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ON TWO METHODS FOR RECONSTRUCTING HOMOGENEOUS

HYPERSURFACE SINGULARITIES FROM THEIR MILNOR

ALGEBRAS∗

A. V. ISAEV†

Abstract. By the well-known Mather-Yau theorem, a complex hypersurface germ V with iso-
lated singularity is fully determined by its moduli algebra A(V). The proof of this theorem does
not provide an explicit procedure for recovering V from A(V), and finding such a procedure is a
long-standing open problem. In the present paper we survey and compare two recently proposed
methods for reconstructing V from A(V) up to biholomorphic equivalence under the assumption that
the singularity of V is homogeneous (in which case A(V) coincides with the Milnor algebra of V). As
part of our discussion of one of the methods, we give a characterization of the algebras arising from
finite polynomial maps with homogeneous components of equal degrees.
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1. Introduction. Let On be the local complex algebra of holomorphic function
germs at the origin in Cn with n ≥ 2. For a hypersurface germ V at the origin
(considered with its reduced complex structure) denote by I(V) the ideal of elements
of On that vanish on V . Fix a generator f of I(V) and let A(V) be the quotient of On

by the ideal generated by f and all its first-order partial derivatives. The algebraA(V),
called the moduli algebra or Tjurina algebra of V , is in fact independent of the choice
of f as well as the coordinate system near the origin. Furthermore, the moduli algebras
of biholomorphically equivalent hypersurface germs are isomorphic. It is clear that
A(V) is non-zero if and only if V is singular. We assume that 0 < dimC A(V) < ∞,
which occurs if and only if the singularity of V is isolated (see, e.g. Chapter 1 in
[GLS]).

By the well-known Mather-Yau theorem (see [MY]), two hypersurface germs V1,
V2 in Cn with isolated singularities are biholomorphically equivalent if their moduli
algebras A(V1), A(V2) are isomorphic. Thus, given the dimension n, the moduli
algebra A(V) determines V up to biholomorphism. For example, if dimC A(V) = 1,
then V is biholomorphic to the germ of the hypersurface {z21 + · · · + z2n = 0}, and if
dimC A(V) = 2, then V is biholomorphic to the germ of the hypersurface {z21 + · · ·+
z2n−1 + z3n = 0}. The proof of the Mather-Yau theorem does not provide an explicit
procedure for recovering the germ V from the algebra A(V) in general, and finding a
way for reconstructing V (or at least some invariants of V) from A(V) is an interesting
open question, called the reconstruction problem (cf. [Y1], [Y2], [Sch]). Recently, we
have proposed two methods for restoring V fromA(V) up to biholomorphic equivalence
under the assumption that the singularity of V is homogeneous (see [EI], [I2], [IK]).
In the present paper we survey and compare these two methods.

Let V be a hypersurface germ having an isolated singularity. The singularity of V
is said to be homogeneous if for some generator f of I(V) there is a coordinate system
z1, . . . , zn near the origin in which f becomes the germ of a homogeneous polynomial
Q. It then follows that this statement holds for any generator of I(V). Indeed, if g is
another generator of I(V), then g = uf , where u is a unit in On. It is now easy to check
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that g becomes the germ of Q in the coordinates [U(z1, . . . , zn)]
1/ degQ · (z1, . . . , zn),

where U is a function representing u.

If the singularity of V is homogeneous, then any generator f of I(V) lies in the
Jacobian ideal J (f) in On, which is the ideal generated by all first-order partial
derivatives of f with respect to some coordinate system. Hence, for a homogeneous
singularity, A(V) coincides with the Milnor algebra On/J (f) for any f . Therefore,
in this case the algebra A(V) is a complete intersection, which implies that A(V) is
Gorenstein (see [B]). Recall that a local complex commutative associative algebra
A with 1 < dimC A < ∞ is a Gorenstein ring if and only if for the annihilator
Ann(m) := {x ∈ m : xm = 0} of its maximal ideal m one has dimC Ann(m) = 1 (see,
e.g. [H]). Furthermore, if the singularity of V is homogeneous, the algebra A(V) is
(non-negatively) graded, i.e. it can be represented as A(V) = ⊕i≥0Li, where Li are
linear subspaces of A(V) with L0 ≃ C and LiLj ⊂ Li+j for all i, j.

Now, we let Q(z), with z := (z1, . . . , zn), be a holomorphic (m+ 1)-form on Cn,
i.e. a homogeneous polynomial of degree m + 1 in the variables z1, . . . , zn, where
m ≥ 2. Consider the germ VQ of the hypersurface {Q(z) = 0} and assume that: (i)
the singularity of VQ is isolated, and (ii) the germ of Q generates I(VQ). These two
conditions are equivalent to the non-vanishing of the discriminant ∆(Q) of Q (see
Chapter 13 in [GKZ]). Both methods discussed in this paper aim at recovering the
form Q (hence the germ VQ) from the algebra A(VQ) up to linear equivalence, where
two forms Q1, Q2 on Cn are called linearly equivalent if there exists a non-degenerate
linear transformation L of Cn such that Q2 = Q1 ◦ L.

