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LIMIT OF THE HAUSDORFF DISTANCE FOR ONE-PARAMETER
FAMILIES OF WULFF SHAPES CONSTRUCTED BY AFFINE
PERTURBATIONS OF DUAL WULFF SHAPES*

HUHE HAN'T AND TAKASHI NISHIMURA?

Abstract. It is known that the Wulff construction is an isometry. In this paper we provide
an alternative proof of this fact. Moreover, according to this result we investigate the limit of the
Hausdorff distance for one-parameter families of Wulff shapes constructed by affine perturbations of
dual Wulff shapes.
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1. Introduction. Throughout this paper, we let n,S™ and Ry be a positive
integer, the unit sphere of R™*! and the set consisting of positive real numbers re-
spectively. Define the set C°(S™, R, ) as follows

C%(S™",Ry) = {7: 8™ = R,| v is continuous} .

For any v € C°(S™, R, ) and any 6 € S™, let I, g be the following half-space, where
the dot in the center stands for the scalar product of two vectors x, 6 € R*+1.

Loog={zeR"™ | z-0<~(0)}.

The Wulff shape associated with v, denoted by W,, is the following intersection

Wy = () Ty
gesn

This construction is well-known as the Wulff construction of geometric model for an
equilibrium crystal introduced by G. Wulff in [9]. By definition, it is clear that Wulff
shape is a convex body containing the origin of R"*! as an interior point. Conversely,
it is known that any convex body containing the origin as an interior point is a Wulff
shape associated with an appropriate continuous function ([8]). For details on Wulff
shapes, see for example [2, 5, 6, 8].

Given a v € CY(S",Ry), set

graph(y) = { (6,7(0)) e R"*' — {0} | 0 € S"},

where (6,7(6)) is the polar plot expression for a point of R"*! — {0}. The mapping
inv : R"*!1 — {0} — R"T! — {0}, defined as follows, is called the inversion with respect

to the origin of R"*1,
1
inv(0,r) = (—0,~ ).
inv(d,r) ( 77“)
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Let 'y, be the boundary of the convex hull of inv(graph(vy)). If the equality I, =
inv(graph(v)) is satisfied, then v is called a convex integrand. If the convex hull
of inv(graph(vy)) is a strictly convex body and the equality I', = inv(graph(y)) is
satisfied, then ~ is called a strictly convex integrand. We called the convex hull of
inv(graph(y)) is the dual Wulff shape of WW,. The notion of convex integrand was
firstly introduced by J. Taylor in [8] and it plays a key role for studying Wulff shapes
(for details on convex integrands, see for instance [5, 8]). Let CI(S™,R;) be the set
consisting of convex integrands.

CI(S™,Ry)={y€C’S",Ry) | v: convex integrand} .

Let Heonv,o (R™) be the set consisting of convex bodies containing the origin of
R™*! as an interior point.

Hconv,O (RnJrl)
:{ W C R"+1| W : convex body and 0 € R™*! is an intrior point of W} .

Then, the mapping W : C°(S™, Ry ) — Heonv,o (R"T1), defined by
W) =Wy,

is well-defined. The space C°(S™, R;) (resp., Heonv.0 (R"+1)) is a metric space with
respect to the maximum distance (resp., the Pompeiu-Hausdorff distance). For details
on the Pompeiu-Hausdorff distance see for instance [1]. It is not difficult to see that
the restriction of W to CI(S™,R,) is continuous and bijective. Let

C® (CI(S™,Ry), Heonv,0 (R™T1)) (*)

be the set consisting of continuous mappings from CI(S™,Ry) into Heonv,0 (R”“)
with respect to the maximum distance and the Pompeiu-Hausdorfl distance respec-
tively.

In [7], it is shown that the restriction of W to CT(S™, R, ) is an isometry. In this
paper we first give an alternative proof of this result (see Section 3).

THEOREM 1 ([7]). The restriction of W to CI(S™,R,),
W|CI(S”’R+) : CI(S”’R-F) - 7'lconv,() (Rn+1) ’

s an isometry.

