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GEVREY REGULARITY FOR A CLASS OF DISSIPATIVE
EQUATIONS WITH ANALYTIC NONLINEARITY*

HANTAEK BAE! AND ANIMIKH BISWAS*

Abstract. In this paper, we establish Gevrey class regularity of solutions to a class of dissipative
equations with an analytic nonlinearity in the whole space. This generalizes the results of Ferrari
and Titi in the periodic space case with initial data in L2 —based Sobolev spaces to the LP setting
and in the whole space. Our generalization also includes considering rougher initial data, in nega-
tive Sobolev spaces in some cases including the Navier-Stokes and the subcritical quasi-geostrophic
equations, and allowing the dissipation operator to be a fractional Laplacian. Moreover, we derive
global (in time) estimates in Gevrey norms which yields decay of higher order derivatives which are
optimal. Applications include (temporal) decay of solutions in higher Sobolev norms for a large class
of equations including the Navier-Stokes equations, the subcritical quasi-geostrophic equations, non-
linear heat equations with fractional dissipation, a variant of the Burgers’ equation with a cubic or
higher order nonlinearity, and the generalized Cahn-Hilliard equation. The decay results for the last
three cases seem to be new while our approach provides an alternate proof for the recently obtained
LP (1 < p < 2) decay result for the Navier-Stokes equations by Bae, Biswas and Tadmor. These
applications follow from our global Gevrey regularity result for initial data in critical spaces with
low regularity.

Key words. Dissipative equations, Gevrey regularity, Temporal decays.

AMS subject classifications. Primary 76D03, 35Q35, 76D05; Secondary 35J60, 76F05.

1. Introduction. It is known that regular solutions of many dissipative equa-
tions, such as the Navier-Stokes quations (NSE), the Kuramoto-Sivashinsky equation,
the surface quasi-geostrophic equation, the Smoluchowski equation, the (periodic)
Cahn-Hilliard equation and Voight regularizations of Navier-Stokes and MHD equa-
tions are in fact analytic [47, 23, 7, 19, 63, 60, 43]. In fluid-dynamics, the space
analyticity radius has an important physical interpretation: below this length scale,
the viscous effects dominate the nonlinear effects and the Fourier spectrum decays
exponentially [22, 36, 37, 17]. In other words, the space analyticity radius yields a
Kolmogorov type length scale encountered in turbulence theory. This fact concerning
exponential decay can be used to show that the finite dimensional Galerkin approxi-
mations converge exponentially fast; for instance, in the case of the complex Ginzburg-
Landau equation, analyticity estimates are used in [16] to rigorously explain numerical
observation that the solutions to this equation can be accurately represented by a very
low-dimensional Galerkin approximation and the “linear” Galerkin performs as well
as the nonlinear one. Other applications of analyticity radius occur in establishing
sharp temporal decay rates of solutions in higher Sobolev norms [51], establishing
geometric regularity criteria for the Navier-Stokes equations, and in measuring the
spatial complexity of fluid flow [42, 41, 32].

In this paper, we consider a nonlinear evolution equation of the form

(1.1) ug + Au=Gu), (k>1,t>0), wug€L,

where the Banach space £ considered here is a potential space of adequate (positive
or negative) regularity. The operator A = (—A)l/ 2 is assumed to be defined on dense
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subspace D(A) C L. The term G(u) is a possibly nonlocal, analytic function of wu;
see equation (2.4) for a precise description. The equation (1.1) will model dissipative
evolutionary partial differential equations on the whole space R? or on the periodic
space T?. In this setting, we establish spatial analyticity and provide decay rates of
higher order norms of solutions to (1.1).

Analyticity. It should be noted that the class of equations we consider en-
compasses many nonlocal equations (for instance, the Navier-Stokes and the quasi-
geostrophic equations). Therefore, even the fact that the solutions are analytic for
positive times, do not follow from Cauchy-Kovaleskaya type theorems. To overcome
this difficulty, we take the mild solution approach initiated by Fujita and Kato [27],
Giga and Miyakawa [29] and Weissler [64] for the Navier-Stokes equations, and study
the evolution of Gevrey norms. The use of Gevrey norms was pioneered by Foias and
Temam [24] for estimating space analyticity radius for the Navier-Stokes equations
and was subsequently used by many authors (see [9, 21, 6, 8, 2], and the references
there in); a closely related approach can be found in [33]. The Gevrey class approach
taken here enables one to avoid cumbersome recursive estimation of higher order
derivatives and is known to yield optimal estimates of the analyticity radius [51, 52].
Other approaches to analyticity can be found in [28, 49, 35] for the 3D NSE, [39] for
the Navier-Stokes-Voight equation, [19, 18] for the surface quasi-geostrophic equation,
[46] for the Porous medium equation, and [1] for certain nonlinear analytic semiflows.
We also note that most of the work has been considered in L?-based Sobolev spaces.
For example, in case the dissipation operator is A2 = —A, equation (1.1) with an
analytic nonlinearity was studied in [21] and [10] for the periodic space case and the
sphere case respectively. Their approach was based on energy technique and their
space of initial data comprised of sufficiently smooth functions belonging to adequate
(L?-based) Sobolev spaces.

By contrast, we work on LP-based Banach spaces of initial data which allow us to
consider much rougher (even distributional) initial data in the mild solution setting.
The spaces we choose here, which are called critical spaces, precisely correspond to
a scale invariance property of the equation. In this paper, we show that solutions to
(1.1) are Gevrey regular, i.e., they satisfy the estimate

sup
0<t<T

etl/ﬁAuH < 00,
L

locally in time for initial data of arbitrary size, and globally in time if the initial data
is small in critical spaces. Our main tool to use the integral formulation of equations
and to show such estimates is a generalization of the Kato-Ponce inequality [40] to

Gevrey spaces (in Lemma 4.6).

Decay Estimates. The main emphasis in this paper is to obtain global (in
time) Gevrey regular solutions to (1.1) for small initial data in critical regularity
spaces. This has several applications in the study of long term dynamics. It turns out
(as we show here) that many of the equations encountered in fluid dynamics has the
property that for large times, the solutions have small norm in these critical regularity
spaces. Thus, as a consequence of our result, we obtain exponential decay of Fourier
coeflicients in the periodic case and algebraic decay of higher order LP based Sobolev
norms in the whole space for a wide class of equations including the Navier-Stokes
equations, sub-critical quasi-geostrophic equation, a variant of Burgers’ equation with
a higher order polynomial nonlinearity, the generalized Cahn-Hilliard equation and a
nonlinear heat equation. In some cases (for example, the Navier-Stokes, the subcritical
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quasi-geostrophic equations and nonlinear heat equations with fractional dissipation)
this generalizes known results while in some others (for example, Burgers’ equation
with cubic or higher order nonlinearity and the Cahn-Hilliard equation), the results
are new to the best of our knowledge. For instance, for the Navier-Stokes equations,
in [51], sharp upper and lower bounds for the (time) decay of L2-based higher order
Sobolev norms in the whole space R% was established for a certain class of initial
data. Our result yields decay for LP-based (p > 1) higher order homogeneous Sobolev
norms for the Navier-Stokes equations, and for a larger class of initial data. Although
the LP result for p > 2 can be deduced from the L? case by Sobolev inequality, this is
not the case for LP with 1 < p < 2. The LP? decay results for 1 < p < 2 in the whole
space R? were obtained only recently in [2]. Our approach here provides an alternate
proof of this result while avoiding the sophisticated machinery used in [2]. As another
corollary of our general result, we also recover a similar decay result in [19] for the
quasi-geostrophic equations with a different proof that avoids the iterative estimation
of higher order derivatives.

In summary, our main results provide an unified approach to a variety of decay
results, some existing and some new [51, 55, 56, 19], thus generalizing them to: a
wider class of equations; to L? decay; and allowing for a larger class of initial data. A
more detailed comparison of our results vis a vis some known results is made in the
remarks subsequent to the relevant theorems.

The organization of this paper is as follows. In Section 2, we state our main
results while in Section 3, we state our main applications concerning decay. Sections
4 and 5 are devoted to the proofs of these results while in the Appendix, we have
included some requisite background on Littlewood-Paley decomposition of functions.

