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BOGOMOLOV UNSTABILITY
ON ARITHMETIC SURFACES

ATSUSHI MORIWAKI

ABstracT. In this paper, we will consider an arithmetic analogue of Bogo-
molov unstability theorem, i.e. if (E, h) is a torsion free Hermitian sheaf on
an arithmetic surface X and deg ((rk E — 1)e1(E, h)? — (2rk E)ea(E, h)) >
0, then there is a non-zero saturated subsheaf F' of E such that the point
e1(F, h|p)/rk F —e1(E,h)/rtk E lies in the positive cone of X.

0. Introduction

In [Bo|, Bogomolov proved an unstability theorem, namely, if a vector
bundle E on a complex projective surface S satisfies an inequality (rk E —
1)e1(E)? — (2rk E)ca(E) > 0, then there is a saturated subsheaf F of E
such that ¢;(F)/rk F — ¢;1(E)/rk E belongs to the positive cone of S. In
this paper, we would like to consider an arithmetic analogue of Bogomolov
unstability theorem.

Let f: X — Spec(Ok) be a regular arithmetic surface over the ring of

—1
integers of a number field K with f,Ox = Ok, and degy : CH (X)r — R
the natural homomorphism given by

degy : CH (X)r = CH(X)r 25 CHY(Xx)r & R.

The positive cone GH(X ) of X is defined by the set of all elements = €

—1 —

CH (X)g with deg(z?) > 0 and degy (z) > 0. A torsion free Hermitian
sheaf (E, h) on X is said to be arithmetically unstable if there is a non-zero
saturated subsheaf F' of E with

a(F, hlp) ©c(E.h) 4
rk F tk B € Ot (X),

where h| is the Hermitian metric of F' given by the restriction of h to F.
The main theorem of this paper is the following.
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Theorem A. If (E,h) is a torsion free Hermitian sheaf on X and
deg ((tk E — 1)¢1(E, h)? — (21k E)&y(E, h)) > 0,
then (E,h) is arithmetically unstable.

—1 — ~
Let A be an element of CH (X)g with deg(A-x) > 0 for all z € C (X)),
i.e. according to terminology in §1.1, A is an element of the weak positive
cone Cy(X). A torsion free Hermitian sheaf (E,h) on X is said to be

arithmetically w-semistable with respect to A if, for all non-zero saturated
subsheaves I of F,

deg(@u(F, hlp) - A) _ deg(@u(E,h) - A)
rk F' - rk B
Under the above terminology, we have the following corollary of Theorem A.

Corollary B. If (E,h) is arithmetically p-semistable with respect to A,
then
deg ((2rk E)c>(E, h) — (tk E — 1)¢1(E, h)?) > 0.

IfA= <0, Yoerc) /K Q]), then arithmetic p-semistability of (E, h)
with respect to A is nothing more than p-semistability of Eg. So this
corollary gives a generalization of [Mol], [Mo2] and [So].

In §1, we will prepare several basic facts of the positive cone and Hermit-
ian vector spaces. In §2, we will consider finiteness of saturated subsheaves
in a Hermitian vector bundle, which will be crucial for the proof of Theo-
rem A. §3 is devoted to the proof of Theorem A and Corollary B.

1. Preliminaries

1.1. Positive cone of arithmetic Chow group. Here, we consider basic
properties of the positive cone of the arithmetic Chow group of codimension
1.
Let K be a number field and Ok the ring of integers of K. Let f :
X — Spec(Ok) be a regular arithmetic surface with f,Ox = Ok, and
—1
degy : CH (X)r — R the natural homomorphism defined by

degy : CH (X)r == CHY(X)p 25 CHY (X k) & R.

Ciy(X) = {x € aﬁl(X)R | d/e%(xg) > 0 and degy () > 0} and
~ —1 — ~
Ci(X) = {l‘ € CH (X)r | deg(z-y) >0 forall y € C’++(X)}.