According to this result, we investigate the limit of the Hausdorff distance for one-
parameter families of Wulff shapes constructed by affine perturbations of dual Wulff
shapes. There are several steps for our investigation. Firstly, we construct a strictly
convex integrand as follows. For any a € R"*! — {0}, any positive real number ¢ such
that ¢ > ||a]|, we consider the function fa.: S™ — R defined by

faec(X)=a-X+c

Then, as shown in p. 237 of [4], fa,. we have the following:

PROPOSITION 1.
(1) For each i, fa, ., is stable and Sing(fa, c,), which consists of Morse singular

y ; a; &y
points, is the set {Ilai\l’ MTaT] }
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(2) Suppose that aj,as are linearly independent. Then, the mapping
(far.crs fag.ca) @ S™ — R? s stable and Sing ((fay.crs fag.cs)), Wwhich consists
of definite fold points, is just the circle S™ N (Ra; + Ray).

(3) Suppose that a1, as are linearly dependent. Then, the mapping (fa,.c., fas,cs) :
S™ — R? may be regarded as a stable function, and Sing ((faycs fas.cs))s

which consists of Morse singular points, is the set {Hz—iw —ﬁ}

We concentrate on f, . from the viewpoint of convexity. We have the inquality
a- X +c = ||a||cos + ¢ > 0, where 6 is the angle between vectors a and X in R"*1.
Thus, fa.c :S” — R is a positive function (for details, see the proof of Proposition
2).

PROPOSITION 2. For any i € {1,2}, suppose that 3||a;|| < ¢;. Let ga,c, : S™ —

Ry be defined by ga;.c;(X) = v/ fai,c:(X). Then, graph(ga,.;) is the boundary of a
strictly convex body.

COROLLARY 1. For any i, suppose that 3||a;|| < ¢;. Define ﬁ ST =Ry by
1 _ 1 1. . X 4
e (X) = ek Then, G 5@ strictly convex integrand.

Nextly, for any two given convex integrands 71,72 and any a;,az € R — {0},
cp > %HalH,cQ > %Ha2||, we consider the following functions I'y 4, Ty, @ S™ — Ru
defined as follows,

= 71572
1 + t'729a2,52 ’

i1

C(X)=— 1
Lt( ) 1+t’719a1,01,

Iy (X)

where ¢t € (0,00). Since ga, ., (i = 1,2) is a strictly convex integrand by Corollary 1,
it is not difficult to show that the function I'; ; and I'y ; are strictly convex integrand,
for any sufficiently large t € (0,00) (see Proposition 5 in Section 2).

PROPOSITION 3. Let 1,72 be conver integrands. Let ga, ¢y, gaq,c. be as above for
ar,az € R"" — {0} and ¢; > 2||a1||,co > 2||az||. Then we have the following.

(1) limy o0 Wri,t = Wiim; o0 I W_1 (Z =1, 2)}

9aj,c;

gay,e1’ Gag,co

(2) limyo0 hOMY, . Wiy, :d( L1 )

By Proposition 3, it follows that the Hausdorff distance of the limit of one-
parameter families of the Wulff shapes {Wr,,} (t — o0) does not depend on the
given vy;, it does depend only on the given convex integrand ga, ;. Moreover, we have
the following result.

THEOREM 2. Let aj,as be two vectors of R — {0} and let c1,co be positive
real numbers such that 3||a;|| < ¢; for each i. Let ga, ., : S™ — Ry be the function

defined by ga,,c;(X) = va; - X + ¢;. Then, the following equality holds:

1 1 1 1
( , >=max{‘ - ’XGS”H(Ral—&—Raz)}.
Gai,c1 YGaz,cz Vai- X +a Vaz - X + e

This paper is organized as follows. In Section 2, preliminaries are given. The
proofs of Proposition 2 and Proposition 3 are given in Section 2. The proof of Theorem
1 (resp., Theorem 2) is given in Section 3 (resp., Section 4). In the Section 5, an
alternative proof of Theorem 2 and some examples are given.
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2. Preliminaries.

