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GLOBAL STRONG SOLUTIONS TO THE INHOMOGENEOUS
INCOMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOW*

JINKAI LIf

Abstract. In this paper, we consider the Dirichlet problem to the inhomogeneous incompressible
nematic liquid crystal system in bounded smooth domains of two or three dimensions. We prove the
global existence and uniqueness of strong solutions to this system, with initial data being of small
norm but allowed to have vacuum and large oscillations. More precisely, for the two dimensional
case, we only require that the basic energy ||\/pT)u0||2L2 + ||Vd0||2L2 is small, while for the three
dimensional case, we ask for the smallness of the production of the basic energy and the quantity
||Vuo||iz + ||Ad0||2Lz. We achieve some suitable time independent a priori estimates on the strong
solutions, based on which, one can extend the local strong solution to be a global one.
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1. Introduction. We consider the following hydrodynamic system modeling the
flow of nematic liquid crystal materials

pt + div(pu) =0,
plug + (u- V)u) —
divu = 0,

di + (u - V)d = v(Ad + |Vd|?d),

vAu + Vp = =Adiv(Vd © Vd),
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in Q x (0,00), where € is a bounded domain in RY, N = 2,3, with smooth boundary.
Here v € RV represents the velocity field of the flow, d € S2, the unit sphere in
R3, represents the macroscopic molecular orientation of the liquid crystal material,
p € RT and p € R are scalar functions, respectively, denoting the density of the fluid
and the pressure arising from the usual assumption of incompressibility divu = 0.
The positive constants v, A and 7 represent viscosity, the competition between kinetic
energy and potential energy, and microscopic elastic relaxation time or the Dehorah
number for the molecular orientation field, respectively. The symbol Vd ® Vd, which
exhibits the property of the anisotropy of the material, denotes the N x N matrix
whose (4, j)-th entry is given by 9;d - 9;d, for 1 <4,j < N.
Noticing that

2
div(Vd o Vd) = Ad-Vd+V (@) ,
one can rewrite equation (1.2) as
(1.5) plug + (u-V)u) — vAu + Vp = —AAd - Vd.

System (1.1)—(1.4) is a simplified version of the Ericksen-Leslie model, which
reduces to the Ossen-Frank model in the static case, for the hydrodynamics of nematic
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liquid crystals developed by Ericksen [5, 6] and Leslie [13] in the 1960’s. Both the
full Ericksen-Leslie model and the simplified version are the macroscopic continuum
description of the time evolution of the materials, under the influence of both the
flow velocity field v and the microscopic orientation configurations d of rod-like liquid
crystals. A brief account of the Ericksen-Leslie theory and the derivations of several
approximate systems can be found in the appendix of [18]. For more details of physics,
we refer the readers to the books Gennes-Prost [7] and Chandrasekhar [2].

In the homogeneous case, i.e. the case that p = C, Lin—Lin [18, 19] initiated
the mathematical analysis of the liquid crystal system in the 1990’s. More precisely,
they considered in [18] the system of variable length, that is replacing |Vd|*d by the
Ginzburg-Landau type approximation term 1:_.|2d ® d, to relax the nonlinear constraint
|d| = 1, and proved the global existence of weak solutions in dimension two or three.
They also obtained the global existence and uniqueness of classical solutions in di-
mension two, and also in dimension three with large enough v. The partial regularity
theorem for suitable weak solutions was proved in [19], which is similar to the classical
theorem by Caffarelli-Kohn-Nirenberg [1] for the Navier-Stokes equation. The esti-
mates and arguments in [18, 19] depend on ¢, and it’s a challenging problem to study
the convergence, as € tends to zero. The two dimensional case of this convergence
problem is comparatively easier, and in fact Hong [8] and Hong—Xin [9] have obtained
the convergence, as & goes to zero, up to the first singular time, and consequently es-
tablished the global existence of weak solutions to the liquid crystal system. One can
also establish the global weak solutions directly to the original system, without using
the Ginzburg-Landau approximation method, see Lin—Lin—-Wang [17]. The unique-
ness of weak solutions was later proven in [20]. For three dimensional case, the local
or global existence of weak solutions is still an open question.

In the non-homogeneous case, i.e. the density dependent case, the global existence

of weak solutions to system (1.1)—(1.4), with |Vd|?d being replaced by 1;‘f|2d, the
Ginzburg-Laudan type approximation term, was established in [11, 23] and [21], for
each € > 0. They cannot get the uniform estimates in ¢, and therefore cannot take the
limit, as ¢ — 0. It’s also a challenging problem to study the convergence, as ¢ tends
to zero, for the non-homogeneous case. If the initial data gains more regularities,
the more regular solutions are expected. In fact, Wen—Ding [22] obtained the local
existence and uniqueness of strong solutions to system (1.1)—(1.4), with initial density
being allowed to have vacuum. If the initial data is small, or satisfies some geometric
condition, one can obtain the global existence results: global existence of strong
solutions in dimension three, with small initial data, are obtained by Li-Wang in [15]
for constant density case, Li-Wang [16] for nonconstant but positive density case, and
Ding-Huang—Xia [4] for nonnegative density case; global existence of strong and weak
solutions in dimension two, with large initial data, was obtained by Li in [14], under
the condition that the third component of the initial direction filed is away from zero.

In the present paper, we establish the global existence of strong solutions to the
non-homogeneous system (1.1)—(1.4), subject to the following initial and boundary
conditions:

(16) (pvua d)|t:0 = (pOa Uo, d0)7 with |d0| = 15 diV’LLO = Oa and u0|8§2 = 07
(1.7 w(zx,t) =0, d(z,t) =dj, for (x,t) € 9 x (0, 00),

where djj is a given unit constant vector, and pg is a given nonnegative function.
Compared with the Ginzburg-Landau type approximate system, the term |Vd|*d in
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(1.4) brings us some new difficulties. For example, one can not obtain the a priori L?
estimates on Ad from the basic energy identity for system (1.1)—(1.4).

