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MINIMIZERS FOR OPEN-SHELL, SPIN-POLARISED KOHN-SHAM
EQUATIONS FOR NON-RELATIVISTIC AND
QUASI-RELATIVISTIC MOLECULAR SYSTEMS*

C. ARGAEZT AND M. MELGAARD?

Abstract. We study the open-shell, spin-polarized Kohn-Sham models for non-relativistic and
quasi-relativistic N-electron Coulomb systems, that is, systems where the kinetic energy of the
electrons is given by either the non-relativistic operator —Az, or the quasi-relativistic operator

\/—a*QAzn +a% — a2, For standard and extended Kohn-Sham models in the local density
approximation, we prove existence of a ground state (or minimizer) provided that the total charge
Ztot of K nuclei is greater than N — 1. For the quasi-relativistic setting we also need that Ziot is
smaller than a critical charge Z. = 2o~ 1n—1.

Key words. open-shell, spin-polarised Kohn-Sham equations, ground state, variational meth-
ods, concentration-compactness.
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1. Introduction. Nowadays the Density Functional Theory (DFT) of Kohn and
Sham [20, 22, 31, 35] is the most widely-used method of electronic structure calcu-
lation in both quantum chemistry and condensed matter physics. For spin-polarised
molecular systems with NT electrons with spin up and N¥ electrons with spin down,
we establish existence of a ground state (or minimizer) for the non-relativistic Kohn-
Sham problem given by

NT Nt
By =t {3 [ vahmPar+ Y [ vokmRar
n=1 n=1
+ ~/]R'* V(r)(por + pas)(r) dr + T (par + pai, Pt + pat) (1.1)

N#
+Exclpar] + Exclpat] : par = Z |¢#|2a S Cn#, #=11 }
n=1

and for the quasi-relativistic Kohn-Sham problem given by

NT
R0 <t oS [ (1o - o) o
n=1

Nt
0 S [ (TP - k) ar
n=1 R3

+ [ Vi)osr +pa)(r)dr+ T (e + paspar +p2) - (12)

N#
+Brclpar] + Buclows] : pas = Y |07 2, 0% € Cnw, # = 1,4 }

n=1
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270 C. ARGAEZ AND M. MELGAARD
with

Car = {@T - (qﬁ, N .,qﬁw) Lol € HE(R®), (o)., dh) 12 (re) = Omn } (1.3)

Cni = { @ = (0, 0%) 04 € HIRY), (6h, 0) ey = 0n . (10

where I = 1 for the non-relativistic case and § = 1/2 for the quasi relativistic case.

Here the first two terms within the brackets in (1.1) are the non-relativistic kinetic
energies of the N spin-up electrons and the N+ spin-down electrons , each term being
defined on H'(R?) , the Sobolev space of order one, whereas the first two terms in
(1.2) are the corresponding quasi-relativistic kinetic energies of the spin-up and spin-
down electrons. Therein Ty = /—A,, + a2 is (essentially) the quasi-relativistic
kinetic energy of the nth electron located at r, € R (A, being the Laplacian with
respect to r,), a is Sommerfeld’s fine structure constant and H'/2(R?) is the Sobolev
space in (2.1). The potential V() is the attractive interaction between an electron
and the K nuclei (with changes Z; > 0, k = 1,2,..., K, and locations Rj, € R3,
k=1,2,...,K)

Zy,

m7 (1.5)

K
Vi(r) = Z Vi(r);  Vi(r)=—

k=1

and the Coulomb energy J(-,-) is given by

1 p(r)x () . .,
2/H§3/Ra|r—r’|drdr' (1.6)

The spin-up electron density, respectively, spin-down electron density, is given by

NT NY
par (1) = STIG12,  respectively, pap(r) = 3 0412,
n=1 n=1

and the total electron density is p = pg+ + pgs- The exchange-correlation functional
is chosen as

Blp) = [ a(o(r) dr. (1.7

yielding the Local Density Approximation (abbreviated LDA), and the following as-
sumptions imposed on the function g ensure that (1.7) incorporates all approximate
LDA functionals used in practical implementations (see, e.g., [32]):

ASSUMPTION 1.1. Let g be a twice differentiable function which satisfies

g € C'(Ry,R) (1.8)

9(0)=0 (1.9)

g <0 (1.10)
19'(p)]

30 < - < By <wvsuch that sup ————
pery PP- + pPt
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31 <~ < 3/2 such that limsup &5) <0, (1.12)

p—0t

where v = 2/3 for the non-relativistic case and v = 1/3 for the quasi-relativistic case.

It is well-known that a spin-polarised version of DFT improves the description
of the electronic structure of atoms, molecules and solids [34, 31]. The unrestricted
Kohn-Sham model (1.1)-(1.4) is used for open shell atomic and molecular systems. In
the context of atomic orbitals, an open shell is a valence shell which is not completely
filled with electrons or that has not given all of its valence electrons through chemical
bonds with other atoms or molecules during a chemical reaction. For molecules it
signifies that there are unpaired electrons [18, 31]. In other words, it models molecular
system with an odd number of electrons such as radials, e.g., nitrogen, and systems
with an even number of electrons whose ground state is not a spin singlet state [17,
p 185], e.g., carbon. Indeed, it is common to see the electron configuration for a
nitrogen atom in its ground state depicted as

SR
1s 2s 2p

The 1s and 2s orbitals are filled with one spin-up electron and one spin-down electron,
whereas the three 2p orbitals holds a single spin-up electron each. Similarly, it is not
unusual to see the electron configuration for a carbon atom depicted as

R
1s 2s 2p

In particular, the 2p orbital of carbon in its ground state is not a singlet state.
Both of these are good examples of open-shell problems in electronic structure theory,
showing that even in the absence of an additional, external potential, the systems
have an excess of spin-up electrons. Of course, in intense magnetic fields and in
other situations, it is known experimentally that the ground state of the system is
spin-polarised. A spin-polarised theory, like the unrestricted Kohn-Sham model, is
one which accounts for an excess of spin-up (or spin-down) electrons. Numerous
physicists and chemists working in DFT have realised that spin-polarised theories can
lead to improved approximations [34, 18, 31] of molecular bonding energies, kinetic
energies, and other quantities of interest, e.g., the spin potential [12, 13].

We establish the following theorem for the minimization problem (1.1), (1.3) and
(1.4) as well as its extended version formulated in Section 4.

THEOREM 1.2 (Non-relativistic case). Suppose that N = NT 4+ N* is a positive

integer satisfying N < Zior = Eszl Zy. Moreover, let Assumption 1.1 be satisfied.
Then the spin-polarised Kohn-Sham LDA problem (1.1), (1.3) and (1.4) (and its
extended version) has a minimizer D = DR = diag (DT, DY) satisfying

D = 1(—OO,EF) (TDT,D¢) + D(é) (113)

or some ep < 0, where T'pr p1 = diag (T4, T|) with entries given by
) 4L

1 1
TT = —§A + V—i—g'(ppr) + (pm —i—pm) * m,

1 , 1
T, = —§A+V+g (ppe) + (ppr + ppi) * [’
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and where 1(_ ¢y is the characteristic function of the range (—oo, er) and DO =
diag (D?,’Dji) has entries ’D5# € S(L*(R?)), # =1, satisfying 0 < ’D5# <1 and
Ran (D) c Ker (Tpr ps — €r). Here S(L*(R?)) is the space of all bounded, self-
adjoint operators on L*(R3); see Section 4.

Analogously, we establish the following result for the quasi-relativistic, spin-
polarised Kohn-Sham problem (1.2), (1.3) and (1.4) and its extended version (4.2)-
(4.3).