Proof of Proposition 2. We would like to show that graph(ga, ;) is the boundary
of a strictly convex body. In order to do so, take two distinct point P, @ € S™ so that
P # —Q. Let £ : I = (p,q) — S™ be the geodesic with arc-length parameter such
that lims_,, &(s) = P and lim;_,,&(s) = Q. Then, it is sufficient to show that the
curvature of ga, ¢, © £(s) is always positive for any s € I. Since ¢ is a geodesic of S”,
its image £(I) is contained in a plane. Hence, from the first we may assume that ¢ is
amap I — S'. Thus, it is sufficient to show that for the function g; : I — R with the

form g;(0) = /A cos0 + p;sinf + ¢; where \; = a; - P, u; = a; - % and for
any 0 € I,
2(0) + 2¢,%(0) — g:(0)g!' (6
9; (0) + 2g;"(0) g(igz()>0. (%)
(20)+9®)
The numerator of the above formula is as follows.
97(0) +297°(8) — g:(8)g7' ()
. —\;sinf + p; cos 6 2
= (\;cos0 + p; sinf + ¢; +2< )
( " ) 2:(0)
B .(0)2(—)\2» cos O — p;sin0)g2(0) — (—\; sin @ + p; cos 0)?
g 16%(0)
)\ g ) 2
= g()\z cosf + p;sinf) + ¢; + 3= Slzgg-é-egtz cos6)
> g(Ai cos @ + p;sinf) + ¢;
3
> —§||ai|\ +¢; > 0.

Therefore, (x) is always positive. O

Since a convex integrand « is of class C' if and only if its Wulff shape is a strictly
convex body ([3]), by Proposition 2, we have the following.

PROPOSITION 4. Let v : S™ — R, be a convex integrand, a € R — {0} and
¢ > 3||a||. Then the boundary of the Wulff shape W__o__ is of class Ct.

Next, for given convex integrands +,,7, and a;,az € R""! — {0}, ¢; >
3lax]|,c2 > 2||az||, we consider the convex integrands I';;,I's; : 5™ — Ry defined
as follows, where ¢ € (0, 00).

_ t7, (X)
1 + t’Yl (X)gal7cl (X)

_ t7,(X)
1+ ty, (X)ga2,C2 (X) .

I 4+(X) o 4(X)

PROPOSITION 5. Let t € Ry be sufficiently large. Then, for any i € {1,2}, T;,
s always a strictly convex integrand.

Proof. Remember that
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Similarly as in the proof of Proposition 2, we would like to show that if ¢ is sufficiently
large, then

1
graph < + tga,i,c,i>
Vi

is the boundary of a strictly convex body. In order to do so, it is sufficient to show
that there exists a positive number 7" such that for any ¢ satisfying ¢ > T and any
two distinct points P,Q € S™ such that P # —(Q and the geodesic £ : I — S™ with
arc-length parameter connecting P and @, the curvature of

+ tgazi7ci © g
vio&

is always positive. Again similarly as in the proof of Proposition 2, from the first we
may assume that & is a mapping I — S'. Moreover, for simplicity, we set
f= £(s)
= T/ 97 Ga;,c; ©6(S5)-
Yi o &(s) e

Then, it is sufficient to show that there exists a positive number 7' such that for any
t satisfying ¢ > T" and any two distinct points P,Q € S™ such that P # —Q), the
geodesic £ : I — S™ with arc-length parameter connecting P, @ and any s € I,

(f+tg)* +2(f +tg)? = (f +tg)(f" +tg")
((f +1t9)2+ (' +1g')2)*

The denominator of (xx) is always positive. We concentrate on its numerator. Since
F242f% — ff” is always non-negative and ¢+ 2¢'%> — g¢” is always positive, we have
the following:

> 0. ()

(f+tg)” +2(f +tg)? = (f +tg)(f" +tg")
= (9> +29”% —gg")V +2(fg+2fg — f'g— fg')t
+(f2 42— ff")

2 o2 " fg+2f'g —f"9—fg"
Zt(g +2g —gg)(t+2 g2+291279g// :

Let C be a great circle of S™. For the C, set

S fgt2f'g —f'9—fg"
M = min 2 5 3 - .
XeC g%+ 29"% — gg

Of course, the value M depends on C'. In other words, the function
M:Vy (R"™) - R

defined by M((v1,v2)) = Mc is a well-defined continuous function, where V5 (R™!)
is the Stiefel manifold consisting of orthonormal 2-frames in R"*! and C =
(Rvy + Rvy) N S™. Since Vs (R”“) is compact, the image of M, too, is a compact
set. Denote its minimal value by m.

