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ITERATIVE METHODS FOR k-HESSIAN EQUATIONS*

GERARD AWANOUT

Abstract. On a domain of the n-dimensional Euclidean space, and for an integer k = 1,...,n,
the k-Hessian equations are fully nonlinear elliptic equations for £ > 1 and consist of the Poisson
equation for k = 1 and the Monge-Ampére equation for £k = n. We analyze for smooth non degenerate
solutions a 9-point finite difference scheme. We prove that the discrete scheme has a locally unique
solution with a quadratic convergence rate. In addition we propose new iterative methods which are
numerically shown to work for non smooth solutions. A connection of the latter with a popular Gauss-
Seidel method for the Monge-Ampeére equation is established and new Gauss-Seidel type iterative
methods for 2-Hessian equations are introduced.
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1. Introduction. Let Q be a bounded, connected open subset of R",n > 2
with boundary denoted 99Q. Let u € C%*(Q) and for x € Q, let D*u(z) =

((821;(1:))(8:171-8%)) denote its Hessian. We denote the eigenvalues of D?u(z)
iG=1,0em

by Ai(z),i=1,...,n. For 1 <k <n, the k-Hessian operator is defined as

Se(D*u) = > Aiy oA

i1 <o <,

We note that S1(D?u) = Au is the Laplacian operator and S,,(D?u) = det D?u is the
Monge-Ampere operator. For k > 2, we are interested in the numerical approximation
of solutions of the Dirichlet problem for the k-Hessian equation

Sk(D*u) = finQ,u = gondN, (1.1)

with f and g given and f > 0.

1.1. Local existence, uniqueness and quadratic convergence rate for a
finite difference discretization. Let u° be a sufficiently close initial guess to the
smooth solution u of (1.1). Consider the iterative method

die (s D) = aiv ((SE DM D) £ =S D

u™ ! = gon o,

where {S}7(D?u®)} is a matrix which generalizes the cofactor matrix of D?u.

We prove the convergence of (1.2) at the continuous level in Holder spaces. A
discrete version of (1.2) is also shown to converge to a solution of a 9-point stencil
discretization of (1.1). This establishes the local existence and uniqueness of a dis-
crete solution. In addition the convergence rate of the discretization is shown to be
quadratic.
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It is reasonable to expect that the discrete version of the iterative method (1.2)
will retrieve the correct solution when it is smooth and non degenerate. As with
Newton’s method it is not effective for non smooth and degenerate solutions. For
these, we advocate iterative methods like the subharmonicity preserving iterations
described below. The discrete version of (1.2) is used in this paper to prove the local
solvability of the 9-point scheme when u is smooth and non degenerate. These results
form a building block of a theory which explains why standard discretizations work
for non smooth solutions [4]. In addition results for smooth solutions are also needed
for the analysis of hybrid schemes where the 9 point scheme is used in part of the
region where the solution is smooth and a monotone scheme elsewhere [2].

1.2. Newton’s method. If one is only interested in smooth solutions, Newton’s
method is the most appropriate method. We analyze the convergence of Newton’s
method for solving (1.1) when it has a smooth solution.

1.3. Numerical work for subharmonicity preserving iterations. A
smooth function w is said to be k-convex if S;(D?u) > 0,1 < | < k. Convexity
of a function can be shown to be equivalent to m-convexity, Lemma 2.5. It is of
interest in some applications to be able to handle (1.1) when it has a non smooth k-
convex solution. It has only been recently understood, c.f. [4] for the Monge-Ampere
equation, that what is needed is a numerical method provably convergent for smooth
solutions and numerically robust to handle non smooth solutions. The approach in
[4] is to regularize the data and use approximation by smooth functions. The key
to numerically handle non smooth solutions of (1.1) is to preserve k-convexity in the
iterations. For discrete k-convexity we simply require discrete analogues of the con-
dition S;(D?*u) > 0 with a natural discretization of D*u. We refer to [1] where this
approach was first used for the discretization of n-convexity.

Consider the iterative method

k

(f - Sk(Dzum))) inQ, u™ = gondQ, (1.3)

Auerl — ((Aum)k + C(kjn)

with ¢(k,n) = (})/n".
If D?u has positive eigenvalues, we have the inequality

S(D?*u) < c(k,n)(Au)¥, (1.4)

which follows from the Maclaurin inequalities, [13, Proposition 1.1 (v i)].
For k = 2, (1.4) also holds with no convezity assumption on u, [20, Lemma 15.11].
Explicitly ¢(2,3) = 1/3. Also, ¢(n,n) = 1/n™ which gives

det D*u < nin(Au)",

a direct consequence of the arithmetic mean - geometric mean inequality.

If one starts with an initial guess u” such that Au® > 0, (1.3) enforces Au™ > 0
for all m. Indeed recall that f > 0 and assume that Au™ > 0. Then by (1.4)
1/c(k,n)Sk(D?*u™) < (Au™)*, and using (1.3) it follows that (Au™*1)* > 0. In other
words, starting with an initial guess u® with Au® > 0, (1.3) enforces subharmonicity
in arbitrary dimension for smooth convex solutions and subharmonicity for 2-Hessian
equations with no convexity assumption on u. In addition for 2-Hessian equations,
the limit solution solves Sa(D?*u) = f > 0. That is, the sequence u™*! defined by
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(1.3) has a formal limit which solves Au > 0 and Sa(D?u) > 0. Thus (1.3) enforces
2-convexity in arbitrary dimension for 2-Hessian equations.

Another class of iterative methods we introduce in this paper are Gauss-Seidel
type iterative methods. The Gauss-Seidel methods are more efficient than (1.3) for
large scale problems.

The simplicity of the methods discussed in this paper and the facility with which
they can be implemented, make them attractive to researchers interested in Monge-
Ampere equations. The other major motivation to study the subharmonicity preserv-
ing iterations is that they can be adapted to the finite element context and have been
numerically shown in that context to be robust for non smooth solutions.

