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A FUNCTIONAL INEQUALITY AND ITS APPLICATIONS TO A
CLASS OF NONLINEAR FOURTH ORDER PARABOLIC
EQUATIONS*

XIANGSHENG XUT

Abstract. In this article we study the initial-boundary value problem for a family of nonlinear
fourth order parabolic equations. The classical quantum drift-diffusion model is a member of the fam-
ily. Two new existence theorems are established. Our approach is based upon a semi-discretization
scheme, which generates a sequence of positive approximate solutions, and a functional inequality of
the type

Io(u) E/ Avu® " Au®dz > c/ |V2u®|2dz.
Q Q

We show that a priori estimates that hold for the continuous model under the assumption that
solutions are classical are mostly valid for the discretized problems. That is sufficient to justify
passing to the limit in the approximation.
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1. Introduction. Let 7' > 0 and Q be a domain in RY with boundary 9. We
consider the existence of a solution to the problem

Opu + div[uV(u® ' Au®)] — div(gu) =0 in Qr =Q x (0,7, (1.1)
Vu® v = [uV(@uw* 'Au®) —gu]-v =0 on X7 = 0Q x (0,7, (1.2)
u(z,0) = up(x) >0 on ,

where a € (0,00), g = g(z,t), and ug = up(z) are given data whose precise assump-
tions will be made subsequently.
Our first result is the following:

THEOREM 1.1. Assume:
(H1) Q is a bounded domain with Lipschitz boundary;
(H2) $ <a<l1;
(H3) g € (L>(Qr))";
(H4) up > 0, u§ € Wh2n L>°(Q).
Then there is a weak solution to (1.1)-(1.3) in the following sense:
(C1) ue C(0,T): L'(), u > 0, u € L=((0,T):; W2(Q)),
ud € L2((0,T): W' 2(Q));
(C2) Au® € L2((0,T); Liv—2(Q)), uz Au® € L2(Qr), V (u“;lAua) € LY(Q7),
and S = —éu%AuaVu% +V (u%;lAuo‘) € L*(Qr);
(C3) Vu*-v =0 on Xr;
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C4) For each £ € C®(RN x R), we have
(

- 6t§udxdt+/§(x,T)u(:C,T)d:v—/§(:v,0)uo(:v)d:v
Q Q

Qr

—/ (VuS — gu) - Védzdt = 0. (1.4)
Qrp

Several remarks are in order. First, in spite of (C2), we still do not necessarily
have that V2u®, the Hessian of u®, lies in (LP(Qr))Y*¥ for some p > 1 because we
only assume that 0 is Lipschitz. Thus the boundary condition in (C3) is understood
in the sense

/ Vu® - Védxdt = — Au®&drdt  for all € € C°(RY x R). (1.5)
Qr Qr

Second, since the set Ay = {u = 0} = {(x,t) € Qp : u(x,t) = 0} may even have
positive measure, u“z° Au® € L2(€Q7) in (C2) is understood in the following sense:
There is a function n in L?(Q7) with the property
. w2 Au® a.e. on the set Qr\ 4
= { 0 otherwise.

Obviously, it does not really matter what values 7 takes on the set A since S is
always 0 there. Of course, if it is regular enough, our weak solution is a classical one.
If a = %, then the resulting problem is often called the quantum drift-diffusion
model. Problems of this type have drawn enormous interest. See, e.g., ([4],[6],[7],
[8],[13]) and the references therein. In the existing work the assumptions on 2 seem
to be stronger than ours. For example, in [§], 2 is assumed to be a torus, while in
[4], © is taken to be either convex or C?. The lonely exception is [13], where Q is
also Lipschitz, but it only deals with the case o = % Thus Theorem 1.1 generalizes
the results in [13]. The initial value problem for the equation (1.1), i.e., Q@ = RV, has
been investigated by D. Matthes et al [10] under the assumptions that 1 < a <1 and
g = Az, A > 0. They formulate the problem as gradient flows of a suitably defined
functional in a probability space endowed with the L2?-Wasserstein metric, thereby
obtaining the existence of a solution and long-time behavior of the solution. They
further conjecture that these results should also hold for all o > % — % In attempting
to answer their open question, we obtain the following

THEOREM 1.2. Let (H3) and (H4) hold. Assume:
(H5) Q is a bounded conver domain;
(H6) ; — 5 <a<l.
Then there is a weak solution to (1.1)-(1.3) in the following sense:
(C5) u e L>=((0,T); LY(Q)), u >0, u® € L*((0,T); W22(Q));
(C6) Vu*-v =0 on Xp;
(CT7) For each ¢ € C®(RY x R) with £(z,T) =0 and VE-v =0 on Y7 , we have

- Oréudxdt — /Q &(z, 0)up(z)dx

Qp

1
+/ (EAUO‘VUO‘ -VE+ u*Au*AE + ug - V§> dzdt = 0. (1.6)
Qr
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A well-known difficulty in the study of fourth-order equations is that the max-
imum principle is no longer true. In our case, it is the specific nonlinear structure
of our equation that enables us to construct a sequence of positive approximate so-
lutions. To gain some further insights into our problem, we proceed to make some
formal analysis. That is to say, in the subsequent calculations we will assume that
u,u®, and u® ' Au® are all sufficiently regular. This implicitly requires that u behave
“well” near the set Ag.

Integrate (1.1) to obtain

/Qu(x,t)dacz/guo(x)dx. (1.7)

This is the conservation law implied by the equation. Observe that

/ w* P Audpudr = l Au*Oyudr
Q a Ja
1
= —7/ Vu® - V(9u®)dx
@ Ja
1 d a2
——%E/Q|Vu 2da. (1)

Use u® tAu® as a test function in (1.1), plug (1.8) into the resulting equation, then
apply the Holder inequality appropriately, and integrate to obtain

1 1
—/ |Vu°‘|2d:v+/ u|V(u*"tAu®)|2drds < —/ |Vu8‘|2dx+/ u|g|*dzds, (1.9)
@ Ja Q @Ja Q

where Q; = Q x (0,t). The two estimates (1.7) and (1.9) are the most obvious ones.
Unfortunately, they are not enough for the existence assertion, and one must seek new
estimates. Our first key estimate is obtained by using 1+ afluo‘*l as a test function
in (1.1) as this leads to the equation

1
/(u + u®)dx + / u® " (Au®) dads
Q a—1 Q

1
= /(uo + - 1u8)d:v —/ g - Vu®dxds. (1.10)
Q - (N

Another key estimate is derived from using Inu as a test function in (1.1), from which
it follows

i/ u(lnw — 1)dz —|—/ u® P Au* Audr = —/ g - Vudz. (1.11)
dt Jo Q Q

The second integral in (1.11) leads us to the study of a class of functional inequalities
of the form

I,(u) = | Avu®"'Au®dz > c/ |V2u®|du, (1.12)
Q Q

where ¢ is a positive number independent of u and |V?u®|? is the sum of squares of

all second order partial derivatives of u®. If this inequality holds, we have from (1.7)

and (1.9) that u® € L?(0,T; W>2(Q)) for each T > 0.
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Before we continue, we would like to mention that if o = %,N = 1 estimates
similar to (1.9), (1.10), and (1.11) are used in [2].
Obviously, the validity of (1.12) depends on 2 and «. Define

Wo ={u>0:u"e W?2(Q),Vu® - v =0 on 9O}, (1.13)

where v is the unit outward normal to 9€2. Then the question is: under what condi-
tions on « and €2 do we have that I, (u) is coercive in W, in the sense that there is a
positive number ¢ such that (1.12) holds for all u € W,? If a = 1 and €2 is bounded
and convex, then (1.12) is true for ¢ = 1. This result is well-known [3]. In fact, it is the
application of this result that yields the W22 (Q)-estimate of solutions of second-order
elliptic equations with the homogenous Neumann boundary condition. It is known
from [1] that if & =  then (1.12) holds for a box domain  with sides parallel to the
coordinate planes. In the case where oo = % and (2 is bounded and convex, a result in
[4] asserts the coercivity of I1 (u) in Wy1. Also see [14]. This result has played a key
role in establishing an existence assertion for the initial boundary-value problem for
the quantum drift-diffusion model in [4]. For more general o and 2, we have

THEOREM 1.3. Let Q be a bounded convex domain in RY. Then for each a €
(- ﬁ, 1] there exists a positive number ¢ = ¢(N, «) such that (1.12) holds.

