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GLOBAL EXISTENCE AND DECAY PROPERTY FOR SOLUTIONS
IN NONLINEAR ELASTIC SOLIDS WITH VOIDS*

BELKACEM SAID-HOUARIT

Abstract. In this paper, we consider a nonlinear Cauchy problem for a system of elastic solids
with voids. First, we prove that the damping in the porous equation alone is weak and the solutions
of the corresponding system are of regularity-loss type. In addition, we show a global existence result
for solutions in H*(R) for large s. Second, we prove that by considering an additional viscoelastic
damping, then the solutions can gain some regularity and all solutions in H® with s > 4 are global
in time.
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1. Introduction. The theory of elastic solids with voids has attracted a great
deal of attention since Goodman and Cowin [5] first introduced the concept of a
continuum theory granular materials with intersticial voids. It is considered to be a
simple extension of the classical elasticity theory to porous media, where, in addition
to the elastic effects, these materials (with voids) possess a microstructure with the
property that the mass at each point is obtained as the product of the mass density of
the material matrix by the volume fraction. This latter idea came from Nuziato and
Cowin [14] in 1979 to develop a nonlinear theory of elastic materials with voids. This
type of problems have been considered by many authors and several results concerning
existence, and asymptotic behavior have been established.

Quintanilla [16] considered

(1.1)

putt = gy + bpg

PEP1 = QPre — buy — T — ap
where u is the longitudinal displacement, ¢ is the volume fraction, p > 0 is the mass
density, k > 0 is the equilibrated inertia, and u, a, 7, a are the constitutive constants
which are positive and satisfy

(1.2) pa > b2

He showed that the damping (—7;) in the porous equation is not strong enough to
obtain an exponential decay. Only the slow decay has been proved.

Subsequently, many contributions have been made where the decay of solutions to
the problems in elasticity with voids have been treated. See for instance [1, 2, 11, 12,
15] and the references therein. In [13] the authors investigated the problem (1.1) with
7 = 0 and a viscoelastic damping term of the form ~yu;,, acting on the right hand side
of the first equation. They proved that the decay rate of the solution is polynomial
and cannot be exponential. We point out that the assumption (1.2) played a decisive
role in their proof.
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In this paper, we consider the one-dimensional nonlinear porous-elastic model:

(1.3)

PUtt — Mgy — by =0,
reR, t>0,

J(Ptt - O—(QPm)w + bu:l) + ap + Tt = 07

where u is the longitudinal displacement, ¢ is the volume fraction, p > 0 is the mass
density and a, b, u, 7 are the constitutive constants which are positive and satisfy
(1.2). Here o is a smooth function such that ¢’(n) > 0, for any n > 0, with

o' (0) =6,
where § > 0. We consider the following initial conditions

(14) (Uaut,%%) (.I,O) = (U‘Oaulv(/)Oa@l)'

The corresponding linearized system

(1.5)

PULt — HUgy — b‘pw = 07
reR,t>0,

Joi — 0Pz + bug + ap + Ty = 0,

has been considered in [3] and under the assumption (1.2), the authors proved the
following decay estimates:

(1.6) 105U (0)][ o < CA+ )2 Ul o + C(L+ )7 |0 00| s

where U(z,t) = (ug, ut, 0z, 01, 9)(z,t), Ug = U(z,0) and C is a positive constant.
The decay estimate in (1.6) is of a regularity-loss type and is based on the following
pointwise estimate of the Fourier image of the solution:

2

(17) 0| < cernor|o o)
where

2
(1.8) p(€) = <

(T+ &)1 +E24¢4)

It is obvious that for high frequencies (|¢] > 1), the function p(£) behaves like €76,
this means that the damping effect is very weak in the high frequency part and lead
to a regularity-loss. On the other hand, over the low frequency domain (|| < 1),
the solution decays polynomially with the rate of the heat kernel. The loss in the
regularity yields technical difficulty when dealing with the nonlinear problem (1.3). In
fact we will show (see Theorem 3.3 below) only the solutions with high regularity (i.e.
solutions in H*(R) with s > 24) can be continued globally in time. The regularity-
loss properties has been also shown for other models, such as Timoshenko systems
[7, 8, 19, 18], hyperbolic-elliptic problems [6, 10] and the Maxwell systems [4, 21].

It is worth noting that the regularity assumption s > 24 comes from the estimate
(1.7) obtained in [3], which is not optimal. Consequently, any improvement in the
estimate (1.7) will lead to a low regularity assumption on s. This is an interesting
open question.

This paper is organized as follows: In Section 2, we introduce some notations
and some inequalities that will be used in the paper. The global existence and decay
estimates in case of regularity loss are stated in Section 3 and the proof is given in
Section 4. Section 5 is devoted to the regularity gain case.
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2. Preliminaries. In this section, we introduce some notations and a technical
lemma to be used throughout this paper. Throughout this paper, |.|l; (or ||.||z<)
stand for the LY(R)-norm (1 < ¢ < o) and ||.|[z: denotes the H'(R)-norm. Let us
also denote by f = F (f) the Fourier transform of f with inverse F~!:

F&) =F()©) = / f (2) e,

Furthermore, the next lemma has been proved for instance in [6, Lemma 4.1].

LEMMA 2.1. Let 1 <p,q, 7 <oo and 1/p=1/q+ 1/r. Then, we have

(2.1) 0% (uo)llp < Clllullglofoll + Ivllglldfull), & >0,
and
(2.2) [0, ulve|ly < C(lluallgllOfvlly + [[vallgllOfull,), k> 1.

3. Statement of the problem. In order to state and prove our results, and to
make our computations easy to handle, let us first transform our problem to a first
order system. Indeed, we introduce the new variables:

(3.1) V= Ug, h = uy, Z = g, Y = Pt
then, the resulting system takes the form

vy — hy =0,

pht — pvg — bz =0,

(3.2) z = Yx =0, zeR, t>0,
Jys —o(2)z +bv+ap+ 7y =0,

v —y =0,

with the initial data

(33) (U,h,z,y,tp) (.I,O) = (’007h'07205y07</70) (.I)

The system (3.2)-(3.3) can be also rewritten as:

U +FU),+LU=0,
(3.4)
U (,T, O) = UQ.
T 1 T .
where U = (v, h, z,y,¢)" , F(U) :== — (h, %v,y, 7a(z),0) and L is defined as
0 O 0 0 0
0 0 —b/p 0 0
L:= 0 0 O 0 0 ,
b/J 0 0 7/J a/J
0 0 0 1 0
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and Uy := (vo, ho, 20, Yo, goo)T. It is clear that the matrix L is not real symmetric.