In two dimension, (1.3) appears to perform well in the degenerate case f > 0 as
discrete k-convexity is enforced in the iterations. The situation is different in three
dimension with & = 2. We were not able to reproduce the solution u(z,y, z) = |[z—1/2|
by solving (1.1) with k¥ = 2 and using (1.3). Here, since u does not depend on z, we
have f(z,y,z) = 0 as in the two dimensional case. However, for n = 3 and k = 3,
we can preserve convexity in the degenerate case by using the sequence of nonlinear
2-Hessian equations

3 2

So(D?y™ Ty = 3((%52(1)21/")) ’ + f —det D2um> é, (1.5)

mtl — g on 90. Each of these equations is solved iteratively by (1.3) with

3

3
k =2,n = 3. We note that <éSQ(D2um)> —det D?u™ > 0 when Sy (D?*u™) > 0, [20,

with u

Lemma 15.12]. Starting with an initial guess which satisfies S2(D?u") > 0 and setting
det D?u™ = 0 in (1.5) whenever Sa(D?*u™) = 0, we obtain a double sequence iterative
method which at the limit enforce Au > 0, So(D?u) > 0, and det D?u = f > 0.

The reason for setting det D?u™ = 0 in (1.5) whenever Sa(D?*u™) = 0 is motivated
by the observation that in the case f = 0, if So(D?*u™) = 0, So(D?*u™*!) is ill-defined
or complex valued if det D?u™ > 0. While (1.3) may be inexact for degenerate 2-
Hessian equations, its use inside a double iterative method appears effective. This is
reminiscent of inexact Uzawa algorithms.

1.4. Relation with other work. The k-Hessian equations have mainly appli-
cations in conformal geometry and physics. The Monge-Ampere operator has received
recently a lot of interest from numerical analysts. For n = 3 and k = 2, the numerical
resolution of (1.1) has been considered in [22], where it was referred to as the o9
problem. The iterative method (1.3) generalizes an iterative method introduced in
[5] for the two dimensional Monge-Ampere equation. The latter corresponds to the
choice k = n = 2 and the constant ¢(2,2) = 1/4 replaced by 1/2. The 2-Hessian
equation has also been considered recently in [12] from the point of view of monotone
schemes.

We will see that if the central finite difference discretization of (1.3) is solved
by a Gauss-Seidel iterative method, one recovers a Gauss-Seidel iterative method
which has been used by many authors to solve the two dimensional Monge-Ampere
equation. We will refer to the latter method as the 2D Gauss-Seidel method for
Monge-Ampere equation. It has been used in the numerical simulation of Ricci flow
[15], as a smoother in multigrid methods for the balance vortex model in meteorology,
[8, 7] and has been recently shown numerically to capture the viscosity solution of the
2D Monge-Ampere equation [5]. The connection between (1.3) and the 2D Gauss-
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Seidel method for the Monge-Ampere equation is what enables us to introduce new
Gauss-Seidel type iterative methods for k-Hessian equations.

The ingredients of our proof of the convergence rate for the finite difference dis-
cretization are discrete Schauder estimates and a suitable generalization of the com-
bined fixed point iterative method used in [10]. Schauder estimates were also used in
the proof of convergence of Newton’s method at the continuous level [21].

1.5. Organization of the paper. The paper is organized as follows: In the
next section, we give some notations, recall the Schauder estimates and their discrete
analogues. In section 3 we prove our main results on the quadratic convergence rate of
a finite difference discretization of (1.1) and in section 4 we prove the convergence of
Newton’s method. In section 5 we introduce new Gauss-Seidel type iterative methods
and their connections with the subharmonicity preserving iterations (1.3). Section 6 is
devoted to numerical results. We conclude with some remarks. The reader interested
only in the Monge-Ampere equation, or for a first reading, may assume that & = n.

2. Notation and preliminaries.

2.1. Holder spaces and Schauder estimates. For a nonnegative integer r or
for r = oo, we denote by C" () the set of all functions having all derivatives of order
< r continuous on € and by C"(2), the set of all functions in C"(£2) whose derivatives
of order < r have continuous extensions to Q. For a multi-index 8 = (31,...,8,) €
N™, put |3| = 81+ ...+ Bn. We use the notation DPu(x) for the partial derivative
(0/0x1)P ... (0)0xy)Pru(z).

The norm in C"(2) is given by

T
lulle = Juljio,  luljio = supjgsupg| D u(z)|.
§=0

We denote by |x| the Euclidean norm of x € R™. A function w is said to be uniformly
Holder continuous with exponent «,0 < a < 1 in € if the quantity

u(z) — u(y)|

SUDPg £y |x _ y|a

)

is finite. The space C™*(2) consists of functions whose r-th order derivatives are
uniformly Holder continuous with exponent a in €. It is a Banach space with norm

[ullra:0 = lJullma + [U]r a0

where

|DPu(z) — DPu(y)|
|z —yl|«

[u]r,a;ﬂ = Sup\6|:rsup;ﬂ7§y

The norms || ||;.o and || ||,.«;0 are naturally extended to vector fields and matrix fields
by taking the supremum over all components. We make the standard convention of
using C' for a generic constant. For A = (a;;)i j=1,....n and B = (b;;); j=1,...n We recall
that A: B = Z? j=1 ai;b;;. We will often use the following property

||fg||0.,a;9 < O||f||0,a;52||g||07a;ﬂv for f,g € Oo,a(§)7 (2-1)
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from which it follows that if A, B are matrix fields

1A Bllo.a2 < C > laijllo.aselbijlo.a0- (2.2)

ij=1

We first state a global regularity result for the solution of strictly elliptic equations,
which follows from [14, Theorems 6.14, 6.6 and Corollary 3.8 ].