First, in Section 2 we review the method introduced in [IK]. Define Q to be the
gradient map Q : Cn → Cn, z 7→ gradQ(z). The condition ∆(Q) 6= 0 means that the
fiber Q−1(0) consists of 0 alone, i.e. Q is finite at the origin. The main content of this
method is recovering the map Q from A(VQ) up to linear equivalence, where we say
that two maps Φ1,Φ2 : Cn → Cn are linearly equivalent if there exist non-degenerate
linear transformations L1, L2 of Cn such that Φ2 = L1 ◦ Φ1 ◦ L2. In fact, in [IK] we
consider a more general situation. Let p1, . . . , pn be holomorphic m-forms on Cn and
I the ideal in On generated by the germs of these forms at the origin. Define P to be
the map of Cn given by z 7→ (p1(z), . . . , pn(z)) and set AP := On/I. We assume that
dimC AP <∞, which occurs if and only if P is finite at the origin, i.e. P−1(0) = {0}
(see Chapter 1 in [GLS]). The latter condition is equivalent to the non-vanishing of
the resultant of p1, . . . , pn (see Chapter 13 in [GKZ]). In [IK] we proposed a procedure
(which requires only linear-algebraic manipulations) for explicitly recovering the map
P from AP up to linear equivalence. Applying this procedure to the algebra A(VQ)
arising from Q, one obtains a map Q′ linearly equivalent to Q. It is then not hard to
derive from Q′ an (m+1)-form Q′ linearly equivalent to Q. To demonstrate how the
above method works, in [IK] we applied it to the family of simple elliptic singularities

of type Ẽ6. A sketch of this example is included in Section 2.

A priori, one can attempt to apply the procedure of [IK] to any complex com-
mutative associative finite-dimensional algebra. Therefore, a natural problem is to
characterize the algebras isomorphic to AP for some P as above. In the case of gradi-
ent maps, this characterization problem is a special case of the well-known recognition
problem for the moduli algebras of general isolated hypersurface singularities and the
corresponding Lie algebras of derivations (see, e.g. [Y1], [Y2], [Sch]). In Section 2 we
give an elementary solution of the recognition problem for the algebras AP prior to
our review of the reconstruction method of [IK].

Further, in Section 3 we discuss the method proposed in [EI] (see also [I2]). As



TWO METHODS FOR RECONSTRUCTING HOMOGENEOUS SINGULARITIES 393

will be explained below, this method depends on a conjecture that has only been
confirmed for a number of special cases but is open in full generality. In fact, in [EI]
we construct certain numerical invariants of complex graded Gorenstein algebras of
finite vector space dimension greater than 2. Our construction is based on a criterion
for two such algebras to be isomorphic given in article [FIKK] (see also [FK], [I1],
[I3] for results on algebras over arbitrary fields of characteristic zero). The criterion
is stated in terms of certain polynomials. Indeed, as explained in Section 3, to every
complex Gorenstein algebra A with 2 < dimC A < ∞ one can associate polynomials
of a special form on n := m/Ann(m) = m/mν, called nil-polynomials, of degree ν with
vanishing constant and linear terms, where ν ≥ 2 is the nil-index of m. In [FIKK] we
showed that two complex graded Gorenstein algebras A1, A2 are isomorphic if and
only if some (hence any) nil-polynomials P1, P2 arising from A1, A2, respectively, are
linearly equivalent, that is, there exist c ∈ C

∗ and a linear isomorphism L : n1 → n2

such that cP1 = P2 ◦ L. The homogeneous component P [s] of degree s of any nil-
polynomial P is in fact a polynomial on n/nν+2−s ≃ m/mν+2−s for s = 2, . . . , ν. It
then follows that for every s and for any absolute classical invariant I of forms of
degree s on m/mν+2−s, the value I(P [s]) is invariantly defined. Thus, application
of absolute classical invariants to homogeneous components of nil-polynomials yields
numerical invariants of complex graded Gorenstein algebras (see Theorem 3.2).

For a hypersurface germ V having a homogeneous singularity, Theorem 3.2 pro-
vides a way for extracting a collection of invariants of V from its moduli algebra A(V)
if dimC A(V) > 2, and these invariants arise from absolute classical invariants of forms
of degree s on m(V)/m(V)ν+2−s for s = 2, . . . , ν, where m(V) is the maximal ideal of
A(V). In [EI] we proposed a conjecture, which states that the form Q is determined,
up to linear equivalence, by the invariants supplied by Theorem 3.2 just for the case
s = ν (see Conjecture 3.4 below). Namely, the conjecture asserts that one can recover
the values of all the absolute invariants for the form Q from absolute invariants of
forms of degree ν on m(VQ)/m(VQ)

2 by evaluating the latter for the corresponding
polynomials P [ν]. On the other hand, the linear equivalence problem for forms with
non-vanishing discriminant is solved by absolute classical invariants of a special form
(see formula (3.1)).

Observe now that dimC m(VQ)/m(VQ)
2 = n. Also, by a well-known result in [Sa]

one has ν = n(m− 1). Thus, starting with any form Q on Cn of degree m+1 satisfy-
ing the condition ∆(Q) 6= 0, upon identification of m(VQ)/m(VQ)

2 with Cn, from any
nil-polynomial P on m(VQ)/m(VQ)

ν one produces another form P [ν] on Cn of degree
n(m− 1), and we say that P [ν] is associated to Q (any two associated forms coincide
up to scale). We note that such forms were considered in [Ea] without introducing
nil-polynomials (cf. [Em]). In this terminology, one interesting consequence of Con-
jecture 3.4 is that the invariant theory of forms of a fixed degree with non-vanishing
discriminant is fully described by that of their associated forms. Calculations done in
[Ea] show that the conjecture holds for binary quartics (n = 2, m = 3) and ternary
cubics (n = 3, m = 2). Furthermore, in [EI] the conjecture was confirmed for binary
quintics (n = 2, m = 4) and binary sextics (n = 2, m = 5).

