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GLOBAL EXISTENCE AND DECAY PROPERTY FOR SOLUTIONS
IN NONLINEAR ELASTIC SOLIDS WITH VOIDS∗

BELKACEM SAID-HOUARI†

Abstract. In this paper, we consider a nonlinear Cauchy problem for a system of elastic solids
with voids. First, we prove that the damping in the porous equation alone is weak and the solutions
of the corresponding system are of regularity-loss type. In addition, we show a global existence result
for solutions in H

s(R) for large s. Second, we prove that by considering an additional viscoelastic
damping, then the solutions can gain some regularity and all solutions in H

s with s ≥ 4 are global
in time.
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1. Introduction. The theory of elastic solids with voids has attracted a great
deal of attention since Goodman and Cowin [5] first introduced the concept of a
continuum theory granular materials with intersticial voids. It is considered to be a
simple extension of the classical elasticity theory to porous media, where, in addition
to the elastic effects, these materials (with voids) possess a microstructure with the
property that the mass at each point is obtained as the product of the mass density of
the material matrix by the volume fraction. This latter idea came from Nuziato and
Cowin [14] in 1979 to develop a nonlinear theory of elastic materials with voids. This
type of problems have been considered by many authors and several results concerning
existence, and asymptotic behavior have been established.

Quintanilla [16] considered

(1.1)

{
ρutt = μuxx + bϕx

ρκϕtt = αϕxx − bux − τϕt − aϕ

where u is the longitudinal displacement, ϕ is the volume fraction, ρ > 0 is the mass
density, κ > 0 is the equilibrated inertia, and μ, α, τ, a are the constitutive constants
which are positive and satisfy

(1.2) μa > b2.

He showed that the damping (−τϕt) in the porous equation is not strong enough to
obtain an exponential decay. Only the slow decay has been proved.

Subsequently, many contributions have been made where the decay of solutions to
the problems in elasticity with voids have been treated. See for instance [1, 2, 11, 12,
15] and the references therein. In [13] the authors investigated the problem (1.1) with
τ = 0 and a viscoelastic damping term of the form γutxx acting on the right hand side
of the first equation. They proved that the decay rate of the solution is polynomial
and cannot be exponential. We point out that the assumption (1.2) played a decisive
role in their proof.
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In this paper, we consider the one-dimensional nonlinear porous-elastic model:

(1.3)

{
ρutt − μuxx − bϕx = 0,

Jϕtt − σ(ϕx)x + bux + aϕ+ τϕt = 0,
x ∈ R, t > 0,

where u is the longitudinal displacement, ϕ is the volume fraction, ρ > 0 is the mass
density and a, b, μ, τ are the constitutive constants which are positive and satisfy
(1.2). Here σ is a smooth function such that σ′(η) > 0, for any η > 0, with

σ′(0) = δ,

where δ > 0. We consider the following initial conditions

(1.4) (u, ut, ϕ, ϕt) (x, 0) = (u0, u1, ϕ0, ϕ1) .

The corresponding linearized system

(1.5)

{
ρutt − μuxx − bϕx = 0,

Jϕtt − δϕxx + bux + aϕ+ τϕt = 0,
x ∈ R, t > 0,

has been considered in [3] and under the assumption (1.2), the authors proved the
following decay estimates:

(1.6)
∥∥∂k

xU (t)
∥∥
L2
≤ C(1 + t)−1/4−k/2 ‖U0‖L1 + C(1 + t)−l/6

∥∥∂k+lU0

∥∥
L2

,

where U(x, t) = (ux, ut, ϕx, ϕt, ϕ)(x, t), U0 = U(x, 0) and C is a positive constant.
The decay estimate in (1.6) is of a regularity-loss type and is based on the following
pointwise estimate of the Fourier image of the solution:

(1.7)
∣∣∣Û (ξ, t)

∣∣∣2 ≤ Ce−cρ(ξ)t
∣∣∣Û (ξ, 0)

∣∣∣2 ,
where

(1.8) ρ (ξ) =
ξ2

(1 + ξ4)(1 + ξ2 + ξ4)
.

It is obvious that for high frequencies (|ξ| ≥ 1), the function ρ(ξ) behaves like ξ−6,
this means that the damping effect is very weak in the high frequency part and lead
to a regularity-loss. On the other hand, over the low frequency domain (|ξ| ≤ 1),
the solution decays polynomially with the rate of the heat kernel. The loss in the
regularity yields technical difficulty when dealing with the nonlinear problem (1.3). In
fact we will show (see Theorem 3.3 below) only the solutions with high regularity (i.e.
solutions in Hs(R) with s ≥ 24) can be continued globally in time. The regularity-
loss properties has been also shown for other models, such as Timoshenko systems
[7, 8, 19, 18], hyperbolic-elliptic problems [6, 10] and the Maxwell systems [4, 21].

It is worth noting that the regularity assumption s ≥ 24 comes from the estimate
(1.7) obtained in [3], which is not optimal. Consequently, any improvement in the
estimate (1.7) will lead to a low regularity assumption on s. This is an interesting
open question.

This paper is organized as follows: In Section 2, we introduce some notations
and some inequalities that will be used in the paper. The global existence and decay
estimates in case of regularity loss are stated in Section 3 and the proof is given in
Section 4. Section 5 is devoted to the regularity gain case.
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2. Preliminaries. In this section, we introduce some notations and a technical
lemma to be used throughout this paper. Throughout this paper, ‖.‖q (or ‖.‖Lq)
stand for the Lq(R)-norm (1 ≤ q ≤ ∞) and ‖.‖Hl denotes the H l(R)-norm. Let us

also denote by f̂ = F (f) the Fourier transform of f with inverse F−1:

f̂ (ξ) = F (f) (ξ) =

∫
R

f (x) e−iξxdx,

Furthermore, the next lemma has been proved for instance in [6, Lemma 4.1].

Lemma 2.1. Let 1 ≤ p, q, r ≤ ∞ and 1/p = 1/q + 1/r. Then, we have

(2.1) ‖∂k
x(uv)‖p ≤ C(‖u‖q‖∂k

xv‖r + ‖v‖q‖∂k
xu‖r), k ≥ 0,

and

(2.2) ‖[∂k
x , u]vx‖p ≤ C(‖ux‖q‖∂k

xv‖r + ‖vx‖q‖∂k
xu‖r), k ≥ 1.

3. Statement of the problem. In order to state and prove our results, and to
make our computations easy to handle, let us first transform our problem to a first
order system. Indeed, we introduce the new variables:

(3.1) v = ux, h = ut, z = ϕx, y = ϕt,

then, the resulting system takes the form

(3.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

vt − hx = 0,

ρht − μvx − bz = 0,

zt − yx = 0,

Jyt − σ(z)x + bv + aϕ+ τy = 0,

ϕt − y = 0,

x ∈ R, t > 0,

with the initial data

(3.3) (v, h, z, y, ϕ) (x, 0) = (v0, h0, z0, y0, ϕ0) (x) .

The system (3.2)-(3.3) can be also rewritten as:

(3.4)

{
Ut + F (U)x + LU = 0,

U (x, 0) = U0.

where U = (v, h, z, y, ϕ)
T
, F (U) := −

(
h, μρ v, y,

1
J σ (z) , 0

)T

and L is defined as

L :=

⎛
⎜⎜⎜⎜⎝

0 0 0 0 0
0 0 −b/ρ 0 0
0 0 0 0 0

b/J 0 0 τ/J a/J
0 0 0 1 0

⎞
⎟⎟⎟⎟⎠ ,
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and U0 := (v0, h0, z0, y0, ϕ0)
T
. It is clear that the matrix L is not real symmetric.

Remark 3.1. It is well known (see for instance [17, Theorem 5. 1] and [9]) that
for U0 ∈ Hs(R), s ∈ N and s ≥ 2, then problem (3.4) has a unique solution U such
that

U ∈ C0([0,∞), Hs(R)) ∩C1([0,∞), Hs−1(R)).

The linearized problem of (3.4) can be obtained by taking the Jacobian of F at
U = 0. Thus, we get the problem

(3.5)

{
Ut +AUx + LU = 0,

U (x, 0) = U0.

where the matrix A is defined as

A := DUF (0) = −

⎛
⎜⎜⎜⎜⎝

0 1 0 0 0
μ/ρ 0 0 0 0
0 0 0 1 0
0 0 δ 0 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎠ .

The eigenvalues of the matrix A are: λ0 = 0, λ1|2 = ±
√
δ, λ3|4 = ±

√
μ

ρ
.

Taking the Fourier transform of (3.5), then we get

(3.6)

{
Ût(ξ, t) = Λ(ξ)Û(ξ, t),

Ût(ξ, 0) = Û0(ξ),
ξ ∈ R, t > 0,

where Λ(ξ) = −L − iξA. Consequently, solving the above first order ordinary differ-
ential equation, we obtain

(3.7) Û(ξ, t) = eΛ(ξ)tÛ0(ξ).

To compute the term eΛ(ξ)t is a challenging problem and in many situations, this
cannot be done. Consequently, in order to show the asymptotic behavior of the
solution, it suffices to find a positive function ρ(ξ) such that

(3.8) eΛ(ξ)t ≤ Ce−cρ(ξ)t,

for two positive constants C and c. Thus, the behavior of the solution depends on a
critical way on the behavior of the function ρ(ξ). If A and L are symmetric matrices
and under the so-called Shizuta−Kawashima algebraic condition (SK) (see [20]):

(SK) ∀ξ ∈ R−{0} , Ker(L) ∩ {eigenvectors of (ξA)} = {0},

the function ρ(ξ) has the form

(3.9) ρ(ξ) =
ξ2

1 + ξ2
.

Concerning our system (3.6), the function ρ(ξ) in (3.8) has been found in [3] and has
the form (1.8). This leads to the following decay estimate of the solution of (3.5):
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Theorem 3.2. ([3]) Let s be a nonnegative integer and assume U0 =

(v0, h0, z0, y0, ϕ0)
T ∈ Hs (R) ∩ L1 (R) . Assume that (1.2) holds. Then the solution

U = (v, h, z, y, ϕ)T of the system (3.5) satisfies the following decay estimates:

(3.10)
∥∥∂k

xU (t)
∥∥
L2
≤ C(1 + t)−1/4−k/2 ‖U0‖L1 + C(1 + t)−l/6

∥∥∂k+lU0

∥∥
L2

,

for k + l ≤ s. Here C and c are two positive constants.