It is also possible to find o > 1 for which (1.12) holds. In this regard, we have

THEOREM 1.4. Let Q be a bounded convex domain in RY | then for each o € [1, %)
there is a positive number ¢ = ¢(N, &) such that (1.12) holds.

Theorems 1.3 and 1.4 have been inspired by the estimate (4.11) in [10], where
the authors use a measure-theoretic method to obtain a different version of (1.12)
for O = RY. In contrast, our approach here is straightforward and elementary. In a
forthcoming paper [9], J-G Liu and this author will consider the more general form

/ u? "B Au AuPdr > c/ (Au")%dx (1.14)
Q Q

and use it to study the thin film equation. The significance of this type of functional
inequalities is that the integrand on the left-hand side of (1.14) is not necessarily
non-negative, and thus a cancellation effect has come into play.

Obviously, in the generality considered in Theorems 1.1 and 1.2, the gradient flow
theorem is no longer applicable. We will employ the classical approximation scheme
of implicit discretization in the time variable. The central issue here is how to obtain
discretized versions of the formal estimates mentioned earlier. Unfortunately, (1.7) is
lost in our approximating problems. This has given rise to quite a few complications.
The discretized version of (1.8) is the inequality

_ 1 o
[ rtaoto=pan <= [ (95 - V5P (1.15)
Q @ Jo

which does not seem to hold for every o > 0. In fact, we only have
THEOREM 1.5. Let (H1) and (H2) be satisfied. Assume that p is a positive
solution of the problem
—Ap* =G(x) in Q, (1.16)
Vp*-v=0 on 00 (1.17)
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with the property that % € L*(Q) for each s > 1, where G(x) € L*(Q). Then (1.15)
holds for all f > 0 with f* € WH2(Q) N L>(Q).

By a solution to (1.16)-(1.17), we mean that p® € W2(Q) and

/ Vp*Vnde = / Gndx = —/ Ap°ndx  for all n € W2(Q). (1.18)
Q Q Q

Note that the integral on the left hand side of (1.15) makes sense under our assump-
tions. Also, the restrictions in this theorem account for the assumption (H2) in
Theorem 1.1. However, we have managed to avoid this theorem in the establishment
of Theorem 1.2. In fact, the assumption (H6) is totally due to the condition in The-
orem 1.3. Naturally, we would expect an existence assertion for (1.1)-(1.3) whenever
(1.12) holds. To our surprise, in spite of Theorem 1.4, we have not been able to obtain
any existence results for the case a > 1, nor have we considered unbounded domains
in the context of Theorem 1.2.

The remaining sections of the paper constitute the proof of the five theorems
presented earlier. Roughly speaking, Theorem 1.1 is derived from (1.9) and (1.10),
while Theorem 1.2 from (1.10), (1.11), and (1.12).

2. Preliminaries. In this section we offer the proof of Theorems 1.3, 1.4 and
1.5. In comparison with the establishment of (4.11) in [10], our proof of Theorems
1.3 and 1.4 is rather elementary.

LEMMA 2.1. Leta > 0 and Q be a bounded domain in RN with Lipschitz boundary

oQ. If either B>« or 3 < 5, one has

20—28 B2 452(25 ) |2
/Qu |V2uP |*dx > a2[(N +8)8 — (N + 4)a] Q|V2u |“dx (2.1)

for all u e W,,.

Proof. If 8 =0, then (2.1) is trivially true. Thus assume that 8 # 0. We can also
assume, without loss of generality, that u has a positive lower bound. (Otherwise, use
(u® + a)é,a > 0, in place of u and then let ¢ — 0F. The same is understood in the
subsequent proof.) We compute, for ¢,j = 1,--- , N, that

owf = 0y(um)% = Lup—eppue, (2.2)
@
ﬂ ﬂ -« —2« « « ﬂ —« «
92 = BB —a) e ) ub=20,4 dju + a“ﬁ A ue. (2.3)
In particular, we have
Auf = BlB—a) - @) uP 2 V) + éuﬁ*‘J‘Auo‘. (2.4)
o @

Square both sides of (2.3), multiply through the resulting equation by %;uza—zﬁ , and
then sum up 7, 7 to obtain

2 —al — 2
a—u20‘_25|V2u5|2 = |V2u®|? + 2L a—aVuo‘ V2t Vu® + <ﬁ 04> E|Vuo‘|4,
(e u (0% u

ﬂQ
(2.5)
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By Theorem 3.1 in [4], for each u € W, we have that u2 € W4(Q) and
4Vuz |* +div (Va2 |?Vu®) = 2Vu? - (V2usVu?) + |Vu? 2 Au. (2.6)
Integrate this equation over 2 and keep in mind (1.13) and the inequality
(AuP)? < N|V2uf? (2.7)

1 1
2 2
4 |vu3|4da:§2(/ |V2u°‘|2da:> (/ |vu%|4dx)
Q Q Q
1 1
“ 2 2
+(/ |Vu2|4:v> (/ |Aua|2d:c> (2.8)
Q Q

1

<(2+VN) (/Q |V2uo‘|2dx); </Q |vu%‘|4da:> :

o 24+ +v/N)?
Vus |'de < %/ V200 2 da, (2.9)
Q Q

This immediately implies that each term on the right-hand side of (2.5) lies in L (£2).
Note from (2.4) that

to obtain

from whence follows

2uiawa- (VZurvue) = uiavua -V ([Vue ) (2.10)
= le( |Vu®*Vu ) |Vu°‘|4 O[Au‘3‘|Vu°‘|2
=d1V< |Vus > Vu® ) —=|Vu|!

- (ﬂ = B; 3|W“|2> [Vu|?
= div (u—a|Vu°‘|2Vuo‘) + EL|V ot — %iAuﬂ|VUO‘|2
Use this in (2.5) and integrate the resulting equation over € to obtain
g—/ w228\ V2uP P da =/§2|V2u0‘|2dw— B 2 dx
(-0~ a) o‘gfﬁ —9) /Q U%Wuo‘rld:v. (2.11)

Under our assumptions, we always have
(8- a)28—a)>0.
Keeping this in mind, we calculate from (2.11) that

a_2 2a-28v72,,82 o®(B —a) 20-28 5\2
52/ |Vou”[*da +4[32(2[3— )/u (AuP)*dx

CB-a)28-0a) [ (1. o 0 i)
- a? /Q(u_“'v“'_zﬁ(w—a)“ M) e

+/ |V2u°‘|2dx2/|vzuo‘|2d:c. (2.12)
Q Q
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Use (2.7) in (2.12), combine the two integrals on the left-hand side in the resulting
inequality, take note of the fact that the combined coefficient is positive, and thereby
obtain the desired result. The proof is complete. O

LEMMA 2.2. Let a > 0 and ) be a bounded convex domain in RY . Assume o # 3
and 8 # 0. Then we have

1 -2 1-— 1
Ia(u) > M/ |V2uo¢|2d$+ nga)/ T|VUQ|4dI
Q a Q U

(B —a)a
afa—1) 202872, 8|2
+752(5—04)/Qu [VeuP|“dx (2.13)

for all u e W,,.
Proof. Take f =1 in (2.4) to obtain

1-— 1
Au = —204111_20‘|Vu‘3‘|2 + —ul T Aue. (2.14)
a a

If & = 1, then (2.13) is a well-known classical result [3]. From now on we assume
a # 1. Multiply through (2.14) by u® !Au® and integrate to obtain

2

/Qu_o‘|Vu°‘|2Auo‘dx: 1Ciafa(u)— 1fa/ﬂ|Auo‘|2dw. (2.15)