THEOREM 2.1. Assume 0 < o < 1. Let Q be a C?% domain in R™ and f,a" €
C*(Q), ¢ € C**(Q). We consider the strictly elliptic operator

Lu= Y a"(x) aw?axju(x), (2.3)

ij=1
with coefficients satisfying for positive constants \, A\,

n

> a(@)GG =AY LG ER, and|a® o a0 < A

ij=1 =1
Then the solution u of the equation
Lu= finQ,u= ¢ondld,
satisfies
lull2.0:0 < C([[9]|2,0:0 + [ f]]0.0:2),
where C' depends on n,a, A\, A, Q,supyq |d|, and supgq |f|/A.

We will make the slight abuse of language of also denoting by Sk(z),z =

(z1,...,2,) the kth elementary symmetric polynomial of the variable z, i.e.
CHOYEIED WD VSED
i< <lidg

A function u € C?(Q2)NC°(Q) with Hessian D?u having eigenvalues \;,i = 1,...,n is
said to be k-admissible if S;(A) > 0,7 = 1,..., k. Solutions of the k-Hessian equation
will be required to be k-admissible, thus requiring f > 0.

Moreover, let k = (k1,...,kn—1) denote the principal curvatures of 9€2.

DEFINITION 2.2. The domain  is said to be (k — 1)-convex if there exists co > 0
such that

Sk—1(Kk) > ¢o > 0 0n .

We then have, ([24, Theorems 3.3 and 3.4 ])

THEOREM 2.3. Assume that Q is (k — 1)-conver, 9Q € C*!, f € C1(Q), inf
f>0,g¢cC>(Q). Then there is a unique k-admissible solution u € C>(Q) to the
Dirichlet problem (1.1).

We will need some identities for the k-Hessian operator Si(D?u) which are derived
explicitly for example in [13, p. 5-6]. See also [24]. For a symmetric matrix A =
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(aij)i; = 1,...,n with eigenvalues A\;,i = 1,...,n, let us also denote by Si(A4) the
k-th elementary symmetric polynomial of X\. This is equivalent to say that Sj(A) is
the sum of all & x k principal minors of A. Using the permutation definition of the
determinant, we have

1 i
Sk(A) = E Z 6311: :z']:ailjl © Wiy gy (24)

T 1<y, ip<n

where 6f11 f: is the generalized Kronecker delta which takes the value +1 if i1, - ,ig

differs from j1,-- -, jr by an even permutation and the value -1 in the case of an odd
permutation. In other words, for a choice of 4y, ..., iy, §7}" /" is the signature of the
permutation o defined by o(i;) = j;,I = 1,...,k. This implies that we only consider
the case where the sets {i1,...,4x} and {ji1,...,jx} are identical. Moreover we define
670 to be 0if {i1, ... in} # {j1,. ., jr}. Note also that {i1,... iz} is a subset of

k elements of {1,...,n}.
We have

i 0 1 R TR
Skj (A) - 8aij Sk(A) - (k — 1)' Z 5?,1']1,--~,i]k,1 Qiygo " Qi1 je—1>

T 1<iyiy, e yig—1<n

and so Sy,(A4) = + ZZ;‘:1 S,ij(A)aZ—j by the k-homogeneity of Si and Euler’s theorem
for homogeneous functions. Here {j1, ..., jr—1} is the image of the set of k—1 elements
{i1,...,ix—1} not containing i by a permutation. -

Let us denote by {S;/(A)} the symmetric matrix with entries S}’ (A4). We can
write Si(A) = 1/k{S(A)} : A, that is Sy(D?*v) = +{S}/(D?v)} : D?v. Using (2.4)
and observing that the expression of Si(A) can be written in terms of a multilinear
map, we obtain

S} (D*0)D*w = {S}) (D?v)} : D*w. (2.5)

Let us denote by {S,ij(A)}’ the Fréchet derivative of the mapping A — {SZJ(A)}
Since {5}/ (A)} (B) is a sum of terms each of which is a product of k — 2 terms from
A and is linear in B, we have

{87 (D?0)Y D*ullog < Clolk2lulac. (2.6)
Using (2.2) and (2.6) we also have
1£5}) (D*0)} D*wllo.as < Cloly Zolwlz,acn. (2.7)

Finally we note that

LEMMA 2.4. Let v be a C? strictly convex function with Hessian having smallest
eigenvalue uniformly bounded below by a constant a > 0. Then for n = a/(2n), we
have w strictly convez, whenever ||w —v||c2q) < 1.

Proof. Tt follows from [16, Theorem 1 and Remark 2 p. 39] that for two symmetric
n X n matrices A and B,

IAi(A) = N(B)| < nmax|Aj; — B[, l=1,...,n. (2.8)
i
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It follows that for u,v € C?(Q),
AL (D?u(z)) — M (D*0())| < nllw —vl|e2(o)- (2.9)
The result then follows. O

We conclude this section with the equivalence of n-convexity and convexity in the
usual sense.

LEMMA 2.5. A C? function u is convex if and only if it is n-convez.

Proof. If uis C?, \; > 0 on Q for all i and thus S;(D?u) >0,l=1,...,n
Conversely let us assume that A is a symmetric matrix with S;(A) > 0,1 =
1,...,n. We show that its eigenvalues \; are all positive. Let

pN) =N+ e N+ ey,
denote the characteristic polynomial of A. It can be shown [17, Theorem 1.2.12] that
a=(=1)IS(A),l=1,...,n.
We show that if A; < 0 then p();) # 0. We have

p(\i) = A4 ¢ )\’-’_1 .+
i )\n l
( 1)l‘"Sl(A))\?l)

= (-1 <(—)\i)” + Z SI(A)(—)\i)"l) .
=1

Since —A; > 0 and S;(A4) > 0 for all I, we have (—1)"p(\;) > 0. Moreover since
S Si(A)(=X)" "t > 0 and —A; > 0 we have (—1)"p(\;) # 0. We conclude that
A; > 0 for all ¢. This completes the proof. O

2.2. Discrete Schauder estimates and related tools. We will study the
numerical approximation of (1.1)-(1.3) by standard finite difference discretizations.
For simplicity, we consider a cuboidal domain = (0,1)" € R™ Let 0 < h <
1with1/h € Z. Put

Zy ={x=(x1,...,2,)" €R":2;/h €L}
Qb =0NZ,, Q" =QNZ,, 00" =007, = Q" \ Q.