THEOREM 1.3 (Quasi-relativistic case). Suppose that N = NT 4+ N+ is a positive
integer satisfying N < Zior = Ele Z < Ze = 2a w7 and let Assumption 1.1 be
satisfied. Then the extended spin-polarised Kohn-Sham LDA problem (4.2)-(4.3) has
a minimizer D := DY) = diag (DT, DY) satisfying

D = 1(—OO,EF) (TDT,DL) + D(J) (114)

for some ep <0, where Tpt p. = diag (T4, T)) with entries given by

~ 1

Ty =a 'To+V +¢'(ppr) + (ppr + ppe) * [
~ 1

T, =a Ty +V +g'(pps) + (ppr + ppi) * K

and where 1(_ o ¢y 4 the characteristic function of the range (—oo,er) and DY —
diag (D?’Di;) has entries Diﬁ € S(L2(R3)), # =1,| satisfying 0 < Diﬁ <1 and
Ran (D) ¢ Ker (Tpt pr —€F).

We give the proof of Theorem 1.3 in all details herein. For the proof of Theo-
rem 1.2 we refer to the exposition in [3].

In the mathematical literature, there are few rigorous results on Kohn-Sham
theory. In the non-relativistic setting, Le Bris [23, 24| treated the standard spin-
unpolarized LDA Kohn-Sham model. Le Bris proved existence of a ground state
using concentration-compactness type arguments as pioneered by Lions in his work on
Thomas-Fermi type models [28, 29]. Using the same method of proof, Anantharaman
and Cances [2, Theorem 1] proved existence of a ground state for the closed-shell (or,
restricted) spin-unpolarized Kohn-Sham models (standard and extended ones).

Argaez and Melgaard [4] proved the existence of a minimizer within the quasi-
relativistic setting and in the present paper ground states are shown to exist both for
non-relativistic and quasi-relativistic systems when one considers an open-shell, spin-
polarised (unrestricted) LDA models, using the concentration-compactness method.
To the best of our knowledge, no proof has yet been given for the spin-polarised case,
until now. We write out the proof for the quasi-relativistic case only because it is
slightly more technical than the non-relativistic case and, in some sense, it is more
timely. We emphasise that, for both cases, all steps in [2, 4] needs to be modified
slightly and analysis requiring new arguments enters in many lemmas, propositions
and theorems, e.g. Proposition 5.3, Lemma 6.1, Proposition 5.3 and Theorem 1.3. In
particular, new “mixed” terms of the form J(p, 1) require special attention through-
out the analysis. The notation is cumbersome and the analysis is rather tedious. The
first rigorous existence results on spin-polarised theories were established by Gold-
stein and Ruiz Rieder for the Thomas-Fermi model [15]. In a series of papers on
this and closely related models [14, 15, 7, 8, 16], they use PDE techniques, entirely
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different from the arguments in the present work, going back to original ideas by
Bénilan and Brezis [5, 6]. Although using different methods, however, the results on
the Thomas-Fermi model with Fermi-Amaldi correction in Goldstein et al [8, 16] and
Le Bris [25] coincide to some extent. For other papers, where the quasi-relativistic
kinetic operator enters for different physical models, we refer to [9, 30]; the methods
used therein are also different from the one in the present paper.

2. Preliminaries. Throughout the paper we denote by ¢ and C' (with or without
indices) various positive constants whose precise value is of no importance. Moreover,
we will denote the complex conjugate of z € C by Z.

Function spaces. For 1 < p < oo, let LP(R3) be the space of (equivalence classes
of) complex-valued functions ¢ which are measurable and satisfy [p, [¢(z)|? dz < oo
if p < oo and [|@[|pe(msy = esssupl¢| < oo if p = co. The measure dz is the
Lebesgue measure. For any p the LP(R?®) space is a Banach space with norm
| Nre@es)y = (fgs | - [Pda)/P. In the case p = 2, L?(R3) is a complex and sepa-
rable Hilbert space with scalar product (¢,v)z2gs) = fRS ¢pdx and corresponding
norm ||@||p2ms) = <¢,¢>1L/22(R3). Similarly, L?(R*)"™, the N-fold Cartesian product

of L?(R?), is equipped with the scalar product (¢,) = Zﬁlewnﬂ/’nﬁ?(ﬂ%{?’)- The
space of infinitely differentiable complex-valued functions with compact support will
be denoted C§°(R?). The Fourier transform is given by

(F)(€) = d(e) = (2m) 172 / =i (2) da.
R3
Define
H'/2(R®) = {¢ € L*(R?) : (1+¢])"/%¢ € L*(R®) }, (2.1)

which, equipped with the scalar product

(O = [ (1+1EDSOD(E) de.

becomes a Hilbert space; evidently, H'(R?) ¢ H'/2(R?). We have that C§°(R?) is
dense in H'/2(R?) and the continuous embedding H'/?(R3) — L"(R?) holds whenever
2 <r <311

Moreover, we shall use that any weakly convergent sequence in H'/ 2(R?) con-
verges strongly in LT (R®), p < 3, and it has a pointwise convergent subsequence.
Standard arguments yield the following result; an analogue of Lions’ result [28, Part

II, Lemma I.1].

PROPOSITION 2.1. Let r > 0 and 2 < q < 3. If the sequence {u;} is bounded in
H'/2(R3) and if

sup/ luj]? — 0 as j — o0
y€eR® JB(y,r)

then u; — 0 in L"(R3) for any 2 <r < 3.

Operators. Let T be a self-adjoint operator on a Hilbert space H with domain
D(T). The spectrum and resolvent set are denoted by spec (T") and p(T'), respectively.
We use standard terminology for the various parts of the spectrum; see, e.g., [10, 21].
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The resolvent is R(¢) = (T — ¢)~!. The spectral family associated to T is denoted
by Er(\), A € R. For a lower semi-bounded self-adjoint operator T', the counting
function is defined by

Coun (A\;T') = dim Ran Ep((—o0, A)).

The space of trace operators, respectively, Hilbert-Schmidt operators, on h = L?(R?)
is denoted by &1(h), respectively Ga(h) or, in short, &;, j = 1,2. The space of
bounded self-adjoint operators is designated by S(h).

We need the following abstract operator result by Lions [29, Lemma 11.2].

LEMMA 2.2. Let T be a self-adjoint operator on a Hilbert space H, and let Hq,
Ho be two subspaces of H such that H = Hq1 @ Ho, dimHy = hy < 00 and P,T Py > 0,
where P is the orthogonal projection onto Ho. Then T has at most hy negative
etgenvalues.

3. Atomic and molecular Hamiltonians. By p we denote the momentum
operator —iV on L3(R3). The operator Ty = /p? + a~2 is generated by the closed,
(strictly) positive form to[¢p, ¢] = <T01/2¢,T01/2¢>H on the form domain D(ty) =
HY2(R?). Set S(z) = Za/|z|, Z > 0, Z. = 20~ 71, and let Ty = Ty — L. The fol-
lowing facts are well-known for the perturbed one-particle operator Hy 1 o = TVO —S(x)
[19, 21]:

Small perturbations. If Z < 5 Z. then S is To—bounded with relative bound equal

to two. If, on the other hand, (2a)™! < Z < Z. then S is To-form bounded with
relative bound less than one.