Our second method for recovering Q from A(VQ) is based on Conjecture
3.4. It is not as explicit as the first one even if the conjecture is assumed
to hold. Indeed, while computing a form Q̃ associated to Q is easy, in or-
der to reconstruct Q from Q̃ up to linear equivalence one would also need to:
(a) find (finitely many) generators of the algebra of all absolute invariants given by
formula (3.1), (b) establish how exactly these generators are related to absolute invari-
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ants of forms of degree n(m− 1), and (c) solve the following “fitting problem”: find a
form of degree m+1 with non-vanishing discriminant on Cn for which the generators
take prescribed values (see (3.3) for details). Tasks (a)–(c) are rather non-trivial and
make our second method less attractive in comparison to the first one. On the other
hand, finding Q̃ is much more straightforward than performing the computations re-
quired by the first method (see (3.4)). Therefore, if one comes up with a procedure of

extracting Q from Q̃ in an easier way, the second method may become quite useful as
well. Analogously to Section 2, we conclude Section 3 by an example of application
of the second method to simple elliptic singularities of type Ẽ6, in which case tasks
(a)–(c) are well-understood.

Acknowledgement. This work is supported by the Australian Research Coun-
cil.

2. The first method. For fixed m,n ≥ 2 let P : Cn → Cn be a map that
is finite at the origin and whose components p1, . . . , pn are holomorphic m-forms on
Cn. Define I to be the ideal in On generated by the germs of these forms at the
origin and AP := On/I. Since m ≥ 2, one has dimC AP ≥ n + 1 > 1. Before
reviewing the method of [IK] for recovering the map P from AP, we will give a simple
characterization of the algebras that arise from finite homogeneous polynomial maps
as above among all complex commutative associative finite-dimensional algebras.

Let A be a local unital complex commutative associative algebra with 1 <
dimC A < ∞. We say that A has Property (∗) if it satisfies conditions (∗)

1
–(∗)

3

stated below. In what follows m is the (unique) maximal ideal of A and Gr(A) the
associated graded algebra of A:

Gr(A) :=

ν⊕

i=0

m
i/mi+1,

where m
0 := A, with the product operation defined in the obvious way. Here ν is

the nil-index of m, i.e. the largest integer µ with m
µ 6= 0 (note that m is a nilpotent

algebra by Nakayama’s lemma).

(∗)
1
: A is a standard graded algebra, i.e. it can be represented in the form

A =
⊕

i≥0

Li,

where Li are linear subspaces of A with L0 ≃ C, LiLj ⊂ Li+j for all i, j, and Ll = Ll
1

for all l ≥ 1. Notice that

m =

ν⊕

i=1

Li,

Li = 0 for i > ν, and Li is a complement to m
i+1 in m

i for all i ≥ 0. Hence A is a
standard graded algebra if and only if A is isomorphic to Gr(A).

(∗)
2
: A is a complete intersection.

(∗)
3
: for some M ≥ 2 the following holds:

dimC m
i/mi+1 = dimC PN

i for i = 1, . . . ,M − 1,

dimC m
M/mM+1 = dimC PN

M −N,
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where N := dimC m/m2 is the embedding dimension of A and for every i ≥ 1 we
denote by PN

i the vector space of all i-forms on CN (observe that N > 0). Note that
the numbers dimC PN

i are well-known:

dimC PN
i =

(
i+N − 1

i

)
.

Remark 2.1. Verification of conditions (∗)
2
and (∗)

3
for a given algebra A is

not hard. Indeed, (∗)
2
means that

(2.1) dimCH1(Kf
1
,...,f

N
) = N,

where Kf
1
,...,f

N
is the Koszul complex constructed from a basis f1, . . . , fN in a com-

plement to m
2 in m (see, e.g. pp. 169–172 in [Ma]); computing the left-hand side

of (2.1) is straightforward from the definitions. Further, computation of all the di-
mensions dimC m

i/mi+1 required for verifying (∗)
3
is easily done as well. In contrast,

verification of condition (∗)
1
may be quite difficult, especially if one is interested in

constructing a standard grading explicitly. For example, to deal with condition (∗)
1

one can first check whether Gr(A) is Gorenstein and, if this is indeed the case, use the
criterion for isomorphism of Gorenstein algebras obtained in [FIKK] to see whether
A and Gr(A) are isomorphic. We note that a necessary condition for the existence of
a standard grading on a Gorenstein algebra is given in Proposition 8.1 in [FK].

We are now ready to state our result.

THEOREM 2.2. Let A be a local unital complex commutative associative

algebra with 1 < dimC A < ∞. Then A is isomorphic to the algebra AP for some P

if and only if A has Property (∗), in which case N = n and M = m = ν/n+ 1.

Proof. First, we let A = AP for some map P as above and show that A has
Property (∗). Indeed, p1, . . . , pn is a regular sequence in On (see Theorem 2.1.2 in
[BH]), hence A satisfies (∗)

2
. Next, we clearly have N = n, and for any i ≥ 0 define

Li to be the linear subspace of A that consists of all elements represented by germs of
forms in Pn

i . These subspaces form a standard grading on A, hence (∗)
1
is satisfied.

Further, condition (∗)
3
obviously holds with M = m. Finally, as we noted in [IK],

the embedding dimension n divides ν and one has m = ν/n+ 1.