Now, we present the results on the global existence and on the asymptotic stability
of the nonlinear problem (3.4). In order to state our main result, and led by [8], we
introduce the time weighed energy norm E(t) and the corresponding dissipation norm
D(t) as follows:

(3.11) E2(t) ≡
[s/4]∑
j=0

sup
0≤r≤t

(1 + r)j−
1

2

∥∥∂j
xU (r)

∥∥2

Hs−4j

and

D2(t) ≡
[s/4]∑
j=0

∫ t

0

(1 + r)j−
3

2

∥∥∂j
xU (r)

∥∥2
Hs−4j dr

+

[s/4]−1∑
j=0

∫ t

0

(1 + r)
j− 1

2

∥∥∂j
xz (r)

∥∥2
Hs−1−4j dr(3.12)

+

[s/4]∑
j=0

∫ t

0

(1 + r)
j− 1

2

∥∥∂j
xy (r)

∥∥2
Hs−4j dr.

Our main result reads as follows:

Theorem 3.3. Assume that σ′(η) > 0. Let U0 ∈ Hs(R)∩L1(R) with s ≥ 24 and
put E0 := ‖U0‖Hs + ‖U0‖L1 . Then, there exists a positive constant δ0 > 0 such that
if E0 ≤ δ0, then problem (3.4) has a unique global solution U satisfying

(3.13) U ∈ C ([0,∞) ;Hs(R)) ∩ C1([0,∞) ;Hs−1(R)).

Moreover, the solution satisfies the weighted energy estimate

(3.14) E2(t) +D2(t) ≤ CE2
0 ,

and the decay estimate

(3.15)
∥∥∂k

xU (t)
∥∥
2
≤ CE0 (1 + t)

−1/4−k/2
,

where C is a positive constant and 0 ≤ k ≤ [s/4]− 4.

Remark 3.4. It is obvious that from the estimate (3.15), we deduce that the
optimal decay rate is given for the solution U and its lower order derivatives only, but
not for all derivatives up to the s-order. This is a result of the regularity-loss type of
the solution.
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4. Proof of the main results. In this section, we prove Theorem 3.3. The
proof is a direct consequence of Lemma 4.1. Due to the regularity-loss property in
Theorem 3.2, the proof is based on the energy method with negative weight. This
method has been used before in [6] and [8].

Let us first define the following quantities

M0 (t) := sup
0≤r≤t

(1 + r)
1

2 ‖U (r)‖L∞ ,

M1 (t) := sup
0≤r≤t

(1 + r) ‖∂xU (r)‖L∞ ,

and inspired by the estimates (3.10), we define

M (t) :=

[s/4]−4∑
j=0

sup
0≤r≤t

(1 + r)1/4+j/2 ∥∥∂j
xU (r)

∥∥
2
.

We have the following lemma.

Lemma 4.1. Assume that the assumptions of Theorem 3.3 hold. Let T > 0 and
s ≥ 2 and let U be the solution to the problem (3.4) satisfying

U ∈ C ([0, T ];Hs(R)) ∩C1(0, T ];Hs−1(R)).

Then we have the a priori estimates

E2(T ) +D2(T ) ≤ CE2
0 ,(4.1)

M (T ) ≤ CE0,(4.2)

where E0 is given in Theorem 3.3 and C is a positive constant independent of T .

We shall derive the energy estimates under the a priori assumption

(4.3) sup
0≤t≤T

‖U (t)‖L∞ ≤ ᾱ

where ᾱ is a fixed small number, independent of T .

Proposition 4.2. Suppose that the assumptions in Theorem 3.3 hold. Let T > 0
and s ≥ 2, and let U be the solution of problem (3.2)-(3.3) satisfying (3.13) and (4.3).
Then, the estimate

(4.4) E (t)2 +D (t)2 ≤ C ‖U0‖2Hs + C (M0 (t) +M1 (t))D
2 (t) ,

holds true for all t ∈ [0, T ], where C is a positive constant which is independent of T .

Proof. We proceed with the basic energy estimate by multiplying the first equation
in (3.2) by μv, the second equation by h, the third by (σ(z) − σ(0)), the fourth by
y, the fifth by aϕ, respectively, adding the resulting equations, and integrating with
respect to x over R, we obtain

(4.5)
d

dt
E(0) (t) + τ ‖y‖22 = 0,

where

(4.6) E(0) (t) :=
1

2

{
μ ‖v‖22 + ρ‖h‖22 + J ‖y‖22 + a ‖ϕ‖22 + 2b(vϕ)

}
+

∫
R

F (0) (z)dx
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and

F (0) (z) :=

∫ z

0

(σ (s)− σ (0)) ds.

In (3.2), we have used (3.1) and the fact that

bvy − bzh = buxϕt − bϕxut

=
d

dt
(buxϕ) − d

dx
(butϕ) .

To obtain the energy estimates on higher-order terms, applying, for k ≥ 1, ∂k
x to (3.2),

we get

(4.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂k
xvt − ∂k+1

x h = 0,

ρ∂k
xht − μ∂k+1

x v − b∂k
xz = 0,

∂k
xzt − ∂k+1

x y = 0,

J∂k
xyt − σ′(z)∂k+1

x z + b∂k
xv + a∂k

xϕ+ τ∂k
xy = [∂k

x , σ
′(z)]zx,

∂k
xϕt − ∂k

xy = 0,

x ∈ R, t > 0,

where we have used the notation [∂k
x , A]B := ∂k

x (AB)−A∂k
xB.

Now, we define the energy associated to system (4.7) as

E(k) (t) :=
1

2

{
μ
∥∥∂k

xv
∥∥2

2
+ ρ‖∂k

xh‖22 + J
∥∥∂k

xy
∥∥2
2
+ a

∥∥∂k
xϕ

∥∥2
2
+ 2b(∂k

xv∂
k
xϕ)

}
+

∫
R

F (k) (z) dx,
(4.8)

where

F (k) (z) :=
1

2
σ′(z)(∂k

xz)
2.

Next, multiplying the first equation in (4.7) by μ∂k
xv, the second equation by ∂k

xh,
the third equation by (σ′(z)∂k

xz), the fourth equation by ∂k
xy and the fifth equation

by a∂k
xϕ, respectively, adding the resulting equations, using the identity

b∂k
xv∂

k
xy − b∂k

xz∂
k
xh =

d

dt

(
∂k+1
x u∂k

xϕ
)− d

dx

(
∂k
xut∂

k
xϕ

)
and integrating with respect to x, we obtain

(4.9)
d

dt
E(k) (t) + τ

∥∥∂k
xy

∥∥2
2
= R

(k)
0 ,

where

(4.10) R
(k)
0 :=

∫
R

{
1

2
σ′ (z)t

(
∂k
xz

)2 − σ′ (z)x
(
∂k
xz

)
∂k
xy + ∂k

xy
[
∂k
x , σ

′ (z)
]
(z)x

}
dx.

Recalling the fact that zt = yx, using the assumption (4.3) and as in [8], we get∣∣∣R(k)
0

∣∣∣ ≤ C

∫
R

|yx|
∣∣∂k

xz
∣∣2 + |zx| ∣∣∂k

xz
∣∣ ∣∣∂k

xy
∣∣+ ∣∣∂k

xy
∣∣ ∣∣[∂k

x , σ
′ (z)

]∣∣ |zx| ,
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where C = C(ᾱ) and ᾱ is defined in (4.3). This implies that, by using Lemma 2.1
(see [8] for details),

(4.11)
∣∣∣R(k)

0

∣∣∣ ≤ C ‖∂xU‖L∞
∥∥∂k

xU
∥∥2
L2

.

Now, for k ≥ 0, we have, by applying Young’s inequality

2b(∂k
xv∂

k
xϕ) ≤ 2bλ1

∥∥∂k
xv

∥∥2

2
+ 2b

1

4λ1
‖∂k

xϕ‖22, λ1 > 0.

The above formula together with (4.6), (4.8) and the assumption (1.2) lead to

(4.12) c1Ê
(k)(t) ≤ E(k) (t) ≤ c2Ê

(k)(t), ∀t ≥ 0,

for c1, c2 > 0, where k ≥ 0, and Ê(k)(t) is defined as

(4.13) Ê(k) :=
{∥∥∂k

xv
∥∥2
2
+ ‖∂k

xh‖22 +
∥∥∂k

xy
∥∥2
2
+

∥∥∂k
xϕ

∥∥2
2

}
+

∫
R

F (k) (z) dx.

On the other hand, recalling (4.3), we deduce that there exist two positive constants
c3 and c4 depending on ᾱ, such that

(4.14) c3
∥∥∂k

xU
∥∥2
L2
≤ Ê(k) (t) ≤ c4

∥∥∂k
xU

∥∥2
L2

, k ≥ 0.

Combining (4.12) and (4.14), we deduce that there exist two positive constants β1

and β2 such that

(4.15) β1

∥∥∂k
xU

∥∥2
L2
≤ E(k) (t) ≤ β2

∥∥∂k
xU

∥∥2
L2

, k ≥ 0.

Consequently, multiplying (4.5) by (1 + t)
α
, with α ∈ R and integrating with respect

to t and using (4.15), we get

(1 + t)α ‖U (t)‖2L2 +
τ

β1

∫ t

0

(1 + r)α ‖y (s)‖2L2 dr

≤ β1

β2
‖U0‖2L2 +

α

β1

∫ t

0

(1 + r)α−1 ‖U (s)‖2L2 dr.

(4.16)

Similarly, for k ≥ 1, the estimates (4.11), (4.15) together with (4.9) yield, after a
multiplication by (1 + t)

α
and integration with respect to t over (0, t)

(1 + t)α
∥∥∂k

xU (t)
∥∥2
L2

+
τ

β1

∫ t

0

(1 + r)α ‖∂k
xy (r) ‖2L2dr

≤ β1

β2

∥∥∂k
xU0

∥∥2
L2

+
α

β1

∫ t

0

(1 + r)α−1 ‖∂k
xU (r) ‖2L2dr(4.17)

+C

∫ t

0

(1 + r)α ‖∂xU (r)‖L∞ ‖∂k
xU (r) ‖2L2dr,

where C here and in the sequel is a generic positive constant that may take different
values in different places.
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Adding the estimate (4.16) to (4.17) and taking the summation for 1 ≤ k ≤ s, we
get the main estimate

(1 + t)α ‖U (t)‖2Hs +
τ

β1

∫ t

0

(1 + r)α ‖y (r)‖2Hs dr

≤ C ‖U0‖2Hs +
α

β1

∫ t

0

(1 + r)α−1 ‖U (r)‖2Hs dr(4.18)

+C

∫ t

0

(1 + r)
α ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−1 dr.