Let e, = 1,...,n denote the i-th unit vector of R”. We define the following first
order difference operators on the space M(Q") of grid functions v"(z),z € Z,

v (x + he') — vh ()

'l (z) = 5 ;
R W
(?i_vh(x) Y (x) vh(:zz he ),

i o —v
Al (z) = 5T
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Higher order difference operators are obtained by combining the above difference
operators. For a multi-index 8 = (81,...,8,) € N, we define

353_1)}1 = 853_1 . ~8f_"vh.
The operators 8° and 85 are defined similarly. Note that

h i _ oph hiy _ hel
(ﬁaivh(x)zv(x—i—he) 2vh§:v)+v(ac he)7 (2.10)

828{;1;’1(3;) = 4—22 {vh(:zr + he' + hel) + oM (x — he® — he?)
(2.11)

— oM (z + he' — he?) — P (x — he! —i—hej)},i £ J.

The second order derivatives 9?v/dx;0z; are discretized using (2.10) and (2.11) for
i # j. This gives a discretization of the Hessian D?u which we denote by H4(u").
Thus the discrete version of (1.1) takes the form

Sp(Hau"(2)) = f(z),z € Qb u"(x) = g(x) on ON". (2.12)

The discrete Laplacian takes the form
Ag(u") =" 010" ul. (2.13)
i=1

We consider a discrete uniformly elliptic linear operator with low order terms

Lgv"(z) = Z aij(a:)(?i_aivh(a:) + Z b ()0 0" (2), z € Qf,
i=1

ij=1

i.e. the matrix (aij(:v))i,jzl)m,n is uniformly positive definite. We now define discrete
analogues of the Holder norms and semi-norms following [18]. Let [£,7n] denote the
set of points ¢ € Q" such that & < ¢; <nj,j = 1,...,n. Then for v" € M(Q"),0 <
a < 1, we define

0" ]j.0n = max {[9{v"(©)], 18] =4,[6,6+ Bl C Q" },

e [ 1000M©) — 07" ()
R =

h h
||’U ||p;Qg = maX;<p |1) |j;£2[’;a

,|ﬁ|=j,§7én,[§,g+mu[n,n+mcm},

h h h
||U ||p,a;Qg = ||’U ||p;Qg + [’U ]p,a;ﬂg'

The above norms are extended canonically to vector fields and matrix fields by taking
the maximum over all components. For j = 0, we have discrete analogues of the
maximum and C%® norms.

For a domain O C R", we denote by Dj,(O) the set of mesh functions on R™ which
vanish outside O. If v = 0 on 90", extending v" by 0 to Zj, we obtain v € Dj,(€).
The following theorem then follows from [23, Lemma 3.4].
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THEOREM 2.6. Assume 0 < o < 1 and v" =0 on 9Q". Then there are constants
C and hqo such that for v € M(Q"),h < hg
||Uh||2,a;96" < C||Ld UhHO,a;Qg? (214)
with the constant C' independent of h.
Since
9'.0 v (x) = 910" v" (x — he') and

A" (x) = i (aiaivh(x) + & 0" (@ — he') + &0\ " (x — he)
+ 31_33_1)}1(33 — he' — hej)> ,

we have max {||6-ii-aivh||0,a;ﬂg7 ||aializvh||0,a;ﬂgvivj = 17-' .,TL} < ||Uh||2,o¢;ﬂ[’} and
hence the above theorem also applies when the second order derivatives (2.10) and
(2.11) are used in the definition of [[.|[ 4;0p-

By Taylor series expansions, it is not difficult to verify that for v € C%(Q)
v]ji0n < vl2i0,7 < 2.
Moreover, for v € C*(),
ID?0 = Ha(v)|lo,0n < Ch?|v]a0, (2.15)
and
[D*0 = Ha(v)]o,a50n < Ch*[V]4,050-

To see that the last inequality holds, it is enough to consider a function of one variable
v e CH(—1,1) and estimate [v"(z) — (v(z + h) — 2v(z) + v(z — h))/h?]o.a. Now,

h)—2 —h h?
U//(x)_U(ZE +h) 1;1(295) tu@—h) _ —ﬂ(v(“)(:ﬂ—ktlh)—i—v(“)(;v—tgh)),tl,tg € [0,1].

Next we note that, using the definition, the C%® norm of v*) (2 + t;h) is bounded
above by the C%® norm of v*). The result then follows.
We have for v € C4(Q),

ID?0 = Ha(0)|lo,as00 < Ch?[[0][4,050- (2.16)

LEMMA 2.7. We have for u € C*%(Q)
1Sk (D?*u) — Sk(Ha(w)lo,as0n < Ch?ulsg! [ulla,a:0-
Proof. By the mean value theorem, using (2.5), we have for some ¢ in [0, 1], and
r €Ol
Sp(D*u)(x) = Sk(Ha(w))(x) = S (tD?(u)(2) + (1 = t)Ha(u)(x)) : (D*u(z)
— Ha(u)(x))
= S (tD*(u)(@) + (1 = t)Ha(u)(2))(Du(z)

ij=1

= Ha(u)(z))ij
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Using (2.2), it follows that
1Sk(D?u) = Sk(Ha(w))lo,ain < Cllulzi + [uloop) ™ H[D*u = Halu)|lo a0
< Ch2|u|]2€;?zl||u||4ya;ﬂ-
a

3. Approximations by linear elliptic problems. In this section, we prove
the convergence of the iterative method (1.2) and its discrete version. As indicated in
the introduction, we also obtain the existence and uniqueness of the solution of the
discrete version of (1.1), i.e. (2.12), as well as error estimates.