Throughout this paper, for any 1 < p < co and any positive integer k, LP(£2) and
H*(Q) are the standard Lebessgue and Sobolev spaces, respectively. For convenience,
we denote by ||ul|, the LP(€2) norm of u.

Strong solutions to system (1.1)—(1.4), subject to (1.6)—(1.7), is given by the
following definition.

DEFINITION 1.1. Given a positive time T € (0,00). (p,u,d,p) is called a strong
solution to system (1.1)-(1.4), subject to (1.6)—(1.7), in Q x (0,T), if it has the

reqularities

p € L=(0,T; H' () N C([0,T]; L*(2)) N L>(0, T; L=(2)),
u € L0, T; H*(Q)) N C([0,T); Hy(Q)), p € L=(0,T; H(Q)),
de L=(0,T; H* () N C([0,T); H*(Q2)) N L*(0,T; HA(Q)),  |d] =1,

pr € L0, T; L3(Q)), wuy € L2(0,T; HY(Q)), dy € L*(0,T; H*(Q)),

—~

satisfies equations (1.1)—(1.4), a.e. in Q x (0,T), and fulfills the initial and boundary
conditions (1.6)—(1.7).

DEFINITION 1.2. (p,u,d,p) is called a global strong solution, if it is a strong
solution to system (1.1)-(1.4), subject to (1.6)-(1.7), in Q x (0,T), for any finite
time T.

The main result of this paper is the following

THEOREM 1.1. Let Q be a bounded smooth domain in RN, N = 2,3. Assume
that po € HY(Q) N L>®(Q), with 0 < po(x) < p in Q, for a positive constant p,
up € H?(Q) N H (), with divug = 0 in Q, dy € H3(Q), with |do| = 1, and dy = d}}
on 08), for some constant unit vector djy, and that the following compatible condition

holds
—VA’U,O - vpo - )\le(Vdo © Vdo) = \/ﬁogo,

in Q, for some (po, go) € H*(Q) x L*(2).
Then, there is a positive constant €y, which depends only on v, A\, v, p and €,
such that if

Il/Pouoll3 + IV doll3 < eo, for N =2,
(Ivpouoll3 + Vo [[3) (I Vuoll3 + | Adoll3) < &0,  for N =3,
then system (1.1)-(1.4), subject to (1.6)—(1.7), has a unique global strong solution.

REMARK 1.1. (i) For the 3D case, the same result as Theorem 1.1 also holds
true for the whole space case, by the similar arguments used in this paper. Note that,
for the whole space case in 3D, the quantity

(Ivpull3 + IVdl2)([Vull3 + [ Adlf3)
is invariant, under the intrinsic transform for system (1.1)—(1.4)

p)\(I,t) = p()‘xv)\2t)a p)\(x,t) = /\QP(AIa AQt)v
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ur(z,t) = Mu(Az, \2t),  dx(z,t) = d(A\z, \°t),

and thus, our result can be viewed as one on the global existence of strong solutions
i critical spaces with vacuum.

(ii) Global existence of strong solutions to system (1.1)—(1.4) in R®, with nonneg-
ative density, is also established in [{], where the smallness condition on

IvPouoll3 + I Vuoll e + | Vol 12 + [l90ll2

1s required. In our result, for the 3D case, since we only require the smallness on

(Ivpouoll5 + IVdo|13) ([ Vuoll3 + [ Adol|3),

the quantity ||goll2 + ||V2uoll2 + [[V3do||2 can be arbitrarily large, and moreover the
quantity ||Vuol|3 + |[|Ado||3 can be as large as possible, provided the basic energy is
accordingly small.

Since the local existence of strong solutions to system (1.1)—(1.7) has been proven
in [22], to establish the global existence result, it suffices to extend the unique local
solution to be a global one. To this end, we establish some suitable time independent
a priori estimates. Recalling that vacuum is allowed in our paper, these a priori esti-
mates should be independent of the lower bound of the density. The first key estimate
is the time independent L>°(0,T; H') norm of (u, Vd). We obtain an energy inequality
for E(t) (see Section 3 for the expression), which controls the L>(0,T; H') norm of
(u, Vd), with an additional term involving ||u||% ||Vu||3, for the two dimensional case.
This additional term, for the 2D case, results from the assumption that only the initial
basic energy is small; it would disappear, if imposing the same assumption as that
for the three dimensional case. On account of such an inequality for F;(t), one can
use the continuity argument to derive the time independent bound of Ej(t), for the
3D case. While for the 2D case, we can employ a logarithmic type Sobolev inequality
to treat the term ||ul|%,||Vul|3, and also obtain the time independent bound of E;(t),
and thus of L®(0,T; H') of (u,Vd). The next step is to perform the higher order
estimates, i.e. the L>°(0,7T; H?) norm of (u,Vd). After obtaining these estimates,
we can use the standard approximation approach to establish the global existence of
strong solutions.

The rest of this paper is arranged as follows: in Section 2, we state some prelim-
inary lemmas; in Section 3, we perform some time independent a priori estimates on
(u, Vd) as well as some time dependent estimates on p; in Section 4, we prove the
global existence and uniqueness of strong solutions.

Since the exact values of v, A and v play no role in the arguments, we henceforth
assume

UV = )\ = ’y = 1,
thoughout this paper. We denote

Co = ||v/pouoll3 + [ Vdoll3

the basic energy of the initial data in the rest of this paper.
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2. Preliminaries. The following result on the transport equations is standard.