Set T' = |m|. Then, for any ¢ satisfying ¢ > T', any two distinct points P, Q € S™
such that P # —@Q, the geodesic & : I — S™ connecting P, @ and any s € I,

(f 9 4207 41902~ (FH19) (" +40") _ ) g
5 .
((f +t9)* + (/' +t9')%)?
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Proof of Proposition 3. Since the space consisting of non-empty compact set of
R™*! is a complete metric space with respect to the Pompeiu-Hausdorff distance and
the mapping W is continuous, the following equality holds.

t1i>I£o er,t = Wlim,',—>oolji1t- (Z = ]-7 2)

Also, since

1
lim I'; ; = lim =
t—00 t—00 W + Ga;,c; Ya.c;
i

the assertion (1)

lim Wr,, = Wiim, ,.1,, =W_1 (1=1,2)
t—o0 ? ’

9aj,c;
holds.
By Theorem 1, the assertion (2) easily follows from the following equality.
t t 1 1
lim h(Wr, ,, Wr,,) = limd< QLN e ) :d< : )
t—o0 ' ' t—00 L+1ty,9a1,e0 1+ 17,98z, Jai,er Gaz,cz

3. Proof of Theorem 1.

LEMMA 3.1. Given a convex integrand v € CI(S™,R) and a positive real number
a € Ry, define the continuous function v, : S™ — Ry by 7,(0) = v(0) + a for any
0 € S™. Then, the following equality holds.

W, BW,,a).

,a

Here, BOW,,a) means Upey, B(P,a) =Upey, {z € R""!| ||z — P|| < a}.
Proof. We first prove the inclusion BV, a) C W,,. Suppose that there exists

a point P of the boundary of B(W,,a) such that P is not included in W,,. Then,
by the definition of Wulff shape, there exists a point € of S™ such that the following
sharp inequality holds,

v(0)+a<P-0.

Let @ be a point of the boundary of W,, such that d(P, Q) = a. It is clear that there
exists a point @ such that d(P,Q) < a. Suppose that there exists a point @ of the
boundary of W, such that d(P, Q) < a. Then, there exists a positive real number e
satisfying B(P,e) C B(Q,a). This means B(P,e) C B(W,,a), which contradicts the
fact that P is a point of the boundary of B(W,,a). Thus, by the sharp inequality
¥(0) +a < P -0, the following holds.

W) +a<P 9‘<Q+“||P—Q||) =d 9+<“|P—Q|> o lexn)

On the other hand, it is clear that the following holds for any 6 of S™.

P-Q
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F1G. 1. The hyperplanes ToB(P,b) and Hg .

Thus, we have the following.

-Q

P
b %
@ +(“HPQH

) -0 <~(0) + a.
This contradicts ( * ).

Next, we prove the converse inclusion W,, C B(W,,a). Suppose that there exists
a point P of W, such that P is not included in B(W,,a). Then the intersection of
B(P,a) and W, is the empty set. Let b be the positive real number such that the
following equality holds.

B(P,b) n oW, = {Q}.

It is clear that a < b = ||P — Q||. Let ToB(P,b) be the affine tangent hyperplane to
B(P,b) at Q (see Figure 1). Since W, is a convex body, it follows that ToB(P,b) is
a support hyperplane to W, at Q. This meas that W, N ToB(P,b) is a subset of the
boundary of W,,. Set

P-Q

1P =l

Then 6 is a point of S™. Notice that there exists a positive real number A\ such
that P — @ = X 0. It follows that @ -0 = () and (0,v(8)) € ToB(P,b). By the
assumption, the hyperplane

9:

P —
H _a{RER”“ R=M+aq——
e | =

does not contain the point () and the intersection of the segment PQ and Hg, is not
empty (see Figure 1). Thus the following sharp inequality holds,

P-Q P-Q
1P —Qll 1P —Ql

M € ToB(P, b)}

¥O)+a=Q -0+ (a ) 0<Q -0+ (b—=—--)-0=P-0. (k)
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Since P is a point of W, , (s*) contradicts the inequality P -6 < ~,(6). O

Now we are ready to prove Theorem 1. It is enough to show the following two.