Conversely, let A be a local unital complex commutative associative algebra with
1 < dimC A <∞ having Property (∗). Choose a basis f1, . . . , fN in a complement to
m

2 in m. The elements f1, . . . , fN generateA (as an algebra), hence A is isomorphic to
C[z1, . . . , zN ]/R, whereR is the ideal of all relations among f1, . . . , fN , i.e. polynomials
P ∈ C[z1, . . . , zN ] with P (f1, . . . , fN ) = 0. Observe that R contains all homogeneous
polynomials of degree greater than ν. It then follows that A is isomorphic to ON/R0,
where R0 is the ideal in ON generated by the germs of all relations.

We will now use condition (∗)
1
. Namely, choosing f1, . . . , fN to be a basis in

L1, we see that R is generated by finitely many homogeneous relations, which yields
R0 ⊂ m

2
N , where mN is the maximal ideal of ON . Next, since A is isomorphic to the

quotient of the regular local ring ON by the ideal R0 ⊂ m
2
N , condition (∗)

2
means

that the minimal number of generators of R0 is equal to N . Further, condition (∗)
3

means that the ideal R contains no relations of degree less thanM and that the linear
subspace H ⊂ R of all homogeneous relations of degree M has dimension N .
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Choose a set of generators of R0 consisting of N elements, let g1, . . . , gN be
holomorphic functions representing the generators, and fix a basis p1, . . . , pN of H.
Then in a neighborhood of the origin we have

(2.2) pi =

N∑

j=1

aijgj , i = 1, . . . , N

for some holomorphic functions aij . On the other hand, if we complete the basis
p1, . . . , pN to a set of generators of R by adding homogeneous elements q1, . . . , qL ∈ R
of degree greater than M , each function gj can be written as

(2.3) gj =

N∑

k=1

bjkpk +

L∑

ℓ=1

cjℓqℓ, j = 1, . . . , N,

where bjk, cjℓ are holomorphic functions. Plugging (2.3) into (2.2) and collecting
terms of degree M in both sides of the resulting identity, we see that the matrix
(aij(0)) is non-degenerate. Letting (djk) be the inverse of (aij) near the origin (with
djk(0) = bjk(0)), from equation (2.2) we then obtain

gj =

N∑

k=1

djkpk, j = 1, . . . , N,

which implies that the germs of p1, . . . , pN generate R0.

Thus, we have shown that the germs of the elements of every basis of H generate
R0. Let p1, . . . , pN be any basis and P := (p1, . . . , pN). By the condition dimC A <∞,
the map P is finite at the origin. We have thus proved that A is isomorphic to AP.

The proof of Theorem 2.2 provides a method for producing a map P from any
algebra A having Property (∗), but this method requires that a standard grading on
A be explicitly defined. As we noted in Remark 2.1, finding such a grading may be
hard. On the other hand, in article [IK] we proposed an algorithm for recovering P

up to linear equivalence from the algebra AP, where one does not need to know a
standard grading explicitly. Assuming that AP is given as an abstract algebra (i.e. by
a multiplication table with respect to some basis), we summarize the main steps of
the algorithm as follows (see [IK] for details):

1. Find m and its nil-index ν.

2. Determine n from the formula n = dimC m/m2.

3. Determine m from the formula m = ν/n+ 1.

4. Choose a complement to m
2 in m and an arbitrary basis f1, . . . , fn in

this complement.



TWO METHODS FOR RECONSTRUCTING HOMOGENEOUS SINGULARITIES 397

5. Calculate q1(f), . . . , qK(f), where f := (f1, . . . , fn), q1(z), . . . , qK(z)
are all monomials of degree m in z := (z1, . . . , zn), and K := dimC Pn

m.

6. Choose a complement S to m
m+1 in m

m.

7. Compute π(q1(f)), . . . , π(qK(f)), where π : mm → S is the projection
onto S with kernel mm+1.

8. Find n linearly independent linear relations among the vectors
π(q1(f)), . . . , π(qK(f)):
K∑

ρ=1

γσρπ(qρ(f)) = 0, σ = 1, . . . , n, γσρ ∈ C.

9. The following formula then gives a map linearly equivalent to P:

Φ : Cn → Cn, z 7→ Γq(z),

where Γ := (γσρ)σ=1,...,n, ρ=1,...,K, and q := (q1, . . . , qK).

Remark 2.3. The algorithm of [IK] shows that if two algebras AP and AP′ are
isomorphic, the maps P and P′ are linearly equivalent. This fact can also be seen
directly by lifting an isomorphism between AP and AP′ to an automorphism of On.
Hence, the sufficiency implication of Theorem 2.2 can be strengthened as follows: for
every algebra A having Property (∗) there exists exactly one, up to linear equivalence,
map P such that A is isomorphic to AP.

We will now apply the above algorithm to P = Q := gradQ for a holomorphic
(m + 1)-form Q on Cn with ∆(Q) 6= 0. Let Φ be a map linearly equivalent to Q

derived from the algebra A(VQ), where VQ is the germ of the hypersurface {Q = 0}
at the origin. For any n× n-matrix D we now introduce the holomorphic differential

1-form ωΦD

:=
∑n

i=1 Φ
D
i dzi on C

n, where ΦD
1 , . . . ,Φ

D
n are the components of the map

ΦD := DΦ. Consider the equation

(2.4) dωΦD

= 0

as a linear system with respect to the entries of the matrix D. It is explained in [IK]
that to recover Q from A(VQ) up to linear equivalence one needs to complement the
above algorithm with the following two steps:

10. Find a matrix D ∈ GL(n,C) satisfying system (2.4).

11. Integrate ΦD to obtain an (m+ 1)-form linearly equivalent to Q.

We will now briefly sketch an example of reconstructing Q from A(VQ) for the

family of simple elliptic singularities of type Ẽ6. For full details on this example we
refer the reader to [IK].

