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A MATHEMATICAL THEORY OF QUANTUM
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1. Introduction
The notion of quantum cohomology was first proposed by the physicist

C. Vafa (cf. [V]). A nice and different description was given by Witten in
[W]. The quantum cohomology plays a fundamental role in understand-
ing mirror symmetry phenomenon of Calabi-Yau manifolds. It has also
indicated many potential applications to various branches of mathemat-
ics, such as algebraic geometry. However, the whole theory is based on
physical intuitions. Until recently, its rigorous mathematical foundation
remained to be established. Here we announce the main results of [RT].
One of them is to prove mathematically that there is a well-defined quan-
tum ring structure on the cohomology group of a semi-positive symplectic
manifold. A symplectic manifold (V, ω) is semi-positive if for any tamed
almost complex structure J on V , there is no pseudo-holomorphic rational
curves C satisfying:

3 − n ≤
∫

C

C1(V ) < 0

To define the quantum multiplication on cohomology groups, we use topo-
logical σ model invariants, i.e., k-point correlation functions of rational
curves, proposed by Witten [W]. (A mathematically rigorous definition of
k-point correlation functions of rational curves, hence quantum multiplica-
tion, has been established by the first author [R] for any semi-positive sym-
plectic manifold.) The problem is to prove that this multiplication is asso-
ciative. As Witten suggested, such an associativity follows from a compo-
sition law for topological σ model invariants. Such a composition law was
predicated by Witten, based on an 1+1 topological field theory axiom from
physics. It is our goal to develop a mathematical theory of the composition
law and of its consequences. In our paper [RT], we first define symplectic
invariants of arbitrary genus using pseudo-holomorphic curves. For ratio-
nal curves, those invariants are generalizations of two invariants defined
by the first author in [R]. The main part of our paper will be devoted to a
mathematical proof of the composition law of these invariants for arbitrary
genus curves on semi-positive symplectic manifolds. For Grassmannians, a
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special case of the composition law was proved by Bertram [B] using alge-
braic geometric methods. There are many applications of the composition
law. It is obvious that it can be applied to compute any k-point correlation
function in terms of 3-point functions. In [BDW], Bertram, etc. calculated
the k-point correlation functions for the Grassmannian G(2, n). The com-
position law can be used to give a mathematical proof of the existence of
quantum ring structures on cohomology groups of semi-positive symplec-
tic manifolds. We will compute the quantum ring structure of complex
projective space CP

n using the composition law we proved. The result
coincides with what C. Vafa predicted. The composition law can be also
used to construct solutions of WDVV equations, or equivalently, a family
of flat connections on the total space of cohomology groups, which deform
the trivial connections (cf. end of section 4). Another application is to
compute the degree of the moduli space of rational curves in CP

n of fixed
degree. This is a classical and difficult problem in enumerative algebraic ge-
ometry. We rigorously derive a recursion formula to compute the degree of
the moduli space of rational curves. Such a formula in the case of CP

2 was
previously derived by Kontsevich, based on the composition law. We will
also compute the degree of the moduli space of higher genus curves in CP

2.

2. Symplectic invariants
Let (V, ω) be a semi-positive symplectic manifold, Σ be a Riemann

surface of genus g, and A ∈ H2(V, Z) with c1(V )(A) ≥ 0. Choose a generic
almost complex structure J on V , tamed by ω. Let ν be a generic anti-J-
linear section of Hom(π∗

1TΣ, π∗
2TV ) on Σ × V , where πi is the projection

from Σ × V to its ith factor. A section ν is said to be anti-J-linear if for
any tangent vector v in TΣ,

ν(jΣ(v)) = −J(ν(v))

where jΣ is the almost complex structure on Σ. A (J, ν)-perturbed holo-
morphic curve is a smooth map f :Σ → V satisfying (∂̄Jf)(x) = ν(x, f(x)).
This last equation is an inhomogeneous Cauchy-Riemann equation. We
can define a mixed invariant as follows:

Fix a set of marked points (x1, . . . , xk) ∈ Σ. Let α1, . . . , αk, β1, . . . , βl

be integral homology classes in H∗(V, Z) satisfying:

k∑
i=1

(2n − deg αi) +
l∑

j=1

(2n − 2 − deg βj) = 2c1(V )(A) + 2n(1 − g)

where g is the genus of Σ. Every integral homology class can be represented
by a so-called pseudo-manifold. A degree i pseudo-manifold is a simplical
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i-complex Pi with the property that every i−1 simplex is the face of exactly
two i-simplices and a continuous map Fi : Pi → V . Every two such pseudo-
manifolds representing the same homology class are the boundary of a
pseudo-manifold cobordism in the usual sense. For simplicity, we shall also
use {αi}, {βj} to denote the pseudo-manifolds representing these homology
classes. Then we can choose a generic almost complex structure J and
a generic inhomogeneous term ν such that there are only finitely many
(J, ν)-perturbed holomorphic maps f : Σ → V satisfying: f(xi) ∈ {αi}
(1 ≤ i ≤ k), f(Σ) ∩ {βj} 
= ∅ (1 ≤ j ≤ l), and f∗[Σ] = A. For each
such f , the set {(y1, . . . , yl); f(yj) ∈ {βj}} is also finite. We define the
multiplicity m(f) to be the algebraic sum of the elements of this set with
approriate sign according to its orientation. Then, we define the mixed
invariant

Φ(A,ω,g)(α1, . . . , αk |β1, . . . , βl) =
∑

m(f).

We can prove that this number Φ(A,ω,g)(α1, . . . , αk |β1, . . . , βl) is indepen-
dent of choices of J , ν, marked points x1, . . . , xk in Σ, pseudo-manifolds
representing {αi}, {βj}, and the conformal structure on Σ. Furthermore,
the number depends only on the deformation class {ω} of ω. Therefore
we obtain a mixed invariant Φ(A,{ω},g)(α1, . . . , αk |β1, . . . , βl), where g is
the genus of Σ. This invariant is nothing else but the Witten’s topolog-
ical σ model invariant or k-point correlation function in the case l = 0.
It is also clear that Φ(A,{ω},0)(α1, α2, α3 |β1, . . . , βl) is just the Gromov
invariant Φ(A,{ω},0)(α1, α2, α3, β1, . . . , βl). For convenience, we would like
to extend Φ(A,{ω},g)(α1, . . . , αk|β1, . . . , βl) for any {αi}, {βj} regardless of
their degree. We simply define it to be zero unless

k∑
i=1

(2n − deg αi) +
l∑

j=1

(2n − 2 − deg βj) = 2c1(V )(A) + 2n(1 − g)

The invariant Φ(A,{ω},0)(α1, . . . , αk|β1, . . . , βl) in the case of rational
curves was already defined by the first author in [R] for k = 0 or l = 0. In
fact, he only defined the invariant over rational numbers since he assumed
that αi and βj can be represented by bordism classes. It is well-known
that not every integral homology class can be represented by a bordism
class. It was Gang Liu who pointed out to the first author that a pseudo-
manifold can be used in place of a bordism class to define the invariant.
The use of pseudo-manifolds does not cause any extra difficulties. The
construction of Φ(A,{ω},g)(α1, . . . , αk|β1, . . . , βl) for higher genus can be
processed in a similar fashion. However, for higher genus, one possible
difficulty is that a sequence of J-holomorphic curves could degenerate to
a lower genus curve. For example, a sequence of elliptic curves can de-
generate to a cusp elliptic curve, which is a holomorphic sphere. Contrary
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to intuition, the dimension of moduli space will increase when the genus
decreases. This used to cause a major difficulty to compactify the moduli
space of pseudo-holomorphic curves of higher genus. A key observation
in our work is that the phenomenon we just describe will not happen
for perturbed J-holomorphic curves for generic nonhomogenous term. In
principle, the freedom in the choice of the nonhomogenous term allows us
to show that perturbed J-holomorphic curves only degenerate to stable
curves in the sense of Deligne-Mumford. Hence, we have good control over
“bad degenerations” like cusp elliptic curves. Therefore we can use per-
turbed J-holomorphic maps, instead of J-holomorphic maps in defining
our mixed invariants for higher genus in much the same way as for genus
0.

3. Composition law
Let Mg,k (k+2g ≥ 4) be the moduli space of marked Riemann surfaces

(Σ, x1, . . . , xk) of genus g, and Mg,k be its Deligne-Mumford compactifica-
tion. We can view Φ(A,{ω},g) as a constant function on Mg,k. Now we let
marked Riemann surfaces going to the boundry of Mg,k. We get a Deligne-
Mumford stable curve C. Let us assume that C consists of 2 components
C1, C2 of genus g1, g2 satisfying: (1) C1 and C2 intersect at a double point
P ; (2) C1 carries m marked points x1, . . . , xm (k− 2g2 − 2 ≥ m ≥ 2− 2g1)
and C2 carries the rest of the marked points. Then, the composition law
states that Φ(A,{ω},g) can be calculated by the invariants corresponding to
Ci and contributions from the double point P . More precisely, we can do
as follows: For simplicity, let {Hσ} be a basis for the torsion free part of
H∗(V, Z). Consider the diagonal ∆ ⊂ V × V . By the Künneth formula,
the homology class of the diagonal is given by

[∆] =
∑
γ,τ

ηγτHγ ⊗ Hτ .