2. Main Results. Before describing our main results, we start by establishing
some notation and concepts.

A function u € C([0,T]; L) is said to be a strong solution of (1.1) if d,u exists
and u € D(A")a.e. and the equation (1.1) is satisfied a.e. A mild solution of (1.1) is
a solution of the corresponding integral equation

¢
(2.1) u(t) = (Su)(t), (Su)(t) :=e " ug +/ e~ IA G(u(s))ds,
0

where u is assumed to belong to C([0,T]; £). The integral on the right hand side of
(2.1) is interpreted as a Bochner integral. Henceforth, by a solution to (1.1) we will
mean a mild solution, which is a fixed point of the map S. For a discussion on the
connection between weak, strong, mild and classical solutions see [57].

The homogeneous potential spaces are defined by

(2.2) HS = {f € S'(RY) - A°f € LP(RY), | fllgg := A fllze < oo} , acR.

For each ¢ =0,--- ,n, let T; be a bounded operator mapping H;‘,’*“Ti ,ar, > 0 to
Hg‘ such that T; commutes with A and its operator norm is bounded uniformly with
respect to o and p. More precisely, we assume that there exists constants C' > 0 and
ar, > 0 such that foralla e R,;1 <p < ooand v € Hg‘, we have

(2.3) |Tiv|lge < Cllv||otar,, TiAv = ATjv.
P Hy *

Examples of such operators are Fourier multipliers with symbols

m;(€) = Qi(€)E ™ or my(€) = Qi(&IE*T,
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where €;(+) are bounded homogeneous functions of degree zero (i.e., £2;(c€) = Q(§),c €

R) and a7, = (a(Tli), e ozgffl)) , a(T{) > 0. Other examples also include shift operators

on the space of distributions (in which case ar, = 0).
The nonlinearity G that we consider has the form

(24) G(’LL) = TOF (Tlu; T2ua e 7Tnu) ) F(Zla o ,Zn) = Z aazav

Q€L

where F' is an analytic function defined on a neighborhood of the origin in R™. More
specific assumptions on F' will be made in subsequent sections.

2.1. A homogeneous degree n nonlinearity. In this section, we assume that
F' is a monomial of degree n, i.e.,

(2.5) G(u) = ToF (Thu, Tou, -, Thu), F(z1, -+ ,2n) =21 2n,

for some n > 2,n € N. However, see Remark 2.2 for an extension to a general
homogeneous polynomial of degree n.

For ¢ € R?, denote |£]; = Zle |&:| while |¢] = (Zle &) "2 denotes the usual
Euclidean norm on R?. Recall that the norms |- [; and |- | on R are equivalent. Let
A4 be a Fourier multiplier whose symbol is given by my, (§) = |£|1. Choose (and fix)
a constant ¢ > 0 such that c|¢]; < £[¢| for all ¢ € R This is possible since all norms
on R? are equivalent. With this notation, we define the Gevrey norm in Hg to be

(2.6)

1/k
e AlABv‘

HU”Gv(s,B,p) = ‘ e ‘ ecsl/mAlvHHg , §>0, BeR, 1<p<oo.
Before stating our result here, we need to determine an appropriate function
space for the initial data. The idea is to choose a function space where the linear
term u; + A"u and the nonlinear term G(u) have the same regularity. This can be
interpreted in terms of the scaling invariance. The equation (1.1) with the nonlinearity
(2.5) satisfies the following scaling. Assume that w is a solution of (1.1). Then, the

same is true for the rescaled functions

1 n
ur(t,z) = Nu (Nt \x), s= — (Ka— Zaﬂ) .
i=0

Therefore, ch is the scaling invariant space for initial data, with

(2.7) Be = é -

1 n

satisfying that
(2.8) uxo = A uo(Azr),  [Juollgse = [lurollyze -

We can expect the local existence for 3 > f3. for large data and the global existence
for 8 = (. for small data. Recall also that for 8 < %, ]HIZB, (R9) is a Banach space while

for 5 > %, it is a normed space which is not complete [15, 3].
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THEOREM 2.1. Let G be a nonlinearity as in (2.5). Assume that the following
condition holds:

3

n
2.9 < i . > ma;
(2.9) ;O&TI <k, min a7, > max - - p—1

1<i<n

{Z?—l ar, d o Yigom — H}

Let ug € Hg“, with

d Ii—E;ZOCYT. d
Z - =07 < < - i )
’ — Be < Bo > + min or,

Then there exists T' = T(ug) > 0 and B > 0 with Bo + B > 0, and a solution of (2.1)
belonging to the space C’([O,T];Hﬁ“) which additionally satisfies

(2.10) max{ sup [ul®)lGoepnp:  SUP tﬁ/“||u<t>||av<t,ﬁo+ﬁ,p>}s2|uo|Hﬁo.
o<t<T 0<t<T P

Moreover, if Bo > Be, the time of existence T is given by

0 )

T > O/fluo gt

for some constant C independent of ug. On the other hand, in case ug € ch, there
exists € > 0 such that whenever ||ugl|gs. <€, we can take T = oo.
P

REMARK 2.2. The above theorem can be readily generalized to the case of a
nonlinearity where F in (2.5) is a homogeneous polynomial of degree n with the
following property:

F(z1,- ,2n) = g aqz”, where
aEeS

S = {a = (a1, ,an) € Zf : ZaTix{a#o} = « and Zai —n}.
i=1 i=1

This for instance is satisfied if F' is a homogeneous polynomial of degree n and ar, =
ar; for all 4,5 # 0.

REMARK 2.3. A version of Theorem 2.1, for the special case of a quadratic
nonlinearity, was established in [5]. In contrast to the set up of the real space here,
the norms on the initial data space there were defined in the Fourier space. This
enables one to completely avoid the detailed harmonic analysis machinery used in the
proof here. However, due to the Hausdorff-Young inequality, even restricted to the
quadratic nonlinearity case, our consideration here yields a larger space of initial data
in several applications. As we will see later, due to this, we can obtain decay of LP
(p > 1) based higher Sobolev norms (for instance for the Navier-Stokes equations)
not available in [5].

REMARK 2.4. It is not clear whether condition (2.9) is sharp in the generality
of the setting presented here. It should be noted however that for the critical and
supercritical surface quasi-geostrophic equations, where > a7, = 1,n = 2,d = 2 and
% = 1, this condition is not satisfied. Yet, by exploiting the cancellation present in that
equation, one can still establish analogous Gevrey regularity result via a completely
different analysis [4]. Note however that one needs to exploit additional structure
present in that specific case which is not assumed here.
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2.2. Analytic Nonlinearity. In this section, we consider the more general case
of an analytic nonlinearity. Let

F(z)= Z apz"

kezn
be a real analytic function in a neighborhood of the origin. Here z = (21, -+ ,2,) € R"
and we employ the multi-index convention z¥ = zfl -oozkn for k= (K1, ,kyn). The

“majorizing function” for F' is defined to be

(2.11) Fy(r) = Z lag|r*l k| =k + -+ ka, T < 00
keZd

The functions F' and Fy; are clearly analytic in the open balls (in R? and R respec-
tively) with center zero and radius

(2.12) Ry =sup {r: Fy(r) < co}.

We assume that the set in the right hand side of (2.12) is nonempty. The derivative
of the function Fys, denoted by F},, is also analytic in the ball of radius Rjy.
We now consider the nonlinearity GG of the type

(2.13) G(u) = ToF (Thu,- -+, Thu),
where T; are as defined in (2.3), and the inhomogeneous Sobolev space
Hy = {fRT >R |y = (T + M) fllow < 00}
We recall that from the standard Sobolev inequalities and (4.4), we have
d
Q1) fl < Wlhgge ol < Cllfllgllallsy for B> 5, 1<p<oc

The corresponding Gevrey norm is defined as

e/ M (1+ A)'gv

(2.15) vl Gu(s,8.0) = o

We will show that the Gevrey space Gu(s, 3,p) with 5 > % is a Banach alge-
bra in Lemma 4.8. We are now ready to state our main result concerning analytic
nonlinearity.

ar, +a

THEOREM 2.5. Let 8 > 2 and assume that 2™ < 1, where o :== max {a7, }.
p K 1<i<n

Let ||u0||Héa+a < R. Assume that 2RC < Rjys where C as in Lemma 4.9 and Ry as
in (2.12). There exists a time T > 0 and a solution u of (2.1) such that

sup ||u(? < 00.
512, Ol

Note that unlike Theorem 2.1, we do not get a global existence result here even in
case of small initial data. However, in the periodic space case, we do obtain a global
existence result for small data. We need to assume however that the nonlinearity G
has the property that it leaves the space of mean zero periodic functions invariant



GEVREY REGULARITY FOR DISSIPATIVE EQUATIONS 383

(this happens for instance if Ty = V). This is due to the fact that in the periodic
space, A has a minimum eigenvalue, denoted by Ay > 0, and the Fourier spectrum
of all periodic functions with space average zero is contained in the complement of a
ball with radius Ag. More precisely, we have the following result.