LEMMA 2.1 (See [12]). Let Q be a Lipschitz domain in RY, and v € L*(0, T; Lip)
a solenoidal vector field, such that v-n = 0 on 09, where n denotes the outward
normal vector on 9. Let pg € WH4(Q), with q € [1, 00].

Then, the following system

{ pe + div(pv) = 0, in Q@ x (0,7),
pli=0 = po, in €,

has a unique solution in L>(0,T; W1>(Q)) N C([0, T); Ni<r<cWhT()), if ¢ = 00
and in C([0,T); WH4(Q)), if 1 < q < oo.
Besides, the following estimate holds true

rt
o)) < edo IV gl ),

for any t € [0, T]. If, in addition, p belongs to L?, for some p € [1, 0], then

llo(®llp = lleoll»,

for all t € [0, 7).
Finally, if po(x) > 0 in Q, for some positive constant 8, then p(x,t) > 6, for all
(x,t) € Q% [0,T7].

The following lemma states a logarithmic type Sobolev inequality.

LEMMA 2.2 (Logarithmic Sobolev inequality, see [10]). Let Q be a bounded smooth
domain in R?, and suppose that f € L2(s,t; H'(2)) N L?(0,T; Wh4(Q)), for some
g>2and 0 <s<t<oo.

Then, it holds that

£l z2(s im0 ) < C(L+ | fllz2gs,esm @y 0T [1f | 2seswra ) ?),
with some constant C depending only on q and ), and independent of s, t.

We also need the following local existence result.

LEMMA 2.3 (Local well-posedness, see [22]). Under the conditions stated in
Theorem 1.1 (without the smallness condition), there is a constant Ty > 0, such that
for any T < Ty, system (1.1)-(1.7) has unique solution (p,u,p,d), in  x (0,T).

3. A priori estimates. In this section, we are concerned with the energy esti-
mates on strong solutions. Given a positive time T € (0, 00), and let (p, u, p, d) be the
strong solution to (1.1)—(1.7), in © x [0,T'), stated in Lemma 2.3. By Lemma 2.1, we
have

0<plx,t)<p, nQr=Qx(0,T).

We have the following facts

£l < ClIVfll2, Vf € Hy(9),

[ llz2 < ClIAS]|2, Vf € H2(Q) N Hy(9),
[flls < C(I1Afll2 + IVAfll2), Vf € H(Q) N H(),
1l < CUVIlz +IVASfI2), Vf € H Q)N H(9),
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where the first one follows from the Poincaré inequality, the second and third ones
follow from the elliptic estimates, while the last one is obtained by combing the third
one and the following fact

IAfll2 < CUVFllz + IVAFll2),  Vf e H*(Q) N Hy (),

which can be proven, in the standard way, by the contradiction argument, and using
the elliptic estimates mentioned above, as well as the compact embedding from H?
to H2.

Using these facts, recalling that u|aq = 0 and d|sq = d§, for a given constant unit
vector djj, we have

lullr < ClIVull2,  ullaz < ClAulls,  [[Vd]a < Cl|Ad]l,
IVdllg2 < C([Adl2 + [[VAd]2), [IVdl|lm= < C([[Vd]|2 + [[VAd]]2),

from which, for the 3D case, by the Sobolev embedding inequality, we have

lulle < Cl[Vulla,  [[Vulle < CllAullz,  [[Vdljs < Cl|Ad]2,
IV2dlle < C(l|Ad]l2 + [VAd]2), [[V2d]s < C(IIVd]2 + [VAd]2).

These estimates are so frequently use that we will not point out when used later.
We introduce the following quantities

m(t) = sup (Iy/puld+ [VdI2) sup (|Vul3 + | Ad3),
0<s<t 0<s<t
S1) = [ (ul + [9d)(Vul? + [V2dP)da,
Q
$2(0) = [ 1VullV2dPds,  S() = $1(0) + Sa(0),
Q
and energy functionals

t
B () = s (1Vull+ |AdI) + [ (vl + 1 Aul}

+ [IVAd|5 + [|Vdy||3)ds,

Ea(t) = sup (7wl + | Aul} + Vol + [V AdE)
t
4 / (1|2 + [|Ade12)ds.
E(t) VP12 + lorll2 + llullZ + IVd)Ze + [ Vl2)

= sup
0<s<t

t
+ / (Vw3 + V24, |2)ds,

for any ¢ € (0,T). It is clear that m(t) is a continuous function on [0, 7.

LEMMA 3.1. There is a positive constant €1 depending only on €, such that if
m(T) <e1, for N=3, Cy<eq, for N=2,

then we have the following estimate

T
sup (II\/EUII§+|IVddH§)+/ (Va3 + [|Ad||3)dt < Co.
0<t<T 0
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Proof. Multiplying (1.4) and (1.5) by —(Ad + |Vd|?d) and u, respectively, sum-
ming the resulting equations up and integrating over €2, then it follows from integration
by parts and using (1.1) and (1.3) that

1d

s [l 190zt [ (Tl ¢ 180+ [VaPaPa =
2dt Jo Q

from which, noticing that
|Ad + [Vd?d|]* = |Ad)* — |Vd|*,
guaranteed by the condition |d| = 1, one arrives at

1d

(3.8) Sq

(p|u|2+|Vd| )d:c+/(|Vu|2+|Ad| dw—/ |Vd|*dz.
Noticing that |[Vd|? = —d - Ad < |Ad|, the above inequality implies

1d
Ld / (pluf? + |Vd2)dz + / VuPde <0,
2dt Jq Q

which implies

T
sup (Iv7ul} + [Valg) + [ [Vulide < o
0<t<T 0

By assumption and the Sobolev and Ladyzhenskaya inequalities, we have for
N =3,

IVd|l; < CIVd|2|Vdl§ < Cl[Vd|l2[|Ad]3 < Cv/m(t)]|Ad|l; < CVEr|Ad]3,
and for N = 2,

IVdll; < C|IVd|3IVd|F: < C|Vd|3Ad]; < CCol|Adl3 < Cerl|Ad]3.

