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THE SEMI-CLASSICAL SCATTERING MATRIX FROM THE POINT
OF VIEW OF GAUSSIAN STATES*

MAXIME INGREMEAU'

Abstract. In this paper, we will consider semiclassical scattering by compactly supported
non-trapping potential on R?. We will define a family of Gaussian states on S~1, parametrized by
points in T*S%~1, and show that the action of the scattering matrix on a Gaussian state of parameter
p € T*S% 1 is still a Gaussian state, with parameter x(p), where & is the (classical) scattering map.
This is one way of saying that the scattering matriz quantizes the scattering map, complementary to
the one introduced in [1] in terms of Fourier Integral Operators.
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1. Introduction.

1.1. The scattering matrix. Consider a Schrodinger operator of the form
by, = —%2A +V with V € C°(R?). Here, h is a semi-classical parameter, which will
go to zero in the sequel.

It is well-known (see for instance [14, Chapter 2] or [5, Chapter 3]) that for any
bin € C®(S%71), and any fixed h > 0, there is a unique solution to (Ph — %)u =0
satisfying, for all z € R%:

u(x) = |o| 2 (e My (—2) + 1V M o (7)) + O(Ja| =D, (1)

where we write & = I; € S-1.
We define the scattering matriz Sy, : C>=(S¥~1) — C>°(S% 1), which depends
on h, by

Sh(¢zn) = eiﬂ—(d_l)/2¢out-

S, may then be extended by density to an operator acting on L?(S9~!). The
factor e!™(@=1)/2 is taken so that the scattering matrix is the identity operator when
V=0.

REMARK 1. The definition of the scattering matrix we took here is not exactly
the standard one, but is very close to it. If we denote by S, the standard definition
of the scattering matrix, as can be found in [14], and by T the operator given by
(Tf)(&) = f(—&), we have

S, =TS,T.

Thanks to [5, Theorem 3.40], this equality can also be written as S, = S’:i.

In particular, S, and S, have the same spectrum, but our definition will be more
natural in relation with propagation of Gaussian wave packets.

It can be shown that S} is a unitary operator, and that S;, — Id is trace class.
The semi-classical properties of Sy, are closely related to the (classical) scattering map,
which we now define.
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Fic. 1. The scattering map k.

1.2. The scattering map. We denote by p(x,&) = % +V(z): T*R* — R
the classical Hamiltonian, which is the principal symbol of P,. Let us write £ for the
energy layer of energy 1/2:

£ = {(,€) € TR p(x,€) = 1/2}. (2)

We denote by ®!(p) the Hamiltonian flow for the Hamiltonian p. We will suppose
in the sequel that the Hamiltonian flow is non-trapping on the energy level £, in the
sense that

Vp € £,3T > 0 such that V¢ € R with [t| > T, we have 7,.(®'(p)) ¢ supp V.  (3)

Here, 7, : T*R? — R? denotes the projection on the base variable.
Since, away from supp V, the trajectories by ® are just straight lines, we have
that for any w € S, and n € w' C R?, there exists a unique Puw,n € € such that

T2 (P (pu,y)) = tw + 1 for t < =T, (4)

where Ty is large enough so that supp V' C B(0,Tp). Here, w is the incoming direction,
and 7 is the impact parameter. In the sequel, we will identify

{(w,n); we St newt) =Tt

Thanks to the non-trapping assumption, we have that for all w € S !, and
n € wt C RY, there exists w’ € S¥1, 7 € (W)t € R? and ¢ € R such that for all
t 2 TOu

T2 (P (pum)) =w'(t —t') + 1

The (classical) scattering map is then defined as x(w,n) = (W', n’), as represented
on Figure 1.

The scattering matrix is strongly related to the scattering map in the semiclassical
limit (see section 1.4 for some results in this direction). The aim of this paper is to
express this relation in terms of Gaussian states, which we now introduce.
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1.3. Statement of the result.

Gaussian states. From now on, we fix a function x € C*°(R;[0,1]) such that
x(r)=1ifr <1/2and x(r) =0 if r > 3/4.