We recall from (2.5) and (2.11)

2 2

- 1
a—/u2°‘72ﬁ|v2uﬁ|2dag:/ |V2ul | dx + po /—|Vuo‘|4d:v
8% Jo Q a o u*®

- 1
—I—Zﬂ @ / —Vu®. V2u*Vu®dr
(0% Q u

2«2 B—a ? 1 4
= [ |[V*u®"dz + —=|Vu®| dx
Q o Q U=

+ﬁ —a / (%|Vuo‘|4 — %Auo‘|Vuo‘|2) dx
(0% Q U u

— 1
_A|V2ua|2dx+MﬁTﬂAW|vua|4dI
—%Ia(u)—i—f:—Z/Q(Auafdx. (2.16)

Remember from [3] that

/ (Au®)?dx > / |V2u®|*dz  for all u € W, whenever  is bounded and convex.
Q Q

(2.17)
Solve (2.16) for I, (u), take a note of the above fact and thereby obtain the desired
result. O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let a € (% — ﬁ, 1) be given. Note that

1 (o3
—=|Vu|'de =16 | |Vu?z|'dz.
2a
Qu Q
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For each 8 < 0 we have from (2.9), Lemmas 2.1 and 2.2 that
1+ 8 -2« 4(a—1)(28 — ) 2 w2
> (G0 et o)
+ (2 + \/N)Qﬂ(l — a) / |v2ua|2dx
Q

o
1 (N+8)B—(2N+4)a+N+(2+\/_ /|v2 o2y
a (N+8)8—(N+4)a
= l / |V2u®|?dz. (2.18)
Our assumptions on « indicate
. —(2N +4)a+ N
1 h = 0.
m_h(B) “WNida

By choosing g sufficiently close to 0, we obtain the desired result. The proof is
complete.
Proof of Theorem 1.4. We can infer from (2.17) and (2.8) that

/|Vu%|4d:17§ g/(Auo‘)de
Q 16 Jo

-1 o 1
I,(u) = —T) 5 Au®|Vu? |2dr + o /Q(Auo‘)de

4(0‘;1)( |Vu%|4dx> </ (ma)%m:) +3/(Aua)2dx
« Q Q o Jo

4(a - 1) 3 2 1 / 9
> @ @

«

3 —2a o2
= /Q(Au)dx

Thus the desired result follows.
Finally, we offer the proof of Theorem 1.5.

We calculate

%
|

Proof of Theorem 1.5. Recall the proof of Lemma 2.1, and we can once again
assume that p is bounded away from 0 below. Let f be given as in the theorem.
Setting n = p*~1(p — f) in (1.18), we derive

/ p* T Ap®(p — f)dz
Q
_/vaa (VP =V (p*f)) dx

11—«
— _\/s; <|vpo¢|2+ (1 Oépa)f|vpa|2_é (ﬁ) Vf‘Ot ,Vpoz> dx

_ i al2 _ «|2
=55 [V P =V

l-—a
_/ <((1—Oz)f+2042—1) |vpa|2_1<f> Vfa,vpa+2i|vfa|2> dr
Q ap « a \ p «
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Obviously, the lemma follows if we can prove the integrand in the last integral is
non-negative. This is true, provided that

1 <f)““_4<(1—oz)f+2a—1>1<0_ (2.19)

a? p ap 2c 200 T

To see this, consider the function

O(s) = s>72* —2(1 — a)s — 2a + 1.
Recall the condition on a. We can easily show that 6(s) < 0 for s € [0,0), from
which (2.19) follows. The proof is complete.

3. The approximate problems. Throughout this paper, we will assume N >
2 for convenience. The first lemma deals with the existence of a solution to the
discretized problem.

LEMMA 3.1. Let Q be a bounded domain in RN with Lipschitz boundary 0.
Assume that a € (0,1),g € (L= ()N and

p > max{gﬂ}. (3.1)

Then for each 7 > 0 and each [ € LP(Q)), there is a solution (p,F) in the space
(Wh2(Q)n L(’O(Q))2 to the problem

p—r

—dw[(p+T7)(VF —g)|+7F =~~~ in Q, (3.2)
T

—Ap*+TpP = —Fp 41 in Q, (3.3)

Vp*v=(VF—-g)-v=0 on 0. (3.4)

Furthermore, we have that p, F € C%?(Q) for some B € (0,1) and p > co in Q for
some co > 0, where 3, cq depend on the given data.

Of course, the equations (3.2)-(3.4) are satisfied in the sense of distributions. The
last term 7 in (3.3) has been added to ensure that p cannot be identically 0. Later,
we shall see that it is also the main reason why p has a positive lower bound.

Proof. A solution will be obtained from the Leray-Schauder Fixed Point Theorem.
For the precise statement of the theorem we refer the reader to Theorem 11.3 in [5].
To apply the theorem, we define an operator B from LP()) into LP(Q)), where p is
given as in (3.1), as follows. Given that p € LP(2), we consider the problem

div[(p* +7)(VF —g)] +7F = g n Q (3.5)
(VF—g)-v=0 on 0. (3.6)

In spite of the fact that p™ +7 may not be bounded from above, we can still conclude
that there is a unique solution F in the space W12(Q) N L>(Q). See, e.g., [12], where
the solution to (3.5)-(3.6) is constructed as the limit of a sequence of approximate
solutions to problems with the elliptic coefficient p™ + 7 being cut-off from above.
Thus we may assume, without any loss of generality, that both p™ and F are bounded.
Keeping this in mind and using F' as a test function in (3.5) yield

/Q(|v1t«“|2 + Fdr < c/Q p*dx + c. (3.7)
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Here and in the remaining proof of the lemma the letter ¢ denotes a generic positive
number which depends only on the given data in (3.2)-(3.4) such as 7, f,g. Further-
more, we have

[Flloe < cllplly + ¢ (3.8)

The proof of this inequality is a minor modification of the classical arguments in ([5],
p.189-190). That is, one assumes ||F||OO = ||F*||oc and uses 5= 1(F‘*—i—A)2s 1 where

s>1land A= Hgﬂp +lpT + 7'||p, as a test function in (3.5) to obtain

/ (pt +7)|V(FT + A)*|Pdx < cs? / (ot + 1) (FF + A 2da (3.9)
o Q

2

s 2s5—1 5 pP—T . 25—1
c F A dr+c—— [ m—=(FT 4+ A) de =11 + Iy + Is.
25— 1 25 — 1 T

Now we estimate each integral on the right hand-side of (3.10). By the definition of
A, we obviously have

lp* +7ll, < A < (FF + A)%
Subsequently,

p—1

P

p—1

L <es?llpt + 7, (/ (FF + A)@”M’de)
Q

(/ ot + 72T (FF + A) D5t 1d:1:> ’

p—1

<cs (/Q(F+ + A) Spldx)p. (3.10)

To estimate I, we first integrate (3.5) to obtain

T/Fidsz/Fer:E—/udI.
Q Q Q T

As a result, we have

2
I < e /(F+ + A% d + | I3). (3.11)
2s —1 Q
Finally, we calculate
s° p— 1
I < F+ A 2s5—1
|3|—Czs—1/Q T ‘( AT de
f p=1
p— T (2s—1) -2 ’
< F A id
B 23_1H </Q( +4) ' x)
p=1
<ot /(F+ FAEEd) (3.12)
- 2s—1 Q ' '

Collecting (3.10)-(3.12) in (3.10) yields

p—1

|V(FT + A)*[2dx < cs? (/ (Ft + A)Qsp”ld:c> o (3.13)
Q Q
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By the Sobolev inequality, we have
EIS
IE* 4 Ay v, < 3 sH[(FF 4 A)fauz,. (3.14)

Our assumption on p implies that y = % p%l > 1. Letting s = x*,i = 0,1,---, in

(3.14) and making the same arguments as those in ([5], p.190), we obtain

IF7 4+ Alle < || FT + Al

Then (3.8) follows from (3.7) and the definition of A.
Now we use the function F' so-obtained to form the problem
~AY T[T = —F(pT) T+ 7 in Q, (3.15)
Vip-v=0 on 0f. (3.16)

Obviously, this problem has a unique solution v in the space W12(Q) N L>=(Q). We
define

1

B(p) = 0(v)), where 0(s) = |s|~"!s.