Taking ¢; sufficiently small, and substituting the above two inequalities into (3.8)
yield the conclusion. O

LEMMA 3.2. There is a positive constant A > 1 depending only on p and 2, such
that the following holds

[Vul* | |AdP?
dt

5 5 —Vd@Vd:Vu)dx

+7 / (plug)? + |Au* + [VAd? + |Vds|*)dx < C/ |Ad|?dz + CS(t),
Q Q

for any t € (0,T), where C is a positive constant depending only on p and Q.

Proof. Multiplying (1.2) by u:, and integrating the resulting equation over {2,
then it follows from integration by parts and the Cauchy inequality that

Vu2

:/ (Vd@ Vd : Vuy — p(u-V)u - ug)de
Q
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d
:%/VdGVd:Vud:r—/ (Vd o Vd); : Vu+ p(u - V)u - ug) do
@ Q

d
§£ Vdo Vd: Vuda:+5/(p|ut|2+|th|2)d:17+C'S(t),
Q Q

and thus
2
4 ('V“| —Vdovd: w) dz +/ plu|?de
(3.9) < a/ (plue|?® + |Vdi|*)dx + CS(t),
Q

where ¢ is a sufficient positive constant.
Taking the operator A to both sides of equation (1.4), and multiplying the re-
sulting equation by Ad, we deduce

2
d [ 1ad de — | A%d- Addx
dt Jo 2 Q

= / [[Vd|?|Ad)? +2Vd : VAdd - Ad + 2|V3d|*d - Ad
—SEAu -V)d - Ad — 2(Vu; - 9;V)d - Ad]dx
(3.10) < E/Q(|VAd|2 +JAuP)de + CS(1),
where ¢ is a sufficiently small positive constant. In the above, we have used the fact
that d - Ad = —|Vd|?, guaranteed by |d| = 1.

Note that Ad|gpn = |Vd|*d|sq, guaranteed by equation (1.4) and the boundary
condition (1.7). Integration by parts gives

—/A2d~Addaz:— Ad-ﬂAddSJr/ |VAd|?dx
Q o0 on Q

:/ |Vd|2d-3Adds+/ |VAd|?dx
a0 on Q

:/ (|Vd|23(d~Ad)—|Vd|2Ad~8d) dS+/ |VAd)?dx
a0 (9n (9n Q

:—/ (|Vd|2£|Vd|2 +|Vd]*Ad - ad) dS + [ |VAd|dz,
o on on Q

which, combined with (3.10) and the trace inequality || f||z1@a0) < C||fllwr1 (o), gives

d [ |Ad?

dx —|—/ |VAd*dz
Q
<e / (VAP + |AupP)dz + c/ VA IV2dldS + CS(1)
Q o0
< [ (VAP + [ 8uP)do + C[TAPIV2d]lwsao) + CS(0)
Q
< s/(|VAd|2 + |Aul|?)dz + CS(t)
Q

+ O/ (|Vd|?|V3d| + |Vd]?|V2d]? + |Vd]*|V3d|)da
Q
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< 6/ (IVAdP + |Aul?)dz + CS\ (1) + C/ \Vd||Ad||V?d|da
Q Q
< g/ (V32 + |Aul)dz + CS(8),
Q

and thus

d [ |Ad?

(3.11) dr + [ |VAdPde < 5/(|V3d|2 + |Au)dx + CS(t),
Q Q

where ¢ is a sufficiently small positive constant.
Applying elliptic estimates for the Stokes equations to (1.5) yields
(3.12)  [|Aul3 +[|VplI3 < C(llp(us +u- Vu) + Ad - Vd|3 < Cll\/puell3 + CS1(t).

It follows equation (1.4) that
A /Q IV(Ad + |Vd|2d — u - Vd)|*dx
< 2/Q(|VAd|2 + IV(VdPd +u- Va)P)da
< 2|[VAd|)2 + C/Q(|Vd|6 + |Vd)?|V2d)? + |u)?|V2d)? + |Vul?|Vd|*)dx

< 2||VAd||2 +C/(|Vd|2|v2d|2 + [u*|V2d|* 4 |Vd)?|Vu|?)dx
(3.13) < 2||VAd||Z + CSf(t).
Combining the above two inequalities with (3.9) and (3.11), using the fact that
IV3dl3 < C(IAd]IS + [ VAd])3),

which has been mentioned at the beginning of this section, and choosing e small
enough, we obtain the conclusion. O
LEMMA 3.3. Let €1 be the positive constant stated in Lemma 3.1. There is a
positive constant €9 € (0, 5] depending only on p and Q, such that if
Co < o, for N=2, Co(||Vuol3 + [|Ado]3) < eo, for N =3,

then, we have the following estimates

sup Ei(t) < C(1+ [Vuoll3 + |Ado|3)2, for N =2,
0<t<T

sup Ei(t) < O([Vuoll3 + |1Ado3), for N =3,
0<t<T

where C' is a positive constant depending only on p and 2.