On the other hand, applying ∂k
x to the system (3.2) and put ∂k

x(v, h, z, y, ϕ) =
(ṽ, h̃, z̃, ỹ, ϕ̃), then we get

(4.19)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṽt − h̃x = 0,

ρh̃t − μṽx − bz̃ = 0,

z̃t − ỹx = 0,

Jỹt − δz̃x + bṽ + aϕ̃+ τ ỹ = ∂k
xg (z)x ,

ϕ̃t − ỹ = 0,

x ∈ R, t > 0,

where g (z) := σ (z)− σ (0)− σ′ (0) z = O(z2) near z = 0.
Multiplying the second equation in (4.19) by −z̃ and the third equation by −ρh̃

and adding the resulting equations, we obtain

(4.20)
d

dt

(
−ρh̃z̃

)
+ ρỹxh̃+ μṽxz̃ + bz̃2 = 0.

Next, multiplying the fourth equation in (4.19) by −z̃x and the third equation by Jỹx
and summing up the results, we find

(4.21)
d

dx
(Jỹz̃t)− d

dt
(Jỹz̃x) + δz̃2x − bṽz̃x − aϕ̃z̃x − τ ỹz̃x − Jỹ2x = −∂k

xg (z)x z̃x,

which can be rewritten as

(4.22)
d

dx
(Jỹz̃t− aϕ̃z̃)− d

dt
(Jỹz̃x) + δz̃2x + az̃2− bṽz̃x − τ ỹz̃x − Jỹ2x = −∂k

xg (z)x z̃x,

where we have used the fact that ϕ̃x = z̃. Adding − b
μ (4.20) to (4.22), we find

d

dx

(
Jỹz̃t − aϕ̃z̃ − bṽz̃ − ρb

μ
ỹh̃

)
− d

dt

(
Jỹz̃x +

ρb

μ
h̃z̃

)
+ δz̃2x +

(
a− b2

μ

)
z̃2

+
ρb

μ
ỹh̃x − τ ỹz̃x − Jỹ2x = −∂k

xg (z)x z̃x.

(4.23)

The above identity can be rewritten as

d

dt
F (k) (t) + δ

(
∂k
xzx

)2
+

(
a− b2

μ

)(
∂k
xz

)2 − J
(
∂k
xyx

)2
=

d

dx
A(k) − ρb

μ
∂k
xy∂

k
xhx + τ∂k

xy∂
k
xzx − ∂k

xg (z)x ∂
k
xzx,

(4.24)
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where

F
(k) (t) := −

(
J∂

k
xy∂

k
xzx +

ρb

μ
∂
k
xh∂

k
xz

)
, A

(k) := J∂
k
x∂

k
xzt−a∂

k
xϕ∂

k
xz−b∂

k
xv∂

k
xz−

ρb

μ
∂
k
x∂

k
xh

Now, for all k ≥ 0, we have

d

dt

(
F (k) (t) + F (k+2) (t)

)
+ δ

{(
∂k
xzx

)2
+

(
∂k+2
x zx

)2}
+

(
a− b2

μ

){(
∂k
xz

)2
+

(
∂k+2
x z

)2}

= J
{(

∂k
xyx

)2
+

(
∂k+2
x yx

)2}
+

d

dx

(
A(k) +A(k+2)

)
(4.25)

−ρb

μ

{
∂k
xy∂

k
xhx + ∂k+2

x y∂k+2
x hx

}
+ τ

{
∂k
xy∂

k
xzx + ∂k+2

x y∂k+2
x zx

}
−{

∂k
xg (z)x ∂

k
xzx + ∂k+2

x g (z)x ∂
k+2
x zx

}
.

On the other hand, we have

(4.26) −∂k+2
x y∂k+2

x hx =
d

dx

(
∂k+2
x y∂k+1

x hx − ∂k+3
x y∂k

xhx

)
+ ∂k+4

x y∂k
xhx.

Plugging (4.26) into (4.26), we obtain

d

dt

(
F (k) (t) + F (k+2) (t)

)
+ δ

{(
∂k
xzx

)2
+

(
∂k+2
x zx

)2}
+

(
a− b2

μ

){(
∂k
xz

)2
+

(
∂k+2
x z

)2}
= J

{(
∂k
xyx

)2
+

(
∂k+2
x yx

)2}− {
∂k
xg (z)x ∂

k
xzx + ∂k+2

x g (z)x ∂
k+2
x zx

}
.(4.27)

−ρb

μ

{
∂k
xy∂

k
xhx − ∂k+4

x y∂k
xhx

}
+ τ

{
∂k
xy∂

k
xzx + ∂k+2

x y∂k+2
x zx

}
+

d

dx

(
A(k) + A(k+2) +

ρb

μ
∂k+2
x y∂k+1

x hx − ρb

μ
∂k+3
x y∂k

xhx

)
.

Applying Young’s inequality, we obtain for any ε1 > 0,

(4.28) −ρb

μ

{
∂k
xy∂

k
xhx − ∂k+4

x y∂k
xhx

} ≤ ε1
(
∂k
xhx

)2
+ C(ε1)

{(
∂k
xy

)2
+

(
∂k+4
x y

)2}
and

τ
{
∂k
xy∂

k
xzx + ∂k+2

x y∂k+2
x zx

} ≤ ε1

{(
∂k
xzx

)2
+

(
∂k+2
x zx

)2}
+ C(ε1)

{(
∂k
xy

)2
+

(
∂k+2
x y

)2}
.

(4.29)

Plugging (4.28) and (4.29) into (4.28) and integrating with respect to x, we obtain
for all 0 ≤ k ≤ s− 4

dF (k)(t)

dt
+ (δ − ε1)

{∥∥∂k
xzx

∥∥2
2
+

∥∥∂k+2
x zx

∥∥2
2

}
+

(
a− b2

μ

){∥∥∂k
xz

∥∥2
2
+

∥∥∂k+2
x z

∥∥2
2

}
≤ ε1

∥∥∂k
xhx

∥∥2

2
+ C(ε1)

{∥∥∂k
xy

∥∥2
2
+

∥∥∂k
xyx

∥∥2
2
+

∥∥∂k+2
x y

∥∥2
2

+
∥∥∂k+2

x yx
∥∥2
2
+

∥∥∂k+4
x y

∥∥2
2

}
+R

(k)
1 ,

(4.30)
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where

(4.31) F
(k) (t) := −

∫
R

(
J∂

k
xy∂

k
xzx +

ρb

μ
∂
k
xh∂

k
xz + J∂

k+2
x y∂

k+2
x zx +

ρb

μ
∂
k+2
x h∂

k+2
x z

)
dx

and

(4.32) R
(k)
1 :=

∫
R

(|∂k
xzx|

∣∣∂k
xg (z)x

∣∣ + |∂k+2
x zx|

∣∣∂k+2
x g (z)x

∣∣) dx.
On the other hand, multiplying the fourth equation in (4.19) by ṽ and the first equa-
tion by Jỹ and adding the results, we obtain

(4.33)
d

dt
(Jỹṽ)− d

dx
(Jh̃ỹ) + bṽ2 − δz̃xṽ + aϕ̃ṽ + τ ỹṽ + Jh̃ỹx = ∂k

xg (z)x ṽ.

Using Young’s inequality and integrating (4.33) with respect to x, we get for any
ε2 > 0,

dP(k)(t)

dt
+ (b − ε2)‖∂k

xv‖2L2

≤ ε2‖∂k
xh‖2L2 + C(ε2)

(‖∂k
xzx‖2L2 + ‖∂k

xϕ‖2L2 + ‖∂k
xy‖2H1

)
+ R

(k)
2 ,

(4.34)

where

(4.35) P
(k)(t) :=

∫
R

J∂k
xy∂

k
xvdx, R

(k)
2 :=

∫
R

∂k
xg (z)x ∂

k
xv.

Next, multiplying the second equation in (4.19) by ṽx and the first equation by −ρh̃x,
we get

(4.36)
d

dt

(
ρh̃ṽx

)
− d

dx

(
ρh̃ṽt

)
− μṽ2x + ρh̃2

x − bz̃ṽx = 0.

Using Young’s inequality and integrating the result with respect to x, we get for each
ε2 > 0

(4.37)
dV (k)(t)

dt
+ ρ‖∂k

xhx‖2L2 − (μ+ ε2)‖∂k
xvx‖2L2 ≤ C(ε2)‖∂k

xz‖2L2,

where

(4.38) V
(k)(t) :=

∫
R

ρ∂k
xh∂

k
xvx.

Now, using (4.34) and (4.37), we get for all 0 ≤ k ≤ s− 2

d

dt

(
aμ

b
P

(k+1)(t) +
b2

μ
V

(k)(t)

)
+

{
(aμ− b2)−

(
aμ

b
+

b2

μ

)
ε2

}
‖∂k

xvx‖2L2

+

(
b2ρ

μ
− ε2

)
‖∂k

xhx‖2L2(4.39)

≤ C(ε2)
{‖∂k

xz‖2L2 + ‖∂k+1
x zx‖2L2 + ‖∂k+1

x ϕ‖2L2 + ‖∂k+1
x y‖2H1

}
+

aμ

b
R

(k+1)
2 .

Let us now define the functional Ψ(k)(t) as follows:

(4.40) Ψ(k)(t) := α1F
(k)(t) +

aμ

b
P

(k+1)(t) +
b2

μ
V

(k)(t),
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where α1 is a positive constants that will be chosen later. Consequently, the estimates
(4.30) and (4.40) lead to, for all 0 ≤ k ≤ s− 4,

d

dt
Ψ(k)(t) + α1 (δ − ε1)

∥∥∂k
xzx

∥∥2
2
+ α1 (δ − ε1)

∥∥∂k+2
x zx

∥∥2
L2

+

{
α1

(
a− b2

μ

)
− 2C(ε2)

}∥∥∂k
xz

∥∥2
L2

+

{
α1

(
a− b2

μ

)
− C(ε2)

}∥∥∂k+2
x z

∥∥2
L2

+

{
(aμ− b2)−

(
aμ

b
+

b2

μ

)
ε2

}
‖∂k

xvx‖2L2(4.41)

+

{(
b2ρ

μ
− ε2

)
− α1ε1

}
‖∂k

xhx‖2L2

≤ C(ε1, ε2, α1)
∥∥∂k

xy
∥∥2
H4

+ α1R
(k)
1 +

aμ

b
R

(k+1)
2 ,

where we have used the fact that ‖∂k+1
x ϕ‖2L2 = ‖∂k

xz‖2L2. Now, we are going to choose
our constants in (4.42) as follows: first, recalling (1.2) and choosing ε2 small enough
such that

ε2 < min

{
b2ρ

μ
, (aμ− b2)/

(
aμ

b
+

b2

μ

)}
.