Let (z0,&) € S*R?, let I'y be a symmetric d x d matrix with positive definite real
part, and Qo be a polynomial in d variables. Let us write

Guo.olo.00 (@1 h) = X( |‘Thl/3§| )QO (ZU\/;O )e—%mo»me—ﬁ(m—ﬁo)-Ib(w—ﬁo)j
where we identify both S} R? and S~ with {# € R% |Z| = 1}, and where |-| denotes
the distance in R?. We shall say that ¢, ¢ .ro.0, is a Gaussian state centred at
(20, &o)-
Our theorem says that the image of a Gaussian state by the scattering matrix is,
up to a small remainder, a Gaussian state centred at ®*(zo, &) for ¢ large enough.

THEOREM 1. Let (z0,&) € S*RY, let Ty be a symmetric d x d matriz with
positive definite real part, and let Qg be a polynomial in d variables with coefficients
independent of h.

Then there exists (z1,&) € S*RY, §; € R, I'y a symmetric d x d matriz with
positive definite real part, and polynomials (Q¥)ren such that the following holds. If
N €N, write QY := 3 cpen WW/2QY. We have, for any N € N

i 51
Sh¢107EO)FO7QO =e'h ¢11751,F1,Q{V + By, (5)

where |Ry||co = O(hV+1)/2),
Furthermore, if we write for i = 0,1, (wi,n;) := (&, 2; — (i - &)&) € T*SY™L, we
have

(w1,m) = K(wo,Mo)-

REMARK 2. Our proof will show that the polynomials Q} have degree at most
3k + deg(P). Furthermore, the constant &, the polynomials Q% and the matrix T'y
depend only on Qg, I'g, and on the values of the potential V' in an arbitrarily small
neighbourhood of the trajectory {m,(®'(x1,&1));t € R}.

This result may of course be iterated, to describe the action of Sf on a Gaussian
state for any k € Z.

Our family of Gaussian states satisfies a resolution of identity formula. Namely,
if we write ¢ ¢ := ¢u.¢ 14,1, we will prove in section 4 that, for any function f €
L?(S?~1), we have

sy =a [ de [ ) [ Wi @) ()

for some constant ¢; depending on h, such that ¢, ~p_0 2(d’1)/2(27rh)’3(d’1)/2.

Therefore, combining (6) and Theorem 1, one may have information on the action
of the scattering matrix on functions that are more general than Gaussian states.

R1/3
be replaced by any power h~™% with 0 < o < 1/3.

1 The cut-off x( ‘i75‘> is here only so that the integral in (6) converges. The power h=1/3 could
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Sketch of proof of Theorem 1. Let (z9,&) € S*R?, let 'y be a symmetric d x d
matrix with positive definite real part, and ()¢ be a polynomial in d variables. Let us
write

7 - §0 =\ siu0s (i go)To(—
¢107£07F07Q0(x;h) :QO( \/E )6’1 0T, 25 (2—&0) To( 50)'

Note that we have ”éIo,ﬁo,Fo,Qo(';h) - ¢I0750,F07Q0(';h)|‘00 = O(hoo) It
will therefore be sufficient to prove the result with ¢, ¢ 0.0, (; ) replaced by

d)ﬂﬁO»Eo,Fono ('; h)2
We will consider on R? a Gaussian state, of the form

u%(il?) = P((I — xo)/\/ﬁ)e%z{oe*ﬁ(acfxo).l‘(z,zo),

where we suppose here for simplicity that (xg,&p) is incoming, in the sense that for
all t <0, 7, (®4(xg,&)) ¢ supp V.

If we denote by U(t) the Schrodinger flow generated by P, the function
Joer €"/?"U (t)uhdt will then be an cigenfunction of P,. We will then try to de-
compose it like in (1).

The incoming part will be given by ffoo e/ (t)u dt, which is very close to

0
/ eit/%Uo(t)u%dt,

— 00

where Uy is the free Schrodinger flow. In section 2, we will study the behaviour of
fi)oo et Ug (H)ud dt as |z| — oo.