CA’++(X) (resp. 6+(X)) is called the positive cone of X (resp. the weak
positive cone of X). First of all, we have the following lemma.
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Lemma 1.1.1. (1.1.1.1) Ifh € Cyy(X), z € CH (X)g and deg(z-h) = 0,
then deg(x?) < 0.

(1.1.1.2) If z € Gﬁl(X)R, d/e%(ﬁ) > 0 and degy(z) > 0, then x €
C(X). ~ . - -

(1.1.1.3) If h € C (X), x € CH (X)g, deg(x?) > 0 and deg(z - h) > 0,

A~

then z € C(X).
Proof. (1.1.1.1) Let ¢ be a real number with degy (x — th) = 0. Then, by

Hodge index theorem (cf. [Fa], [Hr] or [Mo3]), d/eTg;((x —th)?) < 0. Thus,
deg(2?) + t2deg(h?) < 0. Therefore, deg(z?) < 0.
(1.1.1.2) Let y € C(X) and t a real number with degy(y — tx) = 0.

Then, ¢ > 0. By Hodge index theorem, d/e\g((y —tz)?) < 0. Thus, we have
deg(y®) + t*deg(x”) < 2tdeg(x -y).

Therefore, d/e\g(az -y) > 0. Hence, z € C, (X).

(1.1.1.3) Let y € C44+(X) and t a real number with deg(y — tz - h) = 0.
Then, ¢t > 0 by (1.1.1.2). (1.1.1.1) implies deg((y — tx)?) < 0. Thus, by the
same way as above, we have deg(z - y) > 0, which says x € C(X). O

Chy (X) and C, (X) have the following properties.

Proposition 1.1.2. (1.1.2.1) C . (X) C C(X).

A~

(1.1.2.2) If x,y € Cy(X) and t > 0, then z +y,tx € 6++(X)
(1.1.2.3) If z,y € C4(X) and t > 0, then x +y,tx € C4(X).

(1124) O (X) = {w e CH (X)g | deg(z-y) >0 Vy € Cy(3)}.
Proof. (1.1.2.1) and (1.1.2.2) are straightforward from (1.1.1.2). (1.1.2.3)

is obvious.
(1.1.2.4) Clearly, we have

Cor(X)C {ne CH (X)g | dog(z-y) > 0 for all y € Ci(X)}.

We assume that d/e\g(x cy) > 0 for all y € Cy(X). If we set B =
<0,206K(C) 1/[K : Q]), then B € Cy(X). Thus, degy (z) = d/e\g(a: -B) >
0. Hence, it is sufficient to show ae\g(:nz) > 0. Here, we fix h € Cyi (X)
with deg(h?) = 1. We set t = deg(x - h) > 0. Since deg(x — th-h) = 0, by
(1.1.1.1), deg((z — th)?) < 0. If deg((z — th)?) = 0, then

deg(2?) = deg((th + (x — th))?) = £* > 0.
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Thus, we may assume that d/e\g((x — th)?) is negative. If we set s =
_ 1/2 .
<—deg((x — th)2)> and | = (z — th)/s, then z = th + sl, deg(l?) = —1

and C/le\g(h 1) = 0. Let us consider y = h + [. Since ae\g(yz) = 0 and
deg(y - h) = 1, by (1.1.1.3), y € Cy(X). Thus, deg(z -y) =t —s > 0.
Therefore .

deg(x®) =t* —s* = (t +s)(t — s) > 0.

Hence, z € Cyy (X). O

Finally we consider the following proposition.

Proposition 1.1.3. For z € CH' (X)r, we set
(1.1.3.1) Wi(z) = {u e Oy (X) | deg(z - u) > o} .

Ifo ¢ Cry(X), y € Ciu(X) and W (x) # 0, then W(z) S W(z +y).

Proof. Clearly, W(x) C W(z +y). By virtue o/f\(l.1.2.4),/I/I\/(a;) S C(X).
Let u; € W(x), uz € C(X)\W(z) and t = —deg(z-uz)/deg(x-uy). Then,
t >0 and d/e\g(x ~ug + tuy) = 0. Hence, us + tu; € W(z). On the other
hand, by (1.1.2.3), uy + tu; € C4(X). Moreover, d/e\g(y “ug + tug) > 0.

