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REMARK ON EXTENSIONS OF
THE WATERMELON THEOREM

JOHANNES SJOSTRAND

In a recent work [H2] L. Hormander has given some refinements of Kashi-
wara’s Watermelon Theorem (see [H1], [S]). The purpose of this note is to
give some slight improvements of one of the results of Héormander, by ex-
tending a proof in [S] (based on ideas of Kashiwara, communicated to the
author by P. Schapira and A. Grigis).

Let u be a distribution (or a hyperfunction) on R™, n > 2, with compact
support K. Let yp € K and let 9 € R™, ||no|| = 1, be an exterior normal
vector of K at o in the C? sense. In other words, there exists a real C?
function, defined in a neighborhood of yg such that h(yg) = 0, dh(yo) = 1o,
and h(y) < 0 for all y in K which are in a neighborhood of yo. After an
analytic change of variables (a convexification) and a truncation away from
Yo, we may assume that (y — yo) - mo|xk < 0. Kashiwara’s Watermelon
theorem then states that if {o € R™\ {0}, A € R, (yo,&) ¢ WF,(u), then
(yo,&0 + A\no) ¢ WF,. Here WF,, is the analytic wavefront set as defined
for instance in [H1] or [S]. The following result is a slight refinement of
the first half of Corollary 2.7 of [H2] and we refer to Remark 3 below for
the corresponding improvement of the second half. See also Theorem 2.12’
of the same paper which follows from the quoted corollary by geometrical
arguments.

Theorem 1. In the above situation, assume that there is a sequence 1; €
R", 7 =1,2,..., with n; — no, such that

(1) 7 R/ N v, j = oo,

I —noll
(2) (y —yo) -mjlx —6; <0, where §; >0, 6; — 0,
(3) i 0, j—oo

15 = 1ol
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Then if & # 0, (yo,&0) ¢ WFa(u), we have (yo, &0 + Av) ¢ WE,(u), for all
A eR.

We notice that ¢; measures the distance from the point yy to the hyper-
plane (y —yo)n; —d; = 0.

Let H(n) = sup,egy - n, 1 € R", be the support function of K. For
7 > 0 small, v € R", write the affine linear functionals corresponding to
tangent planes of K:

(mo+7v)-y—H(n+71v)=(no+7v) (y—yo —0+m0) =0, b6+ 2>0
and keep in mind that H(no) = yo - no. Then,

77 2(H(no + 7v) + H(nog — 7v) — 2H (1))
=77 2((64 +0-) + (04 — 6_)mnov) =7 2(1+ O(7)) (64 + 6_),

so this quantity tends to zero for some (7;,v;) with 7; — 0, v; — vy, if
and only if
5"’_7] + 5_7]
2

75

— 0.

The condition (2.9) in the result of Hérmander is the one just mentioned,
while the assumption in Theorem 1 amounts to requiring that 0 ;/ Tj2 — 0.

Proof of Theorem 1. (cf. the proof of Theorem 8.3 in [S]). Put
Tu(xz,\) = /e‘A(m_y)z/zu(y) dy, A>1, xeC

Then for every R > 1, € > 0, we have

(4) [Tu(z, \)| < Cle, R)eMP<HI g <R, A > 1,
where
_ 2 )2 1
(5) @xa) = sup V= OOy gy
yeK

and where d denotes the Euclidean distance in R™. In (4), (5), we can
replace K by the larger set K;: (y —yo) - n; — 0; < 0 and we shall first
assume that (n;) is a normalized sequence. Writing z = zo + 27;, z € C,
with 2o = constant, Rzo = yo, we get ®;(z) = Pk, (2o + 27;), given by:

(Szo + (32)77]—)2, Rz <9,
((Swo + (S2)n;)* — (Rz —6;)?), Rz >6;.
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Notice that ®; is harmonic in the second region.
Now assume that for some & € R™\ {0}:

(7) (Y0,80) & WF,(u).