To analyse the outgoing part, given by fooo et/2hy (t)ufdt, we will use the fact
that, when a Gaussian state is propagated by the Schrédinger flow, it remains a
Gaussian state (see section 3.1 for more details). We will use this to propagate u
until a time 7' > 0 such that ®%'(20,&) is outgoing. The integral [ /2 U (t)udt
is then very close to [ e™*/?"Uy(t)U(T)ujdt. We will then use the results of section
2 to describe the behaviour of this integral as |z| — co. These asymptotics will give
us the result of Theorem 1. O

1.4. Relation to other works. The study of the semi-classical properties of
the scattering matrix, and its links with the scattering map has a long history. The
scattering amplitude, that is to say, the integral kernel of S;, — I'd was expanded as a
semi-classical series in different situations in [13], [8], [20], [17], [19],][21], and [15].

It was shown in [1] that, microlocally near non-trapped points, the scattering
matrix® Sy, is a Fourier Integral Operator quantizing the scattering map . This result
was extended to short range potentials in [2], and to non-trapping asymptotically
conical manifolds in [9].

These results were then used in [4], [7], [6], and [11] to obtain some equidistribution
results on the spectrum of Sj,.

Although the results presented here could be deduced from those of [1], the
method used here is quite different, and somehow simpler and more explicit. In

2The functions D20,£0,T0,Q0 (3 1), which are less natural than (2)10’50’1“0’@0('5“ were actually
introduced so that (6) holds. Without the cut-off x, it is not clear that the right-hand side of (6)
should converge.

3 Although not stated explicitly, the convention for the definition of the scattering matrix in [1]
is the same as ours, i.e., S, and not S'h
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particular, it is not clear how one could deduce from Alexandrova’s results that the
image of a Gaussian state by the scattering matrix depends only on the values of the
potential close to a single trajectory, as stated in Remark 2.

Our approach, based on the propagation of coherent states, is largely inspired by
[18] and [3]. Actually, in [18] and [3], the action of the scattering operator on Gaussian
states is described precisely. The scattering matrix can be seen as the restriction of
the scattering operator to an energy shell. However, it does not seem easy to deduce
our result from theirs, and the approach presented below, based on asymptotics as
|z| — oo, seems more direct.

Though we only considered the simplest case of potential scattering, the result
of the present paper also hold for compactly supported metric perturbations of the
Laplacian, with a similar proof . Our results should still hold if the trapped set is
non-empty, as long as the cut-off resolvent is bounded by some negative power of h,
and that the Gaussian state we consider is centred on a point which is not trapped
in the future. Actually, the methods employed here should in principle work as long
as we consider Gaussian states centred at some points which spend less than the
Ehrenfest time in the interaction region; this could, in some situations (for example,
if the trapped set is hyperbolic), allow us to describe the action of the scattering
matrix outside of a neighbourhood of the trapped set whose size depends on h. If
the trapped set is hyperbolic, and the topological pressure of half the Jacobian flow
is negative, it should be possible to combine the ideas of the present note with the
methods developed in [16] and [12] to describe the scattering matrix microlocally near
the trapped set. These issues will be pursued elsewhere.

Acknowledgements. The author would like to thank the anonymous referees
for their many comments, which greatly helped to improve the presentation of this

paper.
The author was funded by the LabEx IRMIA, and partially supported by the
Agence Nationale de la Recherche project GeRaSic (ANR-13-BS01-0007-01).

2. Free evolution of a Gaussian wave packet times a polynomial. Let
(w9,&) € S*R?. Let P be a polynomial in 2 of degree n, and let I' be a symmetric
d x d matrix with positive definite real part. We consider on R¢ the function

() = P Jebe o T, )

We shall denote by Uy = e**"*/2 the free Schrédinger evolution. Fix T > 0. We

want to consider

+o0 )
vp = / Uo(t)ud e/ dt.
T

More precisely, the aim of this section is to compute

lim |z](@=D/2e= 21 Py, (3]2)).
|z|— 00

Considerations on the Fourier transform of a Gaussian times a polynomial. We
take the following convention for the Fourier transform:

Fog) = [ e <ol
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Consider an invertible symmetric matrix I' € My(C) with positive definite real
part, and a polynomial P of d variables and of degree n. Then there exists a unique
polynomial of degree n, which we shall denote by Pr such that ]-"(P(x)e*zérz)(f) =
Pr(g)e 7

For any I', the map P +— Pr is an automorphism of the space of polynomials of
degree n. The image of the polynomial constant equal to 1 is the constant

(27‘r)d/2

VidetT’
where A — +/det A is the unique analytic branch satisfying vdet A > 0 when A is
real (cf. [10, §3.4]).