It is easy to see that B : LP(Q)) — LP(f2) is continuous and maps bounded sets into
precompact ones. It remains to show that

lollp < c (3.17)

for all o € [0, 1] and p such that cB(p) = p. Without loss of generality, assume o > 0.
Then the equation o B(p) = p is equivalent to the problem

—div [(p++T)(VF—g)]+TF=p;f in Q, (3.18)
a0 Oy O 0 () = —Rp
- - 5 = p) T+ in Q, (3.19)

Vo 2y v=(VF-g)-v=0 on 90  (3.20)

g

Keep in mind that p € LP(2), and thus (3.7) and (3.8) remain true. Remember that

o < 1, and thus (071(2)) (p")'™* = 0 on Q. Upon using (671(2)) as a test
function in (3.19), we deduce that p > 0 in Q. Subsequently, we have

PP
0~ H=) ==
(2 =2
We can rewrite (3.19) as
1 (e T 11—« :
——Ap*+ —pP=—Fp %47 in Q. (3.21)
% oP

Integrate this equation to obtain

T/ pPdx = ap(/ (=Fp'™ + 1)dx
Q Q
< Ellsolloll,™ + 719
<cellplz +e. (3.22)
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The last step is due to (3.8). A simple application of the interpolation inequality

1 1
ab <ea’ +c(e)b?, —-+-=1
p q

gives (3.17). In the sequel, we will not acknowledge this interpolation inequality again
when it is being used.
Applying the proof of (3.8), we can derive from (3.21) that

1Pl < cllpll2 + cllp=llp +c < c. (3.23)

By Theorem 8.22 in [5] and a boundary flattening argument [15] , we can conclude
that there exists a number 3 € (0,1), depending only on the given data, such that
F,p* € COP(Q).

Next, we show

1
~ € L*() foreach s> 1. (3.24)
p

To this end, we use ﬁ, where 0 > 0, as a test function in (3.21) to obtain

1 T / _ 1—c—
7| —————de < — [ (p+ )P *dx + FOO/ p+0) " da
/Q (p+6)* o? Q( ) 171 Q( )

from whence follows

1
7dx§c/ + 0P *dx + c.
/Q (p+0)° Q(p )

If s < p, then we take § — 0 in the above inequality to obtain

1
/ —dx < c/ PP %dx + c.
QP Q

It is not difficult to see that this inequalities actually holds for each s > 1, and thus

(3.24) follows.
Now we let v =

value problem

1

et 6 > 0. Then we can easily show that v satisfies the boundary

2

—Av+ Z|Vo2 = (Fp'=® — 7+ ZpP)o0? in Q,
v oP
Vo-vr=0 on 0N

in the sense of (1.5). By the proof of (3.8), we have

_ T
[vlloo < ellollz + cll(Fp' ™ — 7 + ;P”)U%QHp e

The last step is due to (3.24). This completes the proof of Lemma 3.1. O
Let T > 0 be given. We divide the time interval [0,7] into j equal subintervals,
je{1,2,---}. Set

T
T=—.
J
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We discretize and regularize the system (1.1)-(1.3) as follows. For k =1,--- , j, solve
recursively the systems

—div[(p + 7)(VE, — gr)] + 7F, = LT’”H in Q (3.25)
—App® + 1P = —Fieprt "% +71 in Q, (3.26)
Vor® - v=(VF,—gr)-v=0 on 09, (3.27)
po(x) = uo(x), (3.28)
where gi(z) = £ (1211)7- g(z,t)dt. Define the functions
i (1) = Pr(@) = pr-1(x)
uj(x,t) = (t — tkfl) - —+ pkfl(x), T € Q, t e (tkfl,tk],
ﬂj(x,t) = pk(x), T € Q, t e (tkfl,tk],
Fj(.%‘,t):Fk(fL'), re, te (tk—l7tk]7
7J(x,t):gk(fﬂ), ‘TEQu te(tk—latk]u
where t;, = k7. We can rewrite the system (3.25)-(3.28) as
e = — _ ou; .
—div [(w; + 7)(VF; — gj)] +7F; = 5 B Qr, (3.29)
—Aﬂja + Tﬂjp = —Fjﬂjl_a +7 in Qr, (330)
Vu;* v=(VF;—-g;)-v=0 on Xr, (3.31)
u;(x,0) =up(xr) on €. (3.32)

We will show that there are enough a priori estimates to justify passing to the
limit in the problem.

LEMMA 3.2. Let the assumptions of Lemma 3.1 hold. Then we have

/ ﬂjo‘*l(Aﬂjo‘)deds—l—T/ P V| deds
Q Q4
K(u:
+7'/ Ej_1|Vﬂjo‘|2d:cds+T/ 7' £U7)|
Qy Q Uy

1
+7'/ _7_,a|va'a|2dzds+7'2/ P K ()| deds
o, (@ +7)7;" ’ ’

|Va;*2dxds

—I—TQ/Q Hja_1|K(Ej)|dzds—|—/Qﬂj(a:,t)dx

<c4c [ |Vu;*|dzds, (3.33)
o

where

T as* !t
K = . 34
(r) /1 P ds (3.34)

Here and in what follows in the section ¢ denotes a positive constant independent of

J-
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Proof. Let K(r) be given as in (3.34). We use —K (py) as a test function in (3.25)
to obtain

1
—/ VEy - Vpgde — 7'/ F. K (pr)dx + - / (pr — pr—1)K (pr)dx
Q Q Q

= —/ g - Vpide. (3.35)
Q

We proceed to estimate each integral in the above equation. For this purpose, we
multiply through (3.26) by —p,®~* to yield

pta—1

Fy, = pkailApka — TPk + Tpkail. (3.36)

Keeping this in mind, we compute

—/VFk-Vpgdx:/FkApz‘dx
Q Q

Ap(pr®  Apr® — TP 4 o da

[l
S—

o— (0% + a — 1 T - (0%
= | o (Apr )2dw+u/pzf Vg Pda
9) o 9)
1—a)r _
—I—!/pk NV s 2d. (3.37)
«Q Q

As for the second integral in (3.35), we have

_T/ F K (pr)de = —7'/ K(pr)(pr® ' Apr® = mpp? 7 4 7p 2 da
Q Q

1-— K 1
_ _( OZ)T/ (pk)|vpka|2d$+7’/ = |Vpka|2d$
a Q Pk o (o +7)pe!
+72/ PO K (o) da — 72/ o1 K (pr)da. (3.38)
Q Q

To deal with the last four integrals in (3.38), we assume a < 1. First observe that on
the set {pr > 1} we have

« (0%

Pk
K(pr) < am2s = L—p* Y < 3.39
() < [ asm s = o ey < 12 (3.39)
and
Pk a
Ko 2 [ als 47" s = 2@+ = (et )™ (340)
. —
while on the set {pr < 1} we have
1
« «
K < a72d _ a—l_l < a—1
s [ as s = o0 D < o
and
! «
~K(pp)> | ————d
(Pk)_/pk (s+7)2@ S
o _ o
=—((p+7)* = Q+7)*). (3.41)

1—«
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Keeping in mind the preceding inequalities, we have

PP K (i) = ok E ()| — 2xgpp <y ok T E (1))

> K (pr)| — prees

200 2
1—al* X{pr<1}

> piPT K (pr)| — ¢ since p > 2, (3.42)
o K (pr) = K ()| — 2007 E (01) [X g 21

> o YK (pr)| — ¢ since a < 1, and (3.43)

_K(pr) _ [K(pr)l —2K(pk)x .
Pk Pk pr PR

[K(pr)| 20
= o 1—aXiekz1y (3-44)