After that, we select α1 large enough so that

α1

(
a− b2

μ

)
− 2C(ε2) > 0.

Once α1 and ε2 are fixed, then we take ε1 small enough such that

ε1 < min

{
δ,

(
b2ρ

μ
− ε2

)
/α1

}
.

Consequently, there exists a positive constant c̃ such that (4.42) becomes

d

dt
Ψ(k)(t) + c̃

{∥∥∂k
xz

∥∥2
H3

+ ‖∂k
xvx‖2L2 + ‖∂k

xhx‖2L2

}
≤ C(ε1, ε2, α1)

∥∥∂k
xy

∥∥2
H4

+ α1R
(k)
1 +

aμ

b
R

(k+1)
2 .

(4.42)

This last estimate can be rewritten as

d

dt
Ψ(k)(t) + c̃1

{∥∥∂k
xz

∥∥2
H3

+
∥∥∂k+1

x U
∥∥2
L2

}
≤ C1(ε1, ε2, α1)

∥∥∂k
xy

∥∥2
H4

+ α1R
(k)
1 +

aμ

b
R

(k+1)
2 .

(4.43)

for some c̃1, C1(ε1, ε2, α1) > 0.
On the other had, from (4.40), (4.31), (4.35) and (4.38) it is obvious that there

exists c̃2 > 0 such that

(4.44)
∣∣∣Ψ(k)(t)

∣∣∣ ≤ c̃2
∥∥∂k

xU (t)
∥∥2
H3

, ∀t ≥ 0.

Now, following [8], we get

(4.45) R
(k)
1 ≤ C ‖z‖L∞

(∥∥∂k+1
x z

∥∥2
L2

+
∥∥∂k+3

x z
∥∥2
L2

)
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and

R
(k+1)
2 ≤

∫
R

∣∣∂k+1
x g (z)x

∣∣ ∣∣∂k+1
x v

∣∣
≤ C ‖z‖L∞

∥∥∂k+1
x v

∥∥
L2

∥∥∂k+2
x z

∥∥
L2

.

(4.46)

Now, multiplying (4.43) by (1 + t)α, integrating with respect to t and exploiting
(4.44)-(4.46), we arrive at

∫ t

0

(1 + r)α
(∥∥∂k

xz (r)
∥∥2
H3

+
∥∥∂k+1

x U (r)
∥∥2
L2

)
dr

≤ C
∥∥∂k

xU0

∥∥2
H3

+ C(1 + t)α
∥∥∂k

xU (t)
∥∥2
H3

+ Cα

∫ t

0

(1 + r)α−1
∥∥∂k

xU (r)
∥∥2

H3
dr + C

∫ t

0

(1 + r)α
∥∥∂k

xy
∥∥2
H4

dr

+ C

∫ t

0

(1 + r)α ‖z‖L∞
(∥∥∂k+1

x z
∥∥2
L2

+
∥∥∂k+3

x z
∥∥2
L2

+
∥∥∂k+1

x v
∥∥
L2

∥∥∂k+2
x z

∥∥
L2

)
dr,

(4.47)

for all t ≥ 0 and 0 ≤ k ≤ s − 4. Taking the summation in (4.47) over k with
0 ≤ k ≤ s− 4, we obtain

∫ t

0

(1 + r)α
(
‖z (r)‖2Hs−1 + ‖∂xU (r)‖2Hs−4

)
dr

≤ C ‖U0‖2Hs−1 + C(1 + t)α ‖U (t)‖2Hs−1

+ αC

∫ t

0

(1 + r)α−1 ‖U (r)‖2Hs−1 dr + C

∫ t

0

(1 + r)α ‖y‖2Hs dr

+ C

∫ t

0

(1 + r)α ‖z‖L∞
(
‖z‖2Hs−1 + ‖∂xv‖Hs−4 ‖∂xz‖Hs−3

)
dr.

(4.48)

Now, let λ > 0 be a small positive constant, then multiplying (4.48) by λ, adding the
result to (4.18) and choosing λ small enough, we get

(1 + t)
α ‖U (t)‖2Hs +

∫ t

0

(1 + r)
α ‖y (r)‖2Hs dr

+λ

∫ t

0

(1 + r)α
(
‖z (r)‖2Hs−1 + ‖∂xU (r)‖2Hs−4

)
dr

≤ C ‖U0‖2Hs + αC

∫ t

0

(1 + r)
α−1 ‖U (r)‖2Hs dr(4.49)

+C

∫ t

0

(1 + r)
α ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−1 dr

+Cλ

∫ t

0

(1 + r)α ‖z‖L∞
(
‖z‖2Hs−1 + ‖∂xv‖Hs−4 ‖∂xz‖Hs−3

)
dr,

where C is a generic positive constant depending on λ. It is quite obvious from (4.49)

that the term
∫ t

0
(1 + r)

α ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−1 dr can not be controlled by the

term
∫ t

0
(1 + r)

α ‖∂xU (r)‖2Hs−4 dr due to the regularity-loss property. In order to
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solve this technical difficulty, and following [8], we have to choose α < 0 in (4.49)

in order to gain the dissipative term αC
∫ t

0
(1 + r)

α−1 ‖U (r)‖2Hs dr which is strong
enough to restore the regularity in (4.49). Consequently, choosing α = −1/2, then
the estimate (4.49) can be rewritten as

(1 + t)
−1/2 ‖U (t)‖2Hs +

∫ t

0

(1 + r)
−1/2 ‖y (r)‖2Hs dr

+λ

∫ t

0

(1 + r)−1/2
(
‖z (r)‖2Hs−1 + ‖∂xU (r)‖2Hs−4

)
dr

+

∫ t

0

(1 + r)
−3/2 ‖U (r)‖2Hs dr(4.50)

≤ C ‖U0‖2Hs + C

∫ t

0

(1 + r)
−1/2 ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−1 dr

+Cλ

∫ t

0

(1 + r)−1/2 ‖z‖L∞
(
‖z‖2Hs−1 + ‖∂xv‖Hs−4 ‖∂xz‖Hs−3

)
dr.

The last two term in the right-hand side of (4.51) can be estimated as

∫ t

0

(1 + r)
−1/2 ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−1 dr

≤M1 (t)

∫ t

0

(1 + r)
−3/2 ‖∂xU (r)‖2Hs−1 dr(4.51)

≤M1 (t)D
2 (t) .

On the other hand, using the estimate ‖z‖L∞ ≤ (1 + t)
−1/2

M0 (t), we have

∫ t

0

(1 + r)−1/2 ‖z‖L∞
(
‖z‖2Hs−1 + ‖∂xv‖Hs−4 ‖∂xz‖Hs−3

)
dr

=

∫ t

0

(1 + r)−1/2 ‖z‖L∞ ‖z‖2Hs−1 dr

+

∫ t

0

(1 + r)−1/2 ‖z‖L∞ ‖∂xv‖Hs−4 ‖∂xz‖Hs−3 dr(4.52)

≤M0 (t)

∫ t

0

(1 + r)−1 ‖z‖2Hs−1 dr +M0 (t)

∫ t

0

(1 + r)−1 ‖∂xv‖Hs−4 ‖∂xz‖Hs−3 dr

≤ CM0 (t)D
2 (t)

+M0 (t)

(∫ t

0

(1 + r)−1/2 ‖∂xv‖2Hs−4 dr

)1/2 (∫ t

0

(1 + r)−3/2 ‖∂xz‖2Hs−3 dr

)1/2

≤ CM0 (t)D
2 (t)

+M0 (t)

(∫ t

0

(1 + r)−3/2 ‖v‖2Hs dr

)1/2 (∫ t

0

(1 + r)−1/2 ‖z‖2Hs−2 dr

)1/2

≤ CM0 (t)D
2 (t) .

Consequently, plugging the estimates (4.52) and (4.52) into (4.51), then (4.4) holds
true for j = 0. It is sufficient to use induction on j to show that (4.4) is fulfilled.
Assume that (4.4) is satisfied for j − 1; we will show that (4.4) is also valid for j.
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Indeed, assume that (4.4) is satisfied for j − 1. We have to prove that (4.4) remains
also valid for j. To this end, take α = j − 1/2 in (4.17) and taking the summation
over k with j ≤ k ≤ s− 3j with 0 < j ≤ [s/4], we get

(1 + t)
j−1/2 ∥∥∂j

xU (t)
∥∥2

Hs−4j +
τ

β1

∫ t

0

(1 + r)
j−1/2 ‖∂j

xy (r) ‖2Hs−4jdr

≤ C
∥∥∂j

xU0

∥∥2
Hs−4j + C

∫ t

0

(1 + r)
j−3/2 ‖∂j

xU (r) ‖2Hs−4jdr(4.53)

+C

∫ t

0

(1 + r)
j−1/2 ‖∂xU (r)‖L∞ ‖∂j

xU (r) ‖2Hs−4jds.

Similarly, taking α = j−1/2 in (4.47) and taking the summation over k with j ≤ k ≤
s− 3j − 4 with 0 < j ≤ [s/4]− 1, we find

∫ t

0

(1 + r)j−1/2
(∥∥∂j

xz (r)
∥∥2

Hs−4j−1
+

∥∥∂j+1
x U (r)

∥∥2
Hs−4j−4

)
dr

≤ C
∥∥∂j

xU0

∥∥2
Hs−4j−1

+ C(1 + t)j−1/2
∥∥∂j

xU (t)
∥∥2
Hs−4j−1

+C

∫ t

0

(1 + r)j−3/2
∥∥∂j

xU (r)
∥∥2
Hs−4j−1

dr + C

∫ t

0

(1 + r)j−1/2
∥∥∂j

xy
∥∥2
Hs−4j dr(4.54)

+C

∫ t

0

(1 + r)j−1/2 ‖z‖L∞
(∥∥∂j+1

x z
∥∥2
Hs−4j−4

+
∥∥∂j+3

x z
∥∥2
Hs−4j−4

+
∥∥∂j+1

x v
∥∥
Hs−4j−4

∥∥∂j+2
x z

∥∥
Hs−4j−4

)
dr.