In the sequel, we will need an asymptotic for Pry;(t€) as t — +o0o. By definition,
we have:

(8)

Pri (tg)e—%ﬁv(l“-l-itld)*l& _ / P(I)e—%m»(l“-l—itld)me—itm.gdx
Rd

Rd

We can use stationary phase here, with 1/t as a small parameter. The phase
x - &+ |z|?/2 is stationary at x = —&, so that we have

2 o , , 27y d/2
PF_H.t(tg)e—?ﬁ'(l“-Htld) ¢ _ e—dzﬂ'/4p(_§)e—%E'Fﬁe%zt\f\z (%) 4 O(t_d/2_1),

On the other hand, we have

o i1 1
(C+itld) ™ = —1d+ =T +0(5 ). 9)
so that
o~ GETitld) e _ itlel® o~ here | O(l),
t
Hence

Pr+it(t§) _ efdiw/4p(_§)(27ﬂ')d/2 +O(t7d/271)' (10)

Semiclassical Fourier transform. We define the semiclassical Fourier transform
by

Fro(§) = / e 14 (z)dx,
R4
and its inverse is given by

1

P 0la) = g [ eFew(n

Note that, for any function f € L?(R?), we have

Fulf(/VR))(E€) = 2 (F())(€/VD), (11)
and that for any function f € H2(R?), we have F),(—h2Af) = E2Fu(f).
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Free evolution. The semiclassical Fourier transform of u% is given by

Frup(€) = hd/Qe%IOfOPp(‘g;ﬁgq)6’%z°'ge*ﬁ<f*50>f*<ff€o>.

Therefore
U (t)up (@)
. (e—it52/2hpr (5 \;50 ) e%mo«o—g)e—ﬁ(f—a))f*l(&—go)) (@)

_ 1 —it52/2h 5 B 50 Lo (E0—E) —i(ﬁ—ﬁo)'ril(f—ﬁo) iz-€/h
= g f ¢ (e o i
1 i

(QW)dhd/zeh'
gl i o - —it 12 2h —it ¢, —it 2 2h 1 /.F—l ’ /
Pr(i)eh(x w0)€' o =it€? [2h IE o i€} /2h oS5 TTIE g
R4 Vh
by setting &€ = & + &

1 i . é—l i ’ 1 ¢ -1, - ’
_ +x-&o ,—it/2h p(x—wo—1t&0)-&" ,— o5& (D™ " +itld)§ ’
(2w)dhd/zeh ¢ /Rd PF(\/E)G} € dg”

By (11), we obtain that

RS

1 e o
Uo(t)ug(x) = egz-Eoeflt/2h(PF)F71+itld( B m)

(2m)¢ vh

X

(12)
ﬁ(zfzoftgo).(rflﬂud)*l(xfxoftgo)'

Behaviour at infinity. Consider the integral vy, = [;° Up(t)uye/?"d¢t. Thanks to
the computations in the previous paragraph, we see that this integral converges on

any compact set of R?. We want to compute | llirn || (=1 /2e= 21/ Py, (3|2]).
&T|—r0o0

Note that, in what follows, h will only be a parameter, which will play no special
role. We have

. 1 ., o x —xo — t&p
nalel) = g™ [ (P - T
t

(2m) =T Vh
Xefﬁ(xfxoftgo)-(rflﬂtld)*l(xfxoftgo)dt
1

= Weixfo/T l(PF)F—uri\z\ﬂd( - lj'E(:i —xo/|x| — 750))
||

T2
2
Xe_W(i_mo/lm|_7—50).(1"71-',-1'\1\7111)71(:3—10/‘1‘_7—50) |$|d7_,

where we obtained the last line by setting ¢t = |z|7.