Then we can prove

Theorem 1. Let (V, ω) be a semi-positive symplectic manifold. Fix k with
(k + 2g ≥ 4), let α1, . . . , αk, β1, . . . , βl be integral homology classes, and
{Hσ}, ηγτ be given as above. Then for any m with k − 2g2 − 2 ≥ m ≥
2 − 2g1,

Φ(A,{ω},g)(α1, . . . , αk |β1, . . . , βl) =
∑

A=B1+B2

l∑
j=0

∑
σ

∑
γ,δ

1
j!(l − j)!

ηγδ

· Φ(B1,{ω},g1)(α1, . . . , αm, Hγ |βσ(1), . . . , βσ(j))
· Φ(B2,{ω},g2)(α1, . . . , αm, Hδ |βσ(j+1), . . . , βσ(l))
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where σ runs over all permutations of 1, . . . , l.

In general, a Deligne-Mumford stable curve C may have many compo-
nents with complicated intersection pattern, but all intersection points are
ordinary double points. Then there will be an associated composition law.
Our main theorem is

Theorem 2. The composition law of the topological σ-model holds for any
semi-positive symplectic manifold ω and A with c1(V )(A) ≥ 0.

The precise formulation of the general composition law is rather com-
plicated. We refer the readers to our paper [RT] for a detailed description.
There is a very interesting case of this theorem. Suppose that a k-marked
genus g curve degenerates to a k-marked genus g − 1 curve with a double
point. Then it follows from Theorem 2 that

Φ(A,{ω},g)(α1, . . . , αk |β1, . . . , βl)

=
∑
γ,τ

ηγτΦ(A,{ω},g−1)(α1, . . . , αk, Hγ , Hτ |β1, . . . , βl).

4. Quantum cohomology ring
The first application of the composition law is to establish a quantum

ring structure on the cohomology of a semi-positive symplectic manifold.
Put

Φ̃(A,{ω})(α1, . . . , αk) = Φ(A,{ω},0)(α1, . . . , αk | )

where α1, . . . , αk are integral homolgy classes. This is the Witten’s k-point
correlation function, which depends on a homology class A. We can also
drop this condition by summing contributions over all possible A. So, we
can formally write the k-point function

Φ̃ω(α1, . . . , αk)(t) =
∑
A

Φ̃(A,{ω})(α1, . . . , αk) e−tω(A).

Here we encounter the problem that there may be infinitely many such A
who will contribute the summation. Calabi-Yau 3-folds or the CP

2 blow up
at 9-points are such examples. But for a monotonic symplectic manifold V
(i.e., C1(V ) > 0), the Gromov-Uhlenbeck Compactness Theorem implies
that this summation is finite. Let {ηστ}, {Hσ} be as given in last section.
It follows from Theorem 1 the composition law for Φ̃ω,

Φ̃ω(α1, . . . , αk)(t)

=
∑
σ,τ

ηστ Φ̃ω(α1, . . . , αm, Hσ)(t) Φ̃{ω}(αm+1, . . . , αk, Hτ )(t).
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Then, we use the 3-point function to define quantum multiplication α∗×Q

β∗ by the condition that

(α∗ ×Q β∗) ∪ γ∗ = Φ̃ω(α, β, γ)(t),

where the cocycles α∗, β∗, γ∗ are the Poincare duals of the cycles α, β, γ.
It is also useful to write it in terms of basis as follows:

We define
fαβγ(t) = Φ̃ω(Hα, Hβ , Hγ)(t)

and
fδ

αβ(t) = ηγδfαβγ(t).

Let {H∗
σ} be the basis of H∗(V, Z) which is dual to {Hσ}. Then, we define

quantum multiplication

H∗
α ×Q H∗

β =
∑

γ

fγ
αβ(t)H∗

γ .