Consequently, we can conclude that

+a—1)T _ l—a)r [ K o
(e} Q « Q Pk

—a—1 1-— K
> (p o )T / pkp—1|vpg|2dx+ ( a)T/ | (pk)| |Vpk°‘|2d:v
Q o Q Pk

- «
+2T/ pkp_1|sz‘|2dx—2T/ |V o [2da
Q {pPr=1}

—a—-1 1-— K
> @0 [ rwggpar s OO [ 0g opan 3.5
«a Q @ Q Pk

The left-hand side of (3.35) can be estimated as follows

1
—/ VFk-Vpgdx—T/ FkK(pk)da:—l—f/(pk—pk,l)K(pk)dx
Q Q T Jo

_ o —a—1)T _
T e e
Q Q

(1—a)7 [ [K(pr)

||Vpk°‘|2dx
Q Pk

1—a)r
AT [ e+
Qv Q
1
b [ P+ 7 [ gt K )l ds
o (pr +7)prt Q

1 Pk
—1—72/ oK (pr)|de — ¢+ = / / K (s)dsdz. (3.46)
Q T JQJpr_

Plugging (3.46) into (3.35), multiplying through the resulting inequality by 7, and
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then summing up over k, we obtain

/ uja‘l(Aﬂja)zdxderT/ PV, deds
Q¢ Q

Kf.
+T/ ﬂfl|Vﬂjo‘|2dmds+T/ B G o 2dzas
Q ' QY

1
+T/ (71_(1|Vuj0‘|2dxd8+72/ ﬂ<jp+a71|K(ﬂj)|dde
Q

aj + T)ﬂ‘ Qs
uj (x, t)
+7'2/ ;K (1) |d:cds—|—c// s)dsdx
Q4 o
<c+c [ |Vu;“|dzds (3.47)
Q
for t € {t1,t2, -+ ,¢;}. It is not difficult to see that the above also holds for each

€ (0,T]. We claim that

/ K(s)dsdx > c/ u;dx — c,
Q Jug Q

where u; = u;j(z,t). To see this, we estimate

/1 K(s)ds:x{ﬂjZl}/l K(S)ds"'X{ﬂja}/l K(s)ds

> e (Tog (4 7 = ) = (@ 7 = ()

1 —«

txen (-To D0 m) (@ - 40 )

This together with (3.47) yields the lemma. The proof is complete. O

Obviously, Lemma 3.2 is the discretized version of (1.10). At this stage, we can
not control the right hand side of (3.33), and thus it is useless by itself. To make it
work, we need additional estimates, which will require additional assumptions on the
data.

4. Proof of Theorem 1.1. Now we are operating under the assumptions of
Theorem 1.1. Thus Lemmas 3.1 and 3.2 remain valid. The proof is divided into
several lemmas. For simplicity, we assume that a < 1.
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LEMMA 4.1. Let {w;, F;} be given as in (3.29)-(3.32). Then

/(ﬂj+7)|VFj|2d:Ed8+T/ F; dwds
Qy Q
+/ |Vﬂja(x,t)|2dac+7'/ﬂij“’(x,t)d:v
Q Q
< c+c/ u;dxds. (4.1)
Q

Proof. Using F}, as a test function in (3.25) and applying the Holder inequality
in the resulting equation yield

/(pk+7)|VFk|2da:+7'/ F2dx — E/ Fr.(pr — pr—1)dz < c/(pk +7)dx. (4.2)
Q Q TJa Q

Recall that if 6(s) is an increasing function on the interval [a, b] then the inequality

/b 0(s)ds < (b—a)d(b)

holds while if 6(s) is a decreasing function on the interval the reverse inequality is
true. Keeping this and (1.15) in mind, we have

/(—Fk)(Pk — pr—1)dx = /(—PleAP? + 1ot — ) ok — pr—1)da
Q Q

1 a
> — / (Vo2 = Vi, [?) da + — / (prPT = phFY) da
a Jo Q

P+«
—I/ (Pka—ngl) dz.
Q

(07

Plug this into (4.2), multiply through the resulting inequality by 7, then sum up over
k, and thereby obtain the lemma. O

LEMMA 4.2. We have

/ (@ + 7)|VF;2dads + 7 | F; duds
QT QT

+ sup /|Vﬂjo‘|2d$+7 sup /ﬂ‘jp"""gc,
0<t<T JQ 0<t<T JQ

/ ﬂj“‘l(AﬂjQ)dederT/ w; PV, | deds
Qr | Qr ’
K a7 .
+T/ Ej_1|Vﬂjo‘|2d:cds+7'/ 7| (uj)||Vﬂj°‘|2da:ds
Qr

Qr Ui

1
+7'/ 777_(1|Vﬂo‘|zd:cds—|—7'2/ ﬂ‘p+a_1|K(ﬂ')|dIdS
or (@ +7)u;! ! ar !

+7’2/ ;K (W) |deds + sup /ﬂjdxgc.
Qr 0<t<T JQ2
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Proof. We infer from (3.33) and (4.1) that

/ w;(x, t)de < c+ c/ |Vu;“(x, s)|dzds, (4.3)

Q (o

/ |V, *(z,t)|*de < c/ w;(x, s)dxds + c. (4.4)
Q Qs

For each € > 0 we derive from (4.3) that

/ Uj(z,s)dxds < c+c [ |VU;*(x,s)|dvds
Q

Use this in (4.4), choose ¢ suitably small, and thereby yield

/ |Vﬂjo‘(:17,t)|2dx—|—/ﬂj(:zr,t)dx <ec. (4.5)
Q Q

This finishes the proof. O
LEMMA 4.3. {a;} is precompact in C([0,T]; L*(Q2)) and {w;} is precompact in
L2((0,T); L*()) for each 1 < s < 5.

Proof. Fix 1 < s < % We first show that {@;} is precompact in
C([0,T); L*(£2)). Since the imbedding Wh (Q) — L*() is compact and L*(Q) —
(Wl’N (Q))* is continuous, the desired result will be a consequence of the bounded-
ness of {u;} in L>((0,T); W (Q)) combined with the boundedness of {aai;j} in
the space L2 ((O, T); (WIN(Q))*) due to a result in [11]. To seek upper bounds for

the two sequences in their respective spaces, we first recall the Sobolev inequality

;%2 < eIV *ll2 + l[u;*|2)-
In the interpolation inequality
[h]ls < ellhllq + el ¢>s=7>0,
take h = u;%,s = 2,9 = 2*,r = 1, choose ¢ suitably small, and thereby obtain

[ l2- < (Va2 + [[a;%[1) < e (4.6)

The last step is due to Lemma 4.2 and the fact that o < 1. To continue, we invoke
the inequality

I£gll 2o < fl2llglle:  f€L2(Q), g€ LUQ), ¢>2. (4.7)

Write Vu; = 1u;'7*Vu;*. Lemma 4.2 asserts that {|V@;*|} is bounded in
L>((0,T); L*(2)) and {u;'~} is bounded in L*>((0,7); L%(2)) with ¢ = fi—i Thus
we conclude from (4.7) that

V; is bounded in L>((0,T); L"(Q)) with r = 25— > o (4.8)
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It is easy to see

su Vi, <2 su Vul| .~ <ec
OgthH illa, < OStETH ill

We estimate

T ) T 2N —1)
Sl — N
/ H(ﬂj‘i‘T)VFjHLdt:/ (/l(u] +T)VFj|1\’1d:v> dt
0 N=L 0 Q

< c/ (@; + 7)|VF;[*dzdt - sup |[T; + 7| _~_
Qr 0<t<T =2

<ec (4.9)
This together with (3.29) implies that {% is bounded in the space
L? ((O,T); (WlN(Q))*) This completes the proof of fact that {@;} is precompact

in both C([0,T]; L*(€)) and L2 ((O,T); (leN(Q))*). We claim

T

To this end, we derive from the definitions of w; and @, that for each ¢ € (tx_1, tx]
there holds