We prove the above-mentioned form-boundedness. It follows from the following
inequality (first observed, it seems, by Kato [21, Paragraph V-§5.4]):

<S¢7 ¢>L2(R3) < (Z/Zc)H(b”%p/z(RS)a Vo € H1/2(R3)- (3-1)
Indeed, if, for any v, ¢ € HY/?(R3), we define the sesquilinear forms
5[¢7 (b] = <Sl/21/17 Sl/2¢>L2(R3)7
t0[/¢7 (b] = <T01/22/17 T01/2¢>L2(]R3)7 and {0[1/17 ¢] = to[w7 ¢] - a_1<¢7 ¢>L2(R3)7

then (3.1) shows that s is well-defined and also, by invoking the inequality |—iV| < T,
we infer that, for all ¢ € HY/?(R?),

s[o, @] < to[d, @] provided Z < Z. (3.2)

This is the Coulomb uncertainty principle in the quasi-relativistic setting. The KLMN
theorem (see, e.g., [21, Paragraph VI-1.7]) implies that there exists a unique self-
adjoint operator, denoted H; 1 ., generated by the closed sesquilinear form

D110, @) = tolv), ] — s[v, @], ¥, 6 € D(h11a) = H/*(R?), (3.3)
which is bounded below by —a~t. Tt is well-known [19] that

spec (Hy1,0) N[ —a™10) is discrete

spec (Hy,1,4) N[0,00) is absolutely continuous.
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In particular, specyy(H1,1,0) = [0,00). The form construction of the atomic Hamil-
tonian H1 1, can be generalized to the molecular case, describing a molecule with N
electrons and K nuclei of charges Z = (Z1,...,Zk), Zx > 0, located at Ry,..., Rk,
Ry, € R3, if we substitute s by

K

o[, 6] = > (V2 0,V %0), w6 € HY?R?), (3.5)

k=1

where Vj, is defined in (1.5) and by assuming that Zi,t < Z.. We shall use the
following IMS-type localization estimate [26, Lemma A.1].

LeMMA 3.1.  Suppose {&;}jes is a smooth partition of unity such that
Zjngj(a:)Q =1 and V¢ € L*(R") with s € (2n,00]. Then the following IMS
type estimate holds for Ty:

1 [/ 1 1
T> S 6T -~ [ o [ SSIVG | oy vrdr
0= §To&; 7T/0 T2 +7 j€]| &l T02+T\/7j T

JjeJ

Moreover, we need the following spectral result found in [11]. Tts proof is based
on Glazman’s lemma for the counting function (see, e.g, [33, Lemma A.3]).

LEMMA 3.2. Assume ¥ < Zioy < Zo, and let p € LY(R3) N LY3(R3) such that
f]RS pdx < 9. Define the quasi-relativistic Schrédinger operator T = a Ty +V + p *

(1/])-

Then, for any k > 1 and any 0 <9 < Zio, there exists €, 9 > 0 such that

Coun (—€p,9;T) > k.

4. Density operator framework. In order to turn the minimization problem
(1.2)-(1.4) into a convex problem, we proceed to extend the definition of the unre-
stricted spin-polarised Kohn-Sham energy functional. We can re-express the energy
functional and the Kohn-Sham ground state energy via the one-to-one correspondence
between elements of Cy#, # =1, |, and projections onto finite-dimensional subspaces
of L2(R?). Indeed, given an element {¢#}N”, in Cy# we can associate a canonical

#
projection operator, D# = ZN 16 7)o with trace equal to N#. We may therefore
write the energy functional as

E(DT, DY) = o~ YTx [TyD' + a~H(Tx [TyDY] — Tr [V/(DT + DY)
+J(ppt + ppis ppr + ppr) + Exclppr] + Exclppt]- (4.1)

where
_ N
TI' |:T D:| - Zto ¢n; ¢n - a_1[¢n; ¢n]a
n=1

N
Te[VD] = ) o, ¢ul.
n=1
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The direct Coulomb energy defined (in terms of the Coulomb inner product) as

Temps) =3 [ [ ontlr = opr drd
R

and the exchange-correlation functional defined as in (1.7). Then we embed (1.2)-(1.4)
in the collection of problems

Ive =inf{ (DT, DY) : (DI, DY ekl a KL} (4.2)

parametrized by (A, w) € Ry x Ry, where
Kl ={D' e S(L*R?) : 0< DI <1, Tr (D) = A, Te(T,*D'T)"%) < o0}, (4.3)
with S(L?(R?)) being the space of all bounded, self-adjoint operators on L?#(R3). The
space K} is defined in a similar way. In addition, we introduce the problem at infinity
12, = inf{ &=(D', DY)« (D, DY) e K} @ KL ), (4.4)

where
£ (DN, DY) = o ' Tr [TyD'] + o' Tr [TyDY]

+J(ppr + ppis ppr + ppi) + Exc[ppt] + Exclpps]- (4.5)

The operator D is the so-called (reduced) one-particle density operator. The general
theory of trace class operators on L2(R?) asserts that any operator D# in K# ad-
mits a complete set of eigenfunctions {¢;} in H'/2(R?) associated to the eigenvalues

€ [0, 1], counted with multiplicity. Hence we may decompose D# along such an
eigenbasis of L2(R?), in such a way that its Hilbert-Schmidt kernel may be written as

Y) =Y vadf ()67 (v).

Since D# is trace class, the corresponding density is well-defined as a nonneg-
ative function in LY(R®) through p#(x,2) = > o, va|é# (z)?, and Tt D#* =
fR3 o7 (z,2)dr = Zn21 V. Furthermore, the spectral decomposition of D# enable
us to give sense to

LIDH = v [0 @) (4.6)
n>1

By &; we designate the vector space of trace-class operators on L?(R3) and we define
the vector spaces

b# = {D¥ e &, : T,*D*T,* € &1}, # =11,

1z TOI/Z). Moreover, we define the

equipped with the norm || - [|y# = Tr(-) + Tr(T
space H = hT @ h* having norm
3= 10 M5+ 1 Il
Finally, for # =7, ], we introduce the following convex sets
K#* = {D* e S(L*(R%) : 0<D* <1, Tr[D#] < oo, Te(Ty/*D#T)?) < oo},

and we let K = K @ K+; S(L?(R?)) being the space of all bounded, self-adjoint
operators on L2(R3).
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5. Concentration-compactness type inequalities. The aim of this section
is to establish concentration-compactness type inequalities, see Proposition 5.3. To
achieve this we need to prove a series of auxiliary results.

LEMMA 5.1. For any (D1, DY) € KT @ K¥ one has \/pp# € HY?(R?), # =1,],
and, moreover, the following inequalities are valid for some positive constants:
Lower bound on the kinetic energy:

19375 e ey + 19VP0T o) < CTE 1D + CTR[TDY. (5.1)
Upper bound on Coulomb energy:
0 < JT(ppr + ppr, ppr + ppr) < CTr [ToD'] Tr [DT] + C Tr [TyDY] Tr [DY].  (5.2)
Bounds on nuclei-electron interaction: for Ziow < Z. = 2/(am),
—Cy Tr [TyD'] — Cy Tr [Ty D] < /V(pm + ppi)dz < 0. (5.3)
Bounds on exchange correlation energy: With # =1, ,
B s
- O (T [D#)' % (T [[D#) - + Tr [D#)'= 3 (Tx [Ty D¥])*+ )
< Exe(p}) <0.

Lower bound on total energy: for Zio, < Z. = 2/(am),

EMDN, DY > a ' Tr [T,D] — a2 Tr [DT) + o ' Tr [TyDY] — a2 Tr [DY]
1-84

~O T - T D] - G { (D) 4 (o)

1-p8_ 1-B4
+(Tr [DY))*57 + (Tr[DY)) %+ } (5.5)
Lower bound on the energy at infinity:
(D', DY)
>a ' T [TyD1]) — a2 Tr [P + o~ Tr [TyDY] — a2 Tr [DY]
—2C Tr [TyD'] — 2C Tr [Ty D] (5.6)

1-8_ 1-84 1-8_ 1-8,4
—o{ @D @ D)+ (o) )
In particular, the minimizing sequences of (4.2) and those of (4.4) are bounded in H.

Proof. The inequalities are straightforward implications of the ones in [4, Lemma
5.1]; we omit the details. O

LEMMA 5.2. The functionals £ and £ are continuous on H = hT @ ht.