Thus, d/e\g(x +y - ug + tuy) > 0. Therefore us + tug € Wiz +y). O

1.2. Hermitian vector space. Let V be a C-vector space, hy a Hermit-
ian metric on V and W a subvector space of V. Considering the restriction
of h to W, the metric hy induces a metric hy, of W, which is called the
submetric of W induced by hy . Let W+ be the orthogonal complement of
W. Then the natural homomorphism W+ — V/W is isomorphic. Thus
we have a metric hy, y of V/W given by hly, .. This metric is called the
quotient metric of V/W induced by hy .

Proposition 1.2.1. Let (V,hy) be a Hermitian vector space over C and
U, W subspaces of V withU C W. Let hw = (hv)|y, and hyy the quotient
metric of V/U induced by hy . We consider two Hermitian metrics of W/U .
Let hy = (hV/U)’W/U and hq the quotient metric induced by hyw. Then,

we have hy = hy.

Proof. Let V.= U @ U~ be the orthogonal decomposition of V and f :
U+ — V/U the natural isomorphism. Then, for z,y € W/U, hy(z,y) =
hy (f~H (@), [~ (y))-

Let W =U®& Uﬁ, be the orthogonal decomposition of W, i.e. Uﬁ, is
the orthogonal complement of U in W, and g : UVLV — W/U the natural
isomorphism. Then, hy(z,y) = hyv (97 (), g7 (y)) for z,y € W/U.
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On the other hand, Uy, C U+ and the following diagram is commutative.

Uy — UL

gl lf

W/U — V/U
Thus, we have hy = hy. O

2. Finiteness of saturated subsheaves

In this section, we will consider finiteness of saturated subsheaves in a
Hermitian vector bundle, which will be crucial for the proof of Theorem A.

Theorem 2.1. Let K be a number field, and Ok the ring of integers of K.
Let f: X — Spec(Ok) be a regular arithmetic surface with f.Ox = Ok,
(E,h) a Hermitian vector bundle on X, and (H, k) a Hermitian line bundle
on X. If Hk is ample, then, for constants C7 and Cs, the set

f:{L

18 finite.

L is a rank-1 saturated subsheaf of E with
deg(@1(L, h|,) - @ (H, k)) > C1 and deg(Lg) > Cs

Proof. First of all, we need the following Lemma.

Lemma 2.1.1. Let K be an infinite field, C' a smooth projective curve
over K, and E a vector bundle on C of rank r > 2. Then, for every real
number M, there is a rank-1 saturated subsheaf L of E with deg(L) < M.

Proof. Let H be an ample line bundle on X, and let n be a positive integer
such that ndeg(H) > —M and F® H™ is generated by global sections. Let
us consider the following closed set ¥ in C' x P(H°(C, E ® H™));

2 ={(z,5) € C xP(H*(C,E® H")) | s(z) =0} .

Let p : ¥ — C be the natural projection. Since £ ® H™ is generated
by global sections, codim(p~!(z),P(H°(C,E ® H™))) = r. Therefore,
codim(X,C x P(H*(C,E® H"))) = r and dim ¥ < dimP(H°(C, E® H")).
Thus, the natural projection ¢ : ¥ — P(H®(C, E ® H™)) is not surjective.
Hence, since #(K) is infinite,

(P(2)(K) & P(H(C,E ® H"))(K).
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Thus, there is a section s € H(C, E® H™) with div(s) = (), which induces
an injective homomorphism H~" — FE. Since div(s) = (), the image of
H™ — FE is saturated. 0

Let us start the proof of Theorem 2.1. Clearly we may assume r =
rk £ > 2. By Lemma 2.1.1, there is a filtration : {0} = Fy C F; C --- C
F,_1 C F, = FE such that

(2.1.2) F;/F;_1 is a rank-1 torsion free sheaf for every 1 <i <.