3.1. Convergence at the operator level. We assume that there is a unique
k-admissible solution u € C%%(Q) of (1.1) for 0 < a < 1. Let u® € C%(Q) such that

lu—u°||2,0:0 < 6. (3.1)

For k = n, using an eigenvalue argument, it is not difficult to prove that the cofactor
matrix is uniformly positive definite under the assumption f > fo > 0 for a constant
fo. We assume that the matrix {S;’(D?u)} is uniformly positive definite. We claim
that this holds if u € C?(2) and there is c3 > 0 such that

c3 < S(D?*u),1 <1<k,
We then have
c3 < Si(D*u) < 4,1 <1<k, (3.2)

for a constant c4. The proof is essentially given as [13, Theorem 1.3 |. We define

7]
o\

Sk = 5-Sk(A).

First we note from the proof of [13, Theorem 1.3 ] that the eigenvalues of {S,ij (D*u)}
are given by Si(A(D?u)),1 <i < n. On the other hand, since S;(D?*u) > ¢3 > 0,1 <
I < k, we have by [6, Proposition 1.1]

0

o Sk(A)F >0 for A = A(D%uw).

Finally, as Sk(D%u) < ¢4 and u € C%(Q), the result follows.
By the continuity of the smallest eigenvalue of a matrix as a function of its entries,
{S}7(D?*u")} is also uniformly positive definite for |u — u®|s,q sufficiently small.
Next, {S,ij (D?*u%)} is a symmetric matrix and divergence free by [13, Formula
1.10 ]. Thus we obtain

div ({S,ij(DQuO)}Dv)> = {S}(D*u°)} : D*v. (3.3)

‘We have

THEOREM 3.1. Under the assumption that there is a unique k-admissible solution
u € C?%(Q) of (1.1) for 0 < a < 1, the sequence defined by (1.2) converges to u for
u® sufficiently close to u.
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Proof. We define the operator R : C>%(Q) — C%2(Q) by

— div <{S}j(D2u0)}D(v - Rv)> = —Sk(D*v) + finQ
R(v) = gon 9.

By Theorem 2.1, the operator R is well defined. We show that for p > 0 sufficiently
small, R is a strict contraction in the ball B,(u) = {v € C%*(Q), ||u — v||2,0:0 < p}.
For v,w € B,(u) we have using (3.3)

div ({S,?(D%O)}D(RU — Rw))

= div <{S}j(D2u0)}D(v - w)> + Sk(D*w) — Si(D?v)
= —{S(D*u®)} : (D*w — D*v) 4 Sp(D*w) — Sy (D?v).
Next, by the mean value theorem and using (2.5), we have for some ¢ in [0, 1],
Si(D*w) — Sk (D?v)
={S} (tD*w + (1 — t)D?v)} : D*(w — v)
={S/ (t(D*w — D*u°) + (1 — t)(D*v — D*u°) + D*u°)} : D*(w — v).
We use (2.7) to estimate the C%% norm of
A= {S] (t(D*w — D*u®) + (1 — t)(D*v — D*u°) + D*u°)} — {S}/ (D*u")}.
For 0 < s <1 to be specified below, put
as = st(D*w — D*u®) 4 5(1 — t)(D*v — D*u®) + D*u°.
We have
|astlo.ase < Ju” = vll2.a0 + [Ju” — w200 + [[u°]]2,0:0- (3-4)
By the mean value theorem, for some s € [0, 1] we have
A= {S (as)} ((D*w — D*u®) + (1 — t)(D*v — D*u?)),
and thus by (2.7)
[Allo,cse < Clastlg oz (llu® = vll2a0 + [[u® = wl2,0:0). (3-5)
By Schauder estimates (Theorem 2.1), (2.2), (3.4) and (3.5) we obtain

1R(v) = R(w)[l2.0:0 < CllAfo,a:2l|D*(v = w)l[o,a:0

< Cllu® = vllz.as + [[u® = w200 + [[u°]]2,0:0)*

(3.6)

(lu” = vll2.0 + [[u” = wll2.00)[lv = wll2a0
< Clp+ 0 + 11wl l2.0:0) (0 + O)lv = wll2,0:0,

where § measures how close u? is to u (3.1). Thus, for p and § sufficiently small, R is
a strict contraction in B,(u).
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It remains to show that R maps B,(u) into itself. We note by the definition of R
and unicity of the solution of (1.1), a fixed point of R solves (1.1). Let v € B,(u),

lu = Roll2,050 = [|Ru — Rvl|2,050 < [[u = vll2,050 < p,

which shows that R maps B,(u) into itself. The existence of a fixed point follows from
the Banach fixed point theorem. Moreover, the sequence defined by u™+! = R(u™),
i.e. the sequence defined by (1.2), converges for p and ¢ sufficiently small to . O

3.2. Finite difference discretization. Next we consider the following discrete
version of (1.2)
{8y (Hau®™)} - Hau™ 0 = (S (Hqu®™)} - Hgu™"
+ f = Sk(Hau™")in Ok (3.7)
u™ b = gon 90",

Under the assumptions of Theorem 3.5 below, we show that (2.12) has a unique
solution to which the above sequence converges. Moreover, the convergence rate is

O(h?). Define
B,u) = (" € M@, [[v" = ulls 00y < 0} (35)

LEMMA 3.2. Let S* : M(Q") — M(Q") be a strict contraction with contraction
factor less than 1/2, i.e. for v" wh € M(QM)

||Sh(vh) - Sh(wh)||2,a;ﬂh < ||Uh - wh||2,a;Qh“
0 0

N | =

Let us also assume that S" does not move the center u of the ball B,(u) too far, i.e.
115" () = ullz,0i00 < Coh®.