Example 2.4. Simple elliptic Ẽ6-singularities form a family parametrized by
t ∈ C satisfying t3 + 27 6= 0. Namely, for every such t let Vt := VQ

t
, where Qt is the

following cubic on C3:

Qt(z) := z31 + z32 + z33 + tz1z2z3, z := (z1, z2, z3).

The algebraAt := A(Vt) has dimension 8 and with respect to a certain basis e1, . . . , e8
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is given by:

(2.5)

e1ej = ej for j = 1, . . . , 8, e22 = −
t

3
e3 +

2t

3
e6, e2e3 = e6,

e2e4 = e5 − e6 − e8, e2e5 = e7, e2e6 = 0, e2e7 = 0, e2e8 = e7,

e3ej = 0 for j = 3, . . . , 8, e24 = −
t

3
e7, e4e5 = e3 − 2e6, e4e6 = 0,

e4e7 = e6, e4e8 = e3 − 2e6, e
2
5 = −

t

3
e5 + (2 + t)e6 +

t

3
e8, e5e6 = 0,

e5e7 = 0, e5e8 = −
t

3
e5 + (1 + t)e6 +

t

3
e8, e6ej = 0 for j = 6, 7, 8,

e7ej = 0 for j = 7, 8, e28 = −
t

3
e5 + te6 +

t

3
e8.

Then the maximal ideal mt of At is spanned by e2, . . . , e8, and we have n = 3, m = 2,
K = 6. Next, choosing f1 := e2, f2 := e4, f3 := e5 and S to be the linear span of
e3, e7, e5 − e8, one obtains the following three linearly independent linear relations:

π(q1(f)) +
t

3
π(q6(f)) = 0, π(q2(f)) +

t

3
π(q5(f)) = 0, π(q3(f)) +

t

3
π(q4(f)) = 0.

Hence

Γ =




1 0 0 0 0 t/3
0 1 0 0 t/3 0
0 0 1 t/3 0 0


 ,

which yields

Φ(z) =




z21 +
t

3
z2z3

z22 +
t

3
z1z3

z23 +
t

3
z1z2




.

Further, for

D =




d11 d12 d13
d21 d22 d23
d31 d32 d33




system (2.4) is equivalent to the following system of equations:

(2.6)

2d12 −
t

3
d23 = 0, 2d21 −

t

3
d13 = 0, td11 − td22 = 0,

2d13 −
t

3
d32 = 0, 2d31 −

t

3
d12 = 0, td11 − td33 = 0,

2d23 −
t

3
d31 = 0, 2d32 −

t

3
d21 = 0, td22 − td33 = 0.
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If t 6= 0 and t3 6= 216, the only non-degenerate solutions of (2.6) are non-zero scalar
matrices. Integrating ΦD for such a matrix D we obtain a form proportional to Qt.
If t = 0, any non-degenerate solution of (2.6) is a diagonal matrix with non-zero d11,
d22, d33. Integrating ΦD for such a matrix D we obtain the form

1

3

(
d11z

3
1 + d22z

3
2 + d33z

3
3

)
,

which is clearly linearly equivalent to Q0. Finally, let t3 = 216. Writing t = 6λ with
λ3 = 1, we see that D is a solution of (2.6) if and only if

d11 = d22 = d33, d12 = λ2d31, d23 = λd31, d21 = λ2d32, d13 = λd32.

Such a matrix D is non-degenerate if and only if d311 + d331 + d332 − 3λd11d31d32 6= 0.
For example, letting d11 = 0, d31 = 0, d32 = 1 one obtains

ΦD =




λz23 + 2λ2z1z2

λ2z21 + 2z2z3

z22 + 2λz1z3


 .

Integration of ΦD leads to the form

Qλ := λ2z21z2 + λz1z
2
3 + z22z3,

and using invariant theory one can verify that Qλ is indeed linearly equivalent to Qt.

3. The second method. Let A be a complex Gorenstein algebra with 2 <
dimC A <∞ and maximal ideal m. Define exp2 : m → m to be the map

exp2(x) :=

ν∑

s=2

1

s!
xs, x ∈ m,

where, as before, ν ≥ 2 is the nil-index of m. Using the map exp2, one can associate to
the algebraA a collection of polynomials of a special form. Let Π be a hyperplane in m

complementary to Ann(m). A C-valued polynomial P on Π is called a nil-polynomial
if there exists a linear form ω : m → C such that kerω = Π and P = ω ◦ exp2 |Π.
Observe that degP = ν.

If P1, P2 are two nil-polynomials arising from Gorenstein algebras A1, A2 and
hyperplanes Π1 ⊂ m1, Π2 ⊂ m2, respectively, then P1, P2 are called linearly equivalent
if there exist c ∈ C∗ and a linear isomorphism L : Π1 → Π2 such that cP1 = P2 ◦ L.
It then follows from results of [FIKK] (see also [FK], [I1], [I3]) that the map ϕ :
m1 → m2, ϕ(x+ y) := L(x)+ c ω̃−1

2 (ω1(y)), is an algebra isomorphism, where x ∈ Π1,
y ∈ Ann(m1), ω̃2 := ω2|Ann(m2), and ω1, ω2 are the linear forms corresponding to
P1, P2, respectively. Thus, if P1, P2 are linearly equivalent, the algebras A1, A2 are
isomorphic.