Proof. By definition of the norm in H, (D', DY) — Tr[T,D'] + Tr[T,D] is
continuous on H. For the term [ Ve,u?, the continuity follows from the Cauchy-
Schwarz inequality and the Hardy inequality :

’/V@ﬂ —Vi?

g/V|u—a||u—|—a|d:c§C’/V|u—ﬁ|2 < Ollu— 13-
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Let W := 1/|z| = W1 + W where Wy € L* and W € L. For the term J(-,-) the
estimate

\T (pp, pD) — T (P35, P5)|

= [1on 05 < Witop + p5)

< Cllpp = pallcr (IWillzsllop — ppllLas + [Wall=llop + p5llL1)

establishes the continuity. Now,

Balpp) = Buclpp)] < C [ 1o = o ar

1-B+ 5 5 B+
<c([loo=pal ) (oo o)

Using the Sobolev embedding H'/? — L"(R?), 2 < 2r < 3, we have that

1/r
Iop = ppllesy < € ([ V75 = va5P") < CllvED - aplie

Since ||D — Dl — 0, [4, Lemma 8.1] implies that \/pp converges strongly to . /pp in
H'/2(R3), we have established the continuity of Fy.. O

With these preparations we are ready to establish concentration-compactness type
inequalities.

PROPOSITION 5.3. Let Assumption 1.1 be satisfied. Then the minimization prob-
lems in (4.2) and (4.4) have the following properties:
1. Ipo =I5 = 0 and for all \,w > 0, one has —oo < Iy, < I3, <0;
2. For all0 < p < X and all0 < Kk < w one has )

I}\,(—d < IH,V + Ijﬁuyw_y . (57)
The functions (A\,w) = Iy and (A, w) = IS, are continuous and decreasing.

First part of proof. Evidently, Ipo = I = 0 and I, < I3, for any (\,w) €
R4 x Ry. Next we establish assertion 2.
Let € >0,0< <\ 0<r<w,and let (D, D) € K, ® K,; such that

L <EMDNDY)<I,,.+e
As a consequence of [4, Lemma 8.1] we may choose, without loss of generality, D on
the form !

N#

D# = v of ) (o |
n=1

with v € 0.1], SN, vl = i, YN, vk = w, and (9, 0%) = 6un, ¢F € C(RY),.

Simi}arly, there exists D# = Eg:#l v# |o#) (¢F| with v € [0,1], 2221 = \—p,
25:1 Uy =w — K, and (¢, dF) = S, 07 € C°(R3) and satisfying
I;.\Of#,wfn < goo(,DTvtD‘L) < I;.\i#.,wfn + e

!Indeed, the finite-rank operators in H are dense and C$°(R3) is dense in L?(R3).
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Let e be a unit vector of R? and let 7, be the translation operator on L?(R3) defined
by Taf = f(- — a) for any f € L?(R?). Define, for j € N,

D] =D+ T;eD'T_je, and D} = D' + T; DT je.
For j large enough, we see that (DJT, Dj) € I\ @ K, and, using the Pauli principle,
+ Tl oo (3 T
I,\,wSS(Dj,Dj)Sg(D,D)—i—E (D', D¥) + / VpT]eD#T]ed

#=14
+I(ppt, Tieppr) + T (ppi, Tiepps) + T (Pt P o pig o) + T (P epiT e PDY)

.S (/ ’ pD#+ijeﬁ#Tje)_g(pD#)—g(p5#>}>

#=11
< Iu,n + IA—u,w—m + 8e. (58)

Similarly, we prove that
I <Ioo +I)\ Hyw—K" (59)

Next, let ¢ € C5°(R?) be a L?-normalized function. Following Le Bris [23, p 122] we

introduce for all o > 0 and all \,w € [0, 1], the density operators DT o and DU with
density matrices given by

w

D} \(r,7') = Ao®$(or)$(or"), and D} ,(r,r') = wop(or)p(or’).

Evidently, DUA € ICT and D}, € Kb. In view of (1.12), we infer that there exists
1<y<3/2,¢>0 and oo > 0 such that for all A\,w € [0,1] and all o € [0, o], the
estimate

I;\)ow < g(IDI,)ﬂ ,Di,w) < )\0’2{0[(]57 (b] + WO'?{O [¢7 ¢]

N0 T (2[9%) + W 0T (2[¢]%) + Awo T (2[¢]%) = (AT +w )oY / Pl
RS
< Ao, @] + woto[o, @] + g)\QUJ(2|¢|2) + ngaj(2|¢|2)
—e(\Y 7Y 53(v—1) 2y
o+ [ g

Hence I3°, < 0 provided A,w > 0 are sufficiently small. As a consequence of (5.8)
and (5.9) the functions (A, o./) = Dw and (A, w) = I35, are decreasing and, for any
positive A, w, we conclude that —oo < I, < I35, < 0. This ends the first part of the
proof.

Before proceeding to the second part of the proof of Proposition 5.3, we need to
show that minimizing sequences cannot tend to zero. Up to a few modifications, the
following proof is identical to the one in [4, Lemma 5.3].

LEMMA 5.4. Suppose \,w > 0 and let (D/r DY )geN be a minimizing sequence for

(4-2). Then, for # =1,1,

JdR > 0 such that lim sup / pp# > 0.
x+Br J

J=0 zcR3
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A similar statement is valid for the minimizing sequence for (4.4).

Proof. We argue by contradiction. So, suppose (DJT, D]i) j is a minimizing sequence
for (4.2) such that, for all R > 0 and # =1, ],

lim sup/ pp# = 0.
I 2eR3 Jo4 By Y

In view of Lemma 5.1 (D;,Dj) is bounded in H = hT @ h*. As a consequence,
(pD]T, ijl_) is bounded in HY/?(R?) @ H'/2(R?). Next we claim that the latter implies
that (pp#); converges strongly to zero in LP(R?) provided 1 < p < 3/2. In particular,
it follows that lim;_eq Exelpps) = 0. Indeed, for r € (1,3/2) and ' +¢7' = 1,
Holder’s inequality yields

1 ” 1/r 1/q
Baelpps)| < C | o ar<c( [ o) ([ o5) " < Cliops e 0,
3J R3 D] J D] J

where we used that pp, converges (strongly) to zero in L? (R?) provided 1 < p < 3/2.
For any € > 0 and R > 0 chosen such that |[V| < eA™! on BY%, we have that,
provided j is sufficiently large,

/ Vpp# S/ VPD#+/ Vop#
R3 J BR J BIC? J

L 1
N\ P’ P €
< (/ |V|p> (/ pp#p) +x [ Ppx =12
BR BR J )\ B}c{ J

where, once again, we used that pﬁj converges (strongly) to zero in LP(R3) pro-

vided 1 <p < 3/2and V € L9+ L7 is clearly fulfilled for 3 < ¢,q' < oo. Hence
lim;j o0 fgs Vpp# = 0. Since

E(DL,D}) = a M (Tx [TyD]] + Tr [TyD}]) + /3 Vppr + /3 Vpp:
R R

+j(pD]T + Ppts Ppi + ij) + Exc[PD]T] + Exc[PD]T]

> 3 {/RSVprﬂLExc[PDf]},

#=11

we conclude that Iy, > 0, which contradicts the result in the first part of the proof
of Proposition 5.3 (stating that Iy ., < 0). Consequently, (pp#); cannot vanish. O
J

Next we proceed to the second part of the proof of Proposition 5.3, where we
begin by proving that Iy ., < I33,.