REMARK 3.1. It is well known (see for instance [17, Theorem 5. 1] and [9]) that
for Uy € H*(R),s € N and s > 2, then problem (3.4) has a unique solution U such
that

U € C°([0,00), H*(R)) N C* ([0, 00), H*~}(R)).
The linearized problem of (3.4) can be obtained by taking the Jacobian of F at
U = 0. Thus, we get the problem

U, + AU, + LU =0,
(3.5)
U (LL',O) = UQ.

where the matrix A is defined as

0 1 0 0 O

uw/p 00 0 O

A=DyF(0)=—| 0 0 0 1 0
0 0 46 0O

0O 0 0 0 O

The eigenvalues of the matrix A are: \g =0, A2 = +/6, A3jq = :I:\/E.
p

Taking the Fourier transform of (3.5), then we get

{ Ui(&,t) = AOU(E, 1),
U, (€,0) = Uy (€),

where A(¢) = —L — i€A. Consequently, solving the above first order ordinary differ-
ential equation, we obtain

(3.6) EeR, t>0,

(3.7) U, t) = MO ().

To compute the term e*&? is a challenging problem and in many situations, this
cannot be done. Consequently, in order to show the asymptotic behavior of the
solution, it suffices to find a positive function p(¢) such that

(3.8) MOt < Cemer©t

for two positive constants C' and c¢. Thus, the behavior of the solution depends on a
critical way on the behavior of the function p(§). If A and L are symmetric matrices
and under the so-called Shizuta—Kawashima algebraic condition (SK) (see [20]):

(SK) V¢ e R—{0}, Ker(L)n {eigenvectors of ((A)} = {0},
the function p(§) has the form

52
T 1ter

(3.9) p(&)

Concerning our system (3.6), the function p(€) in (3.8) has been found in [3] and has
the form (1.8). This leads to the following decay estimate of the solution of (3.5):
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THEOREM 3.2.  ([8]) Let s be a nonnegative integer and assume Uy =
(vo, hos 20, Yo, 00)" € H* (R) N LY (R). Assume that (1.2) holds. Then the solution
U= (v,h,z,y,0)" of the system (3.5) satisfies the following decay estimates:

(310)  [JOsU ()] 2 < CA+ )2 Ul o + O+ )7 |0 U0 s

for k+1<s. Here C and c are two positive constants.

Now, we present the results on the global existence and on the asymptotic stability
of the nonlinear problem (3.4). In order to state our main result, and led by [8], we
introduce the time weighed energy norm E(t) and the corresponding dissipation norm
D(t) as follows:

[s/4]

(3.11) EXt)=Y sup (1+r) 7|00 (r)|[5oss
=0 0<r<t
and
[s/4] 4 L ,
D*(t) = Z/ (1+ )72 ||O2U ()| }os; dr
j=0 "0
[s/4]-1 L ,
(3.12) S /<1+7~)J—fy\a;z(r);yHS,1,4j dr
j=0 “0
[s/4] . L ,
+Z/O (1+7‘)J_§"8iy(r)HHs,4j dr.
j=0

Our main result reads as follows:

THEOREM 3.3. Assume that o’(n) > 0. Let Uy € H*(R)N LY(R) with s > 24 and
put Eg := ||Uo||ys + ||Uol| ;1. Then, there exists a positive constant 69 > 0 such that
if Eg < 4o, then problem (3.4) has a unique global solution U satisfying

(3.13) U € C(0,00); H*(R)) N C*([0,00) ; H"*(R)).
Moreover, the solution satisfies the weighted energy estimate
(3.14) E%(t) + D*(t) < CE3,

and the decay estimate

(3.15) 105U (1)]|, < CEo (1 +1)" /42,

where C is a positive constant and 0 < k < [s/4] — 4.

REMARK 3.4. It is obvious that from the estimate (3.15), we deduce that the
optimal decay rate is given for the solution U and its lower order derivatives only, but
not for all derivatives up to the s-order. This is a result of the regularity-loss type of
the solution.
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4. Proof of the main results. In this section, we prove Theorem 3.3. The
proof is a direct consequence of Lemma 4.1. Due to the regularity-loss property in
Theorem 3.2, the proof is based on the energy method with negative weight. This
method has been used before in [6] and [8].

Let us first define the following quantities

1
My (t) := sup (1+7)2 U (r)]
0<r<t

M (8) = sup (147) 0,0 ()]

and inspired by the estimates (3.10), we define

[s/4] 4
M (t) = 14+ 7)YA4H72 93y .
(t) ;0 Osgil;t( +7) 02U ()],

We have the following lemma.

LEMMA 4.1. Assume that the assumptions of Theorem 3.8 hold. Let T > 0 and
s> 2 and let U be the solution to the problem (3.4) satisfying

UecC([0,T]; H*(R)) N CY(0,T]; H*~Y(R)).
Then we have the a priori estimates
(4.1) E*(T)+ D*(T) < CEg,
(42) M(T) < CEy,
where Fy is given in Theorem 3.8 and C' is a positive constant independent of T .

We shall derive the energy estimates under the a priori assumption

(4.3) sup ||U (#)||p- < &
0<t<T

where & is a fixed small number, independent of T'.

PROPOSITION 4.2. Suppose that the assumptions in Theorem 3.3 hold. LetT > 0
and s > 2, and let U be the solution of problem (3.2)-(3.3) satisfying (3.13) and (4.3).
Then, the estimate

(4.4) E(1)*+ D (t)* < C|Uoll3. + C (Mo (8) + My (1)) D* (t)
holds true for all t € [0,T), where C is a positive constant which is independent of T

Proof. We proceed with the basic energy estimate by multiplying the first equation
in (3.2) by pwv, the second equation by h, the third by (o(z) — 0(0)), the fourth by
y, the fifth by ay, respectively, adding the resulting equations, and integrating with
respect to x over R, we obtain

(15) 9B (@) + 7l =0,

where

(4.6) B () = {ulloll} + a3 + T Iyll3 + allpl3 +2b(vp) } + / FO) (2)da

N | =
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and

FO (2) = / (0 (s) — o (0)) ds.
0
In (3.2), we have used (3.1) and the fact that

bvy — bzh = buzpr — bpzuy

d

d
Tt (buzp) — dr (bugep) .