THEOREM 2.6. Consider the equation (1.1) in the periodic space. Assume that
the space of mean zero functions are invariant under G and the Fourier coefficients

of G satisfy

ap =0, S akl <4,

keZd [k|>1

where § > 0 is suitably small. Then, there exists € > 0 such that if ||ug|lgs < €, with
P

8> g, and 1 < p < 00, we can obtain an unique solution to (2.1) satisfying

sup [u(t)l[Gu(t,8,p) < 00
0<t<o0o

2.3. Equation in Fourier space. In Section 2.2, we worked under the restric-
tion 1 < p < co. In this section, we consider the case p = co. The harmonic analysis
tools used in the previous sections do not work here since the singular integrals are
not bounded in L*°. We therefore resort to working in the frequency space using the
Fourier transform. Recall that if the Fourier transform of a distribution is in L' in
the Fourier spaces, then it is an L function. The development here is in the spirit
of [7] and [8]. The other borderline case of p = 1 (in space variables) is similar and
discussed in Remark 2.8.

We denote by F the Fourier transform (in the space variables) and by F~1! its
inverse. By a notational abuse, letting u = F(u), we can reformulate (1.1) as

(2.16) ur(€,1) + [§]"u(€, 1) = G (u(-,1)) (€),  ul§,0) = uo(§),

where G is as in (2.13). Recall that the Fourier transform converts products in real
space to convolutions in the frequency space and the analytic function F in (2.11)
takes the form

F(U):Zanvrnl'”vzndu U:(Ulu"'avd)a

where * denotes convolution. Denoting by © the multiplication operator (Dv)(£) =
|€]%v(&), we can write the mild formulation of (1.1) as

t
(2.17) u(t) = e Pug + / e~ =9G (u(s)) ds.
0
In this section, we denote || - || the L' norm in the Fourier space, i.e.,
ol = [ 1ot@)de.
Rd

We also recall that L! is a Banach algebra under convolution such as

[[ux ol < fluff[]-
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For s > 0 and 8 € R, we now introduce the Gevrey norms as
1.1/m
(215) Iollosca = [, e Hielute)las.

For notational simplicity, we suppress the dependence of the Gevrey norm on s (since
it is fixed), and we denote HUHGU(O,B) = ||v|lg when s = 0 and we write ||UHGU(S,0) =
]| Go(s) when 8= 0. Also, denote

Vg ={v:[jvllp < oo}

When 8 = 0, we simply write V = Vy. For u = (u1,--- ,uq),v = (v1,- - ,v4) vector
valued functions, we denote

U *v = ( E bijkui*vj) s bijk € R.
k=1,2,-,d

j
It is easy to see, applying the Cauchy-Schwartz inequality, that
(= 0)(©)] < C (Jul + [o]) (€), € = max|bij].

We now state the existence of a solution to (2.16) with respect to the Gevrey
spaces (2.18).

THEOREM 2.7. Let & = max {ar,} and assume that
1<i<n

ar, + o

— < 1, max{||luol, lwolla} <R, 2RC < R,

where C is as in Lemma 4.11 and Ry as in (2.12). There exists a time T > 0 and a
solution u of (2.16) such that

(2.19) sup_||u(t)[| o) < oo

0<t<T
Additionally, suppose that we consider the problem in the periodic space and the non-
linearity G leaves the space of functions with zero space average invariant. Then, if
we consider (2.16) on that subspace, there exists € > 0 such that we can take T = o0
in (2.19) provided max{||uo|, ||[uolla} < €.

REMARK 2.8. In this section, we worked with L! norm of the Fourier transform
of the function. Due to the Hausdorff-Young inequality, this corresponds to the L*°
norm in the space variable. However, the other borderline case of Theorem 2.5 occurs
when we have L' norm in the space variable. In the frequency space, this corresponds
to the L> norm (in the sense that || F(u)||pe < ||u|r1). We can obtain an analogue
of Theorem 2.7 if instead of the L' norm, we let

ulll = sup (1+ )™ [u()], ao>d.
£ERE

The conditions with max{|luo|, ||%ol|o} in Theorem 2.6 are replaced with analogous
conditions with |||uo|||a+ag- The proof of this fact is very similar to the proof of
Theorem 2.7 once one notes that like the L' space, the Gevrey space based on this
norm is also a Banach algebra under convolution (see [8]).
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REMARK 2.9 (Exponential decay of Fourier coefficients). In the periodic space
setting (with period L), the operator A restricted to the subspace of functions with
space average zero, has a discrete spectrum with its lowest eigenvalue being 2% Then,
provided max{]|uo||, ||uo||o} in small enough (or in view of Remark 2.8, if |||uo]||ag+a
is small enough), we have the exponential decay of the Fourier coefficients

/k
|F(u)(k,t)| < Ce "M ke 73,

This is a generalization of the results in [22] and [17] for the special case of the
3d Navier-Stokes equations. In fact, for the 3d Navier-Stokes equations, following
similar techniques as is presented here, one can sharpen this decay result (see [7]) by
demanding only that

sup |k|2|f(uo)(k)| <e.
keZ?,

This fact was proven in [7] using similar methods, and independently in [58].

3. Applications: Decay of Sobolev Norms. Theorem 2.1 tells us that if the
initial data are small in critical spaces HgC, the solutions are globally in the Gevrey
class. Due to Lemma 4.1 (or Lemma 4.2), this allows us to obtain the following time
decay of homogeneous Sobolev norms: for { > j,,

HACU(t)HLp — HAqfﬁCefctl/mAlectl/NAlAﬁCu(t)‘

Lr

(3-1) —1(¢—Be) s
< CCt " ¢ ”u(t)HGv(t,Bc,p)7 CC ~C C :

On the other hand, if we can show that a solution u of (1.1) satisfies
(32) lim inf {|u(t)[|gg. = 0,
then due to Theorem 2.1, after a certain transient time %y, we have

tS;ItPO ||U(t)|‘cv(tfto,ﬁc,p) < .

Consequently, we obtain

(3.3) [ASu®)]] ,, < C lluto)llgeo (= to) 5, ¢ > B

HHﬁU

where [|u(to)||ys. is sufficiently small to apply Theorem 2.1.
P
In the next sections, we will provide several examples where this can be achieved.

3.1. Navier-Stokes equations. The first application of Theorem 2.1 is the
three dimensional Navier-Stokes equations:

(3.4a) ug +u-Vu — pAu+ Vp =0,
(3.4b) Vou=0.

The critical space for (3.4) is HPe with 3, = % — 1. Compared with previous works

by [53, 54, 55, 51, 56, 50] and others, where decay of L2-based Sobolev norms have
been achieved, we provide decay of LP-based Sobolev norms.
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THEOREM 3.1. Let 1 < p < 0o and u be a weak solution of the three dimensional
Navier-Stokes equations with ug € L?. In case 1 < p < 2, we additionally assume
that wog = V x ug € L*. Let 3, = % — 1. Then, we have the following decay estimate:

“1(c—
(35) AU, < Celutto)lgse ¢ — t0) 2, ¢ > max (0,4},
where C¢ ~ CSCS for p =2 and Hu(to)HHgC is sufficiently small to apply Theorem 2.1.