Proof. Define functions g and G as

2 Ad2
g(t)z/ (@—F%—Vd@Vd:Vu) dx,
Q

1
G = /Q(p|ut|2 + |Auf? + [VAdP + |V, [?)da,
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for any ¢t € (0,7). Then, by Lemma 3.2, it follows

(3.14) gt)+G(t) <C | |Ad]*dr + CS(t),
Q

for any t € (0, 7).
(i) The two dimensional case. By Lemma 3.1, it follows from the Ladyzhenskaya
inequality that

/Q IVd2(|Vul? + |V2d|*)dz < ||Vd||2(|Vul? + |V2d]|2)
< O Vd|2|Vd| g (I Va2l Vull g + [[V2d]|2]|V2d] 1)
< C|IVd|2(lAd| o[ Vull 2| Aull2 + |A|l2(||Vd]]2 + [VAd||2)]
< e(IVAd|E + | Aul3) + CIVA|3(Vulls + [Ad]3 + | Ad|3)
< e(|VAd|2 + |Aul3) + CCo(1 + || Va2 + | Ad|2)(|Vul? + [|Ad]2),
and
Sa(t) = / \Vu||V2dPdz < || Vullo||VZd|)?
Q
< O Vu|2[|V2d|2 || V2d|| i1 < C||Vul2l|Ad||2(||Vd]|2 + [ VAd]2)
< el|VAd| + C(|Vul3|Ad|3 + [ Vdl2|| Vull]| Adl|2)
< e|VAd|3 + C(|Vul3 + Cy*)(IVul3 + | ad]2),
and thus
S(t) < (| VAd|E + | Aull?) + Clllull + | Vull3 + C5°
+ Co(1 + [|Vul? + | AdIDI(IVul3 + | Ad)13)
< Ofllull% + (1 + Co)(|Vull3 + A Vull3 + [Ad|2)
(3.15) +C(Co + Cy>)(|Vul) + | Ad|12) + (VA3 + || Aul3),

for a sufficiently small positive constant e.
By assumption, it follows from Lemma 3.1 and the Hoélder, Ladyzhenskaya and
Cauchy inequalities that

/ Vd 6 Vd : Vuds| < |Vd|2[Vuls < CVd]2 [V [Vulls
Q
< O||Vd|lo]| Ad]lo|| Vull2 < CCo(|Ad|E + [Vul2) < Ceol| Ad)2 + [Vul}2),

from which, taking e( sufficiently small, and recalling the definition of ¢g(¢), one obtains

1
(3.16) 1UVuls+11AdI3) < gt) < [Vull3 + [|Ad]3.
On account of (3.15) and (3.16), it follows from (3.14) that
1
(3.17) g'(t) + 5G(t) < wa(t)g(t) + C(1+ Co)([|Vull3 + [ Ad]3),
where

wa(t) = Cflull3, + (1 + Co)(|Vull3 + [ Ad]3)].
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It follows from Lemmas 2.2 and 3.1 that

t r t t
/ ul2ods < C |1 + (/ ||u||§{1ds) In* (/ ||u||§{2ds)]
0 L 0 0
r t t
<C|1+ (/ ||Vu|§ds> In" (C/ ||Au|§ds>}
L 0 0

- t
<C 1—|—C’0+Coln+/ G(s)ds],
0

and thus, using Lemma 3.1 again, we get

t t
/ wa(s)ds < C [1 +C§ + Co ln+/ G(s)ds] .
0 0

With the aid of the above inequality, by Lemma 3.1, it follows from the Gronwall
inequality and (3.17) that

g@+AG@wswwww@@+uumémwﬁ+Mﬂw§

(CIHCE+Co ™ [§G()ds] 140 4 (1 4 Cy)Cl]
eClteltenn J3G@ 6(0) 1 (14 e)zq]

< eC0+0) (/Ot G(S)dS) o [9(0) + (1 + €0)eol,

IN

IN

from which, choosing g = min {%1, % }, one obtains

mwf[G@wsc([G@wfﬂ@m+n

< %/O G(s)ds + C(g(0) + 1)2.

Combing the above inequality with (3.16) yields the conclusion for the 2D case.
(ii) The three dimensional case. Let ¢, € (0,£1] be a sufficiently small positive
constant, which will be determined later, and define

T* = max{t € (0,T] | m(t) < &)}

It follows from the Holder and Cauchy inequalities that
S1(t) :/ (Juf? + |VdP)(|Vul® + |V2d|*)dz
Q

< C(|lullg + IVAIE) (IVullz + [V2dll2) ([ Vulls + [V2d]6)

< C(IVullz + |Ad]2)* (| Aullz2 + [Vl + [V Adl|2)

< e(lAul3 + [VAdIS) + CIIVull3 + 1AIE)? + /m®](IVul3 + [ Ad]3)
< e(lAul3 + [VAdIE) + CIIVull3 + 1AIE)? + /5] Vull3 + [ Ad]13),

and

Sa(t) :/ Vu||V2dde < ||Vulle||V2d]|2[ V*d]s
Q
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CllAulll| Ad]lo | Ad)3 (IVd]1; + [VAd]3)

e(l|Aull3 + IVAd|3) + CUIAIS + [ V]| Ad]I3)
(lAull} + IVAd]3) + CIAd|E + V/m(D) | Ad]3

(lAul3 + [VAdIE) + CI A + /)| Ad]3,

IN A

<e 5)
<e 5)

for any ¢t € (0,T*), where ¢ is a sufficiently small positive constant. Thus, we have

S(t) < e(|Aulls + VAdIZ) + CL(IVull3 + 1A]I3)* + V] (IVall3 + [Ad]3)],

for any ¢t € (0,T*), where ¢ is a sufficiently small positive constant.
With the aid of the above inequality, it follows from (3.14) that

1
(318)  ¢'(t) + 5G(#) < ws(O)([[Vull3 + [Ad]I3) + C(1 +£2) (| Vull3 + [ Adl3),
for any t € (0,7*), where
ws(t) = C(|Vull3 + [|Ad]3)*.