(1) h(W‘Yl?W’Yz) < d(%ﬁz) for any 1,72 € CI(San-i-)

(2) d(’hv’)@) < h(W"/le’m) for any 1,72 € CI(SanJr)

Suppose that (1) does not hold. Then, there exist two convex integrands 71,72
such that the sharp inequality d(y1,v2) < h(W,,, W,,) holds. Set d(y1,72) = a > 0.
By Lemma 3.1, there exists a point P of W,,, such that

P ¢ B(W“/wa) = W’Yz,a'

Then by the definition of Wulff shape, there exists a point 6 of S™ such that the
inequality v2(6) + a = 72,4(0) < P -6 holds. On the other hand, since P is a point of
W,,, we have that P -6 < v,(0) for any 6 of S™. By the assumption, it follows that

Yo (0) +a< P-0<v(0) <72(0) +a.

Thus, we have a contradiction.

Next, we show the inequality (2). Suppose that there exist two convex inte-
grands 71,72 such that the sharp inequality h(W,,,W,,) < d(71,72) holds. Set
h(W5,,W,,) = a > 0. By the definition of maximum distance, there exists a point ¢
of S™ satisfying a < |y1(0) — v2(6)|. Then, without loss of generality, we may assume
that a < 1(0) — y2(0). Notice that for any 6 of S™, there exists a point Py of the
boundary of W such that the equality Py - 6 = ~,, (6) holds. It follows that, for the
0 of S™ satisfying a < v1(6) — v2(6), there exists a point Py of the boundary of W,,
such that the following holds,

72(0) +a <v1(0) = Pp - .
By Lemma 3.1, it follows that
Py ¢ W’Yz,a = B(W’Yz?a)'
This contradicts the assumption h(W,,, W,,) = a. Therefore, the restriction of W to
CI(S™ R,) is an isometry. O
By Theorem 1, we clearly have the following (see Figure 2).

COROLLARY 2. Let Wi, Ws be two elements of Heony,0(R" ') and let T : R" ™! —
R™*! be a parallel translation such that the origin O is an interior point of T(Wy) N
T(Ws). Then, the following equality holds.

d(’le ) ’sz) = d(’yT(Wl) T owsy) )

For any ¢ € Ry, let ¢* : S — R, be the constant function ¢*(S™) = ¢. For
any W € Heonv.0(R*"™1), define the function w* : S — Ry by w*(f) = min{c €
Ry | W C T g} for any 6 € S™. Then, notice that v,, = w*. By this observation,
the following is clearly obtained as a corollary of Theorem 1.

COROLLARY 3. Let Wy, Wy be two convex bodies such that the intersection Wy N
Wy is a convex body. Then, h(W1,Ws) can be calculated radially from any interior
point of W1 N Ws. More precisely, the following holds.
h(W7y, W3)
= max lmin{c e Ry | W7 C (x + T g)} —min{c € Ry | W C (z+ T 0)},
cgn
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F1a. 2. d(vyy, My ) = AV Yrom) )

where x is an interior point of W1 N Ws.

For given two convex bodies such that their intersection is a convex body, Corollary 3
gives an algorithm that can compute an approximate value of the Pompeiu-Hausdorff
distance with high precision.

4. Proof of Theorem 2. Since
ty; . Yi 1

hmthh ——— = lim § = ,
t=oo 1 +1iga;c;  t—o i 1t Vi%a;,c; Ga;,c;

is a

by Corollary 1 (the Wulff construction is continuous) and Proposition 2 (g 1

a;,c;

strictly convex integrand if 2|a;|| < ¢;), the following holds:

Jim W (Ti) =W (tlggo ri,t) W . (i=1,2).