REMARK 3.2. Existence of solutions to the (3.4) in Gevrey classes was first
proven for the periodic space case by Foias and Temam ([24]) (for initial data in
H') and subsequently by Oliver and Titi on the whole space with initial data in
H*, s > n/2,n = 2,3 (see also [44] for initial data in H'/2 for (3.4)). By following
a slightly different approach, namely interpolating the LP norms of the solution and
its analytic extension, Grujic and Kukavica [33] proved analyticity of solutions to the
(3.4) for initial data in LP,p > 3 (see also [45] for a different proof, and [28] and
[35] for initial data in the larger critical space BMO™1). Analyticity of solutions
for initial data in homogeneous potential spaces Hg‘, 1 <p<oo,a>3—1, which
includes the above mentioned LP spaces, follows from Theorem 2.1. The decay in
L?-based (homogeneous) Sobolev norms for (3.4) were, to the best of our knowledge,
first given in [55] and [56]. However, the constants C; were not explicitly identified
there. The sharp (and optimal, in the sense of providing lower bounds as well) decay
results were provided by Oliver and Titi ([51]) following the Gevrey class approach.
The constants C; in (3.5) is of the same order as in [51]. Thus, (3.5) is a L? version
of the sharp decay result in [51]. In [55] and [51], there is also an assumption of the
decay of the L? norm of the solution. This is circumvented here due to our working
in the “critical” space H/2.

3.2. Subcritical dissipative surface quasi-geostrophic equations. These
equations are given by

(3.6a) ne+u-Vn+An=0, (r,t)€R?x(0,00),

(3.6b) u = (=Ran, Rin) 1= (—0a, A™'n, 0, A7) ,

(3.6¢) n(x,0) = no(x).

We consider the sub-critical case when the parameter  satisfies k € (1,2]. For
initial data in LP,p > %, the global existence of a unique, regular solution to

(3.6) in the sub-critical case is known (see [11] and the references there in). The
following theorem concerning the long time behavior of higher Sobolev norms was
first given in [19]. The proof in [19] involves iterative estimation of higher order
derivatives involving elaborate combinatorial arguments. We obtain this result as an
application of Theorem 2.1. The use of Gevrey class technique presented here provides
an alternate proof.

_ 2 ‘
THEOREM 3.3. Let x € (1,2] and denote po = —=5. Let ) be the unique regular

solution to (3.6) for initial data ng € LP°(R?). Then, the following estimate holds

(e e %

C
(3.7) Il < tf forallt >0, a >0,
PO K

where the constant C' may depend on 19, but is independent of t, a.



GEVREY REGULARITY FOR DISSIPATIVE EQUATIONS 387

3.3. Nonlinear Heat Equation with Fractional Dissipation. We consider
the nonlinear heat equation of the form

(3.8) u + A" = alu|" Yy, zeRY >0, a R

Here we take k,n € (1,00). For all initial data ug € Hg, B> 6= % — £+, local in

time analyticity of the solution follows immediately from Theorem 2.1. We give an
application of Theorem 2.1 to the decay of solutions.

THEOREM 3.4. Let u be a solution of (3.8) with space periodic boundary condition.
Let |a| < € for a suitably small € and assume that either (i) or (i) below holds:

d
(3.9) (i) k<d andn < d—i_—ﬁ (i7) k> d, n € (1,00).
— K

In this case,

KR

1 d
1ASu®)]] 2 < Cllulto) o (¢ = t0) 27, ¢ > o= 5 ~

3

n—1

where ||u(to) | ys. s sufficiently small to apply Theorem 2.1. In the whole space case,

the same conclusion remains valid if Kk < d and n = gf—ﬁ.

REMARK 3.5. Local in time analyticity result for this equation can be found in
[34, 31] while some asymptotic properties of solutions (particularly, involving the L>°
norm of the solution) can be found in [30], [20], [62] and references there in. However,
the higher order decay results for (3.8) appear to be new.

3.4. Burgers-type equation with higher order nonlinearity. We now give
an application to decay for a viscous Burgers’ equation on R of the form

(3.10) Ou — Au =9, (u"), n>3.

Here we take p = 2 and, as is customary, we denote Hg =H,BeR,p # 0 and
H® = L?. For p = 2,k = 2,ay, = 1 and ar, = 0,1 < i < n, the critical space for
(3.10) is HP with B, = & — -1

2 n—1-°

THEOREM 3.6. Let ug € H-1 N L2 for n =3 and ug € L? for n > 4. Then, for
any weak solution u of (3.10), there exists tog > 0 such that

IA¢u(®)l] - < Ce lulto) o (= t) 2P, ¢ > .,
where C¢ ~ CSCS and |[u(to)||s. is sufficiently small to apply Theorem 2.1.
REMARK 3.7. In case n = 2, the critical space is H~%. If we show that
(3.11) ligglf Jull -3 =0,

decay of higher Sobolev norms hold. The higher order decay result for n > 3 appears
to be new.
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3.5. Cahn-Hilliard equation (special case). The Cahn-Hilliard equation is
given by

(3.12) up = —A%u — aAu+ BAMW?), zeRY B3>0, a>0.

We here consider the special case when o = 0 and 8 > 0. Since n = 3,k =4, a1, =
2,ar, =0,i=1,2,3, B := %l — 1. We have the following decay result.

THEOREM 3.8. Let u be a (weak) solution of (8.12) with initial data ug € L*.
Then, there exists to > 0 such that

HAC’U,(t)HLQ < CC Hu(to)”]f{ﬁc (t - tO)_%(C_BC)u C > Bc

where C¢ ~ (SCS when p = 2 and ||u(to)||gs. s sufficiently small to apply Theorem
2.1.

The generalized Cahn-Hilliard equation has been studied in [61]. Local in time
Gevrey regularity for for a particular case of this equation has been established in
[60]. Due to Theorem 2.6, we can in fact obtain a global Gevrey regularity result.
Consequently, we can improve the previous decay result to include the generalized
Cahn-Hilliard equation in the periodic case.

THEOREM 3.9. Let u : T? — R,d = 1,2,3 be a solution of the general Cahn-
Hilliard equation of the form

2N—1
ug — A% = Af(u), f(u)= Z aju’  and asn_1 = A>0.
j=1
Assume further that
2N -2
(3.13) S flagl <6,

Jj=1

for & suitably small and let uy € HP with % < B < 2. Then, any solution u satisfies
the decay estimate

_¢=8

[ASu(t)] . < Ccllulto)llgs (t —to)™ =, ¢ > B,

where ||u(to)||ys is sufficiently small to apply Theorem 2.6.

REMARK 3.10. The decay results presented in Theorems 3.6, 3.8 and 3.9 are new
to the best of our knowledge.

REMARK 3.11. As seen above, our approach to Gevrey regularity applies to
a large class of equations which has a dissipative regularization. It however does
not apply to equations which are regularized by a different mechanism such as the
Navier-Stokes-Voight model where the regularization is dispersive in nature. It is
known however, via a different approach, that the attractor of the Navier-Stokes-
Voight model lies in a Gevrey class [39].
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4. Proofs of Main Results.

4.1. Degree n nonlinearity. We start with some preparatory results with the
notation in Section 2.1. The following lemma is well-known, but we provide a proof
for completeness and to give precise estimates of the constants involved.

LEMMA 4.1. Let 5,t >0 and kK > 0. The kernels k1 and ko corresponding to the

symbols

my(€) = [€Pe7 I my(€) = |¢)Pe eI

are L' functions with

20B/k 3B/ K

t'@/ﬁ ) i:1727

[Eill o <

where C' is a constant independent of B and k.

Proof. We only need to obtain the desired estimate for m; and ms with ¢ = 1.
Then, time dependent bounds can be obtain by the scaling: £ — tif . To estimate m;
at t = 1, we use the Littlewood-Paley decomposition (see Appendix for the definition
of this decomposition). Since the estimation is the same for m; and ma, we only
estimate mo. We apply A; to ms and take the L' norm.

HAijHLl < (0298 HAJB—IﬁInH < 023‘66—%,
L1
where the first and second inequalities can be found in [38]. Then, we have
@)l <OY Aol < €3 9" <208l
j€Z i€z
which completes the proof. O

From this lemma and the definitions of the operators T; and the Gevrey norms,
we immediately have the following estimates concerning the Gevrey norms.