Then S™ maps B,(u) into itself for p = 2Coh®. Moreover S™ has a unique fized point
ul in B,(u) with the error estimate

||u - uh||2,o¢;Qg < 2COh2'

Proof. For v" € B,(u),

||Sh(vh) - u||2,o¢;Q[’} < ||Sh(vh) - Sh(u)||2,a;ﬂg + ||Sh(u) - u||2,o¢;Q[’}

1
< §||vh - u||2,a;ﬂg + 00h2
p s P, P

<Picm<P il o,
Sg o= oty =e

This proves that S maps B,(u) into itself. The existence of a fixed point follows from
the Banach fixed point theorem. The convergence rate follows from the observation
that

[l = u"{[5, 0508 < llu = S"(W)lly a0y + 115" (u) = S" (")l

1
S Coh2+§||uh_u||2,a;ﬂ[’}' O
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REMARK 3.3. For h sufficiently small, Hq(u) is sufficiently close to D2y and
hence {S,? (Hqu)} is positive definite, a property which also holds for {S,’ (Hqu®")}
for u%" sufficiently close to u. The arguments are similar to the ones of Lemma 2.4.
See also Lemma 3.4 below.

LEMMA 3.4. Let u be a k-admissible solution of (1.1). Assume that inf
f > 0 and u € C*Q). Then for h sufficiently small, Ay(u) > co > 0 where
co = 1/2((inf f)/c(k,n))Y*. Moreover, if u is a strictly convex function, then for
p = O(h?), Ha(u) is a positive matriz and v" is a discrete convex function, when

v € B,(u).

Proof. Since the eigenvalues of a matrix are continuous functions of its entries (as
roots of the characteristic polynomial), for a matrix A = (a,;) with Si(A) > 0, we
have for € > 0, the existence of v > 0 depending only on the space dimension n such
that |Sk(B) — Sk(A)| < € when sup,;|bi; — a;;| <. This implies Sk(B) > Si(A) —e.
Thus with € = S;(A4)/2, we have S(B) > Sk(A)/2.

For h sufficiently small we have Ch%|u|s.q < v and thus since Si(D?*u) = f >
inf f > 0, by (2.15) Sk(Ha(u)) > 1/2inf f. By (1.4)

Aa(u) > %((inff)/c(k,n))l/k.

Let v" € B,(u). Then by definition of B,(u) and (2.15)

IHa(v") = Ha(w)llo.as0p < [Ha(w") = D*ully,asp + [1D%u = Ha(w)llo asep
< p+ Ch?ulsg,
which can be made smaller than « for h and p sufficiently small. Thus given that
Hq(u) is positive definite, the same holds for H4(v"). O

THEOREM 3.5. Assume that u € C*%(Q) is k-admissible. Choose u®" such that
[|u0" —ulg,a:0n = O(h?). For h sufficiently small, (2.12) has a locally unique solution

ul which satisfies Ag(u) > 0 and u" converges to the unique solution u of (1.1) as
h — 0 at the rate O(h?).

Proof. 1t follows from the assumptions that inf f > 0. We define the operator
RM s M(Q") — M(Q") by
—{Sij(’Hd u®™)} s Hg(o" — R = =S (Hav") + fin Qb
R"(v") = gon oQ",
and show that R" has a unique fixed point in B,(u) for p = O(h?). By Remark 3.3
the above problem is then well defined. It follows from (3.3) that the operator R" is

a discrete version of the operator R used in the proof of Theorem 3.1. Thus, as in the
proof of Theorem 3.1 we obtain

{8 (Hau®™)} : Ha(RM" — Rhuw™) = Sp(Haw") — Si(Hav™)
+ {S,ij(Hd u®M Y} Hg (0 — ™).

And thus by the mean value theorem and discrete Schauder estimates, as in the proof
of Theorem 3.1

IR (") = R (w")ll5,0:05 < Clp+0n+ [[u*" 5 0,00)" (0 + ) [[0" — 0"l 00 (3.9)
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Next, note that with (2.16) applied to u one has |ul; 4.0n < Cl[ull4,a50. It follows
that ||U0’h||2,a;szg < lulla,az0n + 0n < Cllulla,a;0 + 1. We recall that by assumption
[|u®h — ully,0i0n = O(h?). Thus R" is a strict contraction in B,(u) for p =0(h?) and
h sufficiently small. Moreover, the contraction factor can be made smaller than 1/2
by choosing h sufficiently small.

Since f = Sk(D?u), by the discrete Schauder estimates Theorem 2.6 and Lemma
2.7

1R () = ully iy < ClISk(D*) = Sp(Ha(w))llo, a0 < Ch*.

By Lemma 3.2 we conclude that R" has a fixed point u" in B,(u) with the claimed
convergence rate.

The claimed property of u follows from the fact that u" € B,(u) and Lemma
34.0

4. Newton’s method. As in the previous section, we assume that {S,ij (D?u)}
is uniformly positive definite. By Remark 3.3, for h sufficiently small, there exists
m’ > 0 such that for v" € B,(u), {5 (Hqv")} has smallest eigenvalue greater than
m’. We consider for u®" € B,(u) the sequence of iterates

{5 (Hau™)} s (Maw™ 0 = Hau™") = f = S(Hau™") in

u™ b = g in 90", (4.1)

We note that (4.1) defines u™+1" as the solution of a discrete second order elliptic
equation in non divergence form, which is uniformly elliptic for «™" € B, (u) for h
sufficiently small.

THEOREM 4.1. The sequence defined by (4.1) satisfies

™" — ]y g < Cllu™" —u (3 on, (4.2)

for p and h sufficiently small and where u" denotes the solution of (2.12) in B,(u),p =
O(h?).