We then choose zg = yg — i§y. By the FBI-characterization of the analytic
wavefront set (see [S]), we have

(8) |Tu(x, \)| < Const.eMPo@=1/Co) =10 _ 0] <1/Cy,

for some Cy > 0, where ®y(z) = 5(Sw)?. Consider the subharmonic func-
tion,

(9) vj(2) = log |Tu(zo + 215, \)| = A¥;(2),

where we define W;(z) to be the harmonic function on C, given by the
second expression in (6). With new constants independent of j, we then
obtain for |z|o < R, where |z|s = max(|Rz|, |3z|), and for j large enough:

(10) v;j(z) < —=X/Cy, for |z|00 < 1/CY,
P2

(11) v (2) §A(e+%) + C(e,R), for Rz <4,

(12) vj(2) < Xe+C(e, R), Rz > 9;.

The Poisson integral,

1 1/00 y

(13) I(Z> = @ 1c, y2 + (:L‘ — t)2

dt, z=ux+1y,

is harmonic in the upper half plane with boundary value C%)l[— 4, ajon
0’ %o

the real axis. Moreover,

1
(14) 1(z) = O(M% 2| — o0,
and
01 R 1
1 I(z) > =L >~ o> —, .
( 5) (Z) - Cg ’2’27 |Z| e 200 Cl >0

For0<t< CLO, we let J(z) = I(i(2+1)), Rz > —t. Then by the maximum
principle for the subharmonic function v;(z) + AJ(z), we get

(9; +1)°
2

L

(16) v;(2) <A( = J(2) + =

+e+ O )) + C(e, R),

Rz > —t, 2|0 < R.
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Combining this with (15) and taking R ~ %, we get with a new constant
Cu for = = iy, |y > -
1t (6; +t)?

(17) v;(iy) < A(— EW 5 + Cre) + C(e).

Here we write,

1t (6;+0)* 1 5 1
—— =+ = —(0; —t)* — (5 — 20,)t,
Cl |y’2 9 2( J ) (01’y|2 J)
which is negative for ¢t = §;, |y|? < ﬁ. Hence,
) 1
(18) viiy) < =Ae + G5, fy[ <

N

for some €; > 0. In this argument, we are allowed to vary z slightly within
some j-dependent ball, and hence we obtain (for j large enough):

(19) |Tu(z —itn;, A)| < Cje>\(¢’o(ﬂc—m7j)—ej)7

1
Co

is independent of j. (19) shows that (yo,& + 71;) ¢ WF, for the same
7’s. In this conclusion we may replace & by £ if £ — &y is small enough:
|€ — &| < 1/Cy. Also, if we now drop the assumption that the 7; are
normalized, we get the same conclusion, since we can replace n; by n;/|n;|.
Letting j — oo we then first recover the ordinary Watermelon theorem. In
particular, if &, is a multiple of g, then we get (yo,n) ¢ WF,(u) for all
small 77 and hence for all n. If £y is not a multiple of 19, we have {+7;n; # 0
for j large enough and applying the Watermelon theorem, we get

for |z —xo| < €j, 7] < —, where €; > 0. Here Cy depends on u but
i

(20) (y0,& +7j(nj —m0o)) & WFa(u), for [§—E&| < Cio 75| < 1

Cov/by

for some sufficiently large Cy > 0 depending on u, &y. Let o € R. Using the

assumptions (1), (3), we get ov = lim;_,7;(n; — no), where 7; = m,

so that |r;| = 0(1)%, j — 0o. We can then apply (20) to conclude that

(yo,&0 +ov) ¢ WF,(u). O

Remark 2. Let L C R™ be a subspace and assume that £ € R"\{0}, n € L,
(yo,&) ¢ WF,(u) implies that (yo,& + 1) ¢ WF,(u). Consider a sequence
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n; € R™ with 0 # dist(n;, L) — 0, ||n;|| = 1 such that (1’), (2), (3’) hold
with

(1) nj —mL(n) .
I — ()l ’
6.
3 — 0 =0,
&) Ty —m )P

where 7y, is a linear projection onto Lg. Then the proof above gives the
same conclusion as in Theorem 1.