LEMMA 4.2. Denote Cz = CPB8. For any s,t, 3 >0, we have

_14pk
Ak,

C
B
1Tt (s 5. < Cllelluesssan s e < 57 ollus:

Gu(s,B+8’,p)
where ar, is as defined in (2.3).

We also have the following result concerning the semigroup. To do so, we need
the following elementary inequality:

(4.2) (z+y) <2”+y", 2,y=20, y€[0,1].
In the inequality above, by convention, we take 0° = 1 when v = 0 and min(x,y) = 0.
LEMMA 4.3. Let 0 < s <t < o0o. Let

o e_c((t_s)l/n_,’_sl/»i_tl/n)Al

The operator E is either the identity operator or is a Fourier multiplier with an L'
kernel and its L' norm is bounded independent of s,t.
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Proof. Note that since £ > 1, by (4.2) we have t'/* < s'/% 4 (t — s)/%. Thus,
E = e~ %1 where

a:c{(t—s)l/”—ksl/“—tl/“} > 0.

In case a = 0, F is the identity operator while if a > 0, F is a Fourier multiplier with

symbol mg(§) = Hle e~ 9%l Thus, the kernel of E is given by the product of one

dimensional Poisson kernels H?Zl m The L' norm of this kernel is bounded

by a constant independent of a. 00

LEMMA 4.4. Let k > 1. The operator E = e-3aM"+a' e s ¢ Fourier multiplier
which acts as a bounded operator on all LP spaces (1 < p < 00) and its operator norm
1s uniformly bounded with respect to a > 0.

Proof. When a = 0, E is the identity operator. On the other hand, if a > 0,
then E is Fourier multiplier with symbol mz (&) = o~ ot/ e[ +ela el Gince mg (&)
is uniformly bounded for all £ and decays exponentially for [¢] >> 1 the claim follows

from Hormander’s multiplier theorem (see [59]). O

LEMMA 4.5. Let ug € Hgo for some By € R and 0 < T < oo, B8 >0. Denote

(4.3) M = sup tP/*
0<t<T

AR
€tA’U/‘

Gu(t,fo+B.p)
Then M < Cglluol|zso and M — 0 as T'— 0.
P

Proof. Due to Lemmas 4.2 and 4.4, for any 0 < ¢t < T, we have

Go(t.Bo+Br)
< Cpt™ % [A%0ug |, = Cat ™/ luol| 0.,

1/kA. _14AK _ 1Ak
oot/ "ML= 1A% A B~ LA ABOUQ‘

<C HAﬂe_%tAmAﬂOuo’

Lp Lr

which proves the first assertion. Concerning the second, note that there exists up €
HEZ*+50 such that |lug — gl gso < € for any € > 0. Proceeding as above, and using the
P

fact that ufy € HIZT%, we obtain

tﬁ/“

. K
o—tA Uo‘

Gu(t,80+8:p)

+ P/ et !

G'U(t,ﬁoﬁ»ﬁ,p)

Stﬁ/’f

e A" (uo — ug)

Gu(t,Bo+8,p)
< Ce+ C’tﬂ/"‘HugHHﬁwo-

Letting t — 0 and noting that € > 0 is arbitrary, the claim follows. O

We need the following versions of the Kato-Ponce inequality [40]. For T' = A or
I'= (I +A), we have

(4.4) T2 1o < C TP Loy 190 + 0l 2z TP 0a]

where 3 > 0 and 1 < p,p;,q; < oo are such that 1 = pil + L =14 q%' For
completeness, a proof is provided in the Appendix. The following lemma, which
shows that the Kato-Ponce inequality holds for Gevrey norms, is crucial to estimate

the nonlinear term in (1.1).
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LEMMA 4.6. Lett,8 >0 and 1 < p,p;,q; < oo such that % =
Then, we have the following estimate:

1 1 _ 1 4 1
P1+ZI1_ e

||f9HGv(t,5,p) <C Hf”Gv(t,ﬁ,pl) ||9||Gv(t,0,q1) + ||f||Gv(t,0,p2) ”9HGv(t,ﬁ,q2) ’

Proof. For notational convenience, denote
(4.5) a=ct/" p=eMf =ty

By a density argument, it will be enough to prove the result for ¢, € S(RY). Note
that, using the Fourier inversion formula, we have

Balh9) = 9) = (€70 0g) ()

i (& gatliernll =gl =) (£)5(n) de dn.

Recall that for a vector & = (&1, ,&4), we denoted |7 = Zle |&i]. For & =
(&1, ,€4),m = (M, ,na), we now split the domain of integration of the above
integral into sub-domains depending on the sign of &;,n; and &; 4+ n;. In order to do
so, we introduce the operators acting on one variable (see page 253 in [44]) by

o 0
Kif = o / i, Koaf= o [ @i

— 00

Let the operators L, —1 and L, ; be defined by
L[ ise —2aie|
La,lf = f7 La,flf = 5 e -e f(é.) dg
27T R

For @ = (aq,- - ,ad),g: (B1,---,Ba4) € {—1,1}¢, denote the operator
=Kp Lia,p, @ @ Kp,Lta,8, and Kg=ka, ® - Q Kq,.

The above tensor product means that the j—th operator in the tensor product acts
on the j—th variable of the function f(z1,---,zq4). A tedious (but elementary) cal-
culation now yields the following identity:

Bty = > Ka((Zapf) (Zacs9).

&,8,7e{-1,1}4

We now note that the operators Kg, Za@ 5 are linear combinations of Fourier mul-
tipliers (including Hilbert transform) and the identity operator, and commute with
A; and A. Moreover, they are bounded linear operators on LP,1 < p < oo and the
corresponding operator norm of Za@ 3 is bounded independent of a > 0. Thus, we
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have
19l Gowsp = 1N (Fo) L, = |47 (e M) (=™ 0)) |l
=1 Y Ka((Zas) Zea®)
a,8,7e{-1,1}4 e
_ Kar* (2, 5.5¢) Zogs?))
&B.7e{-1,1}¢ Le
<ca(( mw) Zazat)) |,
<c|| o Zez)l 5], 187 203 70| o]

a 575A5¢HLP1 1 Za,a,57¢ Lo + ’

. L _AB
Za,&,ﬁwHLpz 11>0¢;VA 1/)‘|qu:|
S C |:||f||Gv(t75,p1) ||g||Gv(t7O,q1) + ||f||Gv(t7O,p2) ||g||Gv(t751q2)j| )

where to obtain the above relations, we used the commutativity of A? with the oper-
ators K5 and Z_ L the LP-boundedness of these operators with uniformly bounded
operator norms with respect to a > 0 and (4.4). O

LEMMA 4.7. Let s >0, 1 <p < oo and 0 < «a, ﬁ<% anda+6>%. We have

d
(46) ||fg||Gv(s7'y,p) S C ||f||Gv(s,0¢,p) ||g||G’U(S,5,p) ) T=Q + B - ;

Proof. Applying Lemma 4.6, we have

(47) ||fg||Gv(s7'y,p) S C (Hf”Gv(s,'y,'r‘l) ||g||G1}(s,O7r2) + ||f||G'U(S,O,T3) ||g||Gv(s,'y7r4)) ’

where L + L =1L 4+ L — 1 We now need the Sobolev inequalities ([44])
T1 T2 r3 T4 p
d d d
(4.8) Iflle <CAf],,, 0<d<—=, 6==—-.
p p q

By taking r;,i =1,--- ,4 in (4.7) with

1 1 a-vy 1B 1 1 « 11 -
roop d’ ro p d r3s p d rs p d ’
and applying the Sobolev inequalities given above, we obtain (4.6). O

An iterative application of this lemma yields the following;:

n

11+

=1

< OH ||fi||Gv(s,Oti7P) ’

Gu(s,v:p) i=1

—1)d d
v = Zal (n=1)d >0, max {a1}<5

1<i<n

(4.9)
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Proof of Theorem 2.1. Let v = By + 8 for adequate 8 > 0 to be specified later
and define the Banach space

B = {ue C0.1):HP) : |[ulp := max{ullz,, [ul s} < oo},
where

||u||E1 = Ssup ) HU(S)HGU(S,,B(),Z))v ”u”Ez = Sﬁ/’{”u(S)HGU(SfY;P)'

se(0,

Additionally,
E= {uEE: Hu—e_tAﬁuoH SM},
E

where M is as in (4.3). It is easy to see that £ is a compete metric space; it is a closed
and bounded subset of the Banach space E. For S as in (2.1), note that

(4.10)  (Su)(t) = e " ug + (Bu)(t), (Bu)(t) = /O e~ =IN G(u(s)) ds.