A nil-polynomial P = ω ◦ exp2 |Π arising from a Gorenstein algebra A extends to

the polynomial P̃ := ω ◦ exp2 on all of m. Let P̃ [s] be the homogeneous component

of order s of P̃ , with s = 2, . . . , ν. One has P̃ [s](y) = 0, P̃ [s](x + y) = P̃ [s](x) for

all x ∈ m, y ∈ m
ν+2−s. Thus, P̃ [s] gives rise to a polynomial P [s] on the quotient

m/mν+2−s. It then follows that if two nil-polynomials P1, P2 arising from Gorenstein



400 A. V. ISAEV

algebras A1, A2, respectively, are linearly equivalent, there exist c ∈ C∗ and algebra

isomorphisms L[s] : m1/m
ν+2−s
1 → m2/m

ν+2−s
2 such that cP

[s]
1 = P

[s]
2 ◦ L[s], where ν

is the nil-index of each of m1, m2 (note that the nil-indices of m1, m2 coincide since
degP1 = degP2). Observe also that for any nil-polynomials P and P ′ arising from
the same algebra the corresponding highest-order components P [ν] and P

′[ν] coincide
up to scale.

Next, recall that the algebra A is (non-negatively) graded if it can be represented
as A = ⊕i≥0Li, where Li are linear subspaces of A with L0 ≃ C and LiLj ⊂ Li+j

for all i, j. In this case m = ⊕i>0Li and Ann(m) = Ld for d := max{i : Li 6= 0}. It
is shown in [FIKK] (see also [FK], [I1]) that if A is graded, then all nil-polynomials
arising from A are linearly equivalent. Thus, the following theorem holds.

THEOREM 3.1. [EI] Let A1, A2 be graded Gorenstein algebras with

2 < dimC Aj < ∞, j = 1, 2, and P1, P2 some nil-polynomials arising from

A1, A2, respectively. Assume that A1, A2 are isomorphic. Then there exist

c ∈ C∗ and algebra isomorphisms L[s] : m1/m
ν+2−s
1 → m2/m

ν+2−s
2 such that

cP
[s]
1 = P

[s]
2 ◦ L[s] for s = 2, . . . , ν.

Theorem 3.1 allows one to utilize classical invariant theory for constructing certain
numerical invariants of graded Gorenstein algebras. We will now recall the definitions
of relative and absolute classical invariants (see, e.g. [O] for details). These definitions
can be given in a coordinate-free setting.

Let W be a finite-dimensional complex vector space and Qm+1
W the linear space

of holomorphic forms of degree m+1 on W , with m ≥ 1. Define an action of GL(W )
on Qm+1

W by the formula

(C,Q) 7→ QC , QC(w) := Q(C−1w), where C ∈ GL(W ), Q ∈ Qm+1
W , w ∈W .

An invariant (or relative classical invariant) of forms of degree m + 1 on W is a
polynomial I : Qm+1

W → C such that for any Q ∈ Qm+1
W and any C ∈ GL(W ) one

has I(Q) = (detC)kI(QC), where k is a non-negative integer called the weight of I.
It follows that I is in fact homogeneous of degree k dimCW/(m + 1). Finite sums
of relative invariants comprise the algebra of polynomial SL(W )-invariants of Qm+1

W ,
called the algebra of invariants (or algebra of classical invariants) of forms of degree
m + 1 on W . By the Hilbert Basis Theorem, this algebra is finitely generated. For
any two invariants I and Ĩ, with Ĩ 6≡ 0, the ratio I/Ĩ yields a rational function on

Qm+1
W that is defined, in particular, at the points where Ĩ does not vanish. If I and

Ĩ have equal weights, this function does not change under the action of GL(W ), and

we say that I/Ĩ is an absolute invariant (or absolute classical invariant) of forms of
degree m+ 1 on W .

If one fixes coordinates z1, . . . , zn in W , then W is identified with Cn, GL(W )
with GL(n,C), and any element Q ∈ Qm+1

W is written as a homogeneous polynomial
of degree m + 1 in z1, . . . , zn, which is the representation of (m + 1)-forms that we
have utilized in the paper so far. Invariants are usually defined in terms of the
coefficients of the polynomial in z1, . . . , zn representing Q (see, e.g. the definition of
∆ in [GKZ]). Observe, however, that for any absolute invariant I its value I(Q) is in
fact independent of the choice of coordinates in W .

Now, Theorem 3.1 yields the following result.

THEOREM 3.2. [EI] Let A be a graded Gorenstein algebra such that

2 < dimC A < ∞, and P a nil-polynomial arising from A. Further, for a fixed
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s ∈ {2, . . . , ν}, let W be a complex vector space isomorphic to m/mν+2−s by means

of a linear map ψ : W → m/mν+2−s. Fix an absolute invariant I of forms of degree

s on W . Then the value I(ψ∗P [s]) depends only on the isomorphism class of A.

Let V be a hypersurface germ having a homogeneous singularity. Consider the
moduli algebra A(V) of V , and let m(V) be the maximal ideal of A(V). Theorem 3.2
allows one to explicitly extract from A(V) invariants of V of the form I(P [s]), where P
is a nil-polynomial arising from A(V) and I is an absolute invariant of forms of degree
s on m(V)/m(V)ν+2−s, with s = 2, . . . , ν. It is natural to ask whether these invariants
form a complete set, i.e. whether they solve the biholomorphic equivalence problem
for hypersurface germs with homogeneous singularity. We attempted to answer this
question in [EI], as described below.