To obtain the energy estimates on higher-order terms, applying, for k > 1, 9% to (3.2),
we get

Okve — 05t h =0,

pOFhy — oty — bo%z = 0,

(4.7) 07z — 07y =0, zER, t>0,
JOky: — o' (2)05 T 2 + b0k + adkp + TNy = [0F, 0/ (2)) 20,

Fpe — Ovy =0,

where we have used the notation [0, A]B := 0k (AB) — A0 B.
Now, we define the energy associated to system (4.7) as

E® (1) = o L |0kolls + oI + T [0kyl3 +a | 0hells + 2b(@hvto) }

(4.8)
/ ( ) ’

Next, multiplying the first equation in (4.7) by ud¥v, the second equation by 9Fh,
the third equation by (¢/(2)9%z), the fourth equation by 9%y and the fifth equation
by adky, respectively, adding the resulting equations, using the identity

ooy — bok=okh = O (95 udkp) — L (dhudle)

and integrating with respect to x, we obtain

d
(4.9) S EW () + 7oty = Ry,
where
(410) RS = / {;a (2), (952)" — o' (2), (952) Oy + Oy [0F, 0 (2)] (z)m} da.
R

Recalling the fact that z; = y,, using the assumption (4.3) and as in [8], we get

[R) <0 [ lual 052] + 20l 052] 053] + k0] [958, 2] =
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where C = C(@) and & is defined in (4.3). This implies that, by using Lemma 2.1
(see [8] for details),

(4.11) ‘Rék)‘ < CY|0U o 05U -

Now, for k > 0, we have, by applying Young’s inequality

1

2
2b(05vy @) < 2bX; || 05|, + 25

105¢ll3, A1 >0.
The above formula together with (4.6), (4.8) and the assumption (1.2) lead to
(4.12) aE® () < E® (1) < e EBP (1), vt >0,

for ¢1, ¢ > 0, where k > 0, and E*®) (t) is defined as
(4.13) E® .= {Hafvui + (105 R + (|0 y]2 + H@i“soHi} + / F® (2) da.
R

On the other hand, recalling (4.3), we deduce that there exist two positive constants
c3 and ¢4 depending on @, such that

(4.14) e ||05U |2, < E® (1) < ey |0FU 3., k>0

Combining (4.12) and (4.14), we deduce that there exist two positive constants /31
and S5 such that

(4.15) BillosU|7, < B (1) < g |00 5. k>0,

Consequently, multiplying (4.5) by (1 +¢)%, with o € R and integrating with respect
to t and using (4.15), we get

t
A+ 0" U @O+ 5 [ @) Iyl dr
(4.16) 5 . BrJo
« o
< Il + 5 [0 @) ar

Similarly, for k > 1, the estimates (4.11), (4.15) together with (4.9) yield, after a
multiplication by (1 4 ¢)* and integration with respect to ¢ over (0, )

t
(1+1) Hafwwuwﬁl/o (14 1) [9Fy (r) |2adr
B1 k 2 « K a—1 | ok
(4.17) < ZH okt + 5 [ (0 08U ) aar
t
e / (L4 1) 0T (1)l| o 98T (1) [2adir,

where C here and in the sequel is a generic positive constant that may take different
values in different places.
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Adding the estimate (4.16) to (4.17) and taking the summation for 1 < k < s, we
get the main estimate

A+ 07 0 @013 + / 40y ()3, d
(4.18) §C||U0”§JS+E/O (147U ()1, dr
t
+C [0 100 ()l 10U (1) s

On _the other hand, applying O to the system (3.2) and put 9%(v,h,z,y,p) =
(0,h,2,7,p), then we get

B — hgy =0,

phi — g — bz =0,

(4.19) Zt — Yz =0, rE€R, t>0,
JG — 6%, + b0+ a@ + 75 = 0kg(2), .

¢ —y =0,

where g (z) := 0 (2) — 0 (0) — ¢’ (0) 2 = O(2?) near z = 0. 3
Multiplying the second equation in (4.19) by —Z and the third equation by —ph
and adding the resulting equations, we obtain

d o S
(4.20) a ( phz) + pYzh + p,Z + bz* = 0.

Next, multiplying the fourth equation in (4.19) by —Z, and the third equation by Jg,.
and summing up the results, we find
d .. d ... £2 _ pss . - =2 k <
(421) d_(Jth) - E(Jyzm) + 521 — bz, — APzZy — TYZgx — Jyz = _azg (Z)z 2z,
T

which can be rewritten as
d .- 4 52 52 g . 2 k <
(4.22) d—(Jth —apz) — E(Jyzm) +0zZ; +az® — b0z, — TYZ, — JY; = —0,9 (%), Za,
x

where we have used the fact that ¢, = Z. Adding —3(4.20) to (4.22), we find

d b d b~ b2
J§z — apz — boz — p—yh JyZ, + p—hé +622 4+ (a—— )22
(4.23) da H dt H H

b -
+ By — 792, — J§2 = —08g (2), %
W

The above identity can be rewritten as

d 2 b2 2 2
—F® ()46 (052,)" + (a—— ) (0F2)" — T (0Fy.)
(4.24) d; ( “)

b
= %A(k) — %(ﬁyafhz + T@fy@fzz - 8§g (2), 852’1,
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Y Zz + — ) = 2Oz 2t — A0 PO 2 — 2 V0z 2 — —— 00y
F® (¢ Jokyok 8kh8k AW .= Jokok Ok Lok 2 —borvol ’Z’aka’“h
Now, for all k& > 0, we have

(F<k> (1) + FO42) (¢ >) + 3 { (@hz)" + (94+20)")

_ 7 k+2
(o= ) @+ @97}
2 d
(425) =7 {(0y.)" + (05 2) "} + — (AW + 40+2)
”— {0Fydlhy + 0290k 2h, ) 4 7 {0Fydkz, + OFT2yal 22, )
- {(’9’C )e 02y + 08 2g (2), 0822, ).
On the other hand, we have
(4.26) —F2ypkt2p, = % (05 2y0kt by — O3y 0k by, ) + 05T yokh,
Plugging (4.26) into (4.26), we obtain

% (FUf) (1) + F+2) (t)) +6 { (0%2,)" + (35”255)2}

+
2 2
{(sz) + (9F122) }
+ (057 2,)" ) = {0kg (2), Oz + 0129 (2), 05422, )
%b{akyak — I yYOrhe } + 7 {05y0sze + 05 Py P2, )

+di <A<k> + AR+2) 4 p—b8§+2y8§+1hm - ”bagﬂya;“hz) :
H H

T

Applying Young’s inequality, we obtain for any €, > 0,
(4.28) =20 {okyokhs 0k yokh,} < e (98h.)" + Cen) {(060)" + (01749)'}
and
r{Oky0kz, + 020k a ) < e {(082)" + (957%2)")

+Cle) { (0h)” + (05+2)°}

Plugging (4.28) and (4.29) into (4.28) and integrating with respect to x, we obtain
forall0<k<s—4

d.F ™ (t)
dt

—— ) {0k o2y
. (a5 {hoteli + or12)
< e okl + Clen) {0kl + ok + o572

+ |05 2yally + 125 4y 5 } + REY,

(4.29)

+ (6 = e {Jlok; + 052213}
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where
(4.31) F*) (t) := —/R <J8§y8’;zx + %baﬁhaiz + JOE ek, + %b8§+2h8§+2z> dx
and
@3 R = [0kl [0k ()] + 105 052 (), ) e
On the other hand, multiplying the fourth equation in (4.19) by ¥ and the first equa-
tion by Jy and adding the results, we obtain

d

d, - N
(4.33) o (Jgv) — %(Jhgj) + 002 — 62,0 + apv + TG0 + Jhij, = 0%g(2), D.