Proof. Put
B = {8} (Hqu™™")} : (Hqu™ 1" — Hau). (4.3)
We have by (2.12)
B = {87 (Hqu™")} : (Haqu™" — Hau") + Sp(Hau") — Sk (Hau™")
= ({50t} = (S ) ) (o™~ H (4.49)
+{ST(Haqu™)} - (Hau™" — Hqu") + Sp(Hau") — Sp(Hau™").
Put

B, = ({S,ij(}[dum*h)} — {8y (’H,duh)}> D (Hau™" — Haul), (4.5)

and

By = {S (Hau")} : (Hau™" — Haqu") + Sp.(Hau") — Sk (Hau™"). (4.6)
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By the mean value theorem, (2.5) and (2.7), we have
By = ({S,ij(t’Hdum’h + (1 = )Hqu")Y (Hqu™" — ’Hduh)) D (Hau™" — Haqu™),
for t € [0, 1] and thus
1Bullo.asen < CULM g asop + ™" l2,qi0p)* 2 1u™" — a3 o
< Clllullp,ap +0)" 2 lu™" = a3 ,on (4.7)
< C(lullz,as0n + p)F 2 ™" — “h”g,a;ﬂg'
We also have by the mean value theorem

By = {S,ij (Haqu™)} : (Hau™" — Haqu™)
+{ST (tHu" + (1 — ) Hau™")} : (Hau" — Hqu™")

= <{S;'j (Hau")} — {SP (tHqu" + (1 — t)Hdum’h)}) D (Hau™" — Haqul)

(4.8)
= (‘{Szij((l — §)Haqu" + stHqu" + s(1 — t)Hqu™")V
(1= t)(Hau" — ’Hdum’h))) L (Haqu™h — Hauh),
for s, € [0,1]. As for By we obtain
B2l o < Cllulla g +2)* 2™ = a1 (1.9)

Combining (4.3)—(4.8) and using Schauder estimates, we obtain (4.2). O

Choosing p = O(h?) we have Cp < 1 for h sufficiently small. We conclude that
u™tbh € B, (u) when u™" € B,(u) and the quadratic convergence rate of Newton’s
method.

REMARK 4.2. Having established that the discrete problem has a locally unique
solution and that v" is a discrete convexr function for v sufficiently close to u, the
convergence of Newton’s method also follows from the wverification of standard as-
sumptions given in [19, p. 68]. See [11] for an example of verification of the standard
assumptions for a wide stencil discretization.

5. Gauss-Seidel iterative methods. It is a natural idea to solve (2.12) by a
nonlinear Gauss-Seidel method, that is solve (2.12) for u”(z) and solve the resulting
nonlinear equations by a Gauss-Seidel method. Although this seems a daunting task
for arbitrary k, we show that for k& = 2, this takes a very elegant form. We then
establish a connection between the resulting nonlinear Gauss-Seidel iterative method
for 2-Hessian equations and the discrete version of (1.3), i.e.

e

1
c(k,n)

m-+1,h __ m,h\k

(7 = Su(aum) "
ymthh — gon BQh,

when the Gauss-Seidel method is used to solve the Poisson equations.
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5.1. Nonlinear Gauss-Seidel method for 2-Hessian equations. We start
with the identity

2

(f—Sz(Hduh))> , (5.2)

Bau’ = <(Ad uh) c(2,n)

and show that the right hand side is independent of u”(z). Note that by (2.11),
9} 0lu(x),i # j is independent of u"(z) and by (2.13),

3(Adu x) i 2 _ 2
—~
Since 0S5 (A)/0z = ZZ j=1(05K(A)/0aij)(0a;j/0z), we conclude that

So(Hqu"(z)) ZSJ’Hdu x)a(a 8}#9] ul(z)

0
O(u"(x)) 5= ul(x))

i#]

o ) o
+ Y85 (Hau" () 5w 040" ul ()
Z ok ()

SO (URICIEES 3 R LE

i=1 1<p<n
pF#i

2 2
=73 Z@i@fuh(a@) ~73 (n— 1Ay u"(x)
i=1 pi

- —%(2n)c(2,n)Ad ul(x) = —i—zc@,n)Ad u" (),

and we recall that the definition of (5;? was given in section 2.1. This gives

TR u(2))? ! - u"(z)))) =o0.
sty (Bt @+ 5 (7 = Saltan ) ) =0

We can therefore rewrite (5.2) as

h? [ = u"(z + he') + ul(z — het
WP pUACES ESLCEL
=t (5.3)

- (@@ + g7 = Saan @) 1 ,

where the solution with Agzu” > 0 has been selected. For n = 2, this is the identity
which was solved in [15, 8, 7, 5] by a Gauss-Seidel iterative method, as indicated in
the introduction. For m > 3, this provides new iterative methods for the 2-Hessian
equations.

Henceforth, we shall assume that a row ordering of the elements of Q" is chosen.
Note that if we apply the Gauss-Seidel method to the problem (5.1), we obtain a
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double sequence u™P" defined by

um+1)p+1)h(x) _ h_2|: n um+l’p’h($+h€i) +um+1,p+1,h($ _ h@l)
1

2n h?

- (@ + (f—&GmuWW@Oé}

1
c(2,n)

This leads us to consider the double sequence um*h defined by

mELh () = B2 [qmup @ het) + uph " (@ — he?)
p+1 - m — h2
. :
m,h m,h

where Agult™(z) and So(Hquje"(z)) are the actions of the discrete Laplace and
2-Hessian operators on u;”’h updated with the most recently computed values.
Formally, as m — oo, this gives the nonlinear Gauss-Seidel method

0 iuﬁ(z—l—hei) +ul, (z — he?)
2n [~ h?
= ) (5.4)

- (@@ 4 g (7 = S|,

UZ+1(17) =

c(2,n)
where as above Agul, (x) and Sa(Hquj,(x)) are the actions of the discrete Laplace
and 2-Hessian operators on ug updated with the most recently computed values of
uZ_H. In particular, the right hand side of (5.4) does not depend on uZ_H since as
shown above, the right hand side of (5.3) does not depend on u" ().

6. Numerical results. We give numerical results for the oy problem, i.e. for
k = 2,n = 3 using the subharmonicity preserving iterations. Although our theoretical
results only cover smooth solutions, as indicated in the abstract and in the introduc-
tion, the subharmonicity preserving iterations appear able to handle non smooth
solutions. The initial guess in all of our numerical experiments is taken as the finite
difference approximation of the solution of the Poisson equation Au = 21/f in Q with
u = g on 0.

