The first author assessed presenting an explicit solution of (3.1.1) as

u(r, θ) =a0 ln r + b0 r
2 + c0 r

2 ln r + d0 r
2θ + e0 θ

+ (a1 r + b1 rθ + c1 r
3 + d1 r

−1 + e1 r ln r) cos θ

+ (a2 r + b2 rθ + c2 r
3 + d2 r

−1 + e2 r ln r) sin θ

+

∞
∑

n=2

(fn r
n + gn r

n+2 + hn r
−n + in r

−n+2) cosnθ

+

∞
∑

n=2

(jn r
n + kn r

n+2 + ln r
−n +mn r

−n+2) sinnθ (3.1.3)

was John H. Michell [20], whence the term r2θ was added to the solution by Tim-
oshenko [27]. However, neither Michell nor Timoshenko specified the mathematical
procedure for arriving at their results. Nonetheless, the solution (3.1.3) can be ob-
tained via a repeated application of the variables separation technique by assuming
u(r, θ) = rR(r)Θ(θ) [13] or u(r, θ) = Keλ ln rΘ(θ) [8] and Θ(θ) represented by e±ı̇nθ.

In order to address the effectiveness of the generalized variable separation tech-
nique, the investigation of the plane elasticity problem in polar coordinates lead-
ing to expression (3.1.3) is summarized in the sequel. Solving (3.1.1) by assuming
u(r, θ) = R(r)Θ(θ) yields the following equation

Θ′′′′ + 2R1Θ
′′ +R2Θ = 0 (3.1.4)
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where

R1 =
r2R′′ − rR′ + 2R

R
(3.1.5)

R2 =
r4R′′′′ + 2r3R′′′ − r2R′′ + rR′

R
. (3.1.6)

Eq.(3.1.4) is derived noting that ∆u(r, θ) furnishes two functions which share the
same structure with the assumed solution. Therefore, the outcome of the application
of Laplace’s operator on the newly introduced functions can be calculated accord-
ing to ∆u(r, θ). The variables can be separated by eliminating the first term of the
left-hand side of (3.1.4). Two cases are distinguished, either R′

1 equals zero or not.
In the second situation we obtain a second-order homogeneous differential equation
with constant coefficients for Θ(θ) as well as a fifth-order homogeneous differential
equation of the Euler type for R(r). However, one avoids the last ODE by expressing
Θ′′′′ and Θ′′ in terms of Θ so that Eq.(3.1.4) becomes a fourth-order homogeneous
differential equation of the Euler type for R(r). Inspecting the characteristic polyno-
mial associated with Eq.(3.1.4) provides three sets of solutions. In the first instance,
i.e. R′

1 = 0, we arrive at two coupled equations for R(r), namely

r2R′′ − rR′ + (2− c1)R = 0
r4R′′′′ + 2r3R′′′ − r2R′′ + rR′ − c2R = 0

}

. (3.1.7)

The real constants c1 and c2 must be chosen so that the foregoing two equations will
have common solutions. Finally, the solution for R(r) is obtained via (3.1.7) whereas
the solution for Θ(θ) from (3.1.4) by replacing the common solutions obtained through
(3.1.7) using the compatibility condition for the constants c1 and c2. The “general”
solution (3.1.3) is given by superpositioning all the particular solutions retrieved.

It is noteworthy mentioning that additional solutions of Eq.(3.1.1), which involve
the terms r2θ ln r, θ ln r, rθ ln r sin θ, sin(m ln r) sinh(mθ), r2 sin(m ln r) sinh(mθ), (in-
cluding corresponding terms with cos and cosh), can be found in the book by C.B.
Biezeno and R. Grammel [1]. These “complementary” solutions are acquired by a
thorough examination of the characteristic polynomials linked with (3.1.4) (see for
example [26]).

It is readily observed that if the origin of the coordinate system is located interior
of the body, terms including ln r lead to multivalued stresses. These terms play an
important role in the elastic theory of dislocations [18, 3].

In what follows, the derivation of (3.1.3) will be addressed employing the sepa-
ration ansatz announced in section 3. In particular, replacing the unknown function
u(r, θ) with a product of two functions for each of the variables, equation (3.1.1) reads

r4
R′′′′

R
+ 2r3

R′′′

R
− r2

R′′

R
+ r

R′

R
+ 2r2

R′′

R

Θ′′

Θ
− 2r

R′

R

Θ′′

Θ
+

Θ′′′′

Θ
+ 4

Θ′′

Θ
= 0 .