9aj,c;

Hence we have

Jim BV (P10, W (F22)) = b (Jim W T i W (T)
=h(W .
( ‘7&1 c1 ‘7321F2>

Therefore, by Theorem 1 (h(W,, W,,) = d(71,72) for convex integrands 71, 72),

tliﬁr&h(W(Fu),W(ngt))—d< ! , ! >

ga1701 ga2762

Next, we consider the mapping (ga, ¢, Jas,co) : 5™ — R2. Set G = (Gay.c1 Gas.cs)s
= (far,e1» fas,es)- Let H : RZ — RZ be the C* diffeomorphism defined by
H(X1,X3) = (VX1,vXz2). Then, it is clear that

G=HoF.

Hence, H gives the correspondence between the boundary of G(S™) and the boundary
of FI(S™). On the other hand, by definition, we have the following:

( 1 1 > { 1 1
d ) €ES|l=—=—— —
9ai,c1 YGasz,co Xl X2

| (X1,X5) € GG(S")} ,
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where 0G(S™) stands for the boundary of G(S™). Moreover, by Proposition 1 (Any
projection of S™ is stable), JF(S™) is characterized as follows:

OF(S™)={F(0) |0 € S"N(Ra; +Ray)}.
Therefore, as a conclusion, we have the following;:

lim A (er > WV, t)
t—00 ? ?

1 1
(o i)
ga1701 gaz,cz

{ 1 1
= max

- HHES"Q(Ra1+Ra2)}.
5. Appendix. Since the function % : 8™ — Ry defined by

Yay e (0) Gaz,co (0)
9Ga,

L xy= 1

Ja,c Vac(X)'

a € R — {0} and ¢ > 3|la||, we have that

1 1
d< , )max{(a.x+cl)é —(b-X +¢)"2|X € 5"}
Ga,c; YGb,co

Let g : S™ — R be a mapping defined by g(X) = X - X — 1. Let F: S™ = R be a
mapping defined by

F(X)=(a- X +e1) 2 = (b X +c2) % = Ag(X),

where A is a constant. Set a = {ay,...,ap+1},b = {b1,...,bps1}. If X is a local
conditional extrema point under the constraints g(X) = 0, by method of Lagrange
multipliers, the following equalities holds.
(a - X + cl)_%al + %(b - X+ 02)_%b1 —2\x1 =0,

Sas+ L1(b- X + ) 2by — 2)a2 = 0,
: : : (4)
f’jxnJrl = —%(a~ X + C])_%an+1 + %(b - X+ 02>_%bn+1 — 2)\$n+1 =0,
Fy=azi+a3+ - +a22,,-1=0.

The equalities (#) can also be written as follows.

L@ -X+ec)2at+i(b-X +c) b =2)X,
x%+x§+~~+z%+171:0.

This implies that if X is a local conditional extrema point under the constraint g(X) =
0 then the vectors a, b and X are linearly dependent. So we have that

1 1 1
d( , > :max{|(a-X+cl)_% —(b-X+C2)_§||X€Sn}
ga,cl gb,CQ

= max{|[(a- X +¢1)"% — (b- X +¢) || X € $" N (Ra + Rb)}.
O
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5.1. Some special case of Theorem 2. In the case of a=b. In this case, we
can write the equalities (¢) as

F, = —%(a~X —|—c1)*%a1 + %(a X —|—62)’%a1 —2\r1 =0,
E,, = f%(a~X +Cl)7%02 + %(a~X +02)*%a2 —2X\z9 =0,
F$n+1 = —%(a- X + cl)*%an_‘_l + %(a X —|—62)7%an+1 — 2)\.13n+1 =0,

Fy=xi+a23+ - +22,,-1=0.

Since —3(a- X + ¢)72 + ila- X+ ¢2)” 2 is never be zero, it follows that

aq a9

Ap+1

)
x T2 Tn+1

x%+x§+~-~+xi+l—120.

