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THE STRUCTURE OF THE UNIVERSAL EXPONENTIAL
SOLUTION OF THE YANG-BAXTER EQUATION

NANTEL BERGERON

ABsTtrAacT. S.Fomin and A. Kirillov have shown that exponential solutions
of the Yang-Baxter equation give rise to generalized Schubert polynomials
and corresponding symmetric functions, and they provided several equiva-
lent descriptions of the local stationary algebra A defined by this equation.
Here we show that Ag is isomorphic to the graded associative algebra for-
mally generated by the elements a,Cop, C1,Ca,... satisfying the relations
[a,C;] = Ci41 and [Cj, C;] = 0. The rank of C; is i + 1. It will follow that

the Hilbert series of .Ao is ﬁ ﬁ ﬁ

1. Introduction

We will follow the treatment of S. Fomin and A. Kirillov [2] to in-
troduce our problem. Let K be a field of characteristic zero. Let A =
Klui,ug,...](z,y,...) be the associative algebra of formal power series in
commuting variables z, ¥y, ... with coefficients in a local stationary alge-
bra [9] with generators ui, ug, ... That is we assume w;,u; commute if
|i — 7] > 1 and w;,u;41 are subject to certain relations which are invariant
in 4.

It was shown [1,4] that a theory of generalized Schubert polynomials and
corresponding Stanley’s symmetric functions can be developed whenever
one has a solution of the Yang-Baxter equation

hi(x)hit1(z + y)hi(y) = hiv1(y)hi(z + y)hiza ()
where h;(z) = e®i. That is
(11> exae(m+y)beya _ 6yb€(x+y)aexb
holds for any pair of adjacent generators a = u; and b = ;1.
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The second section of this paper is devoted to the Theorem of S. Fomin
and A. Kirillov [2] which gives a minimal set of relations on a, b that guar-
antee (1.1). In other words, they characterize the local stationary algebra
Ap defined by (1.1). In the third section we recall some of the theory of
free Lie algebras and Lyndon words [5,7,8,10]. This will be needed in the
fourth section where we show that 4g is isomorphic to the graded associa-
tive algebra formally generated by the elements a, Cy, C1, Cs, . .. satisfying
the relations [a,C;] = Cijy1 and [C;, Cj] = 0. The rank of C; is i + 1. It
will follow that the Hilbert series of Ay is

1 1 1
1—t21—21—t3

2. Fomin and Kirillov’s results

We are interested in the graded associative algebra A formally gener-
ated by the elements a, b satisfying the relations implied by (1.1). That
is, the coefficients of ™ y™ on both sides of (1.1) impose (infinitely many)
relations on a, b. Any other exponential solution of (1.1) can be represented
as a quotient of Ay by a certain ideal. It is in this sense that Ay is universal.

The main result of [2] is to extract out of (1.1) equivalent minimal sets
of relations. To state it, we need some notations. Let Cy = Cy(a,b) = a+b
and C; = Ci(a,b) = [a,C;_41] for i > 1. Here [—,—] stand for the Lie
bracket [f,g] = fg — gf.

Theorem 2.1 [2]. Ag is the graded associative algebra formally generated
by a,b satisfying the relations [C;(a,b),Cj(a,b)] =0 for alli,j > 0.

Remark 2.2. In [2] the reader will find many other equivalent minimal sets
of relations. The one in Theorem 2.1 suits us best.

Although Theorem 2.1 characterizes the algebra Ay it is not completely
satisfactory. For instance it does not provide the dimension of each homo-
geneous part of Ao (Hilbert series). To better understand 4, one must
seek an even more precise description. This will be the purpose of Section
4. But before we get into this, let us repeat here the examples of solution of
(1.1) given in [2]. This is what motivates the study of the universal algebra

Ap.

Example 2.3 (Hecke Algebra). Fix § € K. Consider the local algebra
with generator u; satisfying (1.1) and
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That is a? = B3a and b*> = 3b in our algebra Ag. The relation [Cy, C;] = 0
implies that aba = bab (Coxeter relation). Also recall that our local algebras
must satisfy u;u; = uju; for |i — j| > 1. We recognize here the relations of
a Hecke algebra. In other words, a local algebra satisfying (1.1) and (2.1)
is a Hecke algebra.