For this purpose, we consider a minimizing sequence (D},Dj—)jeN for IY,. An
application of Lemma 5.4 ensures that there exist > 0 and R > 0 such that, for j
large enough, there exists r; € R? so that fr_+BR pp# >0, # =1,1. We define

i j

5;& = TRl_,.j’Dfﬁj_Rl. Then 5} € ICI\ and 5j’ € K} and

2 _ 2

£(D],Dy) < (D!, DY) — I =
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whence,

To prove that the functions (A\,w) — I, and (A\,w) — IS are continuous we will
apply Lemma 5.5; see below. We establish left-continuity of (\,w) ~ Ir,. Let
Aw > 0, and let (Ag)ken, (wk)ren be increasing sequences of positive real numbers
converging to A, respectively, w. Let ¢ > 0, DT € K\, and D+ € K, such that
Iy < EDN, DY) < Ihw + (¢/2). For all k € N, DZ = MA7IDT € Ky, and DJ,; =
wpw DY € K., so that, for all k e N, I\, < Iy, o, < S(Dl,’DJ,;). Furthermore, by
virtue of Lemma 5.5 we have that

Ak
&(D], D)) = 7a—lﬂ(ToDT) — o' Tr(T, DY) +— R3me+—/ Vppe

+T (Ae/N)pprs (A /AN)ppt) + j((wk/W)PDu (wi/w)ppe)

A
L2 (/N (@ /)pps) + Bxe[ D)) + B 2D} — £(D, DY)

Hence, for k large enough, I < In, w, < Irw + €. The right-continuity of (A, w) —
I, can be shown by similar reasoning. 0

LEMMA 5.5.  Suppose (ap)ren is a sequence of positive real numbers which
converges to 1, and let (pp#)ren be a sequence of nonnegative densities such that
k

(\/W)neN is bounded in H'/?(R?). Then
k

lim [Bee(anppg) — Belppg)| =0, # =11

k— o0

Proof. Assumption 1.1 implies that there exists 1 < p_ < p; <5/3 and C € Ry
such that, provided k is sufficiently large,

Buelarmn) — Buolp] < Clow =11 [ (o +4}").
R

Since (\/pr)ren is bounded in HY2(R?), (pg)ren is bounded in LP(R?) for all 1 <
p <3/2, and (T(}/Q\/pk#)keN is bounded in (L?(R?))3, the result follows. O

6. Decreasing property. We proceed to establish the following decreasing
property.

LEMMA 6.1. Let (’DJT-, 'Dj‘)jeN be a sequence in KK = KT @K, bounded in H = b1 @
bt, such that (D;-r, Df) — (DT, DY) in the weak-+ topology of H. If lim;_,o Tr (DJT) =
Tr (D1), respectively, lim;_, o Tr (Dj) = Tr (DY) then Ppts respectively, Ppi, converges
to ppr, respectively, pp., strongly in LP(R3) for all p € [1,3/2). Furthermore,

E(DT, DY) < hmmfc‘:(l)/r Di) and £ (D', DY) < 11m1nf500(DT Di)

J—00 Vimde
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Proof. We recall that the convergence of (’D;,’Dj’)jeN to (DT, DY) in the weak-x
topology of H = hT & h* means that, for any compact K on L?(R?), # =1, |,
lim Te(D¥ K) = Tt (D¥K), and lim Te(Ty*D¥T)/°K) = Tr (T, *D* T, ° K).

j—roo Jj—o0
In view of (3.4) we introduce P («) as the projection onto the pure point spectral
subspace of Hy 1, in § := L?*(R3) and we let P_(a) = 1 — Py(a). Then, as in
[4], we decompose the functional £(-,-) into three terms aE(DJT, Dj) =P (DJT, Dj) +
Py(D],D}) + L(D!,D}), where

Pi(D!,D}) := Pi(D]) + Py(D}) (6.1)
=Tt [P+(a)H1,1,aP+(a)Dj} Tr [P+(a)H1,1,aP+(a)Dﬂ ,

Py(D], D) := Py(Dl) + P»(Dy) (6.2)
=Tt [P_ (a)HLl,aP_(a)Dﬂ +Tr [P_ (@)Hi 0P (a)Dﬂ ,

£(p}, D)) = J (7D}, D) ~ Bee(D]) ~ Bue(D))). (6.3)

Step 1. We begin by proving that P;(D#) < liminf; Py (Df) We select an
orthonormal basis {ex} in $ = L*(R3) such that e, € HY?(R3). Moreover, we
introduce the functions ¢ = [Py (a)H11.aPy(a)]/?ex. If (-,-) denotes the scalar
product in $), then the weak convergence in Go() implies

Py(D}) =Tx ([P+(G)Hl,l,aPJr(Of)]l/sz[P+(G)H1,1,ap+(a)]1/2)

- ZWICD}%}M - Z<TO_1/21/)I€7 5#(j)To_l/21/)k>
e

k

)
where D# = = T01/2’D#jT01/2. An application of Fatou’s lemma, together with the
nonnegativity of the Hilbert-Schmidt operator T} = <~,T0_1/ 21/1k>T0_1/ 21/% and the
hypothesis yield

lim inf Py(D¥) = lim inf ZmTkBﬁ(”] > 3" T[T}, D#] = P (D#).
J—00 Jj—o0 . :

A similar argument is found in [4].

Step 2. Since P_(a)Hi 1,o P—(«) is a Hilbert-Schmidt operator and thus compact,
we immediately obtain

lim Py(D}) = lim Tr[P_(a)Hy 1,0 P-(0)D} ] = Tr[P_(a) Hy1,0 P (a)D#] = P5(DY).

Vimde

Step 3. We have seen that (\/@)jeN is a bounded sequence in H'/2(R?), so
J/Pp? — /Pp# weakly in H'/2(R?) and strongly in LP(R?) for all p € [2,3). In
particular, /Pp7 converges weakly to \/pp# in L?(R3). On the other hand, we know

J
that

.
Pl H\/ Pp¥

—lim [ pps = lim Tv[DF] = Tr[D*] = / poe = IVpor e

2
2 =00 Jgs i oo
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W lude that /po# — /pp# strongly in L?(R3). A standard bootst -

e conclude that  /pr# pp# strongly in L*(R?) standard bootstrap argu

ment, using that || /po#|/z» < C for any 2 < p < 3 and interpolation, implies that
J

{ /Pp# }jen converges strongly to \/pp# in LP(R?) for all p € [2,3) and, consequently,

{pp,}jen converges to pp strongly in LP(R?) for all p € [1,3/2). As we show below,
this allows us to conclude that

lim J(pp#, pp#) = T (pp#, pp#),  lim T(ppr, ppi) = T (ppts ppr)
J—00 J J J—00 J J

and lim Ey|pp#] = Exc[pp#].
j—00 J
Indeed, as before let W := 1/|x| = Wy + Wy where W7 € L* and W € L,

J(pr,pr) — T (pp#, pp#)| < C||pr — pp#|| {||W1HL4||PD;% + pp# |l pass
HIWallz=llops + poslins |-

Then we use that p,s — pp# in LP(R?), p € [1,3/2). Similarly, Holder’s inequality
J
and the strong convergence yield

Exc(ppjf) - Exc(pD#)|

< C/ lpp# = po# (005 + P dr
J

1-8+ 5 5 B+
<0 (fong —ooe =) ([ ) o

j—oo
To prove that

Jim J(ppyr, pp1) = T (ppr: pp2) (6.4)

we use two facts. First, we know that (p,#); converges strongly to pp# in L? (R3) for

all1 < p < 3/2. Second, since (pp#); is bounded in LP(R?) (follows from the first fact)
J

and (1/|z|) € L (R?), the generalized Young inequality yields that ((1/|z|) * pp,); is

bounded in L?(R?) provided 3/2 < ¢ < 00 [27]. Let ¢0; = ppux(1/x|), 1 = ppu*(1/z]),
and choose w € HY/?(R?). Then