(3.1.8)

Differentiating the latter with respect to r and θ we find
[

∂

∂r

(

r2
R′′

R
− r

R′

R

)](

∂

∂θ

Θ′′

Θ

)

= 0 (3.1.9)

which implies that either

r2
R′′

R
− r

R′

R
= λ, λ ∈ C (3.1.10)
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and/or

Θ′′

Θ
= τ, τ ∈ C . (3.1.11)

Introducing λ = ν(ν− 2) and τ = −µ2, the solutions to Eqs. (3.1.10) and (3.1.11) are
easily computed as rν , r−(ν−2) for the radial dependence and e±ı̇µθ for the angular
part of the solution u(r, θ).

Remark 3.1. The identification of the separation constants with complex vari-
ables bear a significant advantage. Allow for ν = (ν1, ν2) and µ = (µ1, µ2) so as
to the radial dependence simplifies as rν = rν1 exp(ı̇ν2 ln r), whereas the angular de-
pendence gives exp(±ı̇µθ) = exp(±ı̇µ1θ) exp(∓µ2θ), thus incorporating trigonometric
along with hyperbolic functions. The real numbers ν1 and ν2 are easily determined to
be ν1 = 1±√

ρ cos φ
2 and ν2 = ±√

ρ sin φ
2 , where the parameters ρ and φ are related to

the initial separation constant as ρ =
√

(1 + λ1)2 + λ22 and φ = arctan λ2

1+λ1
, provided

that λ1 = Reλ, λ2 = Imλ.

Substituting the radial solutions into Eq. (3.1.8) gives

Θ′′′′ + 2[ν(ν − 2) + 2]Θ′′ + ν2(ν − 2)2Θ = 0 (3.1.12)

which remains invariant replacing ν by −ν + 2.
The solutions to the latter are exp(±ı̇νθ) and exp(±ı̇(ν − 2)θ), providing the

following sets of solutions for u(r, θ) (non-essential constants are omitted)

{

rν , r−ν+2
}

∪
{

e±ı̇νθ, e±ı̇(ν−2)θ
}

. (3.1.13)

On the assumption that λ = 0 (equals the case ν = 0 or ν = 2) we find
{

1, r2
}

∪
{

1, θ, e∓ı̇2θ
}

. (3.1.14)

On the other hand, substituting the angular solutions into Eq. (3.1.8) yields

r4R′′′′ + 2r3R′′′ − (2µ2 + 1)r2R′′ + (2µ2 + 1)rR′ + µ2(µ2 − 4)R = 0 (3.1.15)

which remains invariant replacing µ by −µ.
Above equation is of Euler type and solved in a straightforward manner, con-

tributing the subsequent eigensolutions of u(r, θ)
{

e±ı̇µθ
}

∪
{

r±µ, r±µ+2
}

. (3.1.16)

In addition, when µ = 0 we get

{1, θ} ∪
{

1, r2, ln r, r2 ln r
}

. (3.1.17)

We straightforwardly notice that (3.1.17) recovers the first line of (3.1.3) as well
as the terms r2θ ln r and θ ln r. More involved terms are obtained by properly manip-
ulating the complex variables ν and µ. For example, in the limit ν ∈ Z+ the series
solutions (omitting non-essential constants)

∞
∑

n=0

(

rn + r−n+2
)

e±ı̇nθ, e∓ı̇2θ
∞
∑

n=0

(

rn + r−n+2
)

e±ı̇nθ,

∞
∑

n=0

e±ı̇n ln re∓nθ , (3.1.18)

are derived, the last via a 90◦ rotation.



TWARDS A GENERALIZATION OF THE SoV TECHNIQUE 391

3.2. The h3−equation ∆3 u = 0 in polar coordinates.

Proposition 3.2. The function (omitting non-essential multipliers)

u(r, θ) =r2(1 + θ + ln r) + (θ + ln r + θ ln r)

2
∑

k=0

(cos kθ + sin kθ) rk

+ (1 + r2 + r4)

∞
∑

n=0

(rn + r−n) cosnθ + (1 + r2 + r4)

∞
∑

n=1

(rn + r−n) sinnθ

+ (1 + r2 + r4)

∞
∑

n=0

(cos(n ln r) + sin(n ln r)) coshnθ

+ (1 + r2 + r4)

∞
∑

n=0

(cos(n ln r) + sin(n ln r)) sinhnθ (3.2.1)

satisfies the 3-harmonic equation.