(213) deg((F,/Fz,l)K) <Cyforl1<i<r-—1.

Here we claim

Claim 2.1.4. If L is a line bundle on X with deg(Lk) > Co, and ¢ : L —
F,._1 is a homomorphism, then ¢ = 0.

Proof. We assume that ¢ # 0. Choose i in such a way that ¢(L) C
F; and ¢(L) € F;—1. Then, we have an injective homomorphism L —
F;/F;_y. Since i < r —1, deg(Lk) > Cy > deg((F;/F;—1)k). This is a
contradiction. [J

Let @ be the double dual of E/F,_; and hg the quotient metric of Q
induced by h via E — E/F,_1, i.e. hg = h|p.. Pick up L € F. By
Claim 2.1.4, we have the natural injection L — ). So there is an effective
divisor Dy, on X such that L ® Ox (D) ~ Q. Let D? (resp. DY) be the
horizontal part of Dy, (resp. the vertical part of D). Then, we have

Claim 2.1.5. If D} = D%, for L,L' € F, then L =L'.

Proof. Let us consider M = L ® Ox(—DY},) and M' = L' ® Ox(—DY).
Since DZ = D%,, M and M’ have the same image in Q via F — Q.
Therefore, we have M + F,_; = M’ + F,_;. Moreover, since M — Q
and M’ — @ are injective, M N F,_; = M' N F,_; = {0}. Hence, we
have a homomorphism M — M’ & F,_; — F,_1, which must be zero by
Claim 2.1.4. Thus M C M’. By the same way, M’ C M. Hence, M = M’.
So L = L’ because L is the saturation of M in E and L’ is the saturation
of M'in E. [

We set Cs = deg(¢1(Q, hq)-c1(H, k) — Cy and Cy = deg(Qx) — Cs. Let
D} =%, a;I'; be the irreducible decomposition of D¥. Then, we have

Claim 2.1.6. Y, a;deg(((H,k)|p.)) < Cs and Y, a;[K (T;) : K] < Cy.

Proof. Since L&oOx (Dr) ~ @, we have deg(Lk )+deg((Dr) k) = deg(Qk).
Thus we get > . a;[K(I';) : K] < Cy.

We choose a Hermitian metric hp, of Ox(Dy) in such a way that
(L, h|;) ® (Ox(Dr),hp,) is isometric to (Q,hg). Let 1 be the canoni-
cal section of H(X,Ox(Dy)) with div(l) = Dy, and D} = 37, b;l; the
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irreducible decomposition of the vertical part of Dy. Then, we have

deg(é1(Ox(Dy), hp,) - @1 (H.k)) = Zaid/e\g(a((H, B)lr,))

(2

+ S bydeg(Hl) — 5 Y0 [ Toalho, (1) (ko).

ceK(C)

Since hg is a quotient metric of h, we can see hp, (1,1) < 1 for all points
of each infinite fiber X,. Therefore, we get

Zaid/eg(a((ﬂa B)Ir,)) < deg(@1(Ox(Dr), hp, ) - &1 (H, k)

= deg(@1(Q. ho) - 21(H. k) — deg(@(L, hl,) - @1 (H. k) < Cs.
Thus, we obtain our claim. [

To complete our theorem, by Claim 2.1.5, it is sufficient to see that
{D% | L € F} is finite. Since ) . a;[K(I';) : K] < Cy, we have a; < C4 and
[Q(T;) : Q) < C4[K : Q). Let D = D" (+) + D% (—) be the decomposition
of D? such that

Di(+) = > a,T; and D}(-) = 3 a;T.

deg(e1 ((H.k)]y.,))>0 dog(e1 ((H k)|, ))<0

By Northcott’s theorem (cf. Theorem 2.6 in Chapter 2 of [La]), the set
{D"(-) | L € F} is finite. Hence, there is a constant Cs depending only
on F with