For m ≥ 2 define

Xm+1
n := {Q ∈ Qm+1

Cn : ∆(Q) 6= 0}.

Any hypersurface germ V with homogeneous singularity at the origin in Cn and
dimC A(V) > 1 is biholomorphic to some VQ with Q ∈ Xm+1

n , m ≥ 2. First of
all, we need the following fact.

Proposition 3.3. [EI]1 The orbits of theGL(n,C)-action onXm+1
n are separated

by absolute invariants of the kind

(3.1) I =
I

∆p
,

where p is a non-negative integer and I is a relative classical invariant.

In what follows we denote by Im+1
n the algebra of restrictions to Xm+1

n of absolute
invariants of the form (3.1). By the Hilbert Basis Theorem, this algebra is finitely
generated. Observe that Im+1

n is exactly the algebra of GL(n,C)-invariant regular
functions on the affine algebraic variety Xm+1

n .
As we noted in [IK], if Q is a form in Xm+1

n with m ≥ 2, then for the nil-index
ν of the maximal ideal m(VQ) of the moduli algebra A(VQ) one has ν = n(m − 1).
Furthermore, dimC m(VQ)/m(VQ)

2 = n. Thus, every nil-polynomial P arising from
A(VQ) has degree n(m − 1), and the corresponding polynomial P [n(m−1)] is a form
on an n-dimensional space. For any two nil-polynomials P , P ′ the forms P [n(m−1)],
P

′[n(m−1)] coincide up to scale, and we say that any of the mutually proportional forms
of degree n(m − 1) arising in this way is associated to Q. Thus, upon identification
of m(VQ)/m(VQ)

2 with Cn, every invariant of VQ provided by Theorem 3.2 for s = ν

is given as Ĩ(Q̃), where Ĩ is an absolute invariant of forms of degree n(m− 1) on Cn

and Q̃ is a form associated to Q. Note that invariants of this kind were considered in
article [Ea] (cf. p. 401 in [Em]), where associated forms were introduced in slightly
different terms. In [EI] we proposed a conjecture similar to (but a priori weaker than)
the following one.

Conjecture 3.4. For any I ∈ Im+1
n there exists an absolute invariant Ĩ of

forms of degree n(m−1) on Cn such that for all Q ∈ Xm+1
n the following holds: upon

identification of m(VQ)/m(VQ)
2 with Cn the invariant Ĩ is defined at some (hence at

every) form Q̃ associated to Q and Ĩ(Q̃) = I(Q).

1The proof of this proposition given in [EI] has been suggested to us by A. Gorinov.
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In order to discuss one implication of this conjecture, let us canonically identify
m(VQ)/m(VQ)

2 with Cn. Namely, let Zj be the element of m(VQ) represented by the
germ of the coordinate function zj , and ej the element of m(VQ)/m(VQ)

2 represented
by Zj , j = 1, . . . , n. Denote by w1, . . . , wn the coordinates in m(VQ)/m(VQ)

2 with

respect to the basis e1, . . . , en. Now, for an absolute invariant Ĩ of forms of degree
n(m− 1) in the variables w1, . . . , wn it is easy to observe that Ĩ(Q̃) is rational when

regarded as a function of Q, with Q̃ associated to Q ∈ Xm+1
n , provided this function is

defined at least at one point of Xm+1
n . Let Rm+1

n denote the collection of all invariant

rational functions on Xm+1
n obtained in this way. Further, let Îm+1

n be the algebra of
restrictions to Xm+1

n of all absolute invariants of forms of degree m+ 1 on C
n. Note

that Rm+1
n lies in Îm+1

n (see Proposition 1 in [DC]). We now observe that Conjecture
3.4 implies

(3.2) Rm+1
n = Îm+1

n .

Indeed, since every element of Îm+1
n can be represented as a ratio of two elements

of Im+1
n (see Proposition 6.2 in [Mu]), identity (3.2) is equivalent to the inclusion

Im+1
n ⊂ Rm+1

n , which clearly follows from Conjecture 3.4 (cf. [EI], [I2]).
We remark that identity (3.2) is interesting from the invariant-theoretic point of

view, since it means that the invariant theory of forms of degree m + 1 naturally
embeds into that of forms of degree n(m − 1). Observe that (3.2) is a priori weaker
than Conjecture 3.4 since it may happen that for some I ∈ Im+1

n there exist an

absolute invariant Ĩ of forms of degree n(m−1) on C
n such that Ĩ(Q̃) ≡ I(Q), where

Ĩ(Q̃) is regarded as a function of Q, but for some Q0 ∈ Xm+1
n the invariant Ĩ is not

defined at the forms associated to Q0.
For binary quartics (n = 2, m = 3) and ternary cubics (n = 3, m = 2) the

conjecture was essentially verified in [Ea] (see also [EI]). Furthermore, in [EI] we
showed that the conjecture also holds for binary quintics (n = 2, m = 4) and binary
sextics (n = 2, m = 5). If the conjecture were confirmed in full generality, together
with Proposition 3.3 it would imply that any form Q ∈ Xm+1

n can be reconstructed,
in principle, up to linear equivalence from any of its associated forms by way of
computing absolute invariants. In particular, the invariants supplied by Theorem 3.2
for s = ν would be shown to form a complete system in the case of hypersurface germs
with homogeneous singularity. However, to explicitly recover Q from an associated
form Q̃ one would also need to determine m (as in Step 3 in Section 2) and to do the
following:

(3.3)

(a) Find some generators I1, . . . , IL of Im+1
n .