As above, for 1 ≤ j ≤ [s/4]− 1, then (4.54) + λ̃(4.54) gives for λ̃ sufficiently small

(1 + t)j−1/2 ∥∥∂j
xU (t)

∥∥2
Hs−4j + C

∫ t

0

(1 + r)j−1/2 ‖∂j
xy (r) ‖2Hs−4jdr

+

∫ t

0

(1 + r)j−1/2
(∥∥∂j

xz (r)
∥∥2
Hs−4j−1

+
∥∥∂j+1

x U (r)
∥∥2

Hs−4j−4

)
dr

≤ C
∥∥∂j

xU0

∥∥2
Hs−4j + C

∫ t

0

(1 + r)j−3/2 ‖∂j
xU (r) ‖2Hs−4jdr

+C

∫ t

0

(1 + r)j−1/2
∥∥∂j

xy
∥∥2
Hs−4j dr(4.55)

+C

∫ t

0

(1 + r)
j−1/2 ‖∂xU (r)‖L∞ ‖∂j

xU (r) ‖2Hs−4jdr

+C

∫ t

0

(1 + r)j−1/2 ‖z‖L∞
(∥∥∂j+1

x z
∥∥2
Hs−4j−4

+
∥∥∂j+3

x z
∥∥2
Hs−4j−4

+
∥∥∂j+1

x v
∥∥
Hs−4j−4

∥∥∂j+2
x z

∥∥
Hs−4j−4

)
dr,

where C is a positive constant depending on λ̃. The main step here is to estimate
the second term on the right-hand side of (4.56). This can be done by induction as
follows: since we assumed that (4.4) holds for j − 1 (hence the above estimate (4.56)
is fulfilled for j − 1 instead of j), then we have

∫ t

0

(1 + r)
j−3/2 ‖∂j

xU (r) ‖2Hs−4jdr ≤ C ‖U0‖2Hs + C (M0 (t) +M1 (t))D
2 (t) .
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Since the estimate (4.54) holds also for [s/4], then from (4.51), (4.54), (4.56) and in
order to prove (4.4), it is enough to prove the following two estimates:

∫ t

0

(1 + r)
j−1/2 ‖∂xU (r)‖L∞ ‖∂j

xU (r) ‖2Hs−4jds ≤ CM1 (t)D
2 (t) ,

for 1 ≤ j ≤ [s/4]

(4.56)

and ∫ t

0

(1 + r)j−1/2 ‖z‖L∞
(∥∥∂j+1

x z
∥∥2
Hs−4j−4

+
∥∥∂j+3

x z
∥∥2
Hs−4j−4

+
∥∥∂j+1

x v
∥∥
Hs−4j−4

∥∥∂j+2
x z

∥∥
Hs−4j−4

)
dr(4.57)

≤ CM0 (t)D
2 (t) , for 1 ≤ j ≤ [s/4]− 1.

The estimate (4.56) is straightforward. Let us now prove (4.58). Indeed, we have

∫ t

0

(1 + r)j−1/2 ‖z‖L∞
∥∥∂j+1

x z
∥∥2
Hs−4j−4

dr

≤ CM0 (t)

∫ t

0

(1 + r)j−1
(∥∥∂j+1

x z (r)
∥∥2
Hs−4j−4

+
∥∥∂j+3

x z
∥∥2
Hs−4j−4

)
dr

≤ CM0 (t)

∫ t

0

(1 + r)j−1
∥∥∂j

xz (r)
∥∥2
Hs−4j−1

dr

≤ CM0 (t)D
2 (t) .

On the other hand, we have for 1 ≤ j ≤ [s/4]− 1,

∫ t

0

(1 + r)j−1/2 ‖z‖L∞

∥∥∥∂j+1
x v (r)

∥∥∥
Hs−4j−4

∥∥∥∂j+2
x z (r)

∥∥∥
Hs−4j−4

dr

≤M0 (t)

∫ t

0

(1 + r)j−1
∥∥∥∂j+1

x v (r)
∥∥∥
Hs−4j−4

∥∥∥∂j
xz (r)

∥∥∥
Hs−4j−1

dr

≤M0 (t)

(∫ t

0

(1 + r)j−3/2
∥∥∥∂j

xv (r)
∥∥∥2

Hs−4j
dr

)1/2 (∫ t

0

(1 + r)j−1/2
∥∥∥∂j

xz (r)
∥∥∥2

Hs−4j−1
dr

)1/2

≤ CM0 (t)D
2 (t) .

Consequently, the proof of Proposition 4.2 is finished.

Lemma 4.3. Under the same assumptions as in Proposition 4.2, and supposing
that U0 ∈ Hs(R) ∩ L1(R) with s ≥ 2, we have

(4.58) M (t) ≤ CE0 + CM (t)
2
+ CM0 (t)E (t)

for all t ∈ [0, T ], where C is a positive constant which is independent of T , and E0 is
given in Theorem 3.3.

Proof. In order to prove (4.58), it is suffices to show the estimate

(4.59)
∥∥∥∂k

xU (s)
∥∥∥
L2

≤ CE0 (1 + t)−1/4−k/2 + C
(
M (t)2 +M0 (t)E (t)

)
(1 + t)−1/4−k/2

,

for 0 ≤ k ≤ [s/4]− 4. To show the above estimate, we follow some steps in [8].
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Using the Duhamel principle, the solution of problem (3.4) can be written as an
integral equation of the form

(4.60) U (t) = etΦU0 +

∫ t

0

e(t−τ)ΦG (U)x (τ) dτ,

where (
etΦω

)
(x) := F−1

[
etΦ̂(iξ)ω̂ (ξ)

]
(x)

with Φ̂ (iξ) := − (iξA+ L) and G (U) := (0, 0, 0, g (z) , 0).
The arguments used to prove the estimate (4.59) are very similar to ones employed

by Ide and Kawashima [8], so many of the details will therefore be omitted.
Let, 0 ≤ k ≤ [s/4] − 1, then applying ∂k

x to (4.60) and taking the L2 norm, we
conclude ∥∥∂k

xU (t)
∥∥
2
≤ ∥∥∂k

xe
tΦU0

∥∥
2
+

∫ t

0

∥∥∥∂k+1
x e(t−r)ΦG (U)

∥∥∥
2
dr

= I1 + I2.

(4.61)

Since etΦU0 is the solution of the linear problem, then from (3.10), we get for l = 3k+2

I1 ≤ C(1 + t)−1/4−k/2 ‖U0‖L1 + C(1 + t)−k/2−1/3
∥∥∂4k+2U0

∥∥
L2

≤ CE0 (1 + t)
−1/4−k/2

,
(4.62)

where we have used the fact that 4k + 2 ≤ s for k ≤ [s/4]− 1.
The estimate of I2 is standard. Let us split it into two parts:

I2 =

∫ t/2

0

∥∥∥∂k+1
x e(t−τ)ΦG (U (r))

∥∥∥
2
dr +

∫ t

t/2

∥∥∥∂k+1
x e(t−r)ΦG (U (r))

∥∥∥
2
dr

= J1 + J2,

and applying (3.10), with l = 3k + 2, we infer that

J1 ≤ C

∫ t/2

0

(1 + t− r)
−3/4−k/2 ‖G (U (r))‖L1 dr

+ C

∫ t/2

0

(1 + t− r)
−1/3−k/2 ∥∥∂4k+3

x G (U (r))
∥∥
L2

dr

≤ C

∫ t/2

0

(1 + t− r)
−3/4−k/2 ‖U (r)‖2L2 dr

+ C

∫ t/2

0

(1 + t− r)−1/3−k/2 ∥∥∂4k+3
x G (U (r))

∥∥
L2

dr

≤ CM (t)2
∫ t/2

0

(1 + t− r)−3/4−k/2 (1 + r)−1/2 dr

+ C

∫ t/2

0

(1 + t− r)−1/2−k/2 ∥∥∂4k+3
x G (U (r))

∥∥
L2

dr,

(4.63)

where we have used the fact that ‖U (t)‖L2 ≤M (t) (1 + t)−1/4 . The first term in the
right-hand side of (4.63) can be estimated as

CM (t)
2
∫ t/2

0

(1 + t− r)
−3/4−k/2

(1 + r)
−1/2

dτ ≤ CM (t)
2
(1 + t)

−1/4−k/2
.
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Also, following [8], we have
∥∥∂4k+3

x G (U (r))
∥∥
L2

≤ C ‖U‖L∞
∥∥∂4k+3

x U
∥∥
L2

. Since

‖U (t)‖L∞ ≤M0 (t) (1 + t)
−1/2

and

(4.64)
∥∥∂4k+3

x U
∥∥
L2
≤ ‖∂xU‖Hs−4 ≤ E (t) (1 + t)

−1/4
,

for 4k + 2 ≤ s− 4 with 0 ≤ k ≤ [s/4]− 1, consequently, we have

∫ t/2

0

(1 + t− r)
−1/3−k/2 ∥∥∂4k+3

x G (U (r))
∥∥
L2

dr

≤M0 (t)E (t)

∫ t/2

0

(1 + t− r)
−1/3−k/2

(1 + r)
−3/4

dr

≤ CM0 (t)E (t) (1 + t)
−1/4−k/2

.

Thus, we get

J1 ≤ CM (t)
2
(1 + t)

−1/4−k/2
+ CM0 (t)E (t) (1 + t)

−1/4−k/2
.

On the other hand, applying the estimate (3.10) with k = 1, l = 3, we obtain

J2 =

∫ t

t/2

∥∥∥∂xe(t−τ)Φ∂k
xG (U (r))

∥∥∥
2
dr

≤ C

∫ t

t/2

(1 + t− τ)
−3/4 ∥∥∂k

xG (U (r))
∥∥
L1

dr

+C

∫ t

t/2

(1 + t− r)−1/2 ∥∥∂k+4
x G (U (r))

∥∥
L2

dr.

This implies that for k ≤ [s/4] − 2 we have (cp. [8])
∥∥∂k

xG (U (r))
∥∥
L1

≤
C ‖U‖L2

∥∥∂k
xU

∥∥
L2

and
∥∥∂k

xU (t)
∥∥
L2
≤M (t) (1 + t)−1/4−k/2 . Consequently, we get

∫ t

t/2

(1 + t− r)−3/4 ∥∥∂k
xG (U (r))

∥∥
L1

dr ≤M (t)2
∫ t

t/2

(1 + t− r)−3/4 (1 + τ)−1/2−k/2

≤ CM (t)
2
(1 + t)

−1/4−k/2
.

Also, we have (cp. [8])
∥∥∂k+4

x G (U (r))
∥∥
L2
≤ C ‖U‖L∞

∥∥∂k+4
x U

∥∥
L2

and for k ≤ [s/4]−
4, then we deduce that∥∥∂k+4

x U
∥∥
L2
≤ ∥∥∂k+4

x U
∥∥
Hs−4k−16

≤ E (t) (1 + t)−k/2−7/4 .