The 3-Laplacian in polar coordinates is expressed as

∆3 =
∂6

∂r6
+

3

r

∂5

∂r5
− 3

r2
∂4

∂r4
+

6

r3
∂3

∂r3
− 9

r4
∂2

∂r2
+

9

r5
∂

∂r

+
3

r2
∂6

∂r4∂θ2
− 6

r3
∂5

∂r3∂θ2
+

21

r4
∂4

∂r2∂θ2
− 45

r5
∂3

∂r∂θ2

+
1

r6
∂6

∂θ6
+

20

r6
∂4

∂θ4
+

64

r6
∂2

∂θ2
+

3

r4
∂6

∂r2∂θ4
− 9

r5
∂5

∂r∂θ4
. (3.2.2)

If the action of the above operator on a unknown function u(r, θ) vanishes, the
h3−equation

r6
R(6)

R
+ 3r5

R(5)

R
− 3r4

R(4)

R
+ 6r3

R(3)

R
− 9r2

R′′

R
+ 9r

R′

R
+

(

3r4
R(4)

R
− 6r3

R(3)

R

+ 21r2
R′′

R
− 45r

R′

R
+ 64

)

Θ′′

Θ
+

Θ(6)

Θ
+

(

3r2
R′′

R
− 9r

R′

R
+ 20

)

Θ(4)

Θ
= 0 (3.2.3)

is derived, where we replaced the unknown function u(r, θ) by the product R(r)Θ(θ)
and divided throughout by the same product.

Terms which depend solely on a single variable are eliminated by differentiating
Eq.(3.2.3) with respect to both variables r and θ, yielding

R1Θ
′′′′ +R2Θ

′′ = 0 (3.2.4)

where

R1 = r2R′′ − 3rR′ (3.2.5)

and

R2 = r4R′′′′ − 2r3R′′′ + 7r2R′′ − 15rR′ . (3.2.6)

Let us begin with the case where R1 6= 0. Dividing both members of (3.2.4) by R1Θ
′′

separates the variables as

r4R′′′′ − 2r3R′′′ − (λ− 7)r2R′′ + 3(λ− 5)rR′ = 0 (3.2.7)
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and

Θ′′′′ + λΘ′′ = 0 (3.2.8)

where λ is the arbitrary complex separation constant.
Introducing λ = ν(ν − 4) + 8 the solutions to Eq.(3.2.7) are evaluated as

R(r) = {1, r4, rν , r−ν+4} . (3.2.9)

Placing either R(r) = 1 or R(r) = r4 back into the triharmonic equation (3.2.3) gives

Θ(6) + 20Θ(4) + 64Θ(2) = 0 (3.2.10)

delivering the unknown function u(r, θ) as

{

1, r4
}

∪
{

1, θ, e±ı̇2θ, e±ı̇4θ
}

. (3.2.11)

On the other hand, identifying R(r) = rν furnishes

Θ(6) +
(

3(ν − 2)2 + 8
)

Θ(4) +
(

3(ν − 2)4 + 16
)

Θ(2) + ν2(ν − 2)2(ν − 4)2Θ = 0
(3.2.12)

remaining invariant if ν is replaced by −ν + 4.
Solving the latter provides the following set for the function u(r, θ)

{

rν , r−ν+4
}

∪
{

e±ı̇νθ, e±ı̇(ν−2)θ, e±ı̇(ν−4)θ
}

. (3.2.13)

Reproducing above steps for Eq.(3.2.8) returns

{

1, ln r, r2, r2 ln r, r4, r4 ln r
}

∪ {1, θ} (3.2.14)

together with (modifying the separation constant to simplify calculations)

{

r±η, r±η+2, r±η+4
}

∪
{

e±ı̇ηθ
}

(3.2.15)

as suitable solutions u(r, θ).

Examining in the sequel the instance λ = 0 we arrive at

R(r) =
{

1, r4, r2e±ı̇2 ln r
}

, Θ(θ) =
{

1, θ, θ2, θ3
}

.

The first two solutions of each set have already been considered (see (3.2.11) and
(3.2.14), respectively). If R(r) = r2 exp(±ı̇2 ln r) we find for u(r, θ)

{

r2e±ı̇2 ln r
}

∪
{

e±2θ, e±2θe±ı̇2θ
}

. (3.2.16)

Postulating that Θ(θ) equals θ2 or θ3 results in an ODE for R implicating the variable
θ violating our opening assumption that R is a function of the variable r alone. Let us
now turn to the case R1 = 0, namely r2R′′−3rR′ = 0 accepting 1 and r4 as solutions,
satisfying R2 as well. It remains that Θ′′ = 0 providing the set (3.2.14).

Accurately managing the complex separation parameters presented, more in-
volved terms are collected leading to relation (3.2.1).
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3.3. The 2-Helmholtz equation (∆2 + κ)u = 0 in polar coordinates. The
study of free transverse vibrations of thin elastic plates involves the differential equa-
tion ∆2w(x, t) − α∂2w(x, t)/∂t2 = 0 governing the transverse displacement w of the
plate. The constant α incorporates the physical parameters of the problem. Separat-
ing the latter yields the modified 2-Helmholtz equation