Using Young’s inequality and integrating (4.33) with respect to z, we get for any
€2 > 0,

d2®)(t)
Yo \Y) bh— k 22
s 0 - ekl
k

< &l|0kh|7: + Clea) (1052072 + 10502 + |05yl ) + RS,
where
(4.35) 2® (1) ::/Jaljyafvdaz, Rék) :z/@fg (2), OFv.

R R

Next, multiplying the second equation in (4.19) by @, and the first equation by —phy,
we get

d /> d / - -
(4.36) = ( hﬁw> - (phf)t) — % + ph2 — b3, = 0.
Using Young’s inequality and integrating the result with respect to x, we get for each

€2 >0

dy® (t
@sn) O pokhag — e |0vl3a < Cle)0k2]3a,
where
(4.38) ARIOES / pdEhdFv,.
R

Now, using (4.34) and (4.37), we get for all 0 < k < s —2
& (Lovw + Zrow) +{an- - (L4 D) el ioku
439 + (L) okl

< Clea) {10523 + 195+ 20 13 + 195 3 + 195yl } + S REFD.
Let us now define the functional (%) (t) as follows:

2
(4.40) O (1) 1= 0. F W (1) + %%H%) + %7/<k> (t),
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where o is a positive constants that will be chosen later. Consequently, the estimates
(4.30) and (4.40) lead to, for all 0 < k < s — 4,

d
ZIPO+a1(6-e) 052, |15+ a1 (6 — e1) || 054225,

b2 b? 2 |12
+qo a—z —2C(e2) H@ z||L2 % a—ﬁ —C(e2) ¢ ||O% zHL2

b2
(4.41) +{(au—b2)— <ab“ + u)ez}laivzlliz

b2
+ { (7/) - 62) - 04151} Hag];h@”%z

< Cler,e,00) |08y 5y + ar R + 2 ! U kD),

where we have used the fact that |05 |2, = ||0%z||%.. Now, we are going to choose
our constants in (4.42) as follows: first, recalling (1.2) and choosing €3 small enough

such that
€2 <minq —, (ap —b —_— 4+ — .
{22 -y (% 4+ 5

After that, we select a1 large enough so that

b2
[e%1 (a — —) — 20(62) >0
1

Once oy and €9 are fixed, then we take €; small enough such that

b2
€1 < min{é, (— — 62) /al}
1

Consequently, there exists a positive constant ¢ such that (4.42) becomes

d ~
(4.42) D009 (0) 4 2] [0 + 108 3 + 05032}

< C(er, €2,01) Ha’;yu; +aR® 4 %Rék-i-l)'

b
This last estimate can be rewritten as
Lu® )+ o {0k + 0505 )

2 a
S 01(61,62,041) H@’;yHH4 + Oélek) + %Rék—i_l).

(4.43)

for some ¢1, C1 (€1, €2, 1) > 0.
On the other had, from (4.40), (4.31), (4.35) and (4.38) it is obvious that there
exists ¢ > 0 such that

(4.44) ‘\Il(k)(t)’ <& |oku @)’ vt > 0.

s

Now, following [8], we get

(1.45) RO < O el e ([0 2] 7 + 0527
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and
R§k+1) < /R‘aglcwrlg (Z)z‘ |a§+lv‘

< COllzllpe Ha];HUHL? ||8§+22HL2 .

(4.46)

Now, multiplying (4.43) by (1 + ¢)®, integrating with respect to ¢ and exploiting
(4.44)-(4.46), we arrive at

[ e (k= 05 + 1050 012 ar

< O |0k U035 + C+ 1) 05T (1) |3

2
s

t t
(4.47) —|—C’a/ (L+7)* 05U ()| e dr+0/ (1+7)° [0y 5. dr
0 0

t
+C [ el (0525 + 051
+[|05 ]| 2 10522 ) dr

for all t > 0 and 0 < k < s — 4. Taking the summation in (4.47) over k with
0 <k < s—4, we obtain

t
/0 () (12 s + 10U (0o ) dr
< ClUolrer + C(L+ ) U (1)l
(4.48) ¢ ) , ¢ ,
+aC [ ) U s dr 4+ C [ @0 il dr
0 0
! 2
+C [ el (Jo0ms + 105l ems 105 ) .

Now, let A > 0 be a small positive constant, then multiplying (4.48) by A, adding the
result to (4.18) and choosing A small enough, we get

t
« 2 e 2
A0 W0 O + [ @0 Ly Ol dr
K 2 2
A / (L) (12 O s + 10U () ) dr
t
(4.49) < C||Uoll3 + aC/ (L+ )" U (7)3. dr
0
t
+0/0 (140U (") o 102U () |31 dr
! 2
4O [ (140 el (Vlams + 10500 e 10520 )
where C' is a generic positive constant depending on . It is quite obvious from (4.49)

that the term fot (1+ 1) |8.U (7)| oo 182U ()] 31 dr can not be controlled by the
term fot (1+ ) |8,U (7)||3-—s dr due to the regularity-loss property. In order to
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solve this technical difficulty, and following [8], we have to choose o < 0 in (4.49)
in order to gain the dissipative term aC fot (1+r*" U (T)Hil dr which is strong
enough to restore the regularity in (4.49). Consequently, choosing o = —1/2, then
the estimate (4.49) can be rewritten as

t
(L+6) 2T @I + / 1+ ly (). dr
k 2 2
o [ (e Ol + 100 ) ar
t
(4.50) +/ A+ \U ()3, dr
0
2 ¢ 1/2 2
< C|Uslf3. +C / (1) 0.0 ()| e 102U (1) 15721 dr
! 2
+CA / (L4172 Yzl e (120000 + 1900 o 1002 a5 ) -
The last two term in the right-hand side of (4.51) can be estimated as
i -1/2 2
| a0 100 0l 10,0 ()]s e
t
(451) <) [ (10 0. ) dr
0
< M (t) D*(t).
On the other hand, using the estimate ||2|/ ;. < (14 t)71/2 My (t), we have
k 2
/0 (U412 Y2 e (1203 s + 19000 o 10021 s ) dr
t
= [ el oy ar
t
(4.52) +/O (14 7)) 2] oo 1020 gy 11002]| s dr

t t
< Mo (t)/ (L4 7) 7" |2l s dr + Mo (t)/ (14 7) " 1020l gro—s 1022 ros dr
0 0

< CMy (t) D? (t)

t 1/2 t
+ My (t) (/ (1+7)"Y2 10,3 dr) (/ (1+7)732 1002|135 dr)
0 0
< CM, (t) D? (t)

sty o) ([ 40702 iy ar) " ([ asen 2 el ar
< CMy (t) D* (t).