This last estimate leads to∫ t

t/2

(1 + t− r)
−1/2 ∥∥∂k+4

x G (U (r))
∥∥
L2

dr

≤ C

∫ t

t/2

(1 + t− r)
−1/2 ‖U‖L∞

∥∥∂k+4
x U (r)

∥∥
L2

dr

≤ CM0 (t)E (t)

∫ t

t/2

(1 + t− r)−1/2 (1 + r)−k/2−9/4 dr

≤ CM0 (t)E (t) (1 + t)
−1/4−k/2

.
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Plugging all the above estimates into (4.61), we get

∥∥∂k
xU (t)

∥∥
2
≤ CE0 (1 + t)−1/4−k/2 +

(
CM (t)2 + CM0 (t)E (t)

)
(1 + t)−1/4−k/2 ,

for 0 ≤ k ≤ [s/4] − 4. Thus the estimate (4.58) holds which completes the proof of
Lemma 4.3.

The proof of Lemma 4.1 can be done exactly as in [8, 18]. We omit the details.

5. Regularity gain. In this section, we show that an additional damping of a
viscoelastic type of the form utxx acting on the first equation of the system (1.3) gives
a regularity gain to the solution and we show that the global existence of the solution
holds for s ≥ 4 rather than s ≥ 24. Thus we are interested in the following system:

(5.1)

{
ρutt − μuxx − bϕx − utxx = 0,

Jϕtt − σ(ϕx)x + bux + aϕ+ τϕt = 0,
x ∈ R, t > 0.

Taking the same change of variables (3.1), then the above system can be rewritten as

(5.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

vt − hx = 0,

ρht − μvx − bz − hxx = 0,

zt − yx = 0,

Jyt − σ(z)x + bv + aϕ+ τy = 0,

ϕt − y = 0,

x ∈ R, t > 0.

The system (5.2), (3.3) can be rewritten as

(5.3)

{
Ut + F (U)x + LU = BUxx,

U (x, 0) = U0,

with U, F, L are as before and B is the matrix

B =

⎛
⎜⎜⎜⎜⎝

0 0 0 0 0
0 1/ρ 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎠ .

The linearized system associated to (5.2) has the following decay rate:

Theorem 5.1. ([3]) Let s be a nonnegative integer and let U0 =

(v0, h0, z0, y0, ϕ0)
T ∈ Hs (R) ∩ L1 (R) . Assume that (1.2) holds. Then the solution

U = (v, h, z, y, ϕ)T of the linearized system associate to (5.3) satisfies the following
decay estimates:

(5.4)
∥∥∂k

xU (t)
∥∥
L2
≤ C(1 + t)−1/4−k/2 ‖U0‖L1 + Ce−ct

∥∥∂k
xU0

∥∥
L2

,

for any t ≥ 0 and k ≤ s, where C and c are two positive constants independent of t
and U0.
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As in the previous section, define

(5.5) Ẽ2(t) ≡
s−1∑
j=0

sup
0≤r≤t

(1 + r)
j ∥∥∂j

xU (r)
∥∥2
Hs−j−1

and

D̃2(t) ≡
s−2∑
j=0

∫ t

0

(1 + r)j
∥∥∂j+1

x U (r)
∥∥2
Hs−j−2

dr

+

s−1∑
j=0

∫ t

0

(1 + r)j
∥∥∂j

xy (r)
∥∥2
Hs−j−1

dr(5.6)

+

s−1∑
j=0

∫ t

0

(1 + r)
j ∥∥∂j+1

x h (r)
∥∥2
Hs−j−1

dr.

Our main result in this section reads as follows:

Theorem 5.2. Assume that σ′(η) > 0. Let U0 ∈ Hs(R) ∩ L1(R) with s ≥ 4 and
put E0 := ‖U0‖Hs + ‖U0‖L1 . Then, there exists a positive constant δ1 > 0 such that
if E0 ≤ δ1, then problem (5.3) has a unique global solution U satisfying

(5.7) U ∈ C ([0,∞) ;Hs(R)) ∩ C1([0,∞) ;Hs−1(R)).

Moreover, the solution satisfies the weighted energy estimate

(5.8) Ẽ2(t) + D̃2(t) ≤ CE2
0 ,

and the decay estimate

(5.9)
∥∥∂k

xU (t)
∥∥
2
≤ CE0 (1 + t)

−1/4−k/2
,

where C is a positive constant and 0 ≤ k ≤ s− 2.

Now define

M̃ (t) :=
s−2∑
j=0

sup
0≤r≤t

(1 + r)1/4+j/2 ∥∥∂j
xU (r)

∥∥
2
.

Then, we have the following proposition:

Proposition 5.3. Suppose that the assumptions in Theorem 5.2 hold. Let T > 0
and s ≥ 2, and let U be the solution of the problem (5.3) satisfying (5.7) and (4.3).
Then, the estimate

(5.10) Ẽ (t)
2
+ D̃ (t)

2 ≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t) ,

holds true for all t ∈ [0, T ], where C is a positive constant which is independent of T .

Proof. The proof of Proposition 5.3 will be similar (in some parts) to the proof
of Proposition 4.2. In order to show (5.10) it is suffices to show that for any t ∈ [0, T ]
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and for any 0 ≤ j ≤ s− 2

(1 + t)
j ∥∥∂j

xU (t)
∥∥2
Hs−j−1

+

∫ t

0

(1 + r)j
∥∥∂j+1

x U (r)
∥∥2
Hs−j−2

dr

+

∫ t

0

(1 + r)
j ∥∥∂j

xy (r)
∥∥2

Hs−j−1
dr +

∫ t

0

(1 + r)
j ∥∥∂j+1

x h (r)
∥∥2
Hs−j−1

dr

≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t)

(5.11)

and

(1 + t)
s−1 ∥∥∂s−1

x U (t)
∥∥2
L2

+

∫ t

0

(1 + r)
s−1 ∥∥∂s−1

x y (r)
∥∥2
L2

dr

+

∫ t

0

(1 + r)
s−1 ‖∂s

xh (r)‖2Hs−j−1 dr

≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t)

(5.12)

hold true.

First, the identity (4.5) takes the form

(5.13)
d

dt
E(0) (t) + τ ‖y‖22 + ‖hx‖22 = 0,

where E(0) is defined in (4.6). Applying, for k ≥ 1, ∂k
x to (5.2), we get

(5.14)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂k
xvt − ∂k+1

x h = 0,

ρ∂k
xht − μ∂k+1

x v − b∂k
xz − ∂k+2

x h = 0,

∂k
xzt − ∂k+1

x y = 0,

J∂k
xyt − σ′(z)∂k+1

x z + b∂k
xv + a∂k

xϕ+ τ∂k
xy = [∂k

x , σ
′(z)]zx,

∂k
xϕt − ∂k

xy = 0,

x ∈ R, t > 0,

Applying the same techniques as in Section 4, then the identity (4.9) becomes

(5.15)
d

dt
E(k) (t) + τ

∥∥∂k
xy

∥∥2
2
+

∥∥∂k+1
x h

∥∥2
2
= R

(k)
0 ,

where E(k) (t) and R
(k)
0 are given in (4.8) and (4.10) respectively. Consequently, as

in Section 4, the estimate (4.18) becomes

(1 + t)
α ∥∥∂k

xU (t)
∥∥2
L2

+
τ

β1

∫ t

0

(1 + r)
α ‖∂k

xy (r) ‖2L2dr

+
1

β1

∫ t

0

(1 + r)
α ∥∥∂k+1

x h (r)
∥∥2
L2

dr

≤ C
∥∥∂k

xU0

∥∥2
L2

+
α

β1

∫ t

0

(1 + r)
α−1 ‖∂k

xU (r) ‖2L2dr

+ C

∫ t

0

(1 + r)
α ‖∂xU (r)‖L∞ ‖∂k

xU (r) ‖2L2dr.

(5.16)
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We take the summation over 0 ≤ k ≤ s− 1, we get

(1 + t)
α ‖U (t)‖2Hs−1 +

τ

β1

∫ t

0

(1 + r)
α ‖y (r)‖2Hs−1 dr

+
1

β1

∫ t

0

(1 + r)
α ‖∂xh (r)‖2Hs−1 dr

≤ C ‖U0‖2Hs−1 +
α

β1

∫ t

0

(1 + r)
α−1 ‖U (r)‖2Hs−1 dr

+ C

∫ t

0

(1 + r)
α ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−2 dr.

(5.17)

Now, following the same steps as in the proof of Proposition 4.2, we rewrite system
(5.14) as

(5.18)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṽt − h̃x = 0,

ρh̃t − μṽx − bz̃ − h̃xx = 0,

z̃t − ỹx = 0,

Jỹt − δz̃x + bṽ + aϕ̃+ τ ỹ = ∂k
xg (z)x ,

ϕ̃t − ỹ = 0,

x ∈ R, t > 0,

and (4.24) is easy reformulated as

d

dt
F (k) (t) + δ

(
∂k
xzx

)2
+

(
a− b2

μ

)(
∂k
xz

)2 − J
(
∂k
xyx

)2
=

d

dx
A(k) − ρb

μ
∂k
xy∂

k
xhx + τ∂k

xy∂
k
xzx −

b

μ
∂k
xhxx∂

k
xz − ∂k

xg (z)x ∂
k
xzx.

(5.19)

Applying Young’s inequality, we obtain for any ε3 > 0,

d

dt
F (k) (t) + (δ − ε3)

(
∂k
xzx

)2
+

(
a− b2

μ
− ε3

)(
∂k
xz

)2 − J
(
∂k
xyx

)2
≤ d

dx
A(k) + C (ε3)

{(
∂k
xy

)2
+

(
∂k+1
x h

)2
+

(
∂k+2
x h

)2}
.

Integrating the above inequality with respect to x, we obtain for all 0 ≤ k ≤ s− 2

dF̃ (k)(t)

dt
+ (δ − ε3)

∥∥∂k
xzx

∥∥2
2
+

(
a− b2

μ
− ε3

) ∥∥∂k
xz

∥∥2
2

≤ C(ε3)
{∥∥∂k

xy
∥∥2
2
+

∥∥∂k+1
x y

∥∥2
2
+

∥∥∂k+1
x h

∥∥2
2
+

∥∥∂k+2
x h

∥∥2
2

}
+ R̃

(k)
1 ,

(5.20)

where

(5.21) F̃
(k) (t) := −

∫
R

(
J∂k

xy∂
k
xzx +

ρb

μ
∂k
xh∂

k
xz

)
dx

and

(5.22) R̃
(k)
1 :=

∫
R

|∂k
xzx|

∣∣∂k
xg (z)x

∣∣ dx.
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On the other hand, multiplying the first equation in (5.18) by ρh̃x and the second
equation by −ṽx and adding the results, we get

d

dt

(
ρ∂k

xv∂
k
xhx

)− d

dx

(
ρ∂k

xv∂
k
xht

)
+ b

(
∂k
xvx

)2 − ρ
(
∂k
xhx

)2
= −b∂k

xz∂
k
xvx − ∂k

xhxx∂
k
xvx.

