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NEW EXAMPLES OF INHOMOGENEOUS EINSTEIN

MANIFOLDS OF POSITIVE SCALAR CURVATURE

Charles P. Boyer, Krzysztof Galicki, and Benjamin M. Mann

A bstract . The purpose of this note is to announce the explicit construc-
tion of a new infinite family of compact inhomogeneous Einstein manifolds
of positive scalar curvature in every dimension of the form 4n−5 for n>2. In
fact, each manifold has two, non-homothetic, Einstein metrics of positive
scalar curvature. Moreover, in every fixed dimension, these families each
contain infinitely many distinct homotopy types. Each individual manifold
has a Sasakian 3-structure and all of these examples are bi-quotients of
unitary groups of the form U(1)\U(n)/U(n−2). In particular, when n=3, we
obtain infinite subfamilies of mutually distinct homotopy types where each
member of the subfamily is strongly inhomogeneous; that is, these Einstein
manifolds are not even homotopy equivalent to any compact Riemannian
homogeneous space.

1. Introduction

Differential geometers have long been interested in examples of compact
Einstein manifolds. Classically, the first examples of such manifolds were
certain Riemannian homogeneous spaces (see [Bes: pages 6-8] for this early
history) and it has been more difficult to find inhomogeneous examples.
The first examples of compact inhomogeneous Einstein manifolds with pos-
itive scalar curvature were found by Page [Pa] in 1979 and his construction
was later generalized by Bérard Bergery [BB]. In 1985 Koiso and Sakane
[KoiS1, KoiS2] gave examples of inhomogeneous Kähler-Einstein metrics of
positive scalar curvature and of arbitrary cohomogeneity. Two years later
Tian and Yau [TY] gave non-homogeneous Kähler-Einstein metrics on the
del Pezzo surfaces CP

2#k(−CP
2) for 3 ≤ k ≤ 8. Then, in 1990, Wang

and Ziller showed that torus bundles over a product of Kähler-Einstein
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manifolds of positive scalar curvature admit Einstein metrics [WZ]. Com-
bining the Wang-Ziller result with the results of Koiso-Sakane or Tian-Yau
gives the first odd-dimensional examples of compact inhomogeneous Ein-
stein metrics of positive scalar curvature. However, as the inhomogeneous
Kähler-Einstein metrics in [KoiS1, KoiS2] and [TY] are obtained only im-
plicitly, often just by establishing the existence result, the actual Einstein
metrics for these first odd-dimensional examples are only known to exist
implicitly.

The purpose of this note is to present a new explicit construction of
infinite families of (4n−5)-dimensional Einstein manifolds of positive scalar
curvature which are not homogeneous.

Definition A. [BGM2] Let n ≥ 3 and p = (p1, . . . , pn) ∈ Z
n
+ be an n-

tuple of non-decreasing, pairwise relatively prime, positive integers. Let
S(p) be the left-right quotient of the unitary group U(n) by U(1)×U(n−
2) ⊂ U(n)2 = U(n)L × U(n)R where the action is given by the formula

W
(τ,B)

−−−→


 τp1

. . .
τpn


 W

(
I2 O

O B

)
.

Here W ∈ U(n) and (τ, B) ∈ U(1) × U(n − 2).

Equivalently, S(p) is the quotient of the complex Stiefel manifold V C
n,2

of 2-frames in C
n by the specific free left circle action which depends on p.

Theorem B. [BGM2] Let n ≥ 3 and p = (p1, . . . , pn) ∈ Z
n
+ be an n-tuple

of non-decreasing, pairwise relatively prime, positive integers. Then S(p) is
a compact, simply connected, (4n− 5)-dimensional smooth manifold which
admits an Einstein metric ǧ(p) of positive scalar curvature and a compat-
ible Sasakian 3-structure. In addition, S(p) also admits a second Einstein
metric of positive scalar curvature, g1(p), which is non-homothetic to ǧ(p).
Furthermore, both

(
S(p), ǧ(p)

)
and

(
S(p), g1(p)

)
are inhomogeneous Ein-

stein manifolds as long as p 	= (1, . . . , 1).

Using Theorem B and techniques developed by Eschenburg [E] to study
certain 7-dimensional bi-quotients of SU(3) we compute the integral coho-
mology ring of S(p).

Theorem C. [BGM2] Let n ≥ 3 and p = (p1, . . . , pn) ∈ Z
n
+ be an n-tuple

of non-decreasing, pairwise relatively prime, positive integers. Then, as
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rings,

H∗(S(p), Z
) ∼=

(
Z[b2]

[bn
2 = 0]

⊗ E[f2n−1]

)
/R(p).

Here the subscripts on b2 and f2n−1 denote the cohomological dimension of
each generator. Furthermore,
1. The relations R(p) are generated by σn−1(p)bn−1

2 = 0 and f2n−1b
n−1
2 =

0.

2. σn−1(p) =
∑n

j=1 p1 · · · p̂j · · · pn is the (n − 1)st elementary symmetric
polynomial in the entries of p.

Notice that Theorem C shows that H2n−2(S(p); Z) = Zσn−1(p) and
hence has the following corollary.

Corollary D. [BGM2] Both (S(p), ǧ(p)) and (S(p), g1(p)) give infinitely
many non-homotopy equivalent simply-connected compact inhomogeneous
Einstein manifolds of positive scalar curvature in dimension 4n − 5 for
every n ≥ 3.

The inhomogeneous ǧ(p) and g1(p) metrics are given in [BGM2]. The
7-dimensional case illustrates just how far some of these examples are from
homogeneous Einstein geometry. The following theorem follows directly
from a theorem of Eschenburg [E] and Theorem C.