Note that for 7 mnot «close to one, the above integrand 1is a
O(|z|~°). h being fixed, let us compute an asymptotic expansion of
6_%(j_wo/‘w‘_7—50)'(F7l+i|m|7—ld)7l(i_$0/‘m‘_7—50) as |$| — o0, for T 2 1/2 We
have, using (9) that

|2|*(& = wo/|x| = 7€) - (07" + ila|rId) ™' (& — zo/|z| — T€0)
il

=~ = o/ fal = 76of? + 5 (6 — /] = 7&0) -T2 = ool 7€) + O( 77

- —@ﬁ—r&)lz’ + ?xo (& —1&) + %(i—Tfo) TN (@ —7%) +O(%)'
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Therefore,

on(|z|2) ~

it /Jroo e ol (P Id( - m(ff7 - 7'50))
(2m)d 1/2 el Vh
1 24
2h

xe? (= Zao-(&—7E0)+ 5 (B—7&) T~ (&—T&0)) |z|dr.

This can be seen as a stationary phase, with |z|~! as a small parameter. The
phase is, up to a factor 1/(2h), ¢(7) = | — 7&|?/7. By an easy computation, we get

1. R 1 1
¢(1)=—5@—-76) @ +7&)=—5(1-7)=1- 5,
T T T
which vanishes if and only if 7 = 1. We have ¢"(1) = 2, so that ¢”(1) = 2.
By the stationary phase formula, we get that

|$|(d_l)/26_ilml/hvh($ﬁ|x|)
- (21> |£L'|(d 1)/2 —i|z|/h 177/4 1/2|$| 1/2ehz Eoez |x &ol?
v

1E
NG

Thanks to (10), we obtain that

X (PF)F*1+i|x|Id( (33 _ go))e*ﬁ(2ixo-(§:ffo)+(2750).Ffl(ion))|x|.

|:Z?|(d71)/2 7i|ac|/hvh(:i|x|>

~

(d=1)/2=ilal/h1/2|411/2 0 ha-60 o SitlE—60)” p (7 —50)
x x| e e
(2 )d| | | | 8 \/E

xe i(1— d)ﬂ—/4( )d/2e (21:60 (2—&o0)+(2—&0) T (m o)

||

~ eil—d)m/4 m!/? Pr (i_50)67%10.(3750)67#(55750).1‘*1(53750)) U5l (2360 —2+]8—60|%)

emi2 "\, “r

~ et(l=d)m/4 /2 P (f _50)ei%zo'(iffo)efﬁ(5”*50)'1171(50*50)_

@emidz "\,

All in all, we have obtained that, for any 7' € R, we have

o0 )
lim |:1c| (d=1)/2 ﬂm/h(/ Uo(t)uge”/zhdt>(|x|50)
|z|— 00 T

2 5 ]
pi(l=d)m/4 m/ p (TS e~ @0 (#=60) p— 3 (E—&0)- T~} (&—£0)
@m#2 "\ Vh '

On the other hand, recall that for any f € L*(R%), we have (Up(—t)f)(x)
(Uo(t)f) (), so that

T
lim || (@-1/2¢ilal/h (/
|z|— o0

— 00

Uo(t)uge“/?hdt) (Jz|2)

+oo o
= lim_[a|(a-1)/2e=iel/n / Uo(tyufeit/2nat ) ([a}).
|x|—>oo -7
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Now, since 172 is of the form (7) with & replaced by —&; and I replaced by T, (13)
gives us

T
‘ml‘li)noo |I|(d71)/26i\z\/h(/ Uo(t)u?leit/tht) (|:Z?|:i)
- (14)
Pr (_ So + x)e}%wo'(i-i-fo)e—ﬁ(i+50)'f71(i+50).

Vh

3. Construction of a generalized eigenfunction. Let (z0,&) € S*RY. Let
P be a polynomial in = of degree n, and let I' be a symmetric d x d matrix with
positive definite real part. As in the previous section, we consider on R? the function

d—1)m/4 /2

(2m)7?

:ei(

ud(x) == P(x_—\/go)e%m'foe_ﬁ(m—%)'l“(w—%), (15)

Since V' has compact support, we may find a time ¢_ such that for all ¢ > t_,
xog — t& ¢ supp V. We shall write (z_,&_) := (z9 — t—-&o, &0)-
Let us consider

uy, = Up(t_)uj.

By (12), u;, may be put in the form

ui (x) = P_ (I \/;f )efit,/(Qh)e%x{,efﬁ(xfx,){’,(xfx,)v (16)
where P_ is a polynomial in = of degree n, and let I'_ is a symmetric d x d matrix
with positive definite real part.