Applying Young’s inequality to the terms on the right-hand side of the above estimate
and integrating the result with respect to x, we obtain for any ε3 > 0,

(5.23)
d

dt
G(k) (t) + (b− ε3)

∥∥∂k+1
x v

∥∥2

2
≤ C (ε3)

{∥∥∂k
xz

∥∥2
2
+

∥∥∂k+1
x h

∥∥2
2
+

∥∥∂k+2
x h

∥∥2
2

}
,

where

(5.24) G(k) (t) :=

∫
R

ρ∂k
xv∂

k
xhxdx.

Next, we define the functional L̃ (t) as

(5.25) L̃ (t) := α2F̃
(k) (t) +G(k) (t) ,

for some large positive constant α2 > 0. Thus, we obtain from (5.20) and (5.23) for
any 0 ≤ k ≤ s− 2

d

dt
L̃ (t) + α2 (δ − ε3)

∥∥∂k
xzx

∥∥2
2

+

{
α2

(
a− b2

μ
− ε3

)
− C (ε3)

}∥∥∂k
xz

∥∥2
2
+ (b− ε3)

∥∥∂k+1
x v

∥∥2
2

≤ C(ε3, α2)
{∥∥∂k

xy
∥∥2
2
+

∥∥∂k+1
x y

∥∥2
2
+

∥∥∂k+1
x h

∥∥2
2
+

∥∥∂k+2
x h

∥∥2
2

}
+ α2R̃

(k)
1 .

Keeping in mind (1.2) and choosing ε3 small enough such that

ε3 < min
(
δ, b, a− b2

μ

)
.

Once ε3 is fixed, we pick α2 large enough such that

α2

(
a− b2

μ
− ε3

)
− C (ε3) > 0.

Thus, we deduce that there exists c̃3 > 0 such that

d

dt
L̃ (t) + c̃2

{∥∥∂k
xz

∥∥2
2
+

∥∥∂k
xzx

∥∥2

2
+

∥∥∂k+1
x v

∥∥2
2

}
≤ C(ε3, α2)

{∥∥∂k
xy

∥∥2
2
+

∥∥∂k+1
x y

∥∥2
2
+

∥∥∂k+1
x h

∥∥2
2
+

∥∥∂k+2
x h

∥∥2
2

}
+ α2R̃

(k)
1 .

(5.26)

Also, it is not hard to see that

(5.27)
∣∣∣L̃ (t)

∣∣∣ ≤ c̃4
∥∥∂k

xU (t)
∥∥2
H1

, ∀t ≥ 0,

and

(5.28) R̃
(k)
1 ≤ C ‖z‖L∞

∥∥∂k+1
x z

∥∥2
L2

.
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Now, plugging the estimates (5.27) and (5.28) into (5.26), multiplying the result by
(1 + t)α and integrating with respect to t, we find

∫ t

0

(1 + r)α
∥∥∂k+1

x U (r)
∥∥2
L2

dr

≤ C
∥∥∂k

xU0

∥∥2
H1

+ C(1 + t)α
∥∥∂k

xU (t)
∥∥2
H1

+

∫ t

0

(1 + r)α
(∥∥∂k

xy (r)
∥∥2
H1

+
∥∥∂k+1

x h (r)
∥∥2
H1

)
dr

+ α

∫ t

0

(1 + r)α−1
∥∥∂k

xU (r)
∥∥2
H1

dr

+

∫ t

0

(1 + r)αC ‖z‖L∞
∥∥∂k+1

x z (r)
∥∥2
L2

dr,

(5.29)

for all t ≥ 0 and 0 ≤ k ≤ s − 2. Taking the summation in (4.47) over k with
0 ≤ k ≤ s− 2, we obtain

∫ t

0

(1 + r)α ‖∂xU (r)‖2Hs−2 dr

≤ C ‖U0‖2Hs−1 + C(1 + t)α ‖U (t)‖2Hs−1

+

∫ t

0

(1 + r)α
(
‖y (r)‖2Hs−1 + ‖∂xh (r)‖2Hs−1

)
dr

+ α

∫ t

0

(1 + r)α−1 ‖U (r)‖2Hs−1 dr

+

∫ t

0

(1 + r)αC ‖z‖L∞ ‖∂xz (r)‖2Hs−2 dr.

(5.30)

Now, multiplying (5.30) by λ̃, adding the result to (5.17) and choosing λ̃ small enough,
we get

(1 + t)α ‖U (t)‖2Hs−1 +

∫ t

0

(1 + r)α ‖∂xU (r)‖2Hs−2 dr

+

∫ t

0

(1 + r)
α ‖y (r)‖2Hs−1 dr +

∫ t

0

(1 + r)
α ‖∂xh (r)‖2Hs−1 dr

≤ C ‖U0‖2Hs−1 + αC

∫ t

0

(1 + r)
α−1 ‖U (r)‖2Hs−1 dr

+ C

∫ t

0

(1 + r)
α ‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−2 dr

+

∫ t

0

(1 + r)αC ‖z‖L∞ ‖∂xz (r)‖2Hs−2 dr,

(5.31)

where C is a generic positive constant depending on λ̃. Our goal now is to prove (5.11)
which will be done by induction on j. Indeed, take α = 0, in (5.31) and plugging the
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estimates ∫ t

0

‖∂xU (r)‖L∞ ‖∂xU (r)‖2Hs−2 dr

≤ CM1 (t)

∫ t

0

(1 + r)−1 ‖∂xU (r)‖2Hs−2 dr

≤ CM1 (t)

∫ t

0

‖∂xU (r)‖2Hs−2 dr

≤ CM1 (t) D̃ (t)2

(5.32)

and ∫ t

0

‖z‖L∞ ‖∂xz (r)‖2Hs−2 dr

≤ CM0 (t)

∫ t

0

(1 + r)
−1/2 ‖∂xz (r)‖2Hs−2 dr

≤ CM0 (t)

∫ t

0

‖∂xz (r)‖2Hs−2 dr

≤ CM0 (t) D̃ (t)2

(5.33)

into (5.31), then we deduce that (5.11) holds for j = 0.
Now, let 0 ≤ l ≤ s− 2 and suppose that (5.11) holds for j = l, and we will prove

that (5.11) also holds for j = l+1. Taking α = l+1 in the estimate (5.16) and adding
over k with l + 1 ≤ k ≤ s− 1, we obtain

(1 + t)
l+1 ∥∥∂l+1

x U (t)
∥∥2
Hs−l−2

+

∫ t

0

(1 + r)
l+1 ‖∂l+1

x y (r) ‖2Hs−l−2dr

+

∫ t

0

(1 + r)
l+1 ∥∥∂l+2

x h (r)
∥∥2
Hs−l−2

dr

≤ C ‖U0‖2Hs−1 + C

∫ t

0

(1 + r)
l ‖∂l+1

x U (r) ‖2Hs−l−2dr

+ C

∫ t

0

(1 + r)
l+1 ‖∂xU (r)‖L∞ ‖∂l+1

x U (r) ‖2Hs−l−2dr,

(5.34)

where we have used the fact that
∥∥∂l+1

x U0

∥∥2

Hs−l−2
≤ ‖U0‖2Hs−1 . Similarly, taking

α = l + 1 in (5.29) and adding over k with l + 1 ≤ k ≤ s− 2, we deduce

∫ t

0

(1 + r)l+1
∥∥∂l+2

x U (r)
∥∥2

Hs−l−3
dr

≤ C ‖U0‖2Hs−1 + C(1 + t)l+1
∥∥∂l+1

x U (t)
∥∥2
Hs−l−2

+ C

∫ t

0

(1 + r)l+1
(∥∥∂l+1

x y (r)
∥∥2
Hs−l−2

+
∥∥∂l+2

x h (r)
∥∥2
Hs−l−2

)
dr

+ C

∫ t

0

(1 + r)l
∥∥∂l+1

x U (r)
∥∥2
Hs−l−2

dr

+ C

∫ t

0

(1 + r)l+1C ‖z‖L∞
∥∥∂l+2

x z (r)
∥∥2

Hs−l−3
dr.

(5.35)
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As before, for λ̂ small enough, we have by taking (5.34) + λ̂(5.35)

(1 + t)l+1 ∥∥∂l+1
x U (t)

∥∥2

Hs−l−2
+

∫ t

0

(1 + r)l+1 ‖∂l+1
x y (r) ‖2Hs−l−2dr

+

∫ t

0

(1 + r)l+1 ∥∥∂l+2
x h (r)

∥∥2
Hs−l−2

dr +

∫ t

0

(1 + r)l+1
∥∥∂l+2

x U (r)
∥∥2
Hs−l−3

dr

≤ C ‖U0‖2Hs−1 + C

∫ t

0

(1 + r)l
∥∥∂l+1

x U (r)
∥∥2
Hs−l−2

dr(5.36)

+C

∫ t

0

(1 + r)
l+1 ‖∂xU (r)‖L∞ ‖∂l+1

x U (r) ‖2Hs−l−2dr

+C

∫ t

0

(1 + r)l+1C ‖z‖L∞
∥∥∂l+2

x z (r)
∥∥2
Hs−l−3

dr.

The second term on the right-hand side of (5.36) is estimated by the induction hy-
pothesis (5.11) with j = l as

(5.37)

∫ t

0

(1 + r)l
∥∥∂l+1

x U (r)
∥∥2
Hs−l−2

dr ≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t) .

On the other hand, we have

∫ t

0

(1 + r)l+1 ‖∂xU (r)‖L∞ ‖∂l+1
x U (r) ‖2Hs−l−2dr

≤ CM1 (t)

∫ t

0

(1 + r)l ‖∂l+1
x U (r) ‖2Hs−l−2dr(5.38)

≤ CM1 (t) D̃
2 (t)

and ∫ t

0

(1 + r)l+1C ‖z‖L∞
∥∥∂l+2

x z (r)
∥∥2
Hs−l−3

dr

≤ CM0 (t)

∫ t

0

(1 + r)l+1/2
∥∥∂l+2

x z (r)
∥∥2
Hs−l−3

dr

≤ CM0 (t)

∫ t

0

(1 + r)l+1
∥∥∂l+2

x z (r)
∥∥2
Hs−l−3

dr

≤ CM0 (t) D̃
2 (t) .