By assumption, it follows from the Holder, Sobolev and Young inequalities that

1 3
Vd©Vd: Vudz| < [[Vulls||Vd||s][Vd]s < C||[Vull2[[Vd]|3 |Ad]|3
Q

< m(t)1 || Vullz| Ad]ls < Ceg* (I[Vull3 + | Ad]13),

for any ¢ € (0,7%), from which, choosing €, = min {51, (%)4}, and recalling the
definition of g(t), we have

1
(3.19) LUVul3 +11Ad]3) < g(t) < [[Vull3 + [|Ad]3,

for any t € (0,7).
Thanks to (3.18) and (3.19), we then obtain

g'(t) + %G(t) < ws(t)g(t) + C(1+ ) ([ Vull3 + [ Ad]f3),

from which, by the Gronwall inequality and Lemma 3.1, and noticing that Cy < Cg(0)
and Co < supoz o<yl /pull} + | Vd3), we have

1 t . t
o)+ [ Gloxts < i (g0 4. [ (9ul + 18dBas)
0 0
< exp{CCy sup (19l + |ad) } (600) + CCo)

< e“™D (g(0) + CCy) < “%2(g(0) + CCy)
< C(9(0) + Co) < Cy(0),

for any ¢t € (0,7*). This, combined with (3.19), implies

(3.20) Ei(t) < C([|Vuoll3 + [Adol13), ¥t € (0,77),
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from which, by Lemma 3.1 and the assumption, we then obtain

m(t) < Co sup (|Vull3 + |Ad|3) < CoEx(t)
0<s<t
!

g
< CCo([[Vuoll3 + [[Adol3) < Cep < 52 < &y,

with g9 = ﬁ, for any t € (0,77).

We claim that T7* = T, and as a result the conclusion follows from (3.20). Suppose,
by contradiction, that T* € (0,T), then the above inequality implies that there is
another time T** € (T*,T], such that m(t) < &}, for any ¢t € (0,7**], contradicting
to the definition of 7. This prove the conclusion for the 3D case. O

LEMMA 3.4. Under the same conditions as in Lemma 3.3, we have

sup B (t) < C([[Vuol3, | Adoll3, llgoll3, 7, 2)-
0<t<T

Proof. Differentiating equation (1.2) in ¢, multiplying the resulting equation by
u; and integrating over €2, then it follows from integration by parts and the Young
inequality that

1d
2dt/p|ut| d:E—i—/ |V, |*dx

= /Q[(Vd OVd) : Vug — p(ug - V)u - ug + div(pu) (ug + (u - V)u) - uy]de
= /Q{(Vd O Vd); : Vug — p(ug - Vu-ug — pu - V{(|ug|?) + pu - V[(u - Vu) - ug] ydx

<C | (99Tl + Il + Vo
+ plul[ Vel ] + plaf? Vullur] + pluf? Vul Ve o
<5 [ 1Vulde+C [109d7 + P)IVaP + ol
+IV2uP) + p(|Valt + [ul®) + pl Vul ) do

and thus
d
G | tuldes [ [VuPde < [(VAR+1PITAE + ol +90F)
(3.21) + o[Vl + [uf®) + p|Vuljue|*|de =: I.
By the Holder, Sobolev and Cauchy inequalities, we have

I < CUIVAIZ + [[ull3) (1Vdell3 + v/puel3 + [IVul3)
+HIValls + ulls + Ivouel2lluellal V)
< ClUIVAlZe + lullfe) (VA3 + [l voudl3 + | Aull?)
+ IVl + s + lvoudl2llull | Vel 2]
< Cl(IAd]3 + VA3 + [ Aul3)(1Vdell3 + [l vouell3 + | Aull?)
+lAulz + ull§ + vouel2l Va2l Aull2]
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1
< §||Vut||§ +C[(1Ad]3 + [VA|3 + [|Aul3)
x (IIVdell3 + [lvpuell3 + [Aul3) + [lullg).
For the term ||u||$, by the Sobolev and Poincaré inequalities, we have

lull§ < Cllulln < ClIVull3 < ClIVuli]|Auls, for N =2,
lull§ < Cllullgllullm < CIVulfllAullz,  for N =3,

and thus, for both N =2 and N = 3, we have
[ull§ < ClIVull3l|Aullz < O Vull§([Vul3 + | Aull3).

Thanks to the above inequality, and recalling the estimate for I, it follows from
(3.21) that

d 1
S IVPwls + 5 Vullz < CUIAS + [VANS + [|Aul3) (Vi + | vAul3
(3.22) + | Aull3) + [IVullS(Vul3 + [|Au]3)].

Differentiate equation (1.4) with respect to ¢, then it has
dtt — Adt = |Vd|2dt — (’LL . V)dt + 2(Vd . th)d — (Ut . V)d

Squaring both sides of this equation, and integrating over €2, then it follows from
integration by parts and the Cauchy inequality that

d
*/ |th|2d$+/(|dtt|2+|Adt|2)dI
dt Jo Q
< c/ (|Vd|*de|* + [ul?|Vd:|* + |Vd|*|Vds|* + |Vd|*|us)*)dx
Q
< C/[(Iul2 + [VdP)IVd[* + |AdP |di|* + [Vd|*|ug ) da =: .
Q

By the Holder, Sobolev and Poincaré inequalities, and using Lemma 3.3, we can
estimate I as follows
Iy < O[([lullZ + IVAIE)Vdell3 + [|Ad]Zlde 1 + [Vl el I3]
< Cl(llullze + IVdll32) IV del13 + | Adl 3 lldellz + [Vl lluell3]
[Au3 + [[Ad]3 + [VA]3)[[Vde]3 + Cll A3 Ve |3
|

[
<
< C(
< C(|Au]l3 + [|Ad]3 + [IVAA]|3) (| V|5 + Mo|| Ve |3,
where

Mo = C(1+ ||Vuoll3 + [|Ado|)3)? > 1.