Remark 3. The proof of Theorem 1 also gives a slight improvement of
the second half of Corollary 2.7 of [H2]. We now assume that there are
sequences 1);, 1)o,; converging to ny # 0, that 7y ; is an exterior normal of
K at yo,; with yo; — yo, and that

i —1o,j

— 1, (Y —Y0,5) " njlx —0; <0, 85llm; —mo.sll7* — 0,
1m5 — 10,5

where 0; > 0. Let & # 0 be non-parallel to 1y and assume that (yo,&o) ¢
WF,(u). Then for j sufficiently large, we have (yo,,&0) ¢ WFq(u), and
instead of (20) we get

<y07j75 i UjM) ¢ WF,(u),
1m; —n0.4l

Ly = nogll

oy

In particular, if §y = £, we deduce that (yo ;,&) ¢ WF,(u) for all small
E, and hence for all E, in contradiction with the fact that yo ; € 0 supp(u).
In conclusion, (yo, £10) € WF,(u).

We next discuss an extension of Theorem 1, using some 2-microlocal
techniques. For p €]0, 3] , we put u,(y) = u(,/py) and compute

for [€ — & < Ci ;] <

Tu(o,3) = [0 2l iy dy

= C,\" // e_%((w_y)z_(\/ﬁy_z)z)Tu(z,)\) dy dz,

using integration contours as in [S], chapter 3,4 (and 16). Here

x—\/ﬁz)z 2 2 Wpz—2)

+rt -2

(r=9)’ = (Vay =2 = 1-ply - 1= p
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so we can eliminate the y-variable and get

n/2 “Z -
A= A 72 /eg(wzz2 e )Tu(z, \) dz.
711/ n

We know that T'u — Tu,: He, — Hs,, where

(21)  Tuu(z,\) =C,

= {u € L*(C"; e 2 L(dz));u is holomorphic}, ®¢(z) = = (3z)?,

where L(dz) denotes the Lebesgue measure on C", and in order to make
this more explicit, we write

z—x)?
(22) - %(%x)2 + %(%z)Q — 1?)? <x2  — %)

1 ((?Rz—\/ﬁ%ac)Q B (\/ﬁ%z—%x)2>
2 1—p 1—p ’

so the correct integration contour in (21) is given by Rz = ,/uRx. More-
over, if (7) holds and &y, # 0, then for every ¢ > 0:

(23)  [Tup(z, N)| < C(e,u)e%((%m)z—%+e)

f

1
for ‘%x - — ‘ —
<o
where C' > 0 is some constant depending on u, &, but not on u, A\. (In
particular, (ﬁyo, Vit&o) € WFEq(uy).)

Keeping the assumption (7) we assume for simplicity that yo = 0. Let &
be an analytic diffeomorphism between two neighborhoods of 0 with x(0) =
0, '(0) =id. Let x € C§°(R") be 1 near 0 and have its support close to 0.
Put u, = x(uy o k) when u is a distribution and in the hyperfunction case,
let u,, be an analytic functional with uniformly compact support, = u, o s
in some fixed neighborhood of 0. It then follows from (23) (as in [S]), that
(24)

)2 M 1
[Tt (0, )] < Cle, e O =649 for [ < = [+ Vgl < Y2

ISz + 1ol <

Assume that 0 € suppu, 79 € R™, ||| = 1, and that there is a
sequence of open balls B; C R™ \ suppu, j = 1,2,... of radius \/;; > 0
with

(25) pj — 0,
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(26) The center of Bj is given by 10 + /1 1,

so that [ln, | = 1,

5.
Hj
After a Euclidean change of coordinates, we may assume that 79 =
(0,...,1). Let x be the map ¥ — (¥,9n + R(¥')?) for some sufficiently
large R > 0 and put y = ,/it;y. Then we have a ball B of radius 1