U —uj = (t—tk)%
= (t — tg) [~div[(pr + 7)(VFy — g4)] + 7F3] .
It immediately follows that
[ =5l (wrv )y < et =kl ok +7)(VE =gl a4+ 7Fkll_a), ¢ € (1, ti]-

Keeping in mind (4.9) and Lemma 4.2, we calculate

T k=3 oty
/ 15 =5 (| Ewran (- At = Z/ @5 = ;| Fa.n y) dt
0 k=1"tk=1
k=j

<P+ TVE: — g, + 7Rl )
1

b
Il

T T
§c72(/ H(aﬁﬂvm;m/ 17T, |2 dt + )
0 N-—-1 0 N-—-1

< er2,

Thus {u;} is also precompact in L? ((O,T); (WlN(Q))*) This, along with (4.8),
puts us in a position to apply a result in [11], which yields that {@;} is precompact
in L2((0,7); L*(Q)). 0

LEMMA 4.4. {Aw;*} is bounded in L*((0,T); L9(S2)), where g = m >
4N

3N—-2"
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Proof. For each 1 < q < 2, we estimate from Lemma 4.2 that

(a=1)g , | (A—o)q
2

/ A, 1 = / |AT,® ;) 3 ()
Q Q

a 2—q
A 2701 2 — (1270‘” 2
< |AT; Y [*u; ™ d u; 2= dx
Q Q
g
— 2— a—1 : 4aN
SC(/Q|AUJQ| 'Lbja dx) if we takeq: m

Whence follows the desired result. O
LEMMA 4.5. {(u;)2} is precompact in L*((0,T); W12(Q)).

dx

Proof. The key observation here is that for o > 0 sufficiently small there hold the
inequalities

= l—a—0c = .0 N+2
| F';w; ||¥ <c¢ and [[u;7], <c for some g > =5=. (4.11)

To see this, we multiply through (3.30) by —%; ™7 to obtain
Fjajl—a—a = ﬂj_UAﬂja - Tﬂjp_a + Tﬂj_a. (412)

The first term in the right-hand side of the above equation can be represented in the
form

— —0c —_ai—_Lil _‘a__lfia,a-
u; CATY =u; 2 Au®u; 2 .

By (4.7), this term is bounded in L"(Qr) with

2q
r=——,
q+2

.
where ¢ = 29—,
5 =0

A simple calculation shows that

N +2
N

T‘|g:0 >

Thus we can pick o > 0 so small that it satisfies

N+2 1-a« N +2
>7

2
T N max{2,T} and < a2”. (4.13)

Let o be so chosen. Then the second inequality in (4.11) is automatically true, and
the first term on the right-hand side of (4.12) is bounded in L~ (Qr). To see that
the same is true for the last term there, we estimate, with the aid of Lemma 4.2, that

for each 7 < 1 there holds

7'2/ ﬂjo‘_ldzdt = 7'2/ ﬂjo‘_ldzdt—FTQ/ ﬂjo‘_ld:cdt
Qr {ﬂjg‘r} {ﬂj>7’}

Tz/ K(U‘j)ﬂja—ldxdt_,’_CTa-l-l
@ <ry K(7)

IN

C

+er®™t 50 asT —0. (4.14)
[K(7)|




FOURTH ORDER PARABOLIC EQUATIONS 193

Here we have used the fact that K(r) is an increasing function and lim,_,o K(r) =
—oo. Thus {ru; 7} is bounded in L= (Q7) if (4.13) holds. To estimate the remain-
ing term there, we calculate from the Sobolev inequality that

_ 9o(p=1 2(pt+a)
/ ujQ( 7 TR dadt
Qr

T 2
S/ (/ ﬂj2(p21+a)z\7de$> " . (/ ﬂjp+ad$> N dt
0 Q Q
~
<c </ ﬂjp71|Vﬂj°‘|2d:cdt+/ ujp1+2°‘d:cdt> ( sup /uijrO‘dx)
Qr Qr 0<t<T J

Multiply through this inequality by 7’1+%, apply Lemma 4.2 in the resulting inequal-
ity, and thereby obtain

prt [ et < (4.15)
Qr

Subsequently, we have

o\ Y2 2 _ (N+2)p_ o(N+2)
/ (") dxdtle+N/ u; N N dxdt
QT QT

<c¢ because (2+ &)a—1>0.

Hence (4.11) follows.
Therefore, passing to a subsequence if necessary, we have that

T, —u ae. on Qp and weak* in L((0,T); L¥2(Q)), (4.16)
F(u)'"*7 =~ G weakly in L"~" (Qr). (4.17)

Consequently, we have

AT — Au®  weakly in L2((0,T); L5 2 (), (4.18)
F{jﬂjl_a = F‘j (ﬂj)l—a—a . (ﬂj)a — G(U)U weakly in LI(QT) (419)

P

ptao

/ Tﬂjpdl' <ecr (/ Ujp+ad/$>
Q Q
P

pta pta

§C<T » /ﬂjp+o‘dx)

Q

< crate. (4.20)

Note that

We are ready to take j — oo in (3.30) to obtain
—Au® = —-Gu® in Qr, (4.21)

while the boundary condition Vu® - v = 0 on Xr is understood in the sense of (1.5).
Let 6 > 0. We see from (4.18) that In(u® + §) is a legitimate test function. Upon
using it, we obtain

[Vu|? o
- dxdt = — Gu’ In(u® + 0)dxdt. (4.22)
Qr u” + 5 Qr
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Note that for each € > 0 there is a positive number ¢ = ¢(¢) such that
[Ins| <es™® on (0,1] and Ins <es® on [1,00). (4.23)

Combining these two yields
1
[Ins| < ¢ (5_5 + SE> on (0, 00). (4.24)

This together with (4.11) implies that
|Gu? In(u® + 6)| < |G(c+ cute)| € L (Qr)

for sufficiently small € and §. The Monotone Convergence Theorem and the Lebesgue
Convergence Theorem guarantee that we can take § — 0 in (4.22) to obtain

2
/ Nl vt = Gu? Inu®dadt. (4.25)
QT U QT
It follows from (4.11) and (4.24)
{u;” Inw;*} is bounded in L?(Qr) for some g > ~F2. (4.26)

This together with Lemma 4.3 implies

N+2

;7 Inu;* — v’ lnu®  strongly in L2((0,7); L2 (£2)). (4.27)

For e sufficiently small, we deduce from (4.24) and Lemma 4.2 that

/ T|Inw;*|dzdt < c ( / / Hjo‘ad:cdt>
Qr QT Qrp
fE=
<c PR (/ Tzﬂjo‘ldzdt) +7’/ w; “Cdxdt
QT QT

1_ 2ac

<ecrTima -0 asj— oo. (4.28)

By (4.24) and a calculation similar to (4.20), we have
7'/ w;? Inw; “dadt — 0.
Qr
Keeping the preceding results in mind, we have
/ Fjﬂjl_a hlﬂjaddfdt
Qr
= / Fiu;'~7 -7 nw;%dzdt — [ Gu° Inu®dzdt. (4.29)
Qr

Qr

In view of the proof of (4.25), we can use Inw; as a test function in (3.30) to obtain

a2

/ ;T In @ dodt — 7'/ ﬂjplnﬂjo‘dxdt—i—T/ Inw;“dxdt
Qr

Qp
2
/ G Inu®dadt = / VUl G,
Qr u®
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This is sufficient to conclude the lemma. O

We remark that it does not seem possible to derive any bounds for the sequence
{Inw;*}. Fortunately, we have that {@w;*Inu;*} is precompact in certain L(Qr)
spaces if € is suitably small. This is what has made our arguments work.

We are ready to prove the main existence theorem.

Proof of Theorem 1.1. According to Lemma 4.2, we may assume that
ﬂj%Aﬂja —n  weakly in L?(Qr).
We claim that
n= u*T Au® ae. on {(z,t) € Qp : u(z,t) > 0}. (4.30)

To see this, we define

0 ifs<e
d-(s) = ﬁ—s ifsgslgi
= lf8>g.