Example 2.4 (Schubert and Grothendiek Polynomials). Specializing
Example 2.3 to 8 = 0 and 8 = 1, one can construct the Schubert and
Grothendiek Polynomials of Lascoux and Schiitzenberger [6] and also some
related symmetric polynomials (see [1,3.4]).

Example 2.5 (Universal Enveloping Algebra U, (g[(n)) and the Lo-
cal Heisenberg Algebra). U, (g[(n)) is generated by uy,uso, ... subject
to the Serre relations

(22) [’LLZ‘, [ui,uiil]] = 0.

That is, [a, [a,b]] = [b,[b,a]] = 0. This implies [Cy,C1] = 0 and Cy = 0.
Hence Uy (gl(n)) is a local algebra satisfying (1.1). If we impose the even
stronger relation [a,b] = A\, we get the local Heisenberg algebra.

3. Free Lie algebras and Lyndon words

Before we state and prove our main Theorem, we need to recall some of
the theory of free Lie algebras. The reader can find various treatments of
this in many sources [5,7,8,10].

Let 2 = {a,b} be an alphabet consisting of two ordered letters a < b.
Let 2" be the free monoid generated by 2A. We can view 2" as the set
of all words in the alphabet 2, equipped with the concatenation product
and a neutral element denoted 1, the empty word. For w € A", we denote
by |w| the length of w, this is a monoid homomorphism 2* — Z*. The
lexicographic order of words form a total order on 2A*.

Let KA be the free associative algebra generated by 21. The elements of
K2 are sums of the form

Z CopW

weA”

with finite support and ¢,, € K. The product in K2 is the linearization of
the product in 2A*. This algebra is naturally graded by the length function
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Now we consider Lie(A) C K2 the (free) Lie algebra generated by 2
with the Lie bracket [f,g] = fg — gf. Recall that the Lie bracket satisfies
the Jacobi identity which can be expressed as follows:

(3.1) [[f, 9], h] = [f, g, b]] + [[f, 1], g].

In this setting the Poincaré-Birkhoff-Witt Theorem states (see [5,7]), that
the universal enveloping algebra U (Lie(Ql)) is exactly K.

The next step is to construct a linear basis of Lie((). For this, we intro-
duce Lyndon words. A word ¢ € 2" is called Lyndon if it is strictly smaller
(lexicographically) than all of its non-trivial circular rearrangements.

Example 3.1. a, b, ab, aab, abb, aabb, aabab, ... are all Lyndon words,
but aa, abab, aba, abaab, ... are not.

Here are some standard propositions on Lyndon words [5, 7, 8, 10].

Proposition 3.2. If (1,05 € A* are both Lyndon words such that {1 < £,
then the word €145 is Lyndon.

Proposition 3.3. Let £ € A* be a Lyndon word of length > 2. Let £ = uls
be the unique factorization of £ such that u # 1 and £ is the longest possible
Lyndon word. Then u s also a Lyndon word.

Proposition 3.4. Given w € 2" there exists a unique factorization of w
into Lyndon words w = l14s - - - b, such that 61 > ly > -+ > {}.

Using Proposition 3.3 we define recursively the standard bracketing [¢]
of a Lyndon word ¢ € 2* as follows. If |[¢| = 1 then set

(3.2) (4] = ¢,

if |¢| > 2 Proposition 3.3 gives us a standard factorization into two Lyndon
words ¢ = {105, and we set (recursively)

[€] = [[61], [€2])-
For example, if n > 1 then £ = a"b is Lyndon and [{] = C,, = [a, [a""1b]].
With this in hand, we have

Proposition 3.5. A linear basis of Lie(2l) is given by
{l€] : ¢ € Ais Lyndon}.
Proposition 3.6 [Poincaré-Birkhoff-Witt]. A linear basis of KA =
U(Lie(2)) is given by
{[El][ﬁg] s [Ek] ;€ A*is LdeOH and 1 > 0y > - > ék}
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4. The algebra A

We are now in a position to improve the description of the algebra Aj.
Let 3 = ([C;,Cj] : 4,5 > 0) C K2 be the ideal generated by the relations
of Theorem 2.1. We have

(4.1) Ay = Kﬂ/j.