It follows from the composition law that

H∗
α1

×Q · · · ×Q H∗
αk

=
∑
γ,δ

ηγδΦ̃ω(Hα1 , . . . , Hαk
, Hγ)H∗

δ

In the case of Calabi-Yau 3-folds, such a quantum multiplication is auto-
matically associative. However, in general, the associativity is not obvious
and is equivalent to the following identity:

∑
σ,τ

ηστ Φ̃ω(Hα, Hβ , Hσ)Φ̃ω(Hτ , Hγ , Hδ)

=
∑
σ,τ

ηστ Φ̃ω(Hα, Hδ, Hσ)Φ̃ω(Hβ , Hγ , Hδ).

This is a direct consequence of the composition law for 4-point functions,
where two different stable degenerations give two sides of the above equa-
tion. Therefore, we have

Theorem 3. The quantum multication is associative, consequently, there
is a quantum ring structure on the cohomology of a semi-positive symplectic
manifold V .

We should remark that both sides of the above equation are infinite
sums, whose convergence in general remains to be checked. However, the
above equation is well posed as a sequence of equations involving only
finite sums.
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Example. Using the fact that there is a unique line through two points
in CP

n, one can show that

Φ̃ω(pt,pt, H) = e−t,

where ω is the Fubini-Study class on CP
n and H is a hyperplane. It implies

that the quantum ring of CP
n is the quotient of C[x] by the ideal generated

by xn+1 − e−t.

The composition law for mixed invariants also yields solutions of the
WDVV equation. Let W = H∗(V, Z) ⊗ C. For simplicity, assume that
H∗(V, Z) is torsion-free. Then any w in W is of the form

w =
L∑

j=1

tjH
∗
j

where L is the dimension of W . We can extend the mixed invariant
Φ(A,{ω},0) to W by linearity. Following E. Witten [W], one can define
a generating function

Ψω(w) =
∑

A∈H2(V,Z)

e−ω(A)
∞∑

m=3
w=w1=···=wm−3

1
m!

Φ(A,{ω},0)(w, w, w|w1, . . . , wm−3)

This function is a power series in t1, . . . , tL. It follows from Theorem 1 in
the case k = 4 that Ψω satisfies the WDVV equation

∑
σ,τ

∂3Ψω

∂tα∂tβ∂tσ
ηστ ∂3Ψω

∂tγ∂tδ∂tτ
=

∑
σ,τ

∂3Ψω

∂tα∂tγ∂tσ
ηστ ∂3Ψω

∂tβ∂tδ∂tτ
.

If we define A = {Aγ
αβ} by

Aγ
αβ =

∑
τ

ηγτ ∂3Ψω

∂tα∂tβ∂tτ
,

then ∇ε = ∇0 + εA defines a family of connections on the tangent bundle
TW over W , where ∇0 is the trivial connnection on W . The WDVV
equation is equivalent to the flatness of the connections ∇ε. Therefore, we
have a deformation of the trivial flat connection ∇0 by flat connections
∇ε.



276 YONGBIN RUAN AND GANG TIAN

5. An application to enumerative geometry
Next we give an application of our theorem to a classical problem in

enumerative algebraic geometry. Let Nn,d be the moduli space of rational
curves in CP

n of degree d. We denote by Wi (2 ≤ i ≤ n) be the subvariety
consisting of all those curves in Nn,d which intersect with a fixed subspace
in CP

n of codimension i. In the case d = 1, Nn,d is the Grassmannian
G(n + 1, 2), and those Wi are just the classical schubert cycles generating
the homology ring of G(n+1, 2). Assume that the infinitesimal deformation
is unobstructed at a generic rational curve in Nn,d. Then the intersection
number W j2

2 ∩ · · · ∩ W jn
n is same as the Gromov invariant

Φd�( H2
1 , . . . , H2

j2 , H
3
1 , . . . , Hn

jn
)

where + is the homology class of a line in CP
n, 0 ≤ j2, . . . , jn and

n∑
i=2

(i − 1)ji = (n + 1)d + n − 3.

We denote this number by

σn,d(j2, . . . , jn).

We simply define σn,d(j2, . . . , jn) to be zero if
∑n

i=2(i − 1)ji is not
(n + 1) d + n. Then using in the case k = 4, we can prove

Theorem 4. Assume that the infinitesimal deformation is unobstructed
at a generic rational curve in Nn,d. Let σn,d be the family of intersec-
tion numbers {σn,d(j2, . . . , jn)}. Then there are recursion formulas for
computing σn,d in terms of σn,1, . . . , σn,d−1.