∆2u(x)− κu(x) = 0 (3.3.1)

where κ is the separation constant.
A solution to this equation is given by u(x) = u1(x) + u2(x), where u1 and u2

satisfy, respectively, the differential equations

∆u1(x) +
√
κu1(x) = 0 (3.3.2)

and

∆u2(x)−
√
κu2(x) = 0 (3.3.3)

recognized as the Helmholtz and modified Helmholtz equations, respectively.
Equations (3.3.2) and (3.3.3) accept as solutions the Bessel and modified Bessel

functions of the first and second kind Jν , Yν , Iν and Kν , as defined and considered in
[30]. Thus, a solution of the 2-Helmholtz equation (3.3.1) in polar coordinates is

u(r, θ) =
(

a Jν(κ
1/4r) + b Yν(κ

1/4r) + c Iν(κ
1/4r) + dKν(κ

1/4r)
)

e±ı̇νθ (3.3.4)

where a, b, c, d are arbitrary constants.
Solutions satisfying the Bessel (or modified Bessel) differential equation are fre-

quently called cylinder functions. For future reference we classify them as 1-cylinder
or simply c1 functions. Also, one must add to the solutions of (3.3.2) the Hankel

functions of the first H
(1)
ν (κ1/4r) and second H

(2)
ν (κ1/4r) kind, respectively.

The equation ∆2u(r, θ) + κu(r, θ) = 0 with the help of (3.1.2) reads as

r4
∂4u

∂r4
+ 2r3

∂3u

∂r3
− r2

∂2u

∂r2
+ r

∂u

∂r
+ 2r2

∂4u

∂r2∂θ2

− 2r
∂3u

∂r∂θ2
+
∂4u

∂θ4
+ 4

∂2u

∂θ2
+ r4κu = 0 . (3.3.5)

Adopting the proposed procedure yields equation (3.1.9) from which the differential
equations (3.1.10) and (3.1.11) follow. Replacing the angular part of the solution
u(r, θ), namely e±ı̇µθ, into (3.3.5) provides

z4y′′′′ + 2z3y′′′ − (2µ2 + 1)z2y′′ + (2µ2 + 1)zy′ +
[

z4 + µ2(µ2 − 4)
]

y = 0 (3.3.6)

where the variable z = κ1/4r has been introduced.
A fourth order differential equation comparable to (3.3.6) has been announced by

Everitt and Markett in 1994 [10] based on the pioneering work of H.L. Krall [16] in
the late 1930’s. Unlike Eq.(3.3.6), obtained by a separation of variables procedure,
the Everitt-Markett equation

z4y′′′′ + 2z3y′′′ −
(

9 +
8z2

M

)

z2y′′ +

(

9− 8z2

M

)

zy′ − Λz4y = 0 , (3.3.7)
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where M ∈ (0,+∞) and Λ ∈ C parameters, is derived through a limit process con-
nected to the properties of the classical Bessel differential equation (see [5] and refer-
ences therein). A linearly independent set of solutions of Eq.(3.3.7) has been presented
recently [12, 11]. Evidently, these functions can be defined in terms of low order Bessel
and modified functions, as

J
0,M

λ (z) =

(

1 +
1

4
Mλ

2

)

J0(λz)−
1

2
Mλz

−1
J1(λz),

Y
0,M

λ (z) =

(

1 +
1

4
Mλ

2

)

Y0(λz)−
1

2
Mλz

−1
Y1(λz),

I
0,M

λ (z) = −

(

1 +
1

4
Mλ

2

)

I0(
√

8M−1 + λ2z) +
M

2

√

8M−1 + λ2z
−1
I1(

√

8M−1 + λ2z),

K
0,M

λ (z) = −

(

1 +
1

4
Mλ

2

)

K0(
√

8M−1 + λ2z)−
M

2

√

8M−1 + λ2z
−1
K1(

√

8M−1 + λ2z)

and the parameters Λ and λ are connected via Λ = λ2(8M−1 + λ2). Regarding the

additional solutions I0,Mλ and K0,M
λ , they were found employing a computer alge-

bra program [28]. However, of particular interest is the limit case as M tends to
infinity, since the resulting equation resembles (3.3.6) and the authors [12] arrive at
four linearly independent solution in terms of the classical Bessel and modified Bessel
functions of order 2, viz

J
0,∞
λ (z) =

∞
∑

k=0

(−1)k

k!(k + 2)!

(

λz

2

)2k+2

,

Y
0,∞
λ (z) = −

2

λ2 z2
−

1

2
+

1

2

∞
∑

k=0

(−1)k

k!(k + 2)!

(

λz

2

)2k+2 [

2 log

(

λz

2

)

− ψ(k + 1) − ψ(k + 3)

]

,

I
0,∞
λ (z) =

∞
∑

k=0

1

k!(k + 2)!

(

λz

2

)2k+2

,

K
0,∞
λ (z) =

2

λ2 z2
−

1

2
−

1

2

∞
∑

k=0

(−1)k

k!(k + 2)!

(

λz

2

)2k+2 [

2 log

(

λz

2

)

− ψ(k + 1) − ψ(k + 3)

]

,

where ψ denotes the logarithmic derivative of the Γ−function.