From Proposition 3.6 we have that K% = U (Lie(2)). Let L(J) = ([C;, C}] :
i,j > 0) C Lie() be the Lie ideal generated by the relations of Theorem
2.1. This makes sense since a, Cp, C1, Cy, ... and [C;, Cj] all belong to
Lie(2). On the other hand we have that L(J) C J. Hence we can view
(4.1) as follows:

(4.2) Ay =U(Lie®)) /5 =U (Lie(m) / L(j)) .

Our main Theorem will be to describe the Lie algebra appearing in the
second equality of (4.2). For this, let

(4.3) L(A) = Lie() /1,(3).

Theorem 4.1. {a,Cy,C1,Cs,...} is a linear basis of L(Ap).

Proof. From Theorem 3.5, we know that {[] : £ € 2"is Lyndon} spans
L(Ap). We will show that modulo the relations in L(J), with ¢ € 2A*
Lyndon, we have

Crn_1 = [a™ 0] if £ =a"""",n>1and m >n,
Y4 if [¢] =1,
0 otherwise.

44) =

This in turn will show our claim since the set {a, Cy, Cy,Co, ...} is clearly
independent in L(Ay).

We proceed by induction on m = |¢|. If |¢| = 1 then either [(] = a or
[/] =b=Cy—a. If |{| =2 then [{] = [a,b] = C1. Now suppose that
|| = m > 2. Assume that (4.4) holds for all |¢'| < m. We will consider two
cases.
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Case I. /= a"b"""™: Notice that we must have 0 < n < m. Suppose first
that n > 1. Then

(32)=  [f]=[a"""] =[a, [a" 0" "]
(4.4) = = [a, [a™ 2]
(3.2) = = [a™ 1] = Cpp1.

Suppose next that £ = abb. The relation [Cy, C1] = 0 implies that [abb] =
[aab] = C5. Finally, assume that n = 1 and m > 3. By the induction
hypothesis (4.4), we have that

(4.5) [ab™ 2] = Cp_g = [aab™ 3]
Hence
(32)= [ =[am = 7Y
(4.5) = = [[aab™ 3], ]
(32) = = [[a, [ab™~]], b]
(3.1) = = [a, [[ab™ ], 8] + [[a, b], [ab™ 7]
(32) = = [a, [ab™?]] + [[a, b], [ab™ ]
(44) = = [a, [a™2b]] + [C1, O3]
= C"mfl +0

Case II. ¢/ = ubav, where u,v € A*: Let £ = £1/5 be the standard fac-
torization of Proposition 3.3. Assume first that ¢; = u’bav’, then by the
induction hypothesis, we have [¢1] = 0. Hence [¢] = [[¢1], [¢2]] = 0. Simi-
larly, if ¢o = w'bav’ then [¢] = 0. Finally, we must assume that ¢; = aPb?~P
and fo = a"b°"", where 0 < p < g and 0 < r < s. Then [(;] = Cy_1,
[la] = Cs—1 and [{] = [[t1], [l2]] = [Cy—1,Cs—1] =0. O

Now that we have a linear basis of the Lie algebra L(.Ap), the Poincaré-
Birkhoff-Witt Theorem gives us the following corollary.

Corollary 4.2. A linear basis of Ag is given by
{a?CCT - Zqi < oo}
i>0
The rank of C; is i+ 1, hence the rank of a?C§°C{" - -+ is p+ > ¢;(i+1).
This directly implies the following:
Corollary 4.3. The number of basis elements of Corollary 4.2 having rank
n is the coefficient of t™ in the following Hilbert series

1 111
1I—t21-21-1—t4
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