We refer the readers to our paper [RT] for the explicit forms of these
formulas. A special one of these recursion formulas is the following:

σn,d(m+1, 0, . . . , 0)−2σn,d(m−1, 1, 0, . . . , 0)+σn,d(m−2, 0, 1, 0, . . . , 0)

=
d−1∑
d1=1

m−2∑
j=0

(
m − 2

j

)
{σn,d1(j + 1, 0, . . . , jm1+1−j = 1, . . . , 0)

· σn,d−d1(m − 1 − j, 0, . . . , jn+1+j−m1 = 1, . . . , 0)
− σn,d1(j + 2, 0, . . . , jm1−j = 1, . . . , 0)

· σn,d−d1(m − 2 − j, 0, . . . , jn+j−m1 = 1, . . . , 0)}
where m = (n + 1)d + n − 4 and m1 = (n + 1)d1 + n − 4.

The number σn,d((n + 1)d + n, 0, . . . , 0) can be interpreted as follows:
Given any degree d algebraic curve C in CP

n, its Chow coordinate XC is
a hypersurface in the Grassmannian manifold G(n + 1, n− 1) and consists
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of all (n− 2)-subspaces in CP
n which have nonempty intersection with C.

This Chow coordinate XC is, uniquely up to multiplication by constants,
defined by a section in H0(G(n+1, n−1),O(d)), where O(1) is the positive
line bundle generating the Picard group of G(n+1, n−1). Let N(n, d)+1
be the dimension of H0(G(n + 1, n− 1),O(d)). Then there is a subvariety
in CP

N(n,d) consisting of Chow coordinates of rational (possibly singular)
curves in CP

n. We denote by nd the degree of this subvariety. If the
infinitesimal deformation is unobstructed at a generic degree d rational
curve in CP

n, then nd is just σn,d((n+1)d+n, 0, . . . , 0). Note that n1 = 1.
It has been a difficult problem to compute nd for higher degree. It follows
from Theorem 4 that

Corollary 1. All the degrees nd can be computed.

In the case n = 2, the assumption is automatically true. It follows from
Theorem 4 that

nd =
1
2

∑
d1+d2=d
d1,d2>0

d1d2(3dd1d2 − 2d2 + 6d1d2)(3d − 4)!
(3d1 − 1)!(3d2 − 1)!

nd1nd2

In particular, n1 = 1, n2 = 1, n3 = 12. This recursion formula for com-
puting nd for CP

2 was first derived by Kontsevich, using the composition
law previously predicted by physicists and now proved in our paper [RT].

We can also compute the degree of the moduli space of genus g curves
in CP

n by using the recursion formula at the end of section 3.

6. Outline of the proof
Let us briefly describe our method of proving Theorems 1 and 2. Let

Cn be a sequence of stable curves with m-marked points, and fn : Cn �→ V
be the corresponding pseudo-holomorphic curves. In the Deligne-Mumford
compactification, Cn degenerates to an m-point stable curve C. Geomet-
rically, one can obtain C by collapsing a disjoined union of simple closed
curves. Collapsing each simple closed curve gives rise to a double point.
In the case in which the Cn are rational curves, there is a problem, i.e., the
underlying complex structure really doesn’t change at all. To achieve the
degeneration we need to prove the composition law in this case, we take
advantage of the perturbed equation and let the perturbation term degen-
erate along some prescribed circles in the Deligne-Mumford degeneration.
By taking a subsequence, we may assume that fn converges to a limit map
f whose domain is the stable curve C with some bubbles. There might
be some bubbles in the vicinity of double points. Such a situation did
not exist in previous compactness theorems. On each component of C, it
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satisfies a perturbed J-holomorphic equation. On each bubble, f satisfies
J-holomorphic equation. Then by counting dimensions (cf. [R]), we can
show that the space of such f with some bubbles will be of smaller dimen-
sion. Thus, in order to compute the invariant in terms of the perturbed
J-holomorphic maps from the degenerate Deligne-Mumford stable curve
C, we have to prove that any f from C can be deformed into a perturbed
J-holomorphic map from a smooth marked stable curve into V . We also
need to show that such a deformation is unique for a given inhomogeneous
term and has the orientation compatible with that of f . In general, such a
deformation is almost impossible to achieve. However, due to the freedom
in the choice of inhomogeneous terms, we can prove the existence of the
deformation with the required properties. This can be done by using the
Implicit Function Theorem.
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