1/2

1/2

Consequently, plugging the estimates (4.52) and (4.52) into (4.51), then (4.4) holds
true for j = 0. It is sufficient to use induction on j to show that (4.4) is fulfilled.
Assume that (4.4) is satisfied for j — 1; we will show that (4.4) is also valid for j.
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Indeed, assume that (4.4) is satisfied for j — 1. We have to prove that (4.4) remains
also valid for j. To this end, take & = j —1/2 in (4.17) and taking the summation
over k with j <k < s—3j with 0 < j < [s/4], we get

. . t . .
(1L+ 02000 ()5, + ﬁi/ (L4 7)Y "2 00y () |Zeas dr
1Jo
t - .
(453) < C||0IUs|[%p_y +C / (L4 1) 20U (1) |3y dr
t ‘ ‘
4 [T 10U (0l 105U (1) s
0

Similarly, taking o = j —1/2 in (4.47) and taking the summation over k with j < k <
s—3j—4 with 0 < j <[s/4] — 1, we find

t
/0 (14 r)i—1/2 (Haiz (T)HZS,M,I + H@JCHU (r)HZS,M,O dr
< C|0206|[ e ys + CL+ 202U ()]s
t t
(451) +C / (L4 =32 (|00 ()| dr 4 C / (L4 V2 |0y, dr
0 0

25743'74 + HB%-H;Z‘ 25743'74

+C/Ot(1 #1722l (057
1027 0[] g 100722 o)
As above, for 1 < j < [s/4] — 1, then (4.54) + \(4.54) gives for X sufficiently small
(1462 02U ()| 3oy + € / 0V oy (1) e
-/ (1 (o s+ [T O ) dr
< C|0200 s + C/Ot (142000 () 3o wsdr
(455 +C /0 Ly oty dr
+O/Ot L+ 1) 200U (1) e 103U (1) [1yo-aslr

t
40 [y el (1052 s 02
L 0 ey 192422y )

where C' is a positive constant depending on A. The main step here is to estimate
the second term on the right-hand side of (4.56). This can be done by induction as
follows: since we assumed that (4.4) holds for j — 1 (hence the above estimate (4.56)
is fulfilled for j — 1 instead of j), then we have

t N .
/ (L7205 () eyl < C Vo3 + C (Mo () + My () D (¢)
0
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Since the estimate (4.54) holds also for [s/4], then from (4.51), (4.54), (4.56) and in
order to prove (4.4), it is enough to prove the following two estimates:

t . )
w0 10U (1) s < CML (1) DF (1),
for 1 < j <[s/4]
and
t
i ; 2 ; 2
J Rl Y (e PR LA

(4.57) + |07 | yoasoa 10572 2| oy a) dr
< OMy(t)D?*(t), forl<j<[s/4]—1.

The estimate (4.56) is straightforward. Let us now prove (4.58). Indeed, we have
[y el 020 e
0
t
< oM ) [0ty (000 O+ )
0

t
< M, (t)/ (L0 (1)

0

< CMy (t) D (t).
On the other hand, we have for 1 < j < [s/4] — 1,
t .
[ aen ) |
0

oIty (7‘)’

0422 (r)|

o ()|

Hs—4i—4 Hs—4j—4

8z (r)‘

Hs—4j—4

2 1/2 t .
‘ dr) (/ (1—‘—7’)371/2
Hs—4j 0

Consequently, the proof of Proposition 4.2 is finished. O

Hs—4j—1

< Mo (t)/o (147!

< Mo (t) (/Ot(1+r)f*3/2]
< CMy (t) D* (t).

82 (r)’

ol ()

9 1/2
dr)
Hs—4j—1

LEMMA 4.3. Under the same assumptions as in Proposition 4.2, and supposing
that Uy € H*(R) N LY(R) with s > 2, we have

(4.58) M (t) < CEy+ CM (t)*> + CM, (t) E (t)

for allt € [0,T], where C is a positive constant which is independent of T, and Ey is
given in Theorem 3.3.

Proof. In order to prove (4.58), it is suffices to show the estimate

(4.59) ‘

U (s)],, < CBo (1072 40 (M@ + Mo (1) B (1) (14+1) /172,

for 0 < k < [s/4] — 4. To show the above estimate, we follow some steps in [8].
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Using the Duhamel principle, the solution of problem (3.4) can be written as an
integral equation of the form

(4.60) U(t) = eV + / 0G0, (r)
0
where
() (@) = F* 095 (¢)| (x)

with & (i€) := — (i€A+ L) and G (U) := (0,0,0,¢(2),0).

The arguments used to prove the estimate (4.59) are very similar to ones employed
by Ide and Kawashima [8], so many of the details will therefore be omitted.

Let, 0 < k < [s/4] — 1, then applying 9* to (4.60) and taking the L? norm, we
conclude

05U )|, < [|oFet ||, + / HakH =G (U H

=1 + Is.

(4.61)

Since e*® Uy is the solution of the linear problem, then from (3.10), we get for | = 3k+2
I < C(l + t)_1/4_k/2 HUOHLl + C(l + t)—k/2—1/3 Ha4k+2U0||L2
< CE (1 +t)—1/4—k/2,

where we have used the fact that 4k +2 < s for k < [s/4] — 1.
The estimate of I is standard. Let us split it into two parts:

12:/ Hak-i-l =m0 (17 H dr+/ Hak-ﬁ-le(t NG (U H

=Jy + Jo,

(4.62)

and applying (3.10), with | = 3k + 2, we infer that

t/2
L<cC / (14t —r) 2 (U (1) 2 dr
0

/2
wo [ e R s )
0
/2
<C [ art-nT 0 ) dr
0
(4.63) s
+C / (14t — 1)~ o436 (1 (1), dr
0

t/2
<CM (t)z/ (14— T)73/4—k/2 (1+ r)71/2 dr
0

t/2
+ c/ L+t —r) 2720243 G (U (1)) o dr
0

where we have used the fact that ||U (¢)|| . < M (t) (1 + 15)_1/4 . The first term in the
right-hand side of (4.63) can be estimated as

t/2
cM (t)2/ (Lt =) ™32 (L L) 12 g < OM (8)2 (14 1) /4472
0
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Also, following [8], we have Ha;lkJrsG(U ,
1T (1) e < Mo (£) (1+1) /% and

W < ClUNp |025420]] . - Since

<0uU | gre—a < E(t) (L +)"*,

(4.64) 053U .

for 4k +2 < s — 4 with 0 < k < [s/4] — 1, consequently, we have

t/2
/ (L4t —r) V342 g3 (17 ()|, dr

< My (t /0 (1+¢— ~1/3—k/2 (1—1—7“)_3/4 dr
<CMy()E(t)(1+1t)~ 1/4-k/2
Thus, we get
JL SOM () (1+6) VM2 oMy (8 B (1) (1 + 1) /42

On the other hand, applying the estimate (3.10) with & = 1, I = 3, we obtain

JQ_/t “8xe(t_7)q>8§G(U(T))“ dr
t/2 2

t
gc/ L+t —7) " oEG U ()| . dr
t/2
t
+C [ A+t —r) PG (U ()
t/2

||L2 dr

This implies that for k < [s/4] — 2 we have (cp. [8]) ||0XG (U (r
C U2 ||0FU|| - and [|OFU (¢

M <

||L2 < M((t)(1+ t)_1/4_k/2 . Consequently, we get

t t
/ 1+t —r) Y okG (U (r)||,, dr < M (t)2/ (L4t —r) 3 (1) /2R
t/2 t/2

S CM (t)2 (1 +t)_1/4_k/2 .