This implies that if X is a local conditional extrema point under the constraint g(X)
0, then vectors X and a are linearly dependent. So in this case a=b, we have that
1 1 1 _1 n
, )=max{|(a- X +c1)"2 — (b- X + ) ?||X € S}
Ya,c1 Yb,ey

d(

= max{|(fall + 1) = (llall +c2) 73],
|(_Ha|| + 01)7% _ (_”aH + 02)7%‘}'

a
EXAMPLE. Let n = 1,a; = a; € R? — {0} and 3||a|| < ¢o < ¢1. Let X =

(cosf,sinf) € S, We consider the mapping G : S® — R? — {0} defined as

G(X)

(gal,cll (X)’gaz,ct(X)) '

Let K is the positive real number such that d (g L '3 L ) = K. Then for any
aj.cy1 az,c2
X € S', we have that d(

1 1 .. .
e (X Tome (X)) < K. This implies that

the lines y = x — K or y = x + K is tangent to image of G at the
1 1 1 | B A X
9ay,cy (x)’ ga2Y62(X)) such that d ( )

oint = — . *
p ( gaq,cq ’ Gag,co Jaq,cq (X) Jag,co(X) ( )

Moreover, by assumption, we know that the point X € S' gives the distance
d( L1 ) satisfies the equality
Jaq,c; ' Gag,co

(o) ~ (i) 0

Since

1
deG(cosG,sin@) = ( - §(a1 cosf + ag sin @ + cl)_%(—al sinf + as cos §),

1
—§(a1 cos O + assin 6 + 02)_%(—(11 sin 0 + as cos@)),
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L 1 )issatisfies
Ga,cy ' Ga,co

by the equality (xx), we know that the point gives the distance d(
the following equality,

wjw

1
—§(a1 cosf 4 agsinf + ¢1)” 2 (—ay sinf + ay cos )

o

1
= —§(a1 cos 0 + ag sin 0 4 cp) 2 (—ay sin 6 + ag cos 0).

This implies

1 . _s . _s
-5 ((a1c059+a251n9+01) — (a1 cosf + azsin + c2) ) )
(—aq sinf 4 ag cosd) = 0.

_3
2

Since the part —% ((a1 cos® +assind +c¢1)”2 — (ay cosf + as sinf + cz)_%) is al-

ways non zero real number for any (cosf,sinf) € S, the equality (x) holds if and
only if (—aj sin @ + as cos ) = 0, namely, the singular point of mapping G. It follows

that the point (cos6,sinf) gives d(; l_ J L) then there exists a real number m
aj,cq ag,co

such that (cos@,sinf) = m(ay,as).

In the case of ka = b, k is a real number. In this case, we can write the equalities

(#) as

E,, = —%(a~X + cl)_%al + %(ka-X —|—02)_%ka1 — 2 \z1 = 0,
sz = —%(a~ X+ Cl)_%ag + %(k:aX + 02)_%ka2 —2X\xo =0,
Fppoo=—%@a-X +c1)_%an+1 + 2(ka- X + 02)_%k’an+1 — 2 xpy1 =0,

Fy=zi+az3+ - +22,,-1=0.

In the same way, we have that

1 1
d( , ) :max{|(a~X+cl)*%—(b-X—|—62)7%|X€Sn}
Ga,c; 9b.cs

_1
2
’

= max{|(llal] + ¢1)~% = (klfal| + c2) %]
[(=llall +ex) ™% = (<llal] +e2) " .

In the case of a = (m,0,...,0) and b = (0,...,0,r), where m,r are non-zero real numbers.

In this case, we can write the equalities (¢) as

le = —%(371 + 01)7% —2\x1 = 0,

Fz2 = 72)\%2 = 0,
Fppoy = —5(Tpy1 + 02)7% = 2A\Tp41 =0,
FA:$%+x§+'~+l‘%+171:O.
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This implies that if X is a local conditional extrema point under the constraints
g(X) =0, it follows that

— 5 (wy + cl)_% — 2z = 0,

To=-=x, =0,

—5(Tny1 + 02)’% — 2 x,41 =0,

zi+a22, , —1=0.

Therefore the vectors a, b and X are linearly dependent and a-b = 0. Set cosf = a- X
and sinf = b - X. Then

1 1
()
Ya,c1 Yb,co

Acknowledgement. The authors are very grateful to the referee for careful
reading of this paper.

max{|(a- X +¢1)72 — (b- X +¢3) 2| X € S}

= max{]|(cos § + cl)_% — (sinf + 02)_%\9 € [0,7]}.
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