We use the following test functions on the unit cube [0, 1]3:

Test 1: A smooth solution which is strictly convex, u(x,y, z) = e’ +V*+2* 5o that
) ’y7
z,y,2) = 4(3 + 2% + 9y + 22 2@ +y"+2%) and T,Y, %) = e+’ +2" on 90,
Y Y 9(z,y

Test 2: A smooth solution which is 2-convex but not convex. It is known that
for a radial function u(z) = ¢(r),r = |z|,2 € R™ the eigenvalues of D?u are given
by A\ = ¢”(r) with multiplicity 1 and Ay = ¢'(r)/r with multiplicity n — 1. See for
example [9, Lemma 2.1]. Tt follows that with u(z,y, z) = In(a+ 22 +y +22), we have

#(r) = In(a +r?) and we get Au = 6;‘:23 >0, S2(D%*u) = 4(3‘1 Z)S >0, det D*u =

2(;1+TT2)2, in [0,1]*. With a = 2, det D?u takes negative values in [0, 1]3.

Test 3: A solution not in H%(Q), u(z,y,2) = —+/3 — 22 —y2—22 so that

f@,y,2) = = (22 +y*+2°=9) /(=342 +y*+2%) > and g (2, y, 2) = —\/3 — 2% — y? — 22
on Of).
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h
| 1/2t 1/22 1/23 1/2* 1/2°
Error | 6.2328 1072  2.6556 1072 7.7836 1073 2.0616 1072 5.2449 10~
Rate 1.23 1.77 1.92 1.97
TABLE 1

Maximum error with Test 1.

h
| 1/2 1/22 1/23 1/2* 1/2°
Error | 6.5241 10~* 5.0653 10~* 1.3850 10~* 3.5587 10~° 9.1276 10~
Rate 0.36 1.87 1.96 1.96
TABLE 2

Mazximum error with Test 2.

Test 4: No exact solution is known. Here f(z,y,z) =1 and g(z,y,z) = 0.

Test 5: A degenerate three dimensional Monge-Ampere equation. We take
f(z,y,2) =0 and g(z,y, z) = |x —1/2|. We use the double iterative method based on
(1.5).

Numerically, the solution computed may not satisfy S2D?u™ > 0. At those
points we set both Sa(D?u™) and det D?u™ to 0 in (1.5). If the numerical value
of Sa(D?*u™) is negative, then 0 is a better approximate value. Since So(D?u™) is
computed from ™, the numerical value of det D?u™ would also be inaccurate. Since
u™ is expected to be an approximate solution of u for which det D?u > 0, a better
approximation of det D?u™ at any stage where the latter is negative is also 0. It
would be interesting to analyze the effect of these rounding off errors on the overall
numerical convergence of the method. For example, one may analyze the convergence
of the inexact double iteration. Similar situations appear with inexact Newton’s
methods and inexact Uzawa algorithms.

The right hand side f(x,y,z) can be computed from the exact solution u(z,y, z)
using the definition of Sa(D?u) as the sum of the 2 x 2 principal minors.

For all tests but Test 3, we used the direct solver (5.1). For h = 25, we run out of
memory with (5.1). For Test 3, the Gauss-Seidel method was used since there is no
memory issue for the latter with h = 2. As expected, we have quadratic convergence
(as h — 0) for the smooth solutions of Tests 1 and 2 while enough data is not available
to give the convergence rate for the singular solution of Test 3.

In [5], it was argued based on numerical evidence that the Gauss-Seidel method
(5.4) is faster than a certain variant of the direct solver (5.1) for singular solutions.
In our implementation we saw evidence of the contrary, that is, the Gauss-Seidel
method is less efficient. We note that the Gauss-Seidel method requires much more
loops which are not efficient in MATLAB.

7. Concluding Remarks.

REMARK 7.1. Although the pseudo-transient and time marching methods intro-
duced in [3] work as well for k-Hessian equations, and apply to more general fully
nonlinear equations, the subharmonicity preserving iterative methods introduced in
this paper are parameter free. All these type of methods can be accelerated with fast
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h
1/24 1/2° 1/26
Error | 1.1084 10~  9.7971 10~* 7.6618 10~*
Rate 0.18 0.35
TABLE 3

Mazimum error with Test 3.

0 01 02 03 04 05 06 07 08 09 /1
FIG. 1. Test 4, h = 1/2%. Graph and contour in plane z = 1/2.

Poisson solvers and multigrid methods.

REMARK 7.2. When it comes to numerical methods for fully nonlinear equations,
there are two types of convergence to study. Since the equations are nonlinear, they
must be solved iteratively. One must then address the convergence to the discrete
solution of the iterative methods used. The second type of convergence is the conver-
gence of the numerical solution to the exact solution as the discretization parameter
converges to 0. We have addressed both types of convergence in this paper.

REMARK 7.3. Eristence of a discrete solution and convergence (as the mesh
size h — 0), for finite difference discretization of smooth solutions of fully nonlinear
equations, are not often discussed. It is clear that convergence does not simply follow
from the consistency of standard finite difference discretization of the second order
derivatives. For viscosity solutions, convergence of monotone, stable and consistent
schemes follows immediately from the theory of Barles and Souganidis.

REMARK 7.4. The iterative method (1.3) can be viewed as a linearization of
the fully nonlinear equation (1.1). It is possible to linearize (1.1) in ways different
from (1.2) and (1.3). See for example the methods described in [3]. The iterative
method (1.3) has been shown numerically to select discrete solutions which converge
to non smooth solutions. Since (1.3) consists of a sequence of Poisson equations, the
numerical solution of (1.1) can now be tackled with any good numerical method.
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FIG. 2. Test 5, h = 1/2*. Graph in the plane z = 1/2.
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