Also, we have (cp. [8]) [|054G (U (r))|| - < C U]l ||05T*U|| . and for k < [s/4] —
4, then we deduce that
54U | o < 05U oancrs < B (1) (L4 0)72770
This last estimate leads to
t
/ (Lt =) "2 |OHG (U (1)) dr
t/2
t
= O/ (Lt =n) 2|0 o 050 ()] o dr
t/2

t
<CMOE® [ @rt-nT @)
t/2

< OMy(t) E (t) (1 +¢) Y47k
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Plugging all the above estimates into (4.61), we get
WﬁU@Mbg(H%(L+w”W“W2+(CAUQQ+C%%@yE@D(1+w*”**“,

for 0 < k < [s/4] — 4. Thus the estimate (4.58) holds which completes the proof of
Lemma 4.3. O
The proof of Lemma 4.1 can be done exactly as in [8, 18]. We omit the details.

5. Regularity gain. In this section, we show that an additional damping of a
viscoelastic type of the form w;,, acting on the first equation of the system (1.3) gives
a regularity gain to the solution and we show that the global existence of the solution
holds for s > 4 rather than s > 24. Thus we are interested in the following system:

(5.1)

PUtt — PUgy — b%% — Utzx = 07
reR, t>0.

Jou — 0(pa)a + bug + ap + 7 = 0,
Taking the same change of variables (3.1), then the above system can be rewritten as
V¢ — h,x = 0,
phy — pvy, — bz — hyy =0,

(5.2) 2t =Yz =0, zE€R,t>0.
Jyr — 0(2)z +bv+ap+ 7y =0,

ot —y =0,
The system (5.2), (3.3) can be rewritten as

U+ F(U), + LU = BU,,,
(5.3)

U (LL',O) = Uo,

with U, F, L are as before and B is the matrix

0 0 0 0 0
0 1/p 0 0 0
B=|0 0 00 0
0 0 00 0
0 0 00 0

The linearized system associated to (5.2) has the following decay rate:

THEOREM 5.1. ([3]) Let s be a nonnegative integer and let Uy =
(v, ho, 20, Y0, 0)" € H® (R) N L' (R). Assume that (1.2) holds. Then the solution
U = (v,h,z,y,0)" of the linearized system associate to (5.3) satisfies the following
decay estimates:

(5.4) 05T (8)]] o < CQLA+ )R Ul 1 + Ce™" (|05 U

for any t > 0 and k < s, where C and c are two positive constants independent of t
and Uy.
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As in the previous section, define

s—1
]
(5.5) Zooiugt (1+7) H8 U (r HHS i
and
s—2 t
D2(t)EZ/ (147 |02 U (r) |5, dr
j=0"0
s—1 t 5
(5.6) +Z/ L) oy (0|5, dr
j=0"0
s—1 t
+ /(1+r YOI R () ||y
j=0"0

Our main result in this section reads as follows:

THEOREM 5.2. Assume that o’ (n) > 0. Let Uy € H*(R) N L*(R) with s > 4 and
put Eq := ||Uo|| s + |Uol| 1. Then, there exists a positive constant 61 > 0 such that
if Eg < 01, then problem (5.8) has a unique global solution U satisfying

(5.7) U € C([0,00); H*(R)) N C*([0,00) ; H*H(R)).

Moreover, the solution satisfies the weighted energy estimate

(5.8) E%(t) + D*(t) < CEZ,
and the decay estimate
(5.9) 05U (1)]], < CEo (1+1)" /472,

where C is a positive constant and 0 < k < s — 2.

Now define

s—2

sup (1+7r 1/4+J/2H(9JU H2
o<t

Then, we have the following proposition:

PROPOSITION 5.3. Suppose that the assumptions in Theorem 5.2 hold. LetT > 0
and s > 2, and let U be the solution of the problem (5.3) satisfying (5.7) and (4.3).
Then, the estimate

(5.10) E@®)+D(t)° < C|Usll3yemr + C (Mo () + My () D (2),
holds true for all t € [0,T), where C is a positive constant which is independent of T

Proof. The proof of Proposition 5.3 will be similar (in some parts) to the proof
of Proposition 4.2. In order to show (5.10) it is suffices to show that for any ¢ € [0, T
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and forany 0 < j <s—2
1+t ||8JU ||H i +/ (L +7)? |50 (r ||H e dr

t . . !
B L e [ Oy 0RO

< C|Uo|2ues + C (Mo (t) + M, (t)) D2 (¢)

and
—1 2 ¢ —1 2
(1+1)° ||8§_1U(t)HL2+/0(1+r)S |65~y ()2, dr
5.12 t .
SR [ o 0l dr
0
< C|Uo|2ues + C (Mo (t) + M, (t)) D2 (¢)
hold true.

First, the identity (4.5) takes the form

d
—BO @) +7llyls + a3 =0,

(5.13) o

where E(©) is defined in (4.6). Applying, for & > 1, 9% to (5.2), we get

Iyve — B h =0,

pOFhy — pd* o — bk 2 — 98 T2h = 0,

(5.14) Oz — 07y =0, 2 ER, t>0,
JOhy, — o' (2)0E T 2 + bOkv + adkip + 1Oy = [0F, 0 (2)) 20,

ripe — Oy = 0,

Applying the same techniques as in Section 4, then the identity (4.9) becomes

d

(5.15) 7

B @ 79kl + ot a; = 7Y,

where E® (t) and R(()k) are given in (4.8) and (4.10) respectively. Consequently, as
in Section 4, the estimate (4.18) becomes

t
(40 R0 @5 + 5 [ 00" [0k () e

ﬁll/ L+ [0 h ()2, dr

(5.16) o
a—1
< Cl08l[3a+ 5 [ (+0)" 10RU (o) e

t
e / (14 1) 100U ()| o 185U (r) [2.dir
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We take the summation over 0 < k < s — 1, we get
@ 2 T ¢ [e% 2
L+ U () ge— +E/o (L+7)" [ly (r) 7o dr
1 ¢ «@ 2
+ = [ (A +7)"0:h (r)|[ e dr
b1 Jo

(5.17) ot
2 a—1 2
g0||U0HHS,1+E/O L+ U (1) dr

t
e / (14 1) 10,0 ()| e 05U ()| dir.