- % (25),
(27). For u,; we get (assuming it has its support in a small but fixed
neighborhood of 0):

in R™ \ suppu,,; of center 5]170 + 1;, where (5

(28) @77] - 5;’)‘supp Ty < 07 with 5; = gjnDnj'
Put
z0 = —i&o, Fo = /i o, ¥;(2) = log(Tu,(Fo + 2nj, \)) — AV, (2),

where \Tfj is defined as ¥; but with x, 6; replaced by zy, 5}. Then v;
satisfies the following estimates for |z| < R (suppressing sometimes the
parameters A, u):

(29)  W(z) < 3+ 00), 2lee < 07,
0
(30) () < AMpye+ () = R2)?) + C(e, R, j), Rz <3,
(31) Uj(2) < Apje+Cle, R, j), Rz > 07
Put z = /i1 Z, 0} = \/Egj, (gj = i—znomj), 1;(2) =v;(z). Then
PO , . N 1
(32) vj(z) < _>\CL0J +C(]>7 ’Z’oo < 67
(33) (3 < Myle+ (3, — %) + C(e, R, j), RE<I,
(34)  (3) < Mgje+ C(e, R, ), RZ > 3.

~

These are just the estimates (10)—(12) with A, d;, z replaced by Au;, 5,
so as before, we reach the conclusion that (0, \/i; &0+ 7/1; 1) ¢ WFq(u

if |[7] < Cy/ ],1e

)

(35) (0,& + mn;) ¢ WF,(u), if |7] < Ca v

Yo
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In (35) we can replace &y by & with [£ — &| < Cio with Cy > 0 independent
of j. Since n; — no, p;/6; — 00, by (27), we obtain (0,{+710) ¢ WF,(u),
T €R, |£—¢&0| < 1/Cp, which is the conclusion of the ordinary Watermelon
theorem, in the case when 7y is an exterior normal.

Assuming &y, 1o to be linearly independent (which we may, as in the
proof of Theorem 1), we then get from (35)

C
(36) (0,6 +7(n; —m))  WFa(w),  if 7] < 2, €~ 6| <

V0j
As for Theorem 1, we get,

Theorem 4. Let 0 € suppu, no € R”, ||no]| =1, and let B; C R™\ suppu,

J=1,2,... be a sequence of open balls of radius \/jz; satisfying (25)-(27).

Then if & # 0, (0,&0) ¢ WF,(u), we have (0,&0+ Ang) ¢ WF,(u) for every

A € R. In particular (by a standard argument), (0,£ny) € WFy(u).
Assume further that

o -
(37) Ty, Y gy — ol — 0
In; — moll NG

Then if (0,&) ¢ WF,(u), we have (0,8 + Avg) ¢ WF,(u) for every X € R.

It is easy to construct examples where Theorem 2 applies and where
Theorem 1 cannot be applied. If we assume however that 79 is an exterior
normal of suppu at 0 in the C? sense, then the following discussion shows
that Theorem 2 gives nothing more than Theorem 1. For simplicity, we
assume that n = 2 and that 0 € suppu C {(x,y);y < 0}, no = (0,1).
Instead of balls, we can consider parabolic regions of the form B;: y >

ﬁ(l‘ —z4)(x—x_) dof fj(z), where 4 = 24 (j), and 0 < z_ < x4 — 0,
p; — 0, in a ball of radius /f;. Then §; = xyx_/2,/@; and ||n; — nol| is

of the order of magnitude —f(0) = (x4 +x_)/2/f1; ~ x4/ /- In order
to apply Theorem 2, we need

x
33+33L 0, +\/MJ T+ 1/4
/2 1’+9€— \/ z M
Hj

These conditions remain valid if we replace p; by 1, so whenever Theorem
2 applies (in this case), Theorem 1 applies also.
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