Utilizing above results, the aforementioned authors provide explicit solutions for
the 2-Helmholtz PDE (∆2u)(r, θ) = Λu(r, θ) in the plane, implementing a restricted
form of separation [9]. As they report, application of this quasi separation has a
high cost, namely leading to an angular differential equation incorporating a fixed
separation constant, instead of an arbitrary parameter.

The generalized reduction method, in the sense that a given PDE is reduced
to a system of ODE’s, avoids this obstacle almost trivially, leading to Eq.(3.3.6),
furnishing, after tedious but straightforward calculations, four solutions as

J
(2,0)
±µ (z) =

∞
∑

k=0

(−1)k

(2k)! Γ(±µ+ 2k + 1)

(z

2

)±µ+4k

, (3.3.8)

J
(2,1)
±µ (z) =

∞
∑

k=0

(−1)k

(2k + 1)! Γ(±µ+ 2k + 2)

(z

2

)±µ+4k+2

. (3.3.9)
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The corresponding radial solutions satisfying the modified 2-Helmholtz equation
(3.3.1) are obtained replacing z with eı̇π/4z, namely

I
(2,0)
±µ (z) =

∞
∑

k=0

1

(2k)! Γ(±µ+ 2k + 1)

(z

2

)±µ+4k

, (3.3.10)

and

I
(2,1)
±µ (z) =

∞
∑

k=0

1

(2k + 1)! Γ(±µ+ 2k + 2)

(z

2

)±µ+4k+2

. (3.3.11)

It is easily proven that the series solutions (3.3.8)-(3.3.11) converge uniformly.
Comparing the Bessel function of the first kind

J±µ(z) =
∞
∑

k=0

(−1)k

k! Γ(±µ+ k + 1)

(z

2

)±µ+2k

(3.3.12)

with the derived formulae (3.3.8)-(3.3.11), the following relations hold

J±µ(z) = J
(2,0)
±µ (z)− J

(2,1)
±µ (z) + 2

∞
∑

k=0

(−1)k

Mk! Γ(±µ+Mk + 1)

(z

2

)±µ+2Mk

= I
(2,0)
±µ (z)− I

(2,1)
±µ (z)

where the integer sequence Mk = 2, 3 (mod 4) is given as

Mk =

{

2k + 2, if k is even

2k + 1, if k is odd
. (3.3.13)

In section 4, an alternative representation regarding the “periodic-jump” series

∞
∑

k=0

(−1)k

Mk! Γ(±µ+Mk + 1)

(z

2

)±µ+2Mk

which resembles the Bessel function of the first kind (3.3.12), is provided.

3.4. The 3-Helmholtz equation (∆3 +κ)u = 0 in polar coordinates. Con-
sider the 3-Helmholtz equation

(∆3 + κ)u(x) = 0 (3.4.1)

as well as the corresponding modified equation

(∆3 − κ)u(x) = 0 . (3.4.2)

Any solution satisfying the 1-Helmholtz equation (∆ + 3
√
κ)u(x) = 0 also satisfies

Eq.(3.4.1). For example, in the polar coordinate system, any linear combination of

Bessel functions Jν , Yν , H
(1)
ν , H

(2)
ν ,multiplied by exp (±ı̇νθ), is a solution of Eq.(3.4.1).

Similar, solutions satisfying the modified 1-Helmholtz equation (∆− 3
√
κ)u(x) = 0 sat-

isfies Eq.(3.4.2) as well. For instance, any linear combination of modified Bessel func-
tions Iν ,Kν multiplied by exp (±ı̇νθ) is a solution of Eq.(3.4.2) in polar coordinates.
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However, writing out Eq.(3.4.1) with the aid of (3.2.2) and separating variables, yields

r6
R(6)

R
+ 3r5

R(5)

R
− 3r4

R(4)

R
+ 6r3

R(3)

R
− 9r2

R′′

R
+ 9r

R′

R
+

(

3r4
R(4)

R
− 6r3

R(3)

R

+ 21r2
R′′

R
− 45r

R′

R
+ 64

)

Θ′′

Θ
+

Θ(6)

Θ
+

(

3r2
R′′

R
− 9r

R′

R
+ 20

)

Θ(4)

Θ
+ κr6 = 0

(3.4.3)

from which the differential equations (3.2.7) and (3.2.8) follow.
Replacing Θ(θ) by exp (±ı̇µθ) in Eq.(3.4.3) furnishes

z6 y(6)(z) + 3z5 y(5)(z)− 3(µ2 + 1)z4 y(4)(z) + 6(µ2 + 1)z3 y(3)(z)

+ 3(µ4 − 7µ2 − 3)z2 y′′(z)− 9(µ4 − 5µ2 − 1)z y′(z)

+ (z6 − µ2(µ2 − 4)(µ2 − 16))y(z) = 0 (3.4.4)

where the variable z = κ1/6 r has been introduced.