Now, following the same steps as in the proof of Proposition 4.2, we rewrite system
(5.14) as

O — hy =0,
pﬁt_ﬂﬁm _bg_ﬁww =0,
(5.18) Zt— Yo =0, zeR, t>0,

Jit — 6%, + bb + ap + 7§ = 0kg (2),,

@t_gzoa

and (4.24) is easy reformulated as

2
%F(k) (t) +6 (0F2)" + (a - b_> (0F2) = T (9Fy.)’
(5.19) p , " \
= AW~ %@ijafhm +rOkyk s, — ;a;;hma;fz — kg (2), 0"z,

Applying Young’s inequality, we obtain for any €3 > 0,

2
%F(k) (t)+ (6 —e3) (85296)2 + (a — % — 63> (352)2 -J (35%)2
< AW 0 e { (k)" + (27)" + (0170)°Y.

Integrating the above inequality with respect to x, we obtain for all 0 < k < s — 2

d.Z®)(t)
5.20 dt
( ) ko112 k41, (12 k41712 k+21 |2 )
SC<€3>{!\5xsz+!\5x ylly + 10z Rl + {03 th}+Rm

b2
+ 0= 0kzall, + (a = = eo) k2]

where

(5.21) FE) (1) = _/ <J8§y8’;zx + ”ba’;hafz) dz
R H

and

(5.22) R ::/I8§Zz|\3§9 (2), | dz.
R
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On the other hand, multiplying the first equation in (5.18) by pﬁm and the second
equation by —v, and adding the results, we get

@ (pokuotns) — L (oot + b (050.)° — p (95h)’
= —b@fzafjvz — 8§hm8§vz.

Applying Young’s inequality to the terms on the right-hand side of the above estimate
and integrating the result with respect to x, we obtain for any e3 > 0,

d
(5:23) ZGM (1) + (b — o) |95 0[5 < O ea) { 052 + |04+ A, + [04+2n}
where
(5.24) G™® (1) ::/p(’?’;vafhwdw.
R
Next, we define the functional .Z(t) as

(5.25) ZLt) = Z® 1)+ GP (1),

for some large positive constant az > 0. Thus, we obtain from (5.20) and (5.23) for
any 0 < k<s—2

d ~
G20+ 020~ ) |0k
b k|2 k+1,. (12
+ 9 as (a - ; - 63) —C (e3) ||8QCZH2 + (b—e3) H[)z v||2
< Cles, ) {[|9kull; + 05 yll; + |05 A5 + [|0572h] } + az .
Keeping in mind (1.2) and choosing €3 small enough such that
b2
€3 < min (6,b,a— —).
I
Once €3 is fixed, we pick ao large enough such that
b2
ag(a— — —63) —0(63) > 0.
1
Thus, we deduce that there exists ¢3 > 0 such that

d -

20+ { [0k + 95z + 95+ ]}

(5.26) k|12 k+1, |2 k+17 (12 k+27 |12 p(k)
< Cles,00) {0502 + 10542+ o A2 + 05422} + oo

Also, it is not hard to see that

(5.27) 2w <alosv @, vezo,

and

(5.28) R < C |l |05 2] -
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Now, plugging the estimates (5.27) and (5.28) into (5.26), multiplying the result by
(14 t)* and integrating with respect to ¢, we find

t
/O (1+7)* 051U (7))} dr
12, +C(+0 |05U )3

(5.29) + / (W +r) (95y @ + [958 @) ) dr

< C||05U,

t
+a/ (14 7r)>t Han(r)Hip dr
0

t
+ / (1+1)°C |ll e 051 ()], dr,

for all ¢t > 0 and 0 < k < s — 2. Taking the summation in (4.47) over k with
0 <k < s—2, we obtain

t
/0 (L4 1) 0T (1)|[yos dr

< CUol2ecs + CL+ 1) U (1))
t
5.30) + @ (Il + 1ok o)) ar
t
ta / (L4 )2 U ()]s dr
0

t
4 / (14 )°C 2ll g 1907 ()3

Now, multiplying (5.30) by A, adding the result to (5.17) and choosing A small enough,
we get

t
L+ 8 U O er + / (L4 1) 0,7 (1)|[%yes dr
t 2 t 2

4 / (L4 1) [y (P)]Zyor dr + / (14 1) 10, (1) 3o dr

t
(5.31) < C|Upl3e-s +aC / (141 MU () |3 dr
0
t
e / (14 1) 100 ()| e 02U ()]s

t
+ / (1+1)2C |2 o 1022 ()] Zs i,

where C' is a generic positive constant depending on A. Our goal now is to prove (5.11)
which will be done by induction on j. Indeed, take o = 0, in (5.31) and plugging the
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estimates
t
/0 10.U ()| 10U (7)o
t
< OM, (t 1+7) " H0,U (7). 5 d
. <oM (o) [ @0 00 0l s dr
t
<OMi(0) [ 10.U (s e
< CM, (t) D (t)*
and
t 2
/0 2l 1197 () 2y dr
t
< CM, (t 1+7)"Y2 )0, 2 d
) <CMy (o) [ (1) 02 (1) e
t
< OMy(0) [ 0.2 (1) oondr

< CM, () D (1)
into (5.31), then we deduce that (5.11) holds for j = 0.
Now, let 0 <1 < s — 2 and suppose that (5.11) holds for j = I, and we will prove
that (5.11) also holds for j = [+ 1. Taking & = [+ 1 in the estimate (5.16) and adding

over k with [+ 1 < k < s— 1, we obtain
t
2
L+ ) O T O ges + / (L+7) 0Ly (1) [1Fem1oadr
0

t
+ / (1+7)t? |0L2h (r)|\ip,l,2 dr

(5.34) )
< C Ui + c/ (14 1) 05T (1) [y sadlr
0

t
+C [ @0 10U ()] 105U () e
0
ollzs—1 - oimilarly, taking
Uol|3+—: . Similarly, taki

where we have used the fact that H(’?i“UQHiIs,l,z <
<k <s—2, we deduce

a=1+1in (5.29) and adding over k with [ + 1
¢ 2
[ n o @) dr
0

< CUolfrems + CL+ 0 010 ()71
t
0 [ (1o y 0o+ 05 o)

(5.35)
t
+ C/ (L+n)[jolttU (r)HZS,Z,Z dr
0

t
+c/ (L4 ) 1C 2l 04722 ()]s
0
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As before, for A small enough, we have by taking (5.34) + A(5.35)

(140 ok U @)

¢

Jr—— +/ (1+7‘)l+1 105y (1) |11z dr

/ (1+7) l+1H81+2h HH L er+/ (1 +r)+t HalJrQU HH L dr
0

dr

(5.36) scnUonimw/(Hr Y100 ()]s

t
+C [0 00 (1) 1020 1) 1

Hs—l72d'r‘

+c/ (14 1) C 2] oo [[05722 ()]s dr

Hs—1—3

The second term on the right-hand side of (5.36) is estimated by the induction hy-
pothesis (5.11) with j =1 as

(5.37) /0(1+7“ 0510 ()|, s dr < C [Uo|2pe s + C (Mo (£) + My (£)) D2 (2) .