Since the Hamiltonian has been supposed non-trapping, we may find a time ¢
such that 7, (@™ (z_,£_)) is not in supp V for any t > 0. We shall write (z,&;) :=
Ol (x_ £ ).

In particular, for any ¢ > 0, we have ®!+Tt(z_ £ ) = (z, +t£,,&,). Recalling
the definition of the scattering map, we see that, if we write z1 := r4 — (74 - £4)&y,
then

(§+7‘Ti) = H(g_,.’lif), (17)
where we identified (¢4, 1) with points in T*S?~1.
We denote by U(t) = e~ Ph the Schrodinger propagator. We set
uf = Uty ), . (18)

Let us recall how the results from [18] can be used to describe u; in the semi-
classical limit.

3.1. Review of the propagation of a Gaussian times a polynomial. In
[18, Theorem 0.1], it is shown that for any ¢ € R, for any N € N, and for any function
of the form (16), we have

U(t)uy, (x) = an(t,z; N) + Rflv(t,x), (19)
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with

(o N) = 6 30wl (1, T ) ehv bt e e Tute ),
0<j<N \/E

where
® Zt = (xt7§t) = (I)t(vaé.*)'
e ['; is a symmetric complex matrix with positive definite real part. More
precisely, if we write
L 85,5 L 8$t

0
= Tt —_— Dt .

- _ 9%
6I_7 t - ax_v t - ag_a

A =
t 65—7

we have
Iy = (C; +iDT)(A; +iB;T) "L
o The 7; are polynomials of degree at most 3j + deg(P), and
7_(t) = P(0)(det(A; +iB,T))Y2. (20)

e J; is the action integral

_ b g2 x-S+ x
0y —/0 (T —V(xs))ds — S,

§—x &

t
:/ Ty YV (z5)ds + t
O 2

Note that, if z; ¢ supp V, we have §'(t) = 0.
e For any a € N, there exists C, () > 0 such that

11+ |2 Ry (¢, 2)]| o < Ca(t)RNTV2, (21)

Thanks to this, we see that the function u; defined in (18) may be put in the
form

uy, (z) = 1y () + Ry (x),

where

i) =T Y it (x - $+)e%w-%—ﬁ<w—w+>-r+<w—m+>, (22)
0<j<N \/E

and where R (x) satisfies (21).
3.2. Construction of a generalized eigenfunction. Let us consider

0 ) ty ) +oo )
EY = / Uo(t)uy, e/t + / U(tyuy, e/ dt + / Uo(t)a) e/ dt.
0 0

—00
Thanks to the computations in section 2, we see that for any compact set K
and any k € N, |[Uo(t)uy, [|cr(x) decays exponentially fast as t — —oo, so that
0 _ .
J7 o WUty uy, €27 ok iy dt converges.
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Thanks to (12), we may describe Up(+t)@i for all ¢ > 0, and we also have
thanks to the computations in section 2 that f0+oo |Uo(t)a;} /2" || ok )t converges.

Therefore, the function EY is well-defined, and belongs to C>(R?).
If f € H?(R?), we have

ih%[eit/%Uo(wﬂ — (- % _ %)e”/%Uo(t)f
ih% [e?hU(t)f] = (Py — %)e“/ U

Therefore, differentiating EY under the integral signs, we obtain
(Pn—1/2)E},

0 ) ty )
:/ (Ph—1/2)U0(t)u,;e”/2hdt+/ (Py — 1/2)U (t)u; e*/?hat
0

— 00

+oo
+/ (Py — 1/2)Us(t)a) e/ at
0

P d ; L ,
= / [z’h— + V] Uo(t)u;elt/%dt +/ ih—U(t)u,:e”/%dt
oo - dt o aQ

o0 d )
+ / [ihgy + V] Uo(t)a) e/ dt
0

0 +oo
= / VU (t)uy, /2 dt + ihuy, + ih(uf — uy,) — ihiy) + / VU ()i e™/*hdt
0

— 00

0 +oo
- / VU (t)uy, e/?hdt 4 / VU (t)a; e/?hdt + RY (x).
0

— 00

Thanks to (12), we may describe Uy(—t)u, and Uy(t)a; for all ¢ > 0. They are
polynomials times Gaussian functions centred at x4 £ ¢, hence they are exponen-
tially small on the support of the potential V.