(w3 foa ~ /o)
J H-1/2 H/2

= <1/’j, /PD]T — ¥i/ppr + ¥/ ppr — 1/1\/PDT7U}>

H-1/2 H1/2

= (0s(, ooy = o)) + 1005~ 0) i), (6:5)

By the boundedness of ¢; in LY(R*) and the strong convergence of p,«

J
to pp# in L"(R®) in combination with the Hélder inequality it follows that
<7/)j( /Pt~ /pD]T), w> — 0. For the second term on the right-hand side of (6.5)

Jj—o0



284 C. ARGAEZ AND M. MELGAARD

we use the strong convergence of ¢; to ¢ in L(R3) and the Hélder inequality to
deduce that ((1; — ¥)\/ppr,w) — 0. Hence
J—o0

1 1
i\ /P = (pp; * m) PDT o <pm * m) Pt

On the other hand, by the boundedness of (\/@)j in H'/2(R?) and the boundedness
of (ppe *(1/]x])); in LI(R?) we have that ((pps * (1/|2]))pp1); is bounded in L'(R?) .
These facts, together with the pointwise convergence of ((1/]x|)* pp1)ppr to ((1/]z]) *

ppi)ppt in R? and Lebesgue’s dominated convergence theorem yields (6.4).
Finally, Fatou’s theorem for nonnegative trace-class operators implies that

Tr [|V[D#|V|] < liminf Tr [|V|Df|V|}
j—o00

which completes the proof. O
By means of Lemma 3.2 we can prove the following result.

PROPOSITION 6.2. Suppose a,b,l,m > 0 and a +1 < NT + N¥ < Zor. If
the problems associated to I, and 1, have minimizers, then the following strict
inequality holds:

Togviem < Lag+ Ipg,- (6.6)

Proof. If (D', D¥) is a minimizer for the problem I, ;, then (D', DV) is a minimizer
to the Euler-Lagrange equations (or spin-polarised Kohn-Sham equations). Introduce

15 1
Ty = TPDT =a Ty +V —l—g/(pm) + (ppr + ppe) * m

Ty =T, , =a 'To+V +¢ (pp:) + (ppr + pp.) * %
together with
T, := diag (T}, T}) and D := diag (D', DV).
Then we can write the Euler equations as
D = 1(—ooer)(T11) + D
for some Fermi level ep € R and some matrix valued operator
D) = diag (D2, D]) with 0 < DY <1, and Ran (D)) C Ker (T — ex).

The essential spectrum of T4 | equals the union of the essential spectra of T, # =7, |,
i.e., speces(T'y,;) = [0, +00). The operator T is bounded from below; indeed,

Ty <a™'To+V+ (ppr + ppe) * v 7. (6.7)
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Since
M
—ZZk+/ pm+/ ppr = —Ziot +a+1< Zot + NT+ N¥ <0
k=1 k3 3

we may apply Lemma 3.2 which tells us that the operator on the right-hand side of
(6.7) has infinitely many negative eigenvalues of finite multiplicity and T inherits
this property. We infer that the same property holds for T} |. Hence, we will have
erp < 0 and

NT MT
DM ="l ehl + > vilehehl,
n=1 n=NT+1
NY Mt
DY = h)ohl + D vhloh) (o
n=1 n=N++1
where 0 < y;fE <1 and
- 1
a ' Tod) + Vol + {(pDT + ppi) * m} oL+ g (ph)dh = €nddl,
~ 1
a ' Tod) + Vol + {(pDT + ppi) * m} oh + 9 (pps) By, = enddt;

with €7 < €3 < e3 < -+ < 0 denoting the negative eigenvalues of T4+ | including
multiplicities. The following facts follow immediately from the ones summarised in
[4]:
1. € is a nondegenerated eigenvalue of T’ |;
2. For every n and # = 1, |, the function ¢7 (and hence pp+ and ppi) belongs
to HY(R3);
3. For every n and # = 1,], the function ¢7 decays exponentially fast to zero
at infinity.
Next suppose (DT, D) is a minimizer for the problem associated to I, Then

~ 0 (5 - -~
D = 1) (T) + D where D = diag (D', D) and
- 1
3" =« 1T0+9/(Pﬁr)+(Pﬁr + ppi) * m
o i 1
I'*=a 1T0+9/(Pﬁ¢)+(l75¢ +pp.) * m

are the entries of T'7'| = diag (T7°,77°). Furthermore, ey € R is the Fermi level and

D( ) is a matrix valued operator satisfying
~ (5 ~c ~ ~ ~ (5
D = diag (DS, D%) with 0 < D%, < 1, and Ran (D) C Ker (T, — ).
~ #Case ¢ < 0: for # =1,] we have that D¥ = ijl |67 ) (97| +
Zﬁi s D |07 ) (07|, where every ¢ff decays exponentially to zero at infinity. By

choosing j € N large enough, we infer that the operators

Df i= min{1, D + TieD*Tje | '} (D# + T DFTje ), # =11,
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belongs to K (recall K = K ¢ K), Tr [Dj] < a+band Tr[’Dj’] < I+ m which, in

view of Proposition 5.3, implies that o144 1+m < ITT[ Since both gbf and

DI, Tr [D}]
- J J
#7 decay exponentially to zero at infinity, a straightforward computation implies that
there exists some § > 0 such that for j sufficiently large,

£(D],Dy) = £(D', DY) + £>(D', D)
_ 2b(Zt0t —a— l) _ 2m(Ztot —a— l)

J J
2b(Ztot —a— Z) . 2m(Ztot —a — Z)

J
whence, for j large enough, (we have, by hypothesis, that (a+1) < (NT+NV) < Zio1)

+0(e )

=log+ 15, — + O(eféj)

Ia+b,l+m < ITr [DJT'LTT [Dj] < 5(Dj,Dj) < Ia,l + Il(y),om

Case ép = 0: if ég = 0, then zero is an eigenvalue of T?‘)’J/ and there ex-
ists (¥, 91" € Ker (T9°) ¢ HY?(R®) @ HY/2(R®) such that [|(¢", ") 7220, =
1917, + [[*]7> = 1. Due to the diagonal structure of T%°), we infer that T°y" =
0 and Tf"wl = 0 and there exist p', u* > 0 such that 5T1/)T = uTyT, and 5¢1/)¢ =
phpt For 0 < ' < pf, both D+ T |6 ) (o] .| and DT —yt 1) (] are in KT.
Similarly, for 0 < n* < u*, both

D* 11 [,41) (G| and DY — it [h) (9]
are in JCt. A straightforward computation shows that

EDT+ 1" 91 1) ial DT 0" 10, 11) (D))

= Loa+ 20" +n")emsr +o(n' +1t)
and
EX(DT =" [W) (W1, D — 0 [Wh) (¢H]) = 5, + ol + 1),
Since
Te [P 40" |6} 41) (Dl | = at+ 0" and Tr[DF 44 ¢y, 1) (D |] = L4171,
and
Tr (DT — " [¢1) ("] =b—n" and Tr[D¥ —n* [4) (] = m — 7",

we infer that

Ia+1ﬁ,l+n¢ <ag + (77T + Ui)€m+1 + O(HT + ?7¢)
and

Il;)inT,m—rﬂ < Il(;,om + O(WT + 77¢)

Then, by virtue of Proposition 5.3 and for nT and n* small enough, we conclude
that

Ia+b,l+m < Ia-i—rﬁ,l-l—nl + IboinT,m—nl
<o+ Ipo, + (" 4+ 9 eme1 +ont + 1Y) < Tog+ 15,

[
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7. Proof of main result. We are ready to give the proof of Theorem 1.3.