(5.39)

Inserting the estimates (5.35)-(5.39) into (5.36), we deduce that

(1 + t)l+1 ∥∥∂l+1
x U (t)

∥∥2
Hs−l−2

+

∫ t

0

(1 + r)l+1 ‖∂l+1
x y (r) ‖2Hs−l−2dr

+

∫ t

0

(1 + r)l+1 ∥∥∂l+2
x h (r)

∥∥2

Hs−l−2
dr

+

∫ t

0

(1 + r)l+1
∥∥∂l+2

x U (r)
∥∥2
Hs−l−3

dr

≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t) .

(5.40)
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This last estimate shows that (5.11) holds for j = l + 1. Consequently, by induction,
we have proved that (5.11) holds for all 0 ≤ j ≤ s − 2. Next, we are going to prove
(5.12). Indeed, take α = k = s− 1 in (5.16), we obtain

(1 + t)
s−1 ∥∥∂s−1

x U (t)
∥∥2
L2

+

∫ t

0

(1 + r)
s−1 ‖∂s−1

x y (r) ‖2L2dr

+

∫ t

0

(1 + r)
s−1 ‖∂s

xh (r)‖2L2 dr

≤ C
∥∥∂s−1

x U0

∥∥2
L2

+ C

∫ t

0

(1 + r)
s−2 ‖∂s−1

x U (r) ‖2L2dr

+ C

∫ t

0

(1 + r)s−1 ‖∂xU (r)‖L∞ ‖∂s−1
x U (r) ‖2L2dr.

(5.41)

Exploiting (5.11), we get for j = s− 2

(5.42)

∫ t

0

(1 + r)
s−2 ‖∂s−1

x U (r) ‖2L2dr ≤ C ‖U0‖2Hs−1 + C (M0 (t) +M1 (t)) D̃
2 (t) .

On the other hand, the last term on the right-hand side of (5.11) is estimated as

∫ t

0

(1 + r)s−1 ‖∂xU (r)‖L∞ ‖∂s−1
x U (r) ‖2L2dr

≤ CM1 (t)

∫ t

0

(1 + r)
s−2 ‖∂s−1

x U (r) ‖2L2dr(5.43)

≤ CM1 (t) D̃
2 (t) .

Plugging (5.42) and (5.44) into (5.41), we get (5.12). This finishes the proof of Propo-
sition 5.3.

Lemma 5.4. Suppose that U0 ∈ Hs(R) ∩ L1(R) with s ≥ 2. Then, we have

(5.44) M (t) ≤ E0 + CM̃ (t)
2
+ CM0 (t) Ẽ(t),

for all t ∈ [0, T ], where C is a positive constant independent of T.

Proof. In order to prove (5.44), it is suffices to establish the estimate

(5.45)
∥∥∥∂j

xU (t)
∥∥∥
2
≤ CE0 (1 + t)−1/4−j/2 +C

(
M̃ (t)2 +M0 (t) Ẽ(t)

)
(1 + t)−1/4−j/2

,

for all t ∈ [0, T ] and 0 ≤ j ≤ s− 2. Using the Duhamel principle, the solution to (5.2)
can be expressed as

(5.46) U (t) = etΘU0 +

∫ t

0

e(t−τ)ΘG (U)x (τ) dτ,

where (
etΘω

)
(x) := F−1

[
etΘ̂(iξ)ω̂ (ξ)

]
(x)

with Θ̂ (iξ) := − (
iξA+ L+ ξ2B

)
and G (U) := (0, 0, 0, g (z) , 0).



128 B. SAID-HOUARI

Let j be a nonnegative integer. Applying ∂j
x to (5.46), we obtain

∥∥∂j
xU (t)

∥∥
L2
≤

∥∥∂j
xe

tΘU0

∥∥
L2

+

∫ t

0

∥∥∥∂j+1
x e(t−r)ΘG (U) (r)

∥∥∥
L2

dr

:= Ĩ1 + Ĩ2.

It is clear that from (5.4), we obtain

(5.47) Ĩ1 ≤ CE0 (1 + t)
−1/4−j/2

,

since etΘU0 is the solution of the linear problem. To estimate Ĩ2, we split it into two
parts:

Ĩ2 =

∫ t/2

0

∥∥∥∂j+1
x e(t−r)ΘG (U) (r)

∥∥∥
L2

dr +

∫ t

t/2

∥∥∥∂j+1
x e(t−r)ΘG (U) (r)

∥∥∥
L2

dr

= J̃1 + J̃2.

Using Lemma 2.1, keeping in mind that g (z) = O
(
z2

)
and applying (5.4) to get

J̃1 ≤ C

∫ t/2

0

(1 + r)
−3/4−j/2 ‖G (U) (r)‖L1

+ C

∫ t/2

0

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr

≤ C

∫ t/2

0

(1 + r)
−3/4−j/2 ‖U (r)‖L2 dr

+ C

∫ t/2

0

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr

≤ CM̃ (t)
2
∫ t/2

0

(1 + t− r)
−3/4−j/2

(1 + r)
−1/2

dr

+ C

∫ t/2

0

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr.

(5.48)

The first term on the right-hand side of (5.48) can be estimated as

(5.49) M̃ (t)
2
∫ t/2

0

(1 + t− r)
−3/4−j/2

(1 + r)
−1/2

dr ≤ CM̃ (t)
2
(1 + t)

−1/4−j/2
.

On the other hand, we have
∥∥∂j+1

x G (U) (r)
∥∥
L2
≤ ‖U‖L∞

∥∥∂j+1
x U

∥∥
L2

and for j+2 ≤ s,
we obtain

‖U‖L∞
∥∥∂j+1

x U
∥∥
L2
≤M0 (t)

∥∥∂j+1
x U

∥∥
Hs−j−2

≤M0 (t) Ẽ(t) (1 + t)
−1/2−j/2

.

Thus, we have, thanks to the above estimate∫ t/2

0

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr

≤ CM0 (t) Ẽ(t)

∫ t/2

0

e−c(t−r) (1 + r)
−1/2−j/2

dr(5.50)

≤ CM0 (t) Ẽ(t) (1 + t)
−1/2−j/2

.
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Consequently, using (5.49) and (5.51), we deduce that

(5.51) J̃1 ≤ C
(
M̃ (t)2 +M0 (t) Ẽ(t)

)
(1 + t)−1/4−j/2 .

Next, J̃2 can be estimated as follows: applying (5.4) with j = 1 and using ∂j
xG(U)

instead of U0, we obtain

J̃2 =

∫ t

t/2

∥∥∥∂xe(t−r)Θ∂j
xG (U) (r)

∥∥∥
L2

dr

≤ C

∫ t

t/2

(1 + t− r)
−3/4 ∥∥∂j

xG (U) (r)
∥∥
L1

dr + C

∫ t

t/2

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr.

On the other hand, we have (see [8, page 1021]):∥∥∂j
xG (U)

∥∥
1
≤ C ‖U‖2

∥∥∂j
xU

∥∥
2

≤ CM̃2 (t) (1 + t)
−1/2−j/2

,

for j ≤ s− 1. Thus,

C

∫ t

t/2

(1 + t− r)−3/4 ∥∥∂j
xG (U) (r)

∥∥
L1

dr

≤ CM̃2 (t)

∫ t

t/2

(1 + t− r)
−3/4

(1 + r)
−1/2−j/2

dr(5.52)

≤ CM̃2 (t) (1 + t)
−1/4−j/2

.

Since ∥∥∂j+1
x G (U)

∥∥
2
≤ C ‖U‖∞

∥∥∂j+1
x U

∥∥
2

≤ CM0 (t)
∥∥∂j+1

x U
∥∥
Hs−j−1

≤ CM0 (t) Ẽ (t) (1 + t)
−1/2−j/2

,

we get ∫ t

t/2

e−c(t−r)
∥∥∂j+1

x G (U) (r)
∥∥
L2

dr

≤ CM0 (t) Ẽ (t)

∫ t

t/2

e−c(t−ζ) (1 + r)−1/2−j/2 dr(5.53)

≤ CM0 (t) Ẽ (t) (1 + t)
−1/2−j/2

.

From (5.53) and (5.54), it follows that

(5.54) J̃2 ≤ CM̃2 (t) (1 + t)
−1/4−j/2

+ CM0 (t) Ẽ (t) (1 + t)
−1/2−j/2

.

Therefore, (5.47), (5.48), and (5.54) lead to

(5.55)
∥∥∥∂j

xU (t)
∥∥∥
2
≤ CE0 (1 + t)−1/4−j/2 + C

(
M̃ (t)2 +M0 (t) Ẽ (t)

)
(1 + t)−1/4−j/2

,

for all 0 ≤ j ≤ s − 1. The estimate (5.45) is now proved, which concludes the proof
of Lemma 5.4.
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Lemma 5.5. Let U0 ∈ Hs(R) ∩L1(R) with s ≥ 4 and put E0 = ‖U0‖Hs + ‖U0‖1.
Let T > 0 and let U(x, t) be the solution of (5.3), satisfying

U ∈ C ([0, T ];Hs) ∩C1(0, T ];Hs−1).

Then, we have the a priori estimates:

E2(T ) +D2(T ) ≤ CE2
s ,(5.56)

M (T ) ≤ CEs,(5.57)

where C is a positive constant independent of T and Es.

The proof of Lemma 5.5 can be done as in [8], we omit the details. Consequently,
the proof of Theorem 5.2 is a consequence of Proposition 5.3, Lemma 5.4 and Lemma
5.5.
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[15] P. X. Pamplona, J. E. Muñoz Rivera, and R. Quintanilla, On the decay of solutions for

porous-elastic systems with history, J. Math. Anal. Appl., 379:2 (2011), pp. 682–705.
[16] R. Quintanilla, Slow decay for one-dimensional porous dissipation elasticity, Appl. Math.

Lett., 16:4 (2003), pp. 487–491.
[17] R. Racke, Lectures on nonlinear evolution equations. Initial value problems. Aspects of math-

ematics, E19, Friedrich Vieweg and Sohn: Braunschweig, Wiesbaden, 1992.
[18] R. Racke and B. Said-Houari, Global existence and decay property of the Timoshenko system

in thermoelasticity with second sound, Nonlinear Anal., 75:13 (2012), pp. 4957–4973.
[19] B. Said-Houari and A. Kasimov, Decay property of Timoshenko system in thermoelasticity,

Math. Methods. Appl. Sci., 35:3 (2012), pp. 314–333.

[20] Y. Shizuta and S. Kawashima, Systems of equations of hyperbolic-parabolic type with appli-

cations to the discrete boltzmann equation, Hokkaido Math. J., 14 (1985), pp. 249–275.

[21] Y. Ueda and S. Kawashima, Decay property of regularity-loss type for the Euler-Maxwell

system, Methods Appl. Anal., 18:3 (2011), pp. 245–267.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