Proposition 3.3. Six linear independent and uniformly convergent series solu-
tions satisfying (3.4.4) are

J
(3,0)
±µ (z) =

∞
∑

k=0

(−1)k

(3k)! Γ(±µ+ 3k + 1)

(z

2

)±µ+6k

, (3.4.5)

J
(3,1)
±µ (z) =

∞
∑

k=0

(−1)k

(3k + 1)! Γ(±µ+ 3k + 2)

(z

2

)±µ+6k+2

, (3.4.6)

J
(3,2)
±µ (z) =

∞
∑

k=0

(−1)k

(3k + 2)! Γ(±µ+ 3k + 3)

(z

2

)±µ+6k+4

. (3.4.7)

Additionally, the solutions satisfying the radial part of the modified 3-Helmholtz equa-
tion (3.4.2) are

I
(3,0)
±µ (z) =

∞
∑

k=0

1

(3k)! Γ(±µ+ 3k + 1)

(z

2

)±µ+6k

, (3.4.8)

I
(3,1)
±µ (z) =

∞
∑

k=0

1

(3k + 1)! Γ(±µ+ 3k + 2)

(z

2

)±µ+6k+2

, (3.4.9)

I
(3,2)
±µ (z) =

∞
∑

k=0

1

(3k + 2)! Γ(±µ+ 3k + 3)

(z

2

)±µ+6k+4

. (3.4.10)

obtained, replacing z by e
ı̇π
6 z.

Furthermore, the following connection formulae between c1, c2 and c3 functions
can be established

J±µ(z) = J
(3,0)
±µ (z)− J

(3,1)
±µ (z) + J

(3,2)
±µ (z) (3.4.11)

= I
(3,0)
±µ (z) + I

(3,1)
±µ (z) + I

(3,2)
±µ (z)− 2I

(2,1)
±µ (z) . (3.4.12)
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4. The general n-Helmholtz equation in polar coordinates in context

with time dependent phenomena.

Proposition 4.1. Assume u ∈ C2n. Then

u(r, θ) = e±ı̇µθ
n−1
∑

m=0

J
(n,m)
±µ (κr), (4.0.1)

where

J
(n,m)
±µ (κr) =

∞
∑

k=0

(−1)k

(nk +m)! Γ(±µ+ nk +m+ 1)

(

κ1/2n r

2

)±µ+2nk+2m

(4.0.2)

is a solution of the n-Helmholtz equation

(∆n + κ)u(r, θ) = 0 . (4.0.3)

Proof. The proof is a straightforward calculation based on a repeated application
of the Laplacian.

On the other hand, n linearly independent solutions satisfying the radial part of
the modified n-Helmholtz equation (∆n − κ)u(r, θ) = 0 are furnished replacing r by
eı̇π/2n r, namely

I
(n,m)
±µ (κr) =

∞
∑

k=0

1

(nk +m)! Γ(±µ+ nk +m+ 1)

(

κ1/2n r

2

)±µ+2nk+2m

,

m = 0, 1, 2, . . . , n− 1 . (4.0.4)

Additional solutions are obtained by properly factoring the n−Laplacian ∆n (as seen,
for example, in sections 3.3 and 3.4).

Further, taking advantage of the notation (4.0.2) and (4.0.4), the “periodic-jump”
series, presented in section 3.3, can be expressed as

∞
∑

k=0

(−1)k

Mk! Γ(±µ+Mk + 1)

(z

2

)±µ+2Mk

= I
(4,2)
±µ (z)− I

(4,3)
±µ (z) . (4.0.5)

It is straightforward to expand the results obtained so far to (linear) phenomena
which change with time, by proposing the general operator

�
p
n(αℓ|βj)

def.
=

n
∑

ℓ=0

αℓ(x)∆
ℓ +

p
∑

j=0

βj(x)
∂j

∂tj
, (4.0.6)

where αℓ = (α0(x), α1(x), . . . , αn(x)), and βj = (β0(x), β1(x), . . . , βp(x)).
Conclusively, more involved partial differential equations incorporating mixed

derivatives can be solved explicitly performing separation of variables as demonstrated.
We illustrate this statement further by taking steps beyond section 3, providing the
exact solutions of the first kind to the 3-metaharmonic equation

∑3
ℓ=0 αℓ∆

ℓ u = 0 for
simple values of the coefficients αℓ, ℓ = 0, 1, 2, 3, displayed in Table 1.
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Table 1: Explicit solutions of Equations (α3∆
3 + α2∆

2 + α1∆ +
α0)u(r, θ) = 0 (omitting non-essential constants).