More precisely, there exists C, ¢ > 0 such that for any ¢t > 0, we have

VU (—t)uy ||z < Ce= D/ VUG ()i || e < Cem e+, (23)

Therefore, fi)oo VUO(t)u;e“/tht + f0+oo VUo(t)ﬂ;eit/tht is compactly sup-
ported with support in supp V, and has L? norm which is O(h>). Since R} satisfies
(21), we deduce that for any a € N, there exists C, > 0 such that

1L+ [a)? (P — 1/2)EQ)| .o < Cah V412,

We define the semi-classical outgoing resolvent as Ry, = (P, + (1/2+140))~*. Tt is
well-defined on any function in the weighted space (1 + |z|)~*L?, and thanks to the
non-trapping assumption, we have by [19, Theorem 2] that

-1 -1 c
1+l B (L + J2D) 7 oy e < 7 (24)
Write E} := Ry (P, — 1/2)E). We have

|+ |z)) B}, < CRN U/,
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The function
Ey = Ej + E},

which we call a distorted Gaussian beam, is bounded polynomially in |z| for every h,
and it satisfies

(P, —1/2)E, =0.
We will now show that it can be written as
En(x) = [a] =@ D/2 (el gin (<) + lol/M Bt (3)) + O(|a] ~@+D/2),
where Ei" and E¢“" are smooth functions which we will identify.

3.3. Behaviour of E} near infinity. The following lemma guaranties that the
term E} is negligible in our computations.

LEMMA 1. There exists a function ap, € C(S¥1) with |an|/z: = O(RN/271)
such that

Ej(Ja]2) ~jaj oo J] D2V Ry, (2).

Proof. Thanks to [14, Proposition 2.4], we know that

‘l‘im |z|~(d=D/2e=tlel/h Bl (|7]7) exists, and is equal to ﬁ’P;)VE,%, where Py 1, is
xT|—00

the adjoint of the Poisson operator P, v : L2(S1) — L2(R9).
We have

1P v B}l 2
= [Py v+ )7L+ |al) bl
< 1Pr (L4 |2) "l zas 2 (L + |2]) Bh |2
< O+ [2]) " Poy Py (L + |af) Y|V -1/2
= Ot + J2) " ((Ph — (1/2400)) 1) = (P — (1/2 = i0)) ™) (L + o)~} 2V H1/2
< OnN/2,

by (24). Here, we used the fact, whose proof can also be found in [14, (2.26)], that
(Ph— (1/2+i0)7") = (Ph = (1/2—1i0))7") = 53 Puyv Py -
All in all, we get that

which proves the lemma. O

We have, by (14), that

lim_[af~@-D/2e el B (22)]| ., < OBV,

|| =00

0
lim |x|_(d_1)/26i|x|/h/ Uo(t)uy, ™/t

|| =00

t_

:lllim |x|—(d—1)/2€i|x|/h/ Uo(t)udeit=1-)/2h gy
x| —o00 oo

1/2

—it_/2h i(d—1)7 /4 —
21

e P (_ S0 + i“)e%mmso)e—ﬁmao)-f*mso)).

Vh
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By (13) and (22), we have that

+oo )
(tim_ o] @-Dr2e=slel/n / Uo(t)iy /2"t (2)

|z|— 00 0
/2 v , &—¢&
_ i(1—d)m/4 it B2 (5 + (25)
T3¢ e E (m)r,
(2m)d/ 02N ( Vh )

% e~ hT+ (E—E4) o=k (E—E4) T (E—€4)

Finally, the last term composing Eg can be dealt with using the following lemma.

LEMMA 2.

ty )
/ Uty e/?dt = O(f]~@HD/2),
0

Proof. Tt suffices to show that, for any ¢ € R, we have U (t)u, = O(|z|~(4+1/2),
By Duhamel’s principle, we have

ot
_ % / Uo(t — s)VU(s)u,, ds.