> aideg (G ((H, k)|p.,)) < Cs.
deg(e1 ((H)|r,))>0

Thus, {D%(+) | L € F} is finite. Therefore, {D? | L € F} is finite. O

Corollary 2.2. Let K be a number field, and Oy the ring of integers of K.
Let f : X — Spec(Ok) be a regular arithmetic surface with f,Ox = Ok,
(E, h) a Hermitian vector bundle on X, and (H, k) a Hermitian line bundle
on X. If Hi s ample, then, for constants C; and Cs, the set

F is a non-zero saturated subsheaf of E with
o~ /\1 - A~ ~
ci(F, h|p) € CH (X) | deg(ci(F, hlp)-c1(H, k) > Cy
and deg(Fg) > Cs
is finite.
rk F'

Proof. Since det F' is a saturated subsheaf of /\ E, our corollary is an
immediate consequence of Theorem 2.1. [
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3. Proof of Bogomolov unstability (Theorem A)

Before the proof of Theorem A, we will fix notations. Let K be a number
field and O the ring of integers of K. Let f : X — Spec(Og) be a regular
arithmetic surface with f.Ox = Ok. Let (F,hp) and (E, hg) be torsion
free Hermitian sheaves on X. We set

~ — [tk E—1__ ~
(S(E, hE) = deg (WCI(E, hE)2 — C2<E, hE)> .
and . —~
77 Cl(F’hF) Cl(Eth)

d((F,hp), (B hp)) = ——7— -~ — 1 F

Then, we have the following formula.

Lemma 3.1. Let 0 — (S,hs) — (E,hg) — (Q,hg) — 0 be an ezact
sequence of torsion free Hermitian sheaves on X such that hg and hg are
the induced metric by hg. Then, we have

rk E)(rk S)

S(E,hE)gS(s,hs)+3(Q,hQ)+( 20 deg(d((S, hs), (E, hp))?).

Proof. First of all, ¢ (E, hg) = ¢1(S, hs) +¢1(Q, hg). Moreover, by Propo-
sition 7.3 of [Mol],

deg (62(E, hig) — €2((S, hs) @ (Q, hq))) > 0.

Thus, by an easy calculation, we have our lemma. [

Let us start the proof of Theorem A. Let EVV be the double dual of E.
Then, ¢2(EVY,h) = co(E,h) — log (# (EVV/E)). So we may assume that
FE is locally free. First we claim

Claim 3.2. There is a non-zero saturated subsheaf F' of E such that

deg(Fi) B deg(Ek)

rk F rk F > 0.

Proof. Since deg (tkE —1)c1(E,h)? — (2tk E)¢2(E, b)) > 0, by the main
theorem of [Mol], E7 is not semistable. Let F’ be the maximal desta-
bilizing sheaf of Eg. For 7 € Gal(Q/K), let us consider 7(F'). Then,
7(F') C Eg, deg(7(F")) = deg(F”) and rk 7(F’) = rk F’, which means that
7(F') is also a maximal destabilizing sheaf of Eg. Thus, by the uniqueness
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of the maximal destabilizing sheaf, we have 7(F') = F’. Therefore, F’ is
defined over K. Hence, there is a saturated subsheaf F' of F with F = F”.
Thus, we have our claim. [

Let (H,k) be a Hermitian line bundle on X such that Hg is ample.
Since

deg(d((F, hlp), (B, h)) - € (H,ck)) = deg(d((F, h|p), (E, h)) - € (H,k))

~ log(¢)[K : Q] (deg(FK) B deg(EK)>
2 rk F’ rk E

and deg(é1(H, ck)?) = deg(G(H,k)?) — log(c)[K : Q] deg(H), we may

o~

assume that deg(d((F, h|z), (E,h)))-¢1(H,k)) > 0and ¢1(H, k) € Ciy (X)
if we replace k by ck with sufficiently small positive number c. Here we
consider the following set.