Proof. Let (’D;,’Dj’)jeN be a minimizing sequence for Iy, with A < NT and
w < N+,

From Lemma 5.1 it is known that (D},Dj)jeN is bounded in H = ' @ b+ and
that (W)jENa # =1,1, is bounded in H'/2(R3). We can assume (if necessary, by
extracting a subsequence) that (Dj—, Dj) jen converges to some (DT, DY) € K = KT
for the weak-* topology of H = h" @ h* and that (\/@)jeN, # =1, 1, converges to

loc

Case Tr [D'] = X\ and Tr [DY] = w: evidently, (DT, D¥) € Ky, = Ky @ Ky, and, as a
consequence of Lemma 6.1,

JPo7 weakly in H'/2(R?3), strongly in L” (R®), 2 < p < 3, and almost everywhere.

E(D', DY) < liminf £(D}, D}) = I,

j—oo
showing that (DT, D¥) is a minimizer of (4.2).

Case Tr [D'] = 0 and Tr [D*] = 0: we can rule out this case in the following way.
Arguing by contradiction, we assume that Tr[DT] = 0 and Tr [D*¥] = 0, which imply
that ppr = 0 and ppr = 0. Then, for # =1, ], (pp#)jen converges to 0 strongly in

J
LP (R3) for 2 < p < 3 which implies that

loc

lim Vopp# = 0.

Jj—oo Jps
From which we deduce that

I, < lim €%(D},Dy) = lim (D}, D}) = L.,

J—00 Jj—o0
and the latter is a contradiction to assertion 1 of Proposition 5.3.

Case Tr [D'] < X and Tr[D¥] < w. Define a := Tr [D'], [ := Tr [D*] and suppose
that 0 < a < XA and 0 < [ < w. Let x be a smooth, radial function, nonincreasing
in the radial direction, which satisfies x(0) = 1, 0 < x(z) < 1 if || > 0, x(z) =
0 if [z > 1, |[Vx|= < 2 and ||[V(1 — x®)Y/2||1= < 2. Introduce the quadratic
partition of unity x? +¢? = 1 and put xg(-) = x(-/R). For any j € N, R*
Tr (x p# D;#X R#) is a continuous nondecreasing function which equals zero at R¥ =
0 and limpr_, o, Tr (x%’DJT-X;%) = Tr(’DJT) = \. Similarly, limp,_, . Tr (XJ]%D}XE) =
Tr (Df) =w.

Choose RJT- > 0 such that Tr (XRJTDTXRJT) = a. Similarly, we choose Ri such
that Tr (x5t Dy pt) = 1. Then Rf — 00, otherwise (R;#)jeN contains a subsequence

k k

which converges to some (finite value) R# and, consequently,

2 1 2 _ 1 #
/R P (@)X gy (1) dw = lim | ppe (fr)xR;i dv = lim Tr(xps DF Xp# )

k—oo R3

a, # =1 fRS Ppr (I), dz # =1
L, #=] fRS Ppt (I), dr  #=|.
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Since X%# < 1on R3\ {0} we obtain a contradiction for both cases # =1, . As a con-
sequence, (Rf)jeN goes to infinity. Next we introduce Dﬁj = XR#ID;#XR# and ’ij =
Cp# DY Cpp. Then:

1L.0<Df <1;

2. ’Df ; are trace class self-adjoint operators on L2(R3);

3 Ppp = Ppy, + Ppy i and

4. Tv (D] ;) =a, Tr(D);)=X-a;and

5. Te(Dy;) =1, Tr(Dy;)=w—L.
The IMS formula, stated in Lemma 3.1,

1 [ 1 1
To 2 X, s Toxn,# +Ca, o ToCre—— | o (IVXR 12 + [VGesl?) oy V7 d
0 = Xr,#Toxgr,#+Cr;#T0CR,# 7T/0 T2+ 7 IVXg,#|" +] CR;H T02+T\/F T

is useful at this stage. Indeed, using [|[Vxp#[7e 4+ [Vz# 70 < C/R#* and the

uniform boundedness of Tr(D;#), we obtain,

_(éf\)ga # :T7
Tr (TyDF) = Tr (oD} ;) + Tr (ToD}) — \ (7.1)
-5, #=1.
(R])?

We deduce that the sequences (foj), (’D;%j), # =1, |, are bounded sequences in h#.
Taking ¢ € C5°(R?), we find that

™ (0160061 ) = Tr (D, (I ) (0l )
:Tr( ( XR#—l XR#¢|))
#

+Tx (DF (16)0cer — el )) + T (DF (10)(¢]))
fawdi (D* (18)(0])) ,

which shows that (Df:) jen converges to D# for the weak-* topology of h#. Since
Tr (DIJ—) =a = Tr(D") and Tr (DJ{J—) = [ = Tr (DY) for all j, we infer from
Lemma 6.1 that (pD#_) converges to pp# strongly in LP(R?), p € [1,3/2), and

£, DY) < Jim 5(1913, ) (7.2)

because Ppg, = Pp# ~ Ppi - In particular, (pD# ) converges strongly to zero in
P Another

loc

(R?), p € [1, 3/2) and (pD#) and (PD#,) converge to pp# in L
J »J

loc®
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application of (7.1) yields
5(77;,77}) — a7y (TVO'DJT-) Lot Tr (Tvopj-) —|—/ Vippr + ppe)
]R3 J J

+L7(pDJT +pD]¢7pD]T +ij.) + Z /3 g(ppf)

#=1,"R
>a ' Tr (ToD] ;) + o ' Tr (ToD) ;) + o Tr (ToDy ;) + o' Tr (TyDy )
4\ 4w
——— — —— + \%4 + + 14 +
(RJT)Q (Rj')2 /]1{3 (pDIJ pD;j) 43 (prj pDéj)

+L7(pDIj +pD%j,pDIj +prj) + j(ppgj +pD$j’ngj +pDéj)

+\7(p1);j =+ prj ) pD;j =+ pD;j) + j(PD;j + pD%,j ) pDI,j =+ prj)

+Exc [PDIJ + prg j] + Exc [p'D% ; + pDé j]

= &(D],;:Dt,) + €01, D8,) + [ Vipny +opy)

+ /R L9lppy + ooy ) = 9lppr ) = 9(epy )
A dw
(R))? (R

J

+ /R L9pp: +ppy )= 9lpp ) = 9(ppy ) =

Now, on the one hand, by choosing R large enough, we have that

1
2
Ziot (A —a)
<z ( [ oy, ) I fomg e + 2202
t t( B(0,R) D“) PastH R

Vot
R3 pD2,j

and, similarly,

1
2
Ztot(w — l)
% < Zio _— .
/]R3 < (/B(O,R) prij> OV

Furthermore, for some constant C' independent of R and j, we have that, for # =1, |,

’ /R ) (g(ppﬁj + ppgfj) = 9(pp# ) — 9(ppy )

2
< C 2 2
< /BR (pD;‘f"j +PD§J_> + prffjnﬂ <~/B§? PD;%J)
+C P— + P+
(/BR Ppt, T Pt
c / pp# + ppe |+ llpp# |2 / Py
By \ Tha P P2 By T

+C L R I
/B%pDﬁj Pot,

N[

_|_
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We already know that the sequences ( \/W Jnen and ( \/W )jen are bounded in
H'/2(R3), that Pp#. — Pp# in LP(R3) for any p € [1,3/2) and that 2 0 in

LP (R®) for the same limits of p respectively of the case. Therefore, for all ¢ > 0,
there exists J € N such that Vj > J,

5(1)T Di) > &(D! D ) + 5°°(DQJ,D;J.) —e> Ty +13°, , —¢

By letting j tend to infinity, ¢ tend to zero, and applying (5. 7) we get that
Inew = lag + 132, and that (Dlj,Dlj) ieN, respectively (D2J,D2j) ieN 1S a min-
imizing sequence for I, , respectively for I3° ;. From (7.2), ie. &(D',D¥) <
lim; o0 (D] ij), it is seen that (DT, D') is a minimizer for I, .