We need to prove an inequality of the form
(4.11) [(Bu)llp < CT"|Jull%,

for u > 0 satisfying p = 0 if and only if By = §.. Note that this implies
HS’u - e_tAKuOHE <OT*M™, ||Su— Sv|l,; <nCT*M™ u—v||g.

The first inequality immediately follows from (4.11) while the second follows by noting

(412) G(u) = G(v) =Y ToF (Tyu, -, Tioyu, Ti(u — v), Tigav, -+, Tn(v)) .

i=1
If By > B¢, then > 0 and S is contractive in £ provided T is sufficiently small. On
the other hand, in case Sy = B, and pu = 0, in view of Lemma 4.5, we can either
choose T small in case the initial data is arbitrary or the initial data sufficiently small
if T = oo, to reach the same conclusion. We now proceed to estimate ||Bul/g,, the
estimate for ||Bu||g, being similar. Note that

He—“—S)A“G(u(S))‘

ectl/*‘/\l A'ye—(t—s)A" G(’UJ(S))‘

Gu(t,y,p) ‘ Lr

< O [Jestimt " e s =090 p G|
Lr

(4.13)
=C

ec(tfs)l/ﬁAlfé(tis)AN ecsl/NAl A'Ye*%(tfs)ANG(u(S))‘

Lr
<C HA'yecsl/wAlef%(tfs)A'”'G(u(s))‘

e

By (4.9) with o = v — g, and Lemma 4.2 with 8/ = 37"  aq, + (n— 1)% —(n—1)7,

N (B) ()| ey

S | 1
< Cllulfp t7/% / d
(4.14) = HUHEQ o s(nB)/k (t — S)%[ZLO aTi+(n—1)%—("—1)’Y] s
(n—1)(Bo — Be)

< Clulig,pr, p="—E020
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In order to apply (4.9) and Lemma 4.2, and to ensure the finiteness of the integral in
(4.14), we need

" d d - d
B = or, +(n—1 <——”y> >0, y— min ar, < —, ny— oar;,—(n—1)—>0.
> ar+u-) (! i on < Y a1

=1

For the convergence of the integral in (4.14), we also need nf < k and ' < k. A
choice of B > 0 satisfying all these conditions can be made provided the conditions
on the parameters stated in the theorem hold.

4.2. Analytic Nonlinearity. Here we follow the notation in subsection 2.2. We
once again start with some auxiliary results.

LEMMA 4.8. Let 8 > %. For any t > 0, we have
1f9llcue,s.0) < ClfllGue.s.mll9ll o, 8.p)-
Proof. For notational convenience, denote
a=ct'", p=eMf p=ethig

Proceeding as in the proof of Lemma 4.6 (with the notation there in) and using (2.14),
we obtain that

1f9llGuce,5.p)
<O || 2,20+ 89| 1 Zaastll o + | 20259, | ZacaT + 270, ]
< O [T+ M0l 10+ 8V Zaag] o + [T+ 872, 50| I+ 8], ]

< Cllellgsll¥llgs < Cllflavsmllgllaoes.p,

where we have used the fact that (I + A) commutes with Z_ 5O
LEMMA 4.9. Let 8 > g, 5 >0 and u,v be such that
was (1Tl 1Tt Gt | < B
For notational simplicity, denote F(Tyu,---,Thu) = F(u). Then, there exists a con-

stant C independent of s,u,v such that

||F(u)||Gv(s,B,p) S FM(RO)5

4.15
W) 1P = FOlgugep) < CFa(RO) mas 1T~ )y,

D)

Proof. The first inequality in (4.15) is an immediate consequence of Lemma 4.8.
Concerning the second, proceeding as in (4.12), we have

IF (@) = F0)llgusp < D laglliICYRITE max | Ti(u = v) | gug s
jezt T

< OFy(RC) max [ Ti(u = v)llgy(s p.p) -
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This completes the proof. O

Proof of Theorem 2.5. We recall a = max {ar,}, and set

E = {u € C((O,T);Hﬁﬁa) ulle = sup [[u(s)]|Gu(s,a,p) < 2R}.
s€(0,T)

Proceeding as in the proof of Theorem 2.1 and using Lemma 4.9, we obtain

C

4.16 - -
( ) G'U(t,ac,p) - (t _ S)(QTO+0¢)/I€

Fu(2RC).

e*<tfs>A”G(u(s))]

Thus, we obtain that

Similarly, using the second inequality in (4.15), we can also obtain

1— aTO +a
< CFy(2RO)T %
E

/t e~ U=IN Glu(s)) ds

0

aTO +a

|Su — Sv||, < CFy(2RC)T' ™~ |lu— v g.

The proof is now completed along the lines of the proof of Theorem 2.1.

4.3. The periodic case. In this case, A has a minimum eigenvalue, denoted by
Ao > 0, and the Fourier spectrum of all periodic functions with space average zero is
contained in the complement of a ball with radius Ag. Thus, following [15, 38], we
can show that

He—amuOH < Ce™ N ||ug|| s, a > 0.
Lr

This fact can be easily proven for p = 2 using Plancheral theorem. Thus, instead of
(4.16), we can obtain

Hef(tfs)ANG(u(s))‘

et et

e Gu(t,B+ap) Gu(t,B+a.,p)
. _ AR (t—s)
Z1aE(—s) || =3 (t—s)A" ’ Ce™ 270
< 0 G < Fy(2RC).
<e 2 e (u(s)) Goltfraw) — (L — 5)@mta m(2RC)

Using now the elementary fact (see for instance Proposition 7.5 in [7])
t
sup/ e Mg ads < C <00, b>0, 0<a<l,
t>0 Jo
it follows that
|Sullp < CFv(2RC)  and  ||Su— Sv||p < CFy (2RC)|ju — v||g.
The proof of Theorem 2.6 follows from the above discussion and by noting that

lim Fjp(2RC) =0, limsup F};(2RC) < 6.
k=0 R—0

We can thus ensure that S is contractive for T' = oo provided [[ug||gs+o and J are
P
small.
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4.4. Equation in Fourier space. As before, we start with some estimates on
Gevrey norms.

LEMMA 4.10. For any s > 0 and 8 =0, we have

[u* vl Gues) < Cllullaogs)lvllauogs)
Proof. Let v = %sl/". By triangle inequality [£] < |£ —n| + ||,

lux vl < C / / ¥l (€ — n)lol (n)dédn
Rd1 JR1

< O/Rd /R ) (€ — e o] (m)dédn < Cllullguis 0l Goce),

which completes the proof. O

Lemma 4.10 tells that for any s > 0, Gu(s) is a Banach algebra. Therefore, this
space can be used to estimate analytic functions G(u) as follows.

LEMMA 4.11. Let G be as in (2.13) and u,v be such that

i {1 Tl go 5. [Tt Guge 5. ) < R

For notational simplicity, denote F(Tyu,---,Thu) = F(u). Then, there exists a con-
stant C' independent of s,u,v such that

”F(U’)”Gv(s) S ClFM(RC)7
4.18 /
W19 B~ )l < OFu(RO) s 1T =)y

Proof. The first inequality in (4.18) is an immediate consequence of Lemma 4.10.
Concerning the second, we have

F(u)=F(v) =Y a; (u” —v")
JjEZs

l7]—-1

S>> { (131 =1K1) o *IRl _ o (lal=1kl— 1)*v*(|k|+1)}

]ezd k=0

Applying Lemma 4.10, we readily obtain

||F(U) ( )”G'U(S < Z|a]|]C]RJ ! max ||T (u_v)”Gv(s
j>1

< CFM(RC) 1@?’2(” ”Tl(u - U)”G'u(s) :

This completes the proof. O

LEMMA 4.12. From the assumptions on T;, for s, t, 8 >0,

——t’}D
(419)  WTivlgy < Iollousony,  [[Te 320 < 2 illous
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Proof. By definition of the Gevery norm, the first term in (4.19) can be obtained
by

o 1o
ivllgugy < [ 166272 Eu@lds = Vlontsa,
Since for all « >0
|§|O‘e_t‘5‘N < Out™%, where C is independent of &, ¢, a,

we can prove the second term in (4.20) by

_1
fre-b.