Theorem E. If σ2(p) = p1p2 +p2p3 +p3p1 ≡ 2 (mod 3) then S(p1, p2, p3)
is strongly inhomogeneous; that is, it is not homotopy equivalent to any
compact Riemannian homogeneous space.

Notice that Theorem E is not vacuous. For example, we have the fol-
lowing corollary.

Corollary F. [BGM2] S(c, c+1, c+2) is strongly inhomogeneous for every
positive odd integer c. Similarly, S(d, d+3, d+5) is strongly inhomogeneous
for every positive odd integer d ≡ 2 (mod 6) such that d is not divisible by 5.

Thus, there exist countable families of homotopically distinct 7-dimensional
strongly inhomogeneous compact simply connected Einstein manifolds of
positive scalar curvature.

To our knowledge, the families in Corollary F (and many other similar
S(p1, p2, p3) families) are the only known examples of strongly inhomoge-
neous compact Einstein manifolds of positive scalar curvature. In dimen-
sion 7 some of our manifolds are diffeomorphic, although not isometric,
to some of Eschenburg’s bi-quotients. For example, this is true for the
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S(c, c + 1, c + 2) family. However, many of our S(p1, p2, p3) spaces are
not even homotopy equivalent to any Eschenburg spaces. Finally, as was
known to Eschenburg [E], for large c, S(c, c + 1, c + 2) also admits a metric
of positive sectional curvature.

2. Outline of proofs

Understanding the geometric structure of 3-Sasakian manifolds is critical
to making our constructions. Sasakian 3-structures were introduced in
1970 by Kuo [Ku] and studied in the early seventies by several Japanese
geometers including Ishihara, Kashiwada, Konishi, and Sasaki [I, IKon,
Ka, Kon, Sas]. Of particular interest to us is the fact that Kashiwada [Ka]
proved that every 3-Sasakian manifold is Einstein. Our investigation of
this geometry in terms of its connection to other quaternionic geometries
[BGM1, BGM2] then led directly to the results stated above.

A Sasakian manifold is a Riemannian manifold (M, g) with a unit Killing
vector field ξ such that the (1, 1) tensor Φ = ∇ξ, defined as the covariant
derivative of ξ, satisfies

(∇XΦ)(Y ) = η(Y )X − g(X, Y )ξ.

Here η denotes the 1-form dual to ξ with respect to g and X and Y are any
two vector fields on M. A manifold (M, g) that has three such structures
{Φa, ξa, ηa}a=1,2,3 such that

g(ξa, ξb) = δab and [ξa, ξb] = 2εabcξc

is called a 3-Sasakian manifold. The S(p) spaces defined above arise from
a 3-Sasakian version of the reduction procedure analogous to the symplec-
tic reduction of Marsden and Weinstein [MW], hyperkähler reduction of
Hitchin et al. [HKLR], and quaternionic reduction of Galicki and Lawson
[GL]. Namely, let (M, g, ξa) be a 3-Sasakian manifold with a connected
compact Lie group G acting on M by 3-Sasakian isometries; that is, isome-
tries that commute with the vector fields ξa for a = 1, 2, 3. One can define
a unique 3-Sasakian momentum mapping

µ : M −−→ g∗ ⊗ R
3,

where g∗ is the dual of the Lie algebra of G, by setting

< µa, τ > =
1
2
ηa(Xτ ),

where τ ∈ g, Xτ is the corresponding infinitesimal isometry, and < ·, · >

denotes the natural pairing on g × g∗. Using standard techniques for Rie-
mannian submersions we prove



EXAMPLES OF INHOMOGENEOUS EINSTEIN MANIFOLDS 119

Theorem G. [BGM2] If M̂ = µ−1(0)/G is a smooth manifold then it has a
natural 3-Sasakian structure induced by the inclusion map ι : µ−1(0) ↪→ M

and the projection map π : µ−1(0)−→M̂.

We use Theorem G to construct the S(p) examples. To begin take M =
S4n−1 to be the round unit sphere of dimension 4n−1. This is well-known to
carry a Sasakian 3-structure coming from the canonical embedding S4n−1 ⊂
H

n. The group of 3-Sasakian isometries is Sp(n) ⊂ SO(4n) and we take
G = U(1)p to be in the maximal torus Tn in Sp(n) contained in U(n) ⊂
Sp(n), acting with weights p. If u = (u1, . . . , un) ∈ H

n is the quaternionic
coordinate system on the sphere then Tn can be represented as diagonal
matrices and the momentum map can be written as

µ(u) =
n∑

α=1

pαuαiuα

where w denotes the quaternionic conjugate of w ∈ H and “i” is the quater-
nionic unit defining the inclusion U(n) ⊂ Sp(n). When the weights are
chosen to be pairwise coprime then the quotient M̂ = S(p) is a smooth
manifold with a natural Sasakian 3-structure given by Theorem G. For any
such p we identify the level set of the momentum map

N(p) = µ−1(0) ∈ S4n−1

with the complex Stiefel manifold V C
n,2 = U(n)

U(n−2) , via a smooth map F,

and the quotient manifold M̂ = S(p) with the bi-quotient of U(n) given in
Definition A. Thus, the metric ǧ(p) on S(p) is obtained explicitly and we
have the following diagram

U(1)p ↪→ (V C
n,2, F

∗g(p))
F
� (N(p), g(p))

ιp
↪→ (S4n−1, gcan)�π′

p ↙ πp

(S(p), ǧ(p))�π0

O(p) = S(p)/F .
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Here π0 is the orbifold projection onto the quaternionic Kähler orbifold
O(p) = S(p)/F , defined by the 3-Sasakian foliation F which is given by
the SU(2) (or SO(3)) action generated by the vector fields ξa of the 3-
Sasakian structure [BGM2].

The results now follow from the general theory of 3-Sasakian manifolds
presented in [BGM2].
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