Then the sequence {ds(ﬂj)ﬂj%l} is bounded in L*°(€2). By (4.16) and (4.18), we
have

(ds (aj)af‘%l) AT — de(u)uT Au®  weakly in L' (Qr).
On the other hand, we obviously have
d-(u;) (ﬂj%Aﬂja) —de(u)n weakly in L'(Qr).
Consequently,
d.(u)n = da(u)u%Aua

for each e > 0. Taking ¢ — 0 yields (4.30).
We are ready to obtain the weak limit of {,/%;VF,} in L?(Qr). For this purpose,

take any & from (COO (RN x R))N with £ -v =0 on X7. We calculate that

_ — (/1 1
— A /EjVFj . {d:z:dt = A Fj (2Ej_2VEj . 5 —|— A /ﬂjdivg) dIdt (431)

Qp

Let us examine the product

1 1 o o
Fj ffévﬂj = —; "7 Au OV,
«
—iaf‘%vw + iuj—%Vuja. (4.32)

By Lemma 4.5, we have

1 o S B
—u; "7 AUV F — —nVu?  weakly in LY(Qr). (4.33)
[0 «
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We estimate

1 1
2 2
T / P3|V, |dedt < ( / Tﬂjp1|VEja|2d:vdt) ( / Tujpd:vdt)
Qr Qr Qr
%
<ec (/ Tujpdxdt> —0 asj— . (4.34)
Qr

The last step is implied by (4.20). Similarly,

1

2
7’/ Ej*%|VHj°‘|d:cdt <ecr </ ﬂj1|Vﬂjo‘|2dIdt) <ecre. (4.35)
Qr Qr
In summary, we have

1 1 o
Fj=u;~*Vu; - &dadt — — [ nVu? - Edadt
Qr 2 @ Jar

1 a— o
= —/ u T AueVu - Edzdt. (4.36)
@ Jor

Note that the integrand in the last integral of the above equation remains the same
no matter what values 7 takes on the set Ag = {u = 0} because Vu? is zero there.
For definiteness, the function 7 is understood to be 0 on the set {u = 0}.

Now we consider

Fi\/u; = ﬂj%Aﬂj“ﬂj% — rﬂj”“‘*% + rﬂjo‘*%
—out =uT A (4.37)
Assume
VU;VF; =S weakly in L*(Qr).
We can infer from (4.31) that

1 a- o ac
S = ——uTlAuo‘VuE +V (u2 2 lAuo‘) .
«

Finally, we have

(ﬂj +T)VFJ‘ = \/ﬂi7 \/ETVFJ +TVFJ‘
— VuS  weakly in (L'(Qr))V.
Now we have all the ingredients necessary to pass to the limit in (3.29). In doing so,

we take a note of the fact that the sequences {@;} and {%;} have the same limit due
to (4.10) and thereby obtain Theorem 1.1. The proof is complete.

5. Proof of Theorem 1.2. Remember that under the hypotheses of Theorem
1.2 we still have Lemmas 3.1 and 3.2. Throughout this section, we assume that

a < 1. (5.1)
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LEMMA 5.1. Let {u;, F;} be given as in (3.29)-(3.82). If T is suitably small,
then we have

o [In(@; +7)]

/ |V?;* Pdxdt + 7'/ <ujp°“ +u; "+ > |Va;* Pdxdt
Qr Qr U
+72 / (Pt + w27 [ In(w; + 7)|dedt + sup / ;| In(w; + 7)|dx
Qr 0<t<T Jo

<ec. (5'2)

Proof. We use —In(py, + 7) as a test function in (3.25) to obtain
—/ VFy - Vprdx — 7'/ Fy In(py, + 7)dx
Q Q
1
+ - / (pr — pr—1) In(p + 7)dx = —/ gr - Vprda. (5.3)
Q

Q

We now proceed to analyze each integral in the above equation. We first calculate
—/ VFy - Vprpdr = / FrAppdx
Q Q
= | Ape(pr® " Apr® — 7o 7o da
= [ Apppr® ' App®dx + (P‘FZ%UT /Q o’V pr®Pdx
o /Q o |V pr |2 da. (5.4)
As for the second integral in (5.3), we have
—T/QF;C In(py, + 7)dx
- /Q n(py, +7)(pr* Apr® = TpRP T 4 7 ) dae
_ (= /Q (o +7) 15 o2 1/ L vpe s

a Pk aJoprt+T

+72 /Q P n(py, + 7)dr — 72 /Q o1 n(py, + 7)da. (5.5)

We proceed to estimate the last four integrals in (5.5). Taking e = 15% in (4.23), we
deduce

/ or® Mn(py, + 7)dx < c/ o op + T)kTadx
{pE+r>1} {pr+7>1}

IN

a—1 l1-a l-a
c Pk (pr™2 +772 )dx
{Pr+7>1}

6/ (o= 2 472 o (7Y)de
{pr+7>1}

EEE——S
&
_(1 )loz_7
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provided that 7 is suitably small. Similarly, there holds

{pr+7<1}

{pr+7<1}

< ¢ if we choose ¢ < 1.

/ Pt lnlpy + o < c P
{pr+7<1}

On account of the preceding calculations, we have

[ o o+ r)do = [ e in(o+ 7)lds
Q Q

2 [ s
{pPr+7<1}

> / e+ UIn(py + 7)|dz — ¢, and (5.6)
Q
—/ o n(py, + 7)dx = / ok Hin(pg + 7)|dz — 2/ ok Hin(py + 7)|dx
Q Q {Pr+r>1}
> / o Hin(py + 7)|dz — c. (5.7)
Q

Now we consider the function

In(s + 1)

O(s) = sP~ —
(5) =5 -

on the interval [1 — T, 00).

It is elementary to show that the function is positive if 7 is so small that

1

> 0.
1—7

(= )1 — 7)ot -

This can be done due to (3.1). Let 7 be so chosen. Note

(o +7) _ |In(pk +7)| _21D(Pk+7)x{p -
- 1)

Pk Pk Pk

We are ready to estimate the entire left-hand side of (5.3) as follows.

1
—/ VF, - Vprdr — 7'/ FrIn(pg + 7)dz + - / (pr = pr—1) In(py + 7)dx
Q Q Q

o o +2a® —a—1)7 —a
> / Apepr® ' App¥dz + v 2 ) /Pkp Vg [Pd
Q o Q
1—a)r o 1—a)r In(pr, + 7 o
+%/ oo Voo + LT [ 0okt Dl g a2,
o Q (07 Q Pk

22 [ (e et T)

o Pk

1
+I/ |Vpka|2d$+72/ pr? T HIn(py + 7)|da
aJo pr+T Q

X{Pk+7’21}> |V dz

1 Pk
+7'2/ ok Hn(pk + 7)|dx + = / / In(s + 7)dsdx — c. (5.8)
Q T Ja

Pk—1
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This immediately implies that

_ _ In + 7
/|V2pka|2d$+7'/ (Pkp a+pk a+| (Pk )|) |Vpka|2d$
Q Q Pk

Pk
+T?/(ppm Ly prem Hm@k+TWm+c /l/ n(s + 7)dsdz
Q p

k—1

< —C/ gr - Vprdx + c. (59)
Q
Multiplying through this inequality by 7 and then summing up over k yield

In(w.;
|V?u;* Pdads + 7'/ (ujpo‘ +u; 7+ M) |Va;*|*dads

Q Qy

Uy
+ 72/ (@t + w27 |In(u; + 7)|deds + c/ / n(s + 7)dsdx
Q

uo

< c/ lg; - Vu,|drds + c. (5.10)
Q
Now recall the interpolation inequality

V2% [|2= < (V2|2 + ;% [l1), (5.11)

while if ¢ < 2*,7 > 1 then for each € > 0 there corresponds a positive number ¢ such
that

V2% lg < ell V2% [l2 + clla;* - (5.12)