We take a closer look at the sequence (D} ],Dé ;)jen- Since it is a minimizing
sequence for I3° a.w—1» the sequences (pD# )jen, # =1,J, cannot vanish. Therefore,
there exist n > 0, R > 0 such that, for all ] e N,

pD# . Z n
/y;#‘f’BR 2

for some yf € R? and, as a consequence, the sequence (7;#2?;% ;T_,#)jen converges
J . <7
in the weak-* topology of h# to some D# € K# satisfying Tr [D#] >n > 0, # =1, |.

By setting b = Tr [D'] and m = Tr [D*] we may argue as above to verify that (D', DY)
is a minimizer for I, bom and, in addition,

1,50

_ 0o o
IA,w - Ia,l + Ib7m =+ I)\—a—b,w—l—m'

However, Proposition 6.2 informs us that Ipipi4m < Ia; + Iliom. Hence we con-
clude that Iy 14m + Ij‘\ia_bw_l_m < Iy which contradicts Proposition 5.3. This
completes the proof. O

REFERENCES

R. A. Apawms, Sobolev spaces, Academic Press, 1975.
[2] A. ANANTHARAMAN AND E. CANCES, Ezistence of minimizers for Kohn-Sham models in quan-
tum chemistry, Ann. 1. H. Poincaré - AN, 26 (2009), pp. 2425-2455.
C. ARGAEZ, Rigorous results on monlinear equations arising in quantum chemistry, Ph.D.
dissertation, DIT, Republic of Ireland, 2013.
C. ARGAEZ AND M. MELGAARD, Ezistence of a minimizer for the quasi-relativistic Kohn-Sham
model, Elec. J. Diff. Egs, 18 (2012), pp. 1-20.

[5] P. BENILAN, H. BrEziS, AND M. G. CRANDALL, A semilinear equation in L'(RN), Ann. del.
Scuola Norm. Sup. di Pisa, 2:4 (1975), pp. 523-555.

[6] P. BENILAN AND H. BREZIS, Nonlinear problems related to the Thomas-Fermi equation, J. Evol.
Equ. , 3 (2004), pp. 673-770.

[7] P. BENILAN, J. A. GOLDSTEIN, AND G. Ruiz RIEDER, A nonlinear elliptic system arising in
electron density theory, Commun. P.D.E., 17 (1992), pp. 2079-2092.

[8] P. BENILAN, J. A. GOLDSTEIN, AND G. Ruiz RIEDER, The Fermi-Amaldi correction in spin
polarized Thomas-Fermi theory, Differential equations and mathematical physics (Birm-
ingham, AL, 1990), Math. Sci. Engrg., vol. 186, Academic Press, Boston, MA, 1992, pp.
25-37.

[9] A. DaLL’AcqQua, T. . SPRENSEN, AND E. STOCKMEYER, Hartree-Fock theory for pseudorela-
tivistic atoms, Ann. Henri Poincaré, 9:4 (2008), pp. 711-742.

[10] D. E. EpmMUNDS AND W. D. EVANS, Spectral Theory and Differential Operators, Clarendon
Press, Oxford University Press, New York, 1987.

[11] M. ENSTEDT AND M. MELGAARD, Ezistence of infinitely many solutions to the quasi-relativistic

Hartree-Fock equations, Int. J. Math. Math. Sci., Volume 2009, Article ID 651871, 20 pages.

(4]



[29]
(30]
(31]

32]

(33]

MINIMIZERS FOR SPIN-POLARISED KOHN-SHAM EQUATIONS... 291

M. GALVAN, A. VELA, AND J. L. GAzZQUEZ, Chemical reactivity in spin-polarized density func-
tional theory, J. Phys. Chem., 92 (1988), pp. 6470-6474.

M. GALVAN AND R. VARGAS, Spin potential in Kohn-Sham theory, J. Phys. Chem., 96 (1992),
pp. 1625-1630.

J. A. GOLDSTEIN AND G. R. RIEDER, A rigorous modified Thomas-Fermi theory for atomic
systems, J. Math. Phys., 28:5 (1987), pp. 1198-1202.

J. A. GOLDSTEIN AND G. R. RIEDER, Spin-polarized Thomas-Fermi theory, J. Math. Phys., 29
(1988), pp. 709-716.

J. A. GOLDSTEIN, G. R. RIEDER, AND W. J1A, Thomas-Fermi theory with magnetic fields and
the Fermi-Amaldi correction, Differential Integral Equations, 8:6 (1995), pp. 1305-1316.

D. J. GRIFFITHS, Introduction to Quantum Mechanics, Pearson Prentice Hall, U.S.A., 2004.

W. J. HEHRE, L. RapoM, P.v.R. SCHLEYER, AND J. A. POPLE, Ab initio molecular orbital
theory, Wiley, 1986.

I. W. HERBST, Spectral theory of the operator (p2 +m?2)t/2 — Ze2 /r, Comm. Math. Phys., 53:3
(1977), pp. 285-294.

P. HOHENBERG AND W. KOHN, Inhomogeneous electron gas, Phys. Rev. B, 136 (1964), pp. 864
871.

T. KAT0, Perturbation Theory for Linear Operators, Reprint of the 1980 edition. Classics in
Mathematics. Springer-Verlag, Berlin, 1995.

W. KOHN AND L. J. SHAM, Self-consistent equations including exchange and correlation effects,
Phys. Rev. A, 140 (1965), 1133.

C. LE BRris, Quelques problemes mathematiques en chimie quantique moleculaire, These de
I’Ecole Polytechnique, 1993.

C. LE BRris, Some results on the Thomas-Fermi-Dirac-von Weizsicker model, Diff. Int. Equ.,
6:2 (1993), pp. 337-353.

C. LE BRris, On the spin polarized Thomas-Fermi model with the Fermi-Amaldi correction,
Nonlinear Anal., 25:7 (1995), pp. 669-679.

E. LENZMANN AND M. LEWIN, Minimizers for the Hartree-Fock-Bogoliubov theory of neutron
stars and white dwarfs, Duke Math. J., 152:2 (2010), pp. 257-315.

P.-L. Lions, The Choquard equation and related equations, Nonlinear Anal., 4 (1980), pp. 1063—
1073.

P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally
compact case. I and II, Ann. Inst. Henri Poincaré, Anal. Non Linéaire, 1, pp. 109-145 and
pp. 223-283.

P.-L. Lions, Solutions of Hartree-Fock equations for Coulomb systems, Comm. Math. Phys.,
109:1 (1987), pp. 33-97.

M. MELGAARD AND F. D. Y. ZONGO, Multiple solutions of the quasi relativistic Choquard
equation, J. Math. Phys., 53, 033709 (12 pp).

R. G. PARR AND W. YANG, Density-functional theory of atoms and molecules, Oxford Univer-
sity Press, 1989.

J. P. PERDEW AND S. KURTH, Density Functionals for Non-Relativistic Coulomb Systems in
the New 16 Century, in “A Primer in Density Functional Theory”, edited by C. Fiolhais, F.
Nogueira, and M. Marques (Springer Lecture Notes in Physics, Vol. 620, 2003), pp. 1-55.

G. ROZENBLUM AND M. MELGAARD, Schréidinger operators with singular potentials, in: Station-
ary partial differential equations. Vol. II, pp. 407-517, Handb. Differ. Equ., Elsevier /North-
Holland, Amsterdam, 2005.

J. C. SLATER, Quantum theory of molecules and solids, McGraw-Hill, New York, 1974.

A. SzABO AND N. S. OSTLUND, Modern quantum chemistry: an introduction to advanced
electronic structure theory, MacMillan, 1982.



292 C. ARGAEZ AND M. MELGAARD




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