α3 α2 α1 α0 u(r, θ) Details can be found where

1. 0 0 1 κ
J
(1,0)
±µ (κ1/2r) e±ı̇µθ

[30]

2. 0 0 1 −κ I
(1,0)
±µ (κ1/2r) e±ı̇µθ

3. 0 1 0 κ
J
(2,0)
±µ (κ1/4r) e±ı̇µθ

Section 3.3

J
(2,1)
±µ (κ1/4r) e±ı̇µθ

4. 0 1 0 −κ I
(2,0)
±µ (κ1/4r) e±ı̇µθ

I
(2,1)
±µ (κ1/4r) e±ı̇µθ

5. 1 0 0 κ
J
(3,0)
±µ (κ1/6r) e±ı̇µθ

Section 3.4

J
(3,1)
±µ (κ1/6r) e±ı̇µθ

J
(3,2)
±µ (κ1/6r) e±ı̇µθ

6. 1 0 0 −κ
I
(3,0)
±µ (κ1/6r) e±ı̇µθ

I
(3,1)
±µ (κ1/6r) e±ı̇µθ

I
(3,2)
±µ (κ1/6r) e±ı̇µθ

Continued on next page
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Table 1 – continued from previous page

α3 α2 α1 α0 u(r, θ) Details can be found where

7. 0 1 1 0
J
(1,0)
±µ (r) e±ı̇µθ

J
(1,1)
±µ (r) e±ı̇µθ

8. 0 1 -1 0
I
(1,0)
±µ (r) e±ı̇µθ

I
(1,1)
±µ (r) e±ı̇µθ

9. 1 0 1 0
J
(2,0)
±µ (r) e±ı̇µθ

J
(2,1)
±µ (r)e±ı̇µθ

J
(2,2)
±µ (r) e±ı̇µθ

10. 1 0 -1 0
I
(2,0)
±µ (r) e±ı̇µθ

Appendix A

I
(2,1)
±µ (r)e±ı̇µθ

I
(2,2)
±µ (r) e±ı̇µθ

11. 1 1 0 0
J
(1,0)
±µ (r) e±ı̇µθ

J
(1,1)
±µ (r)e±ı̇µθ

J
(1,2)
±µ (r) e±ı̇µθ

12. 1 -1 0 0
I
(1,0)
±µ (r) e±ı̇µθ

I
(1,1)
±µ (r)e±ı̇µθ

I
(1,2)
±µ (r) e±ı̇µθ

13. 1 1 1 0

(

I
(3,0)
±µ (r) − I

(3,1)
±µ (r)

)

e±ı̇µθ

(

I
(3,1)
±µ (r) − I

(3,2)
±µ (r)

)

e±ı̇µθ

(

I
(3,2)
±µ (r) − I

(3,3)
±µ (r)

)

e±ı̇µθ

14. 1 -1 1 0

(

J
(3,0)
±µ (r) − J

(3,1)
±µ (r)

)

e±ı̇µθ

(

J
(3,1)
±µ (r) − J

(3,2)
±µ (r)

)

e±ı̇µθ

(

J
(3,2)
±µ (r) − J

(3,3)
±µ (r)

)

e±ı̇µθ

5. Conclusions. The method of separation of variables (in the sense of deter-
mining a set of separable solutions) is one of the earliest approaches in the history of
science to solve linear second- as well as higher-order partial differential equations as
long as mixed derivatives are not present. If such derivatives exist, the technique of
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variables separation fails in its “traditional” form. Nonetheless, the present article, by
reassessing established concepts provides a “modus operandi” which allows to split a
general linear partial differential equation with constant coefficients into a, dimension
dependent, number of ordinary differential equations. Although, nowadays compu-
tational methods are promoted in order to solve higher-order differential equations,
deriving exact solutions bears two significant advantages: (i) They explicitly illustrate
how the parameters of the differential equation (and therefore of the problem under
consideration) influence on the solution and (ii) they display structure.

Indeed, this is shown in sections 3.3 and 3.4 where series solutions for higher-
order Laplacians’ are, for the first time, evaluated. This has been achieved, not by
the usual factorization of the operator, thus yielding eigensolutions satisfying the
corresponding Laplacian as well (see introductory remarks of section 3.3), but im-
plementing a separation ansatz on the initial partial differential equation furnishing
“genuine” eigensolutions which do not satisfy the corresponding factorized differen-
tial equations. More importantly, these special functions share similarities providing
the means to create n linearly independent solutions for the general n−Helmholtz
equation (∆n + κ)u = 0 in polar coordinates.

Separation of variables “offers” not only explicit solutions, but more importantly,
it render guidance to the most essential class of special functions, namely the hy-
pergeometric functions pFq. From the eleven orthogonal coordinate systems in which
both the Laplace and Helmholtz equation (as well as their higher-order counterparts)
separate1, the ordinary differential equations arising for nine of them are of Fuchsian
type with three regular singularities and can be expressed in terms of hypergeometric
functions. These ordinary differential equations, if transformed to the corresponding
hypergeometric equation, provide the p + q parameters which allow the solution to
be expressed in terms of pFq. Admittedly, this is not always an easy task, still, the
significance is obvious. Identities, special values and transformation formulas are well
recorded [25, 22] and new properties are continuously added.