With the above in mind, we compute

/ g, - Vuj|dzds<c/ ;| V| deds

< [ 1l g 19

N+2

N+2

t 2
E/ |V2ﬂj°‘|2dxds+5/ (/ uﬁd:ﬂ) ds
Q 0o \Ja
' N2
(1—a)2N N
—|—c/ (/ u; Ntz dx) ds.
0o \Ja

(1—a)2N .
N+2

< 0/ ;=0 2, (1225 12 + [ [1)ds
0

Our assumptions on « imply

We can infer from Lemma 3.2 that

max / u;(x, s)dr < c < |Vﬂjo‘|2d:cds) +ec. (5.13)
Q Qy

0<s<t
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Using this, we have that

t 2(1-a)
/ Ig; - Vu,|deds < 5/ |V, > dxds + c/ </ dex) ds
Q Qy 0 Q
t 2a
+ca/ </ dea:> ds +c
0 Q

11—«
< 5/ |V?a;% > dxds + ¢ (/ |Vﬂjo‘|2dzds>
Q¢ Q4

+ce ( |Vﬂjo‘|2dzds> +c
Q4
< 5/ |V, > dxds + c/ \Va;®2dxds + ¢
Q¢ Q4
<2 | V20,2 dxds + c/ widrds + c.
(o o

The last step is due to (5.12) with » = 1. Use this in (5.10), remember that

/ / In(s + r)dsdz = / (shn(s+7) — s+ (s +7)) [12 do
Q Jug O
1
> 5 [ it + nlds - e
2 Q

then apply Gronwall’s inequality, and thereby obtain the desired result. The proof is
complete. O

In all the remaining lemmas we assume that 7 is so small that Lemma 5.1 holds.
LEMMA 5.2. 7 [q, aPret N dedt < c.

Proof. By the Sobolev inequality, we have

T &
/ ﬂj%%r%dxdt < C/ (/ ﬂj% ﬁdex> </ ﬂjd:E) dt
Qr 0 Q Q

SC(/ |Vﬂjp+Ta|2d:cdt+/ ﬂijrO‘d:cdt)( sup /@da:)
Qr Qr 0<t<T JO

< ¢( / WPV P dodt + / u Pt dzdt)
QT QT

2

2o

< c/ WP\ Va2 dedt + 5/ TR dadt + c.
QT QT
Choosing ¢ suitably small yields
/ a POt R dadt < c/ w P VP dadt + c.
QT QT

Multiplying through the inequality by 7 and taking a note of Lemma 5.1 give the
desired result. O

LEMMA 5.3. 7F; — 0 strongly in L*(Qr).
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Proof. Note that
TF]‘ = Tﬂja_lAﬂja —T2ﬂjp+a_l +T2ﬂja_1. (5.14)

We estimate from Lemma 5.1 that

/ TQEjO‘_ld:cdt:/ Tzﬂjo‘_ld:cdt—l—/ T2ﬂjo‘_ldzdt
Qr {u;<r} {u;>7}

1
< m ‘/{u»< }T2ﬂja_1| ln(Uj + T)|dxdt + erlte
j<T

c 1+«
< - 0 0. 5.15
< |1n(2T)|+c7' — as T — ( )

With the aid of Lemma 3.2, we obtain that

/ Tﬂja71|Aﬂja|dCEdt S (/ TQUjo‘ldzdt> </ ’U,jal(AUja)QdCCdt)
Qp Qr Qr

1
2
<c (/ TQEjo‘lda:dt) < % (5.16)
Qr |In(27)|2

We deduce from Lemma 5.2 that

/ P dydt = / 2P dadt + / 2Pt dadt
Qr {u;<1} {u;>1}
<ecr? +/ 72Ot R dedt
{u;>1}

<ecr*4er—0 asT—0. (5.17)
This completes the proof. O
LEMMA 5.4. {9:i;} is bounded in L*((0,T); (W?2>°(Q))*).
Proof. Recall that
FInRwvin L e warike) T = Q T .a
FjVuj = aAuj V’u]‘ — Eu‘ijuj + EVW . (518)

The first term on the right-hand side of the above equation is bounded in (L' (Q7))¥,
while the last term there is bounded in (L?(Q27))Y. By Lemma 5.2 and an argument
similar to (4.20), we obtain

T/ u P dxdt < et NGFaIFE (5.19)
Qr

Thus the remaining term on the right-hand side of (5.18) can be estimated as follows

3 3
T / P |V dedt < (T / ujp+°‘dxdt> <T / ujp_o‘|Vujo‘|2dxdt>
Qr Qr Qrp

< er NGraITE, (5.20)
We have that F;Vu; is bounded in L'(27). We still need to consider the term

Fjﬂj = ﬂjaAﬂja — Tﬂjp+a + Tﬂja. (521)
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It is easy to see from Lemma 5.2 that it is also bounded in L'(Q27). Let £ be a C™
test function with V- v =0 on 9€2. We have

(Ovn;, &) = /Q(ﬂj +7)VFE; - Védr — /Q(Uj +7)g; - V&dx + T/Q Fjédr

= —/ Fj(Vﬂj - V¢ +ﬂ]A§)d/$ — T/ F]Aﬁdx
Q Q

- / (u; +7)g; - V&dr + 7'/ Fjéd, (5.22)
Q Q

where (-,-) is the duality pairing between W?2°°(Q) and its dual space (W2°°(Q2))*,
from which the lemma follows. O

Notice that each term on the right-hand side of (5.18) can be presented as the
product of an L? function and an L9 function with ¢ > 2. The same is true of
(5.21). As a result, it is not difficult to see that {0,4;} is actually bounded in
LY((0,T); (W27 (£2))*) for some r sufficiently large or in L*((0,7); (W?2°°(Q))*) for
some s > 1.

LEMMA 5.5. {w;} is precompact in L*((0,T); LU(R)), where ¢ = 55—y —3-

Proof. Let q be given as in the lemma. By our assumption on «, we have ¢ > 1.
We estimate that

1
/|Wj|qu= —/aj“*“)‘lwﬂjawdx
Q al Jq

. — 9
— a|2* 2" _ (-a)g2* 1=
<c [Va;*|* dz u; - dx .
Q Q

Note that % = 1. Therefore, we obtain

T
V|| 2dt < e. 5.23
0 a

We can easily deduce from the definition of %, %, that

T T
[ Ivuia<e [Vl Vul2 c=clo. G20
0 0

By the proof of (4.10), we have

T
/ Hﬂj — ﬁjH(WZoo(Q))*dt < crT. (5.25)
0

Thus {|Vi;|} is bounded in L*((0,7);L9(2)). Observe that the imbedding
Wha(Q) < L) is compact and LI() — (WQ"O(Q))* is continuous. A
result of [11] asserts that {@;} is precompact in both L2((0,7);L%(Q2)) and
LY((0,T); (W2°°(Q))*). According to (5.25), we also have that {wu;} is precompact in
LY((0,T); (W2°°(Q))*). This puts us in a position to apply the results in [11] again,
from which the lemmas follows. The proof is complete. O

We are ready to complete the proof of Theorem 1.2. We can extract a subsequence
of {j}, still denoted by {j}, such that

u; —u strongly in L'(Qr) and a.e.,
u;* — u® weakly in L2((0,T); W2(Q2)).



FOURTH ORDER PARABOLIC EQUATIONS 203

With the aid of the Sobolev inequality, we have
fQTﬂj2o‘+%dIdt <c
from which it follows
u;* — u®  strongly in L?((0,7); L*(2)).

Equipped with this, we calculate that

/ |V, ?drdt = — Au;“u;dedt — — Au*u*dxdt = / |Vue 2dzdt.
QT QT

QT QT
(5.26)
This implies that

u;* — u®  strongly in L2((0,7); W12(Q)). (5.27)
Keeping this and (5.20) in mind, we have that
F;Vu; — éAuo‘Vuo‘ weakly in L'(Q7).
On account of (5.19), we have
Fju; — Au®u®  weakly in L(Qr).

Assume &(x,T) = 0 in (5.22), integrate it over (0,T), then let 7 — oo, and thereby
obtain the theorem. The proof is complete.
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