Liglry 1.+
< OZT,L67§‘E‘ te§5“\f\ v d
< L ()lde
Cor,

- taTi/fi

1.1 C
/ A F I (©)lde = —C o]l
Rd

tor; /K

This completes the proof. O
Proof of Theorem 2.7. We set

E={ueC(0.1):V): fuls = suwp max{|u(s)lcuc: [u(s)lcun} < R}
s€(0,T)

For u € E, we define
t
(4.20) (Su)(t) = e Pug +/ e~ =9 G (u(s))ds.
0
Note that since x > 1, we have t1/#® < s1/# 4 (t— 3)1/"‘. Consequently,

e B N S CONIGIE

(4.21) <C N 3=V 16l = FU=9)lEl" o35V o~ G2UE |7y F(u(s)))(€)| de

<c [ d e S P de,
where we use the fact that
(4.22) e3T " IEl g BIET — o3I e =3I e < o
with the constant C' independent of 7,&. Therefore,

(4.23)
e 2 G us))|

OtTo

Car
< ——mF7F— < "%
Gu(t) — (t — §)°To/" 1@l o = C1Fu(RO),

(t — s)2T0/*

where we use (4.19) to obtain the first inequality, and we use the first inequality in
(4.18) to obtain the second inequality in (4.23). Similarly, one can obtain also the
estimate

a2 e R6) S

<— (1 Fy(RC).
Go(t,a) (t — S)(aTo-l-Oz)/n 1 M( )
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Thus, we obtain that

(4.25) ’ /0 {92 G u(s)) ds

17°‘T0+°‘ 1,aT0
< Cogy+aFv(RC) max ¢ T — =
E

Proceeding along similar lines but using the second inequality in (4.18) in the last
step, we can also obtain

ocT0+oc

(4.26) |Sui — Sua|| g < FJ,W(RC) max {Tl " ,Tla%} [lur — usz| g-

Concerning the linear term, using (4.22), it is easy to see that

ol 5

(4.27)  max {[le”®uollgu(e). lle” P uollcu(t,a) } < Cmax {|Juoll, [luolla} <

From (4.25), (4.26) and (4.27), it follows that S is contractive in F provided T is
suitably small. Thus we can find a fixed point. The adjustment in the above argument
necessary to obtain the global result in the periodic setting is similar to Subsection
4.3 above.

5. Proofs of Applications. We now provide the proof of the decay results
stated in Section 3.

5.1. Proof of Theorem 3.1. It is enough to prove (3.2). For ug € L2, we have
the following energy estimate

t
[u(®)]|72 +/ lu(s)II: ds < [luolZ:-
0
This implies that

(5.1) sup [[u(t)[[Z> < [luoll7z, liminf [lu(t)z = 0.
>0 t—o00

In order to obtain the second relation in (5.1), for € > 0 arbitrary, choose ¢ large so
that +[uol|2. < e/4. We note that the energy inequality yields

1 ! 2 1 2
o [ o)l ds < 7 ol
0

This immediately implies that there exists ¢ty € (0,t) such that ||u(t0)||§]11 < €. Recall
now the interpolation inequality

lullggs < llullfs lullisys B=081+(1—0)8, 06€(0,1), SR, i=12

Due the uniform bound on |lu(t)||%., it also follows that litm inf ||u(t)||ys = 0 for
—00

0 < B <1. When p =2, we have 8, = % and consequently (3.2) holds, which implies
(3.5). For p > 2, (3.5) follows from a direct application of the Sobolev inequalities
(4.8). We now focus on the case 1 < p < 2. To this end, we use the the vorticity
w =V X u. Note first that

htrgérolf lwl72 = htrgérolf (IVul|32 = htIg})I.}f [|ullg. = 0.
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From the vorticity equation,

wi +u - Vw — Aw = wVu,
we have the uniform L! bound (see [13])
(5.2) @l < ClluollZz2 + llwoll)-

The uniform L' bound and the interpolation inequality

1-0)
lwllzo < wlfaflwl®, 1/g=0+(1-06)/2

implies
(5.3) htrglogf lwllpe =0, 1<g<2.

Recall that Vu = V(V x (A)~w). The operator V(V x (A)~1) is a Fourier multiplier
of homogeneous degree zero, and consequently, by the Calderon-Zygmund theorem,
we have

(54)  wllgs = [ASw]],, ~ [[AVul,, ~ lullgive, 1<g<oo, ¢20.
Consequently,
(5.5) htrglogf ”u”Hé =0, l<g<2

For p = 3/2, 8. =1 and (3.2) follows directly from (5.5). For 3/2 < p < 2 and . as
above, applying (4.8), we have

lullage < Nl ,

and once again (3.2) follows from (5.5). We now consider the case 1 < p < 3/2. From
(5.4) and (3.5) with p = 2 which we already established, it follows that

(5.6) tl_lfgo wllgge < tlgf,lo [ullgase =0, ¢ =0.
Recall now the generalization of the Gagliardo-Nirenberg inequalities for the fractional
homogeneous Sobolev spaces (see [48]), namely,

1 6 1-0
5.7 Wllira < C|lwl|frer ||w , 0€(0,1), a=0a;, —-=—+ .
57 lwllgy < Cllwllfo | 72 (0,1) e

Combining (5.7) with (5.3) and (5.6) we have
liminf ||lw|ys =0, >0, 1<p<2.
t—o0 P
Consequently, by (5.4), we also have
htrglogf ||u||H117+a =0, 1<p<3/2, B>0.

Noting that for 1 < p < 3/2, we have 8. > 1. By taking § such that 14+ 8 = ., (3.2)
follows.
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5.2. Proof of Theorem 3.3. For notational simplicity, we will write | -
lGot,0,p0) = Il - o). Note that in the notation of Theorem 2.1, we have Ty = V,
Ty =R, and To = I. It is known that solution to (3.6) satisfies (see [14])

lim |9z, =0, 1<p<o0.
t—o00
We apply the local existence part of Theorem 2.1 with
2
d:27 n=2, CYT0:1, ar, = a7, =0, p0:—17 ﬁc:()
o —

Let ¢, be such that ||n(t1)||Lro < € where € is as in Theorem 2.1. Applying the global
existence part of this theorem, we have

sup [[7(8) | ogr—e,) < 0©-
t>t
From (3.1), we obtain

C*a” C{a”
(t—t))~x — tx

In®)lge < forallt >¢; +1,a> 0.
PO

Also from the local existence part of the theorem, there exists to > 0,5 > 0 such that
(5.8) max {||77||Gv(t)atﬁ/“||77||H§0} < 2||no|lLro for all 0 < ¢ < to.

Thus (3.7) holds for all ¢ € (0,t2] U [t1 + 1,00). To complete the proof, we will need
to show (3.7) for ¢ € [t2,t1 + 1]. In fact, since ¢ lies in the compact interval [t2, €1 + 1],
it will be enough to show an estimate of the form

(5.9) @)l < C%a®

for a constant C' that does not depend on t or a. Note that due to (5.8), we
have [|n(t2/2)|ys < oo. Due to the global well-posedness for the sub-critical quasi-
Pro

geostrophic equations, we have (see [65, 11])

M= sup |n(t)|ys < oo.
to<t<t1+1 Po

Thus, applying the non-critical case of Theorem 2.1, there exists a time 0 < t3 < to/2
depending on M, such that

1) o) < 2t = ts)llge < 2M forall ty <t <1 +1.

Once again due to (3.1), this yields (5.9).
5.3. Proof of Theorem 3.4. As in the previous cases, multiplying by u, inte-
grating by parts and applying the Sobolev inequality, we have we obtain

D) 20 + |32 < Cla [A%720

L2
In order to apply the Sobolev inequality, we implicitly use condition (i) or (ii). Since
|| < e, this immediately implies

2
2
s < [luol2

(5.10) @+ [ a6
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Using (5.10) for the Galerkin approximation, one can establish existence of a global
weak solution of (3.8) satisfying (5.10). From (5.10), it follows as before that

lim inf [|[A®/?u][ 2 = 0.
t—o00

Again from (i) or (ii), it follows that 8. < k/2 and the Poincaré inequality implies
that

liminf ||APeul[ 2 = 0.
t—o0

The rest of the proof follows as in the previous cases. Concerning the whole space,
the proof is the same when we proceed using (4.8).