Hs—1—2

On the other hand, we have

t
/0 (14 1) 0T (1) 10520 (1) [2esadir

Hs—1— 2dr

(5.38) < CM, (t)/0 (1+n)" 05U () |13

< CM; (t) D? (t)

and
t 2
/ (L4110 [ oo [|0522 ()| s
0
t
14+1/2 || 9l+2 2
(5.39) = O (t)/o (L+7) o Ha;_ Z(T)} Hs—1-3 dr
t
< CMy (8) / (L4 ) 052 ()| dr
0

< CMy (1) D (t).

Inserting the estimates (5.35)-(5.39) into (5.36), we deduce that

t
(OO (Ot [ (4010 1) s
0

t
[ o dr
0

(5.40)
/ (14 1)+ |82 (r )|HS L dr
0
< C|Upll3e-r + C (Mo (t) + M, (£)) D? (t) .
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This last estimate shows that (5.11) holds for j = + 1. Consequently, by induction,
we have proved that (5.11) holds for all 0 < j < s — 2. Next, we are going to prove
(5.12). Indeed, take & = k = s — 1 in (5.16), we obtain

t
s— s— 2 s— s—
(140 o 1U<t>||m+/0 (14 r) ™05y () | 2adr

t
[ o) ar
(5.41) 0

t
< Cll0 allfa + € [ ()00 () B
0
t
4 [ @) T 0U 0l 10571V (1) [
0
Exploiting (5.11), we get for j = s — 2

(5.42) /O (L+7)° 207U (r) ||22dr < C||Uo|l3e—1 4+ C (Mo (t) + M, (1)) D? (t) .

On the other hand, the last term on the right-hand side of (5.11) is estimated as
! 1
| a0 @l 10570 6 [

(5.43) <My (1) / (L4172 057U (1) adlr
< CM; (1) D (t).

Plugging (5.42) and (5.44) into (5.41), we get (5.12). This finishes the proof of Propo-
sition 5.3. O

LEMMA 5.4. Suppose that Uy € H*(R) N L' (R) with s > 2. Then, we have
(5.44) M (t) < Eg+ CM (t)* + CM, () E(t),

for all t € [0, T], where C' is a positive constant independent of T.
Proof. In order to prove (5.44), it is suffices to establish the estimate

(5.45) ‘

a;'U(t)H2 < CEo (14 6)74792 4 0 (M (0)° + Mo (1) E@®)) (1 +1)7/* 772,

for all t € [0,7] and 0 < j < s — 2. Using the Duhamel principle, the solution to (5.2)
can be expressed as

(5.46) U0 =+ [P0, (ar
0

where
(etew) (z) :=F! [eté(if)d} ({)} (z)

with © (i€) := — (i€A+ L+ €2B) and G (U) := (0,0,0,¢(2) ,0).
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Let j be a nonnegative integer. Applying 97 to (5.46), we obtain

t
ozt (02 < lo2e®till. + [ |

= jl + iQ.

Bfrle(t*’”)@G U) (T)HL2 dr

It is clear that from (5.4), we obtain
(5.47) I, < CEy (1+4t)~ Y4772

since Uy is the solution of the linear problem. To estimate I, we split it into two
parts:

) t/2
I, = / }
0

=j1+j2.

t
dr

ag-ﬁ-le(t—r)@G (U) (T‘) }

L2

oLl OG (U) ()| | dr + / |
/2

Using Lemma 2.1, keeping in mind that g (z) = O (22) and applying (5.4) to get
. t/2 ,
hze [T aen e o,
0
t/2 ‘
e / e~ 931G () (1) dr
0

t/2 ;

< C/ (L) 2O (1)) 2 dr
0

(5.48) #/2 ‘

e / e LG (U) (1) o
0

) /2 ‘
<CM (t)2/ A+t—r) 2 () P ar

- 0
t/2 ‘
e / et 931G () ()| dr-
0
The first term on the right-hand side of (5.48) can be estimated as
. t/2 ) - )
(5.49) M (t)Q/ (L+t—r) 92 (1) Y2 ar <OM (1) (14 1)~ /479/2,
0

On the other hand, we have ||037*G (U) (r)|| ., < U] ||0571U|| . and for j+2 < s,
we obtain

U oo (|24 0 < Mo (2) [|0541U| ey e < Mo () E(t) (1 +8) /27972,

Thus, we have, thanks to the above estimate

t/2 4
[ o )0
0

_ t/2 )
(5:50) <M B [ et 1T
0

< COMy(t)E(t) (1+1)~V/?*79/2
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Consequently, using (5.49) and (5.51), we deduce that
(5.51) J <C (M ()% + Mo (1) E(t)) (14 )~ /4972,

Next, Jo can be estimated as follows: applying (5.4) with j = 1 and using 8JG(U)
instead of Uy, we obtain

N t
Jp = /
t/2
t t
< c/ (1+t—r) ol () ()] dr+C/ e = 0i G (U) (r)|) . dr.
t

/2 /2
On the other hand, we have (see [8, page 1021]):

‘ame“*’“)@aga U) ()

dr
L2

losG @)|, < ¢ |ull, [[9iU]],
< CM2(t) (14 1)Y/*9/2

for j < s—1. Thus,

t
C | Q+t—r)¥ oG W) @), dr
t/2
t .
(5:52) <Ol [ (e-n T
t/2

< CN () (14 t) /47972

Since
i G )|, < Ul lor U],
< CMo () |07 U | - ya
<CMy(H)E @) (1+1)~Y*9/2,
we get
t
[ e e @) o)
t/2
t
(5.53) < CMy (t) E (1) / e=clt=0) (1 4 )~ V/23/2 gy
t/2

<CMy () E(t) (1+1)~ />392,
From (5.53) and (5.54), it follows that
(5.54) Jo SCM?(t) 1 +t) 42 L CMy () E (1) (1 +8)/*79/2
Therefore, (5.47), (5.48), and (5.54) lead to

(5.55)

ouU (t)‘

S CE (L) e (N0 + Mo () B (1) (L4147,

for all 0 < 57 < s — 1. The estimate (5.45) is now proved, which concludes the proof
of Lemma 5.4. 0
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LEMMA 5.5. Let Uy € H*(R) N L*(R) with s > 4 and put Ey = ||U|| gy« + [|Uo ;-
Let T > 0 and let U(x,t) be the solution of (5.3), satisfying

UeC(0,T]; H)NCY0,T); H51).

Then, we have the a priori estimates:

(5.56)
(5.57)

E*(T) + D*(T) < CE,
M (T) S OE57

where C' is a positive constant independent of T and Eg.

The proof of Lemma 5.5 can be done as in [8], we omit the details. Consequently,
the proof of Theorem 5.2 is a consequence of Proposition 5.3, Lemma 5.4 and Lemma

9.5.

[2] P.
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