G is a non-zero saturated subsheaf of E with

G=1{G | deg(d((G, hlg), (E,h)) - @ (H,k)) > 0 and

deg (d((G, hlg), (E,h))) >0
Then, F' € G. Moreover, by Corollary 2.2,

{d(G. hl). (B.1) € CH (X)q | G € G}

is finite.
We will prove Theorem A by induction on rk F.
Claim 3.3. Iftk E = 2, then d((F, h|,), (E, h)) € C4(X).
Proof. Let hg/r be the quotient metric of E/F, i.e. hg/p = h|p.. By

Lemma 3.1,

(rk E)(rk F) — ~

S(E, h) < 5(F, h|p)+6(E/F, hgp)+ Tk E/F deg(d((F, h|p), (E,h))?).

~ ~

Since tk FF =1k E/F =1, 6(F, h|) <0 and 6(E/F,hg/r) < 0. Therefore,

deg(d((F, hlp), (B, h))?) > 0.

~

Thus, d((F, h| ), (B, h)) € Cyp(X). O

—1
From now on, we assume rk £ > 3. As in (1.1.3.1), for x € CH (X)g,
we set

W(z) = {u e Oy (X) | deg(z - u) > o} .

Here we claim
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Claim 3.4. Under the hypothesis of induction, if d/e\g(c?((G, hlg), (E,h))?)
<0 for G € G, then there is G1 € G with

~ ~

W(d((G, hlg), (B, 1)) & W(d(G1, hlg, ), (E, h))).

Proof. We set hg g = h|g.. First of all, by Lemma 3.1,

S(E,h) < 8(G, hlg) +0(E/G, hgq)

(tkE)(1kG) — ~ 2
Wdeg(d((a, hle), (B, h))?).

Since g(E,h) > 0 and &e\g(c?((G, hlo), (E,h))?) < 0, we have either that

~ -~

0(G, h|g) > 0 or that §(E/G, hg/qg) > 0.

If §(G, h|s) > 0, then by hypothesis of induction there is a non-zero
saturated subsheaf G of G with d((G1, hlg,), (G, hlg)) € Ct(X). Here

since

~ ~ ~

d((G1, hlg,), (B, b)) = d((G1, blg, ), (G, ha)) + d((G, hlg), (B, h)),

we have GG; € G. Moreover, by Proposition 1.1.3, we get

~ ~

W(d(G, hlg), (E, 7)) & W(d((Gy, hlg,), (B, ).

~

If 6(E/G,hg/a) > 0, then by hypothesis of induction there is a non-
zero saturated subsheaf T of E/G such that d((T, hE/G|T), (E/G,hg/q)) €

Cot (X). Take a saturated subsheaf G; in E with G C G; and G;/G =T.
Let hg, g be the induced quotient metric by hg,. By Proposition 1.2.1,
we have hE/G‘T = hg,/q- Thus, by an easy calculation, we get

(61, M) (5, 0) = DT, by, (B/G. )

rk Grk(E/Gy) -
kG 1k(E/G) (G, hlg), (E, hg)).

Therefore, G; € G, and by Proposition 1.1.3,

W(d((G, hlg), (E,h)) & W(d((Gy, hlg,), (B, ).

Hence we get Claim 3.4. O
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Here we assume that d/e\g(g((G, hlg), (E,h))?) <0 for all G € G. Then,
since F' € G, by Claim 3.4, 3 a sequence {Gy = F,G1,Ga,... ,Gy,...} in
G such that

W(d((Gi, hlg,), (B, h)) & W(d((Gy, blg,), (E, h)))

for all i < j. In particular, d((Gi, hlg.), (E, h)) gives distinct elements in
CH' (X)g- On the other hand,
{d(G, hlg), (B, 1) € CH (X)q | G £ G}

is finite. This is a ccglirafiiction. Thus, to get our theorem, we note that
there is G € G with deg(d((G, hlg), (E,h))?*) >0. O
3.5 Proof of Corollary B. Finally, we give the proof of Corollary B. We
assume that

deg ((21k E