Thus, we have

d
Va3 + [1Addl3 < C(|Aullz + [Ad]E + [ VAIZ) (Vi[5 + Mol Vs |3
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Multiplying (3.22) by 4Mj, and summing the resulting inequality with the above
inequality up yields

d
— (4Mo||\/pudll3 + [ Vdel[3) + ([ Ve |3 + | A3

dt
< CMo (| Aull3 + [|Ad])3 + [[VAZ)(IVdelI3 + | v/ouell3 + [ Aull?)
(3.23) + CMo|[Vull5(IVull3 + || Aull3)-

By (3.12), we have [|Aull3 + ||Vp[|3 < C||\/pue||3 + CSi(t). Similar to (3.13), one
has ||VAd||3 < 2||Vd,||3 + CSi(t). Thus, we have

1Au]3 + VP53 + 1VAdIS < CllVpull3 + [V del3) + CSi(D).

We estimate S;(t) as follows. For N = 2, by the Holder, Ladyzhenskaya, Poincaré
and Young inequalities, we have
S1(t) < (lullf + IV (I Vulf + [IV2d|l3)
< ClllullzlVullz + IVdll2 | Adll2) [ Vull2 [ Aull2 + [ Ad]l2 (| Adllz + [V Ad] 2)]
< (| Aull + [[VAd|[3) + C(|lull3 + Va3 (I Vullz + [|Ad]|2)
+ C([lull2 + IVd]2) (I Vull3 + [|Ad]3)
< e(|Aul3 + (IVAd|3) + C[([Vull3 + [|Ad]3)* + (IVull3 + [ Ad]3)?]
< (| Aull +[|VAdI3) + C(IVulls + [|Ad|3) (B (1) + Ev(t)?),

and for N = 3, by the Hélder, Sobolev, Poincare and Cauchy inequalities, we have

S1(t) < ([ull§ + VAR UIVull2lVulls + [V2d]|2[|V2dll6)

C(IVull3 + A Vull2l Aullz + | Adll2(|Adll2 + [ VAd]|2)]
e(|Aull3 + [IVAdIZ) + CLIVull3 + 1Ad]3)* + (IVull3 + [|Ad]3)?]
£(

<
<
<
< e(|Aull + [VAdIR) + C(IVull3 + [AdI3)(EL(t) + E1(1)?).

Thus, for both N = 2 and N = 3, we always have

| Aull + 1VplI3 + [VAdIS < C(IVull3 + [AdI3)(EL(t) + E1(1)?)
(3.24) + C(IVpudl3 + [IVddl3)-

Thanks to the above estimate, it follows from (3.23) that

d
7 (AMolly/pus |3+ Vs 3) + (Ve |5 + (| Ad 13

< CMo([|Aull3 + [Ad]3 + VA (V][5 + [|v/puell3)
+ CMo(|[Vull3 + |Ad]3 + [[Aul3) (B (1) + E1 (1)),

from which, by the Gronwall inequality, and using Lemmas 3.1 and 3.3, we have

t
sw@MﬂﬁmﬁHWM@+AdWM@HMM@w

0<s<t
< eCMBI D [0y || /pur (0)]]3 + [V (0)]|3 + Mo (1 + E1(1)*)(Co + Eq(t))]
(3.25) < e“M0 (4Mo||/pus (0|3 + ||V (0)]|3 + M),
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where we have used Cy < C'My, by the Poincaré inequality.
By the compatible condition and equations (1.2) and (1.4), one can easily check
that

IV0:d(0)II3 + l|v/pue (0)[13 < C(llgoll3 + Mo),

which, combined with (3.24) and (3.25), yields the conclusion. O

PROPOSITION 3.1. Under the same conditions as in Lemma 3.3, we have

sup E(t) < C(llpol a1, |uoll a2, IV doll 2, [l goll2, B, T, €2),
0<t<T

where the constant C' keeps finite for finite time T .

Proof. Using the Sobolev embedding inequality, and applying elliptic estimates
for the Stokes equations, it follows from Lemmas 3.3 and 3.4 that

[ 19uias <C [ ol + loulvall + varvaliyis
< [/ vl + vl + 1Vl V2l
< [Vl + ol 9l + IVl 92 )
< [/ (vl + 30l + 18dl + [ AdIE)ds <

On account of this, by the Sobolev embedding inequality, it follows from Lemma
2.1 that ||Vp(t)||3 < C||Vpol3. Using equation (1.1), by the Sobolev embedding

inequality and Lemma 3.4, we deduce
el < CllullZ N Volls < CllAul3]Vol3 < C,

and thus supg<,<;([Vpll3 + lp¢[l3) < C. Combining this with Lemmas 3.3 and 3.4
yields the conclusion. O

4. Proof of the main theorem. After obtaining the a priori estimates stated
in the previous section, we can now give the proof of our main results.

Proof. We divide the proof into several steps. Let €y be the constant stated in
Lemma 3.3, and suppose that

lvpouollz + | Vdol3 < g0, if N =2,
(IIvpouoll3 + Vdoll3)(IVuoll3 + [ Adoll3) < €0, if N =3.

Step 1. Global existence of strong solutions without vacuum. Suppose
that there is a positive constant p, such that po(z) > p, for all z € Q. By Lemma 2.3,
there is a unique strong solution to system (1.1)—(1.4), subject to (1.6)—(1.7), in Q.
Let T, be the maximal existence time. We claim that T, = oo. If it’s not the case,
then 0 < T, < co. By Proposition 3.1, there is a positive constant K depending only

on ||gollz2s l|lwollz2,s |Vdollaz, l|lpollat, p and €, such that

T
Ogng(HVdH?{z +VPIE + llullzz + IVl3 + lloe]13) +/O (ldellZr2 + lluelFr)ds < K.
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Since po > p, by Lemma 2.1, we have p > p, and thus

sup |lp~ V3 (—Au — div(Vd © Vd)||? < C,
0<t<Ts

for some constant C'. Thus, by Lemma 2.3, we can extend the strong solution to
(0,T*), for another time T* > T, which contradicts to the definition of T,. This
contradiction implies that T, = 0o, and thus we obtain the global strong solution.