Appendix A. The equations (α3∆
3 + α2∆

2 + α1∆ + α0)u(r, θ) = 0. The
equation (∆2 +∆)u(r, θ) = 0 is a special case of the equation �

p
n(αℓ|βj)u = 0 in the

case where p = 0, β0 = 0 and n = 2, α0 = 0, α1 = α2 = 1. Separating variables yields
the differential equations

r4R′′′′ + 2r3R′′′ +
[

±r2 − (2µ2 + 1)
]

r2R′′ +
[

±r2 + (2µ2 + 1)
]

rR′

−
[

±µ2r2 − µ2(µ2 − 4)
]

R = 0 (A.0.1)

corresponding to (∆2 ± ∆)u(r, θ) = 0, respectively. However, utilizing Frobenius’
method [29], four linear independent and convergent series solutions can be retrieved
(see cases 7 and 8 of Table 1).

An analogous development for the equations (∆3 ± ∆)u(r, θ) = 0 and (∆3 ±
∆2)u(r, θ) = 0 reveals that the equivalent radial components are

r6R(6) + 3r5R(5) − 3(µ2 + 1)r4R′′′′ + 6(µ2 + 1)r3R′′′ +
[

±r4 + 3(µ4 − 7µ2 − 3)
]

r2R′′

+
[

±r4 − 9(µ4 − 5µ2 − 1)
]

rR′ +
[

∓µ2r4 − µ2(µ2 − 4)(µ2 − 16)
]

R = 0 (A.0.2)

1These coordinate systems, according to [21], are: (1) Cartesian, (2) Cylindrical, (3) Elliptic
cylinder, (4) Parabolic cylinder, (5) Spherical, (6) Prolate spheroidal, (7) Oblate spheroidal, (8)
Parabolic, (9) Paraboloidal, (10) Conical and (11) Ellipsoidal.
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as well as

r6R(6) + 3r5R(5) +
[

±r2 − 3(µ2 + 1)
]

r4R′′′′ + 2
[

±r2 + 3(µ2 + 1)
]

r3R′′′

+
[

∓(2µ2 + 1)r2 + 3(µ4 − 7µ2 − 3)
]

r2R′′ +
[

±(2µ2 + 1)r2 − 9(µ4 − 5µ2 − 1)
]

rR′

+
[

∓µ2(µ2 − 4)r2 − µ2(µ4 − 20µ2 + 64)
]

R = 0 , (A.0.3)

respectively. Again, a straightforward application of Frobenius’ method provides the
desired solutions (see cases 9-12 of Table 1), augmented by the following sets of
solutions
{

J
(2,0)
0 (r), J

(2,1)
0 (r), J

(2,2)
0 (r)

}

∪ {1, θ},
{

I
(2,0)
0 (r), I

(2,1)
0 (r), I

(2,2)
0 (r)

}

∪ {1, θ}
(A.0.4)

for equations (∆3 ±∆)u(r, θ) = 0, respectively, and

{

J
(1,0)
0 (r), J

(1,1)
0 (r), J

(1,2)
0 (r)

}

∪ {1, θ},
{

I
(1,0)
0 (r), I

(1,1)
0 (r), I

(1,2)
0 (r)

}

∪ {1, θ}
(A.0.5)

for equations (∆3 ±∆2)u(r, θ) = 0, respectively.
Last, but not least, separation for the equations (∆3 ±∆2 +∆)u(r, θ) = 0 leads

to the subsequent differential equations

r6R(6) + 3r5R(5) +
[

±r2 − 3(µ2 + 1)
]

r4R′′′′ + 2
[

±r2 + 3(µ2 + 1)
]

r3R′′′

+
[

r4 ∓ (2µ2 + 1)r2 + 3(µ4 − 7µ2 − 3)
]

r2R′′

+
[

r4 ± (2µ2 + 1)r2 − 9(µ4 − 5µ2 − 1)
]

rR′

+
[

−µ2r4 ± µ2(µ2 − 4)r2 − µ2(µ4 − 20µ2 + 64)
]

R = 0 , (A.0.6)

which accept “periodic-jump” power series with basis the number Mk = 0, 1(mod 3),
as solutions. Nonetheless, rearranging terms and employing the notation introduced

in section 4, a linear combination of J
(3,m)
±µ , I

(3,m)
±µ , m = 0, 1, 2, 3 is obtained (see cases

13-14 of Table 1). These solutions have to be further enlarged by a set similar to
(A.0.5).
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