0
We have Uy(t — s)VU(s)u; = f,:l{ei(t’s)K'Q/Qh]-"h (VU(s)u;)}. Since VU (s)u;,
is a compactly supported function, ei(t=9)I¢1*/2hF, (VU( Yu 7) is smooth and L2,

SO that its inverse Fourier transform decays faster than any polynomial, and hence
-7 fo Up(t — s)VU(s)u, ds decays faster than any polynomial . A similar argument
shows that Uy(t)u, decays faster than any polynomial, and the result follows. O

All in all, we have obtained that

Eh(I) _ |I|f(d71)/2(efi|x|/hE;Lln( )+ez\z\/hEout( )) + O(|{E| (d+1) /2)

1/2 T — ; =—1
() = e—it—/2h i(d—1)m/4_T (l’ 50) — Lz (2—€0) ,— o (—E0) T (£—£0))
Ein (:E) (271_)(1/2 Pr \/E ek e 2

E 12 U €+
o T Sy T
Zut(x) ot i(1— d)ﬂ'/4 d Se z n E h]/? ﬂ'] ( )
/ 0<j<N vh

Xe*%1+'(2*5+) B (E—€1) TN (E—64)) 4 O(RN/371),
We obtain from this that

Sh (Pp (x\;ﬁéo ) e%zo-@—fo)e—ﬁ<5c—£o>f”<5c—so>>)

_ it /2h i Z Bl (x,) F+($—§+) Loy (i—E4)
0<j<N vh

e~k (@E—64) TN (@—E4)) +O(h(N_2+d)/2).
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Hence, by possibly replacing N by N + 1 if d = 2 (which we can do, since N was
chosen arbitrary), we obtain that

5y
_ it
Sh¢wo7$0f71,Pr e ¢1+75+;F+7QN + Ry,

where QN = Y n W2 (m)r,, 01 = T+ 64 + a0 o — xp - &4, and ||Ryllco =
O(h(NJrl)/Q).

Using the fact that I' — T 'and P — Pr are one-to-one, this gives us the
statement of the theorem.

REMARK 3. If the polynomial P is constant equal to 1, one could write an explicit
formula for the constant QY in terms of the classical dynamics by using (8) and (20).

4. Resolution of identity. The aim of this section is to prove (6).

LEMMA 3. Let f € L3(S?1). We have

gy ¢(w) /

Sa-

fw)=a [ e A G, (26)

gL

where cp, is a parameter depending on h, with cp ~p—0 2(d’1)/2(27rh)73(d71)/2.

Proof. Let us write g(w) := [, d¢ fEL dzg, ¢ (w) Jsa-s dw/ e (W) f ().

Let us write for all t > 0 yu(t) := e_%x(#» so that yj, has support in
[0, 3R1/3).

We have

o = /g d /S dw'§(w — EDR(l’ — €D F () /g_ dzekCoree

On {w € S |w — €] < 3/4}, we may define a local chart by projecting on &*.
This way, we have w = w(y) with y € £+, so that |y| = | sin(w, )|, where (w, £) denotes

the angle between the vectors w and §. We also have ‘ det (fl—z) ’ = |cos(;,\'§)|d_1.

Noting that if x € ¢4, we have w(y) - @ = y - x, we get
g(w) = / ae / | cos(w(y), )1 dy' 2w — EDR(w(y') — ENF@())
Sd—1 el
daet (~vety)
X ‘/gL xTe
= (r)* () [ dgloos@OI R — ).

We write ¢, " := (2wh)4=! [, d¢| cos(cj,\‘é)|d_1)~(2(|w —¢|), which is independent of
w, since the integrand depends only on |w — ¢].
Let us write r(y) = |w(y) — &|. We have r(y) =y + o(y).
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We have

et —e)? X( lw(y) — ¢ ) ‘2dy

= r = [ Jeosl) 0" e

o202 or(h22) V12 a1y
(P )| e

:(27rh)d_1/ |cos(w(m),§)|d_16_
gL

_ (27T)d71h3(d71)/2/ efz2d2+0(h(d71)/2)
gj.
_ 27(d71)/2(2ﬂ'h)3(d71)/2 + 0(h<d71)/2).

d

As a corollary of the resolution of identity formula, let us state the following
result, which can be proved along the same line as in [3, 1.2.3]

COROLLARY 1. Let A be a trace-class operator acting on L*(S?~'). We then
have

TrA = Ch/ dw/ d§<q~5w1£, Ag{)w)§>[‘2(§d71).
§d—1 wt
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