5.4. Proof of Theorem 3.6. As noted previously, it suffice to prove (3.2). We
begin with the the L? energy estimate. We multiply (3.10) by u and integrate over
R. Using integration by parts, we get

¢
lu(®)lz: +/0 lu(s)I[: ds < [luolZ--
As in the previous subsection, this implies
litrgir.}f lu(t) | = 0.
Consequently, due to the uniform bound on |jul|%,, it also follows that
lm i u(t) |0 = 0

forall0 < 8 < 1. If n >4, 8. € (0,1) and so the decay now follows. For n = 3, the
critical space is L2. Therefore, we need to show

htrglorgf [|u(t)]| 2 = 0.

To do this, it will be enough to obtain a time independent bound for |ju(t)||y-.. To
this end, we multiply (3.10) by A~2u and integrate by parts over R to get

(5.11)
G A O3 + Ol = [ Auo.(w)da
< A7) o a2 O3 < C [|A a2 @] + St e,

where we have used the fact that the Hilbert transform 0,A~! is a bounded operator
on L2. In one dimension, we have the inequality [26]:

1 1
(5.12) Ju(®)[[ee < Cllu()l 72 [IVu)llZ: -
Using (5.11), (5.12) and Gronwall’s inequality, we obtain
_ 2
A~ u(®)][2

t t
< C||A uof3, exp/o u(s)||f < ds < C A uo 7. exp/o lu(s)l[7211Vu(s)|7-ds

t
< C||A g7, exp [|u0|§2/0 |Vu(s)||%2ds} < C|A uo)|7, exp [uoll22] -

This finishes the proof.
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5.5. Proof of Theorem 3.8. We only need to show (3.2). Multiplying (3.12)
by u and integrating by parts, we arrive at

2
gl + 1l < =38 [ ju 9ul .

Noting 8 > 0, as before, this immediately yields

¢
2
lu(t)]|7- +/0 1Au(s) 72 ds < [luo|Ze-
This yields an time independent uniform bound for ||u(t)||z2 and also that
liminf ||Aul|z2 = 0.
t—o0

Interpolation immediately yields (3.2) in case d > 3. For cases d = 1,2, multiplying
(3.12) by A=2u (recall A2 = —A) and integrating by parts, we arrive at

S Al + A2, < 38 / [uldar.

This yields

s < llwoll—r.  liming fuflg = 0.

For d =1 and d = 2, we have 8. = —1/2 and 8. = 0 respectively, and thus we have
(3.2).

5.6. Proof of Theorem 3.9. Multiplying the equation by v and integrating by
parts, we have the energy inequality

1d

2 dt”u”L2 + ||AUHL2
2N -2

< Z j|aj|/ |Vul?|uf tde — (2N—1)a2N71/ V202N =Ddy.
Jj=1 R4 Rd

Let
2N 2 ON_2
h= ]|aJ|/ Vul? [uf de, I = Z j|aj|/ |Vl |ulf~ d.
j=1 wiu|>1

By applying (3.13) and Poincare inequality, we get
Il S 5/ |VU|2d.”L' S 5)\0”“4”%2, _[2 S 6/ |vu|2u2(N_1)dx'
Rd .

Provided ¢ is sufficiently small, from the energy inequality, we get

1d

Sl + 7 Al <o,

where v > 0 is an adequate constant. As before, from here we obtain

lullZz < uollZ2,  limsup[|Aull . = 0.
t—o0
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By interpolation, this implies that
lim inf [|u/[zs = 0
for all 8 < 2. By Poincare inequality, this in turn implies
liminf ||u||zz =0
t—o00
as well. Consequently,
lim inf |Ju||gs = 0
t—o0

for all 8 < 2. This finishes the proof.

6. Appendix. We now present the Littlewood-Paley theory and its application
to the Kato-Ponce inequality. For more details of the Littlewood-Paley theory, see
[12, 15].

6.1. Littlewood-Paley theory. We take a couple of smooth functions (x, ¢)
supported on {¢; |¢| < 1} with values in [0, 1] such that for all £ € R9,

+Z¢ i) =1,

where () = ¢ (£/2) — (). We denote 1 (277¢) by 9;(£). The homogeneous dyadic
blocks and lower frequency cut-off functions are defined by

Aju = 2jd/ h (2jy) u(z —y)dy, Sju= 2jd/ h (2jy) u(z — y)dy,
Rd Rd
where h = F~14 and h = F~1y. We note that
u = Z Aju in S,;,
jEL
where S,/L is the space of tempered distributions v such that lim S;u = 0 in S
j——o0

This is called the Littlewood-Paley decomposition. This decomposition allows us to
characterize a large range of functions spaces in a unified way. In this section, we only
consider the homogeneous Triebel-Lizorkin spaces ([25]):

1£lzs, = | (D 29018, 12)°
JET o

In particular, for ¢ = 2,

1
o~ 2ja A FI12) 2
(6.1) 1y = [ (D2 2218,12)
jez I
The concept of paraproduct is to deal with the interaction of two functions in
terms of low or high frequency parts. For u, v two tempered distributions,
wv = Tyv + Tyu + R(u,v), where

T,v= Z Ajul v = ZSj_luAjv, Sju = Z Ay, R(u,v) Z A uA .

1<j—2 JEL I<j—1 li—3"I<1
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Then, up to finitely many terms,

A; (Tyw) = Sj—1uldju, A (R(u,v)) = Z Apulgv.

k>j—2

6.2. Proof of the Kato-Ponce inequality [40]. We only prove the homoge-
neous part: for p, p;, and ¢; such that % = pil + qil = piz + q%, 1<p<oo,pi,q #1,
we have the following estimation:

(6.2) 1Al e < CUA fll Loy llgllza + 1 Fllzrz 1A% Laa] -

Proof. We decompose fg as follows:

Fa=3" (> a)dug+ > (D Ajg)Aus+ Y AifAug

ko j<k—2 j<k—2 li—k|<1
(6.3) = Sk fAkg+ D AuSko1gAif + > AjfArg
k k l7—k[|<1
= (a) + (b) + (¢).

We apply A® to (6.3) and estimate three terms separately. We begin with (a).

I8 @)l < [ 3| ( s ra)| ]
(6.4) g ! 1 Lr
<C [Z ‘2k55k—1fﬁk9|2} ’
k p
Since for any k,
(Sic1f (@) < CMF@) =swp o [ [()ldy.

r>0 7 JB(a,r)

where M is the Hardy-Littlewood maximal operator, we can estimate the right-hand
side of (6.4) by

(6.5)
1 1
2 2

[A* (@)l » < C |\ MS [Z 25 A gl”
k

< CIMF| o [Z |25 Ag|”

Lp k L1

< C”f”L”l ”ASgHqu )

where we use the fact that M maps L? to L? for all p > 1. By using the same method,

(6.6) [A*O) | o < CIA*Fl Loz 9]l Loz
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We finally estimate A®(c).

(6.7)

W@l <[ (X ara)[]

k =<1 Lp
<o :Z’zks > auagl]’
k I>k—2

Lpr

1

5 () (3 (o))’

l>k 2 l

<C ijzlj(m (Af2 i) ]

Lp

1
2

Lr

We now need to use the extension of the Littlewood-Paley operator [44]: if L. : LP —
LPI? is a Littlewood-Paley operator, then £ : LPI?> — LPI?]? is the extension of LL such
that

|‘£HLPl2~>LPl2l2 < c HL”LPHLPZQ :

Using this relation, we can replace the last term in (6.7) by

[ ()]

l

1

s (20

< Ol fllzez 1A% Lo -

1A%l » < C <C

Lr

[ (o) ]’

l

(6.8) L

< CIMfl Lo

L3
By (6.5), (6.6), and (6.8), we obtain (6.2). O
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