(b) Find absolute invariants Ĩ1, . . . , ĨL of forms of degree

n(m− 1) on Cn such that Ĩi(Q̃) ≡ Ii(Q) for all i.

(c) Solve the following “fitting problem”: find a form in Xm+1
n

for which the invariants I1, . . . , IL take prescribed values.

Each of tasks (a)–(c) is rather hard, and therefore this method for recovering Q from
A(VQ) is far less explicit than the one described in Section 2, even if Conjecture 3.4 is

assumed to hold. However, if one discovers a way for extracting Q from Q̃ that avoids
computing classical invariants, the present method may become rather useful as well.
Indeed, as we will now see, computing associated forms from the algebra A(VQ) is
quite easy.
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Suppose that A(VQ) is given as an abstract associative algebra and, as in Step
1 in Section 2, find the maximal ideal m(VQ) and its nil-index ν. Next, choose a
basis f1, . . . , fn in a complement to m(VQ)

2 in m(VQ), and let fj be the element
of m(VQ)/m(VQ)

2 represented by fj for j = 1, . . . , n. Denote by ζ1, . . . , ζn the co-
ordinates in m(VQ)/m(VQ)

2 with respect to the basis f1, . . . , fn. Further, choose a
vector f0 spanning Ann(m(VQ)). If k1, . . . , kn are non-negative integers such that

k1 + · · ·+ kn = ν, the product fk1

1 . . . fkn

n is an element of Ann(m(VQ)), and thus we

have fk1

1 . . . fkn

n = µk1,...,kn
f0 for some µk1,...,kn

∈ C. Then the form

(3.4)
∑

k1+···+kn=ν

µk1,...,kn

(
ν

k1, . . . , kn

)
ζk1

1 . . . ζkn

n

is a coordinate representation of a form associated to Q, where
(

ν
k1, . . . , kn

)
:=

ν!

k1! . . . kn!

is a multinomial coefficient. Clearly, the computations required to find form (3.4) are
much easier than those needed for our first method.

As in Section 2, we will now illustrate our second method for reconstructing Q
from A(VQ) by the example of simple elliptic singularities of type Ẽ6. Note that any
form associated to a ternary cubic is again a ternary cubic and that Conjecture 3.4
has been confirmed in this case (see [Ea], [EI]).

Example 3.5. We use the notation introduced in Example 2.4 and assume, as
before, that the algebra At is given by multiplication table (2.5). Further, as before,
choose the following basis in a complement to m

2
t in mt: f1 := e2, f2 := e4, f3 := e5,

and also let f0 := e6. Then for the coefficients in formula (3.4) table (2.5) implies

µ3,0,0 = µ0,3,0 = µ0,0,3 = −
t

3
, µ1,1,1 = 1,

with all the remaining µk1,k2,k3
being zero. Then formula (3.4) yields the following

form associated to Qt:

Q̃t := −
t

3
(ζ31 + ζ32 + ζ33 ) + 6ζ1ζ2ζ3

(cf. [Ea], [Em]).
Further, as in Example 2.4, we see that m = 2. Fortunately, for n = 3, m = 2

tasks (a)–(c) stated in (3.3) are well-understood. First, we discuss task (a). The
algebra of classical invariants of ternary cubics is generated by certain invariants I4
and I6, where the subscripts indicate the degrees (see pp. 381–389 in [Ell]). For a
ternary cubic of the form

Q(z) = az31 + bz32 + cz33 + 6dz1z2z3

the values of I4 and I6 are computed as follows:

I4(Q) = abcd− d4, I6(Q) = a2b2c2 − 20abcd3 − 8d6,

and ∆(Q) = I
2
6 + 64I34.

2 Define an absolute invariant of ternary cubics as

J :=
I
3
4

∆
.

2This formula for the discriminant of a ternary cubic differs from the general formula given in
[GKZ] by a scalar factor.
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It is easy to see that the restriction J|X3
3
generates the algebra I3

3 . In particular, any
two non-equivalent ternary cubics with non-vanishing discriminant are distinguished
by J (see Proposition 3.3). Further, we have

(3.5) J(Qt) = −
t3(t3 − 216)3

110592(t3 + 27)3
.

Note that J(Qt) = j(Zt)/110592, where j(Zt) is the value of the j-invariant for the
elliptic curve Zt in CP2 defined by Qt. Details on computing J(Q) for any ternary
cubic Q with ∆(Q) 6= 0 can be found, for example, in [Ea]. These calculations can
be performed on a computer using, for instance, the Singular package (see [DGPS],
[MMN]).

Next, regarding task (b), consider the following absolute invariant of ternary
cubics:

K :=
1

4096 J
.

A straightforward computation shows that K(Q̃t) = J(Qt).
Finally, we deal with task (c), i.e. fix a ∈ C and attempt to find a ternary cubic Q

with ∆(Q) 6= 0 for which one has J(Q) = a. Every ternary cubic with non-vanishing
discriminant is linearly equivalent to Qs for some s ∈ C, s3 + 27 6= 0 (see p. 401 in
[W]), hence by (3.5) task (c) is equivalent to the problem of finding s that satisfies

(3.6) −
s3(s3 − 216)3

110592(s3 + 27)3
= a.

Since (3.6) is an equation of degree four with respect to s3, it can be solved explicitly

in terms of a. If s0 is a solution to (3.6) with a = K(Q̃t), then the form Qs
0
is linearly

equivalent to Qt as required.
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