Step 2. Global existence of strong solutions with vacuum. We prove it

by approximation. For j =1,2,---, define p} = po + %, and set

gé = (pé)_1/2(—AuO - Vpo - le(Vdo © Vdo))

Then, the compatible condition holds true

—Aug — Vpg — div(Vdy © Vdy) = \/p%gé,

in Q. It’s easy to see that [g}| < |go| in €2, and thus [g[|3 < |lgo||3, for all j. Then,
for j large enough, it has

1/ phuoll3 + I Vdoll3 < e0, it N =2,
(I phuoll3 + 1 Vdo|I3) (I Vuoll3 + | Ado[l3) < €0, if N =3,

By step 1, for each j large enough, there is a global strong solution (pj, uwl,p?, d?)
to system (1.1)—(1.4), subject to (1.6)—(1.7), with initial data p’(0) = p and u’(0) =
ug. Moreover, by Proposition 3.1, (p?, u?, p?, d’) satisfies the following estimates

T
OE?ET(HWH%“’ +HIVPIE + lullZe + 1Vel3 + lleel3) +/ (ldell7= + lluellFo)ds < K,
sSis 0

for a positive constant K independent of j, which keeps finite for any finite time T'.
By the aid of these uniform estimates with respect to j, we can follow the standard
convergence approach to obtain the global strong solution.

Step 3. Uniqueness of global strong solutions. Let (p, u, p,d) and (p, @, p, d)
be two global strong solutions to system (1.1)—(1.4), subject to the same boundary
and initial conditions. We only consider the three dimensional case, and the two
dimensional case can be dealt with in the similar way.

Note that p — p satisfies

(p— )i +u-V(p—p) = (@—u)-Vp,
from which we deduce that

(Ip =P +u-V(|p—p|*?) < 12,

N W

lu—al[Vpllp = 7l

Integrating the above inequality over €2, it follows from the Sobolev inequality that

d . 3 N . R
G o= p2de <5 [ o= ull 9l - p2ds
dt Jo 2 Ja
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< Sllu=alellValallo = IV < CIVw = @) el Valallo — A3,
and thus
Do 3032 = llo— AIY2 L llo— al13L2
<C[V(a —u)llzIVal2llp = plls/2
(4.26) <7190 = I +al®)llp - 7l 2.

for some nonnegative function a(t) € L(0,T), for any T > 0.
Using equation (1.2), we deduce

plu—1a)+pu-V(u—1a)— Alu—1a)+ V(p—p)
=A(d—d)-Vd+Ad-V(d—d)— (p—p)(iy +a- Vi) — p(u—a) - Vi

Multiplying the above equation by u — %, and integrating the resulting equation over
Q, then it follows from integration by parts that

1d 9 9
2dt/p|u 1 dw+/|Vu a)|*dz

< /Q(IV(d = A)||Vd||V (u — )| + |V(d = DIIV?d|[u — a| +|Ad||V(d - d)||u — @]
+1p = pllte +u- Vallu —al + p|Villu — al*)dz
and consequently it follows from the Holder, Sobolev and Young inequalities that
S~ D3+ IV - D)3
< IV = @) + CI VI v (- )3
+C(IV2dls| 9 (d — Dl lu — lls + | Ad]s]|V (d — d)s]}u — ag
+ o= pllss2llte +u- Valellu — lle + [|Vil|ooll vo(u — ﬁ)ll%)
< %IIV(U —a)ll3 + C[(IIVJIIio + V25 + AV (d — D)3
+lae +u- Valgle = a3/ + V]l vo(u - ﬁ)ll%} ;
from which we deduce
VA~ )+ 19— )3
< BV (d = d)ll5 + o = 232 + lIVo(u = @)[13),

for some nonnegative function 3(t) € L'(0,T), for any T > 0.
Combining the above inequality with (4.26), we obtain

9o = plE 2 + VA~ DI3) + 190 — )13
(4.27) <OV = DI+l = pll3 o + Iv/5w = D)I3),



GLOBAL STRONG SOLUTIONS TO INHOMOGENEOUS LIQUID CRYSTALS 219

for some nonnegative function v(¢) € L*(0,T), for any T > 0.
Using (1.4), it has

(d—d)+u-V(d—d)— A(d—d)
=V(d—d):V(d+d)d+|Vd>*d—-d) - (u—a)-Vd.

Multiply the above equation by —A(d — d), and integrating the resulting equation
over ), it follows from integration by parts that

1ﬁ/ |V(d—ci)|2d:1:+/ IA(d — d)[2dz

:/ [ V(d —d) + (u— ) Vd — V(d — d) : V(d + d)d
Q

—|Vd|*(d - CZ)] - A(d - d)dz

1 - , . -
<5 QIA(d—d)I da;+/Q [(|u| +|V(d+d)|})|V(d - d)|

+ |Vd*ld - d? + |VdlPlu - ] de,
from which, by the Poincare inequality, one has

%Ilv(d — A3+ 1AW = d)3 < ¢O)UIV(d = I3 + 1V (u—a)|I3),

for some nonnegative function ¢(¢) € L'(0,T), for any T > 0.
Combining the above inequality with (4.27), we have

Lo = 212 + IV~ D3 + 19— d)IZ) + (19—~ D3 + A~ d))
< €O)lo = Al + Iva(w - D3 + V(- d)I3)

for some nonnegative function £(t) € L(0,T), for any T' > 0. Recalling that (

p—
@, d — d)|1=0 = (0,0,0), it follows from Gronwall’s inequality that (p,u,d) = (5,

[)7 U—
a,
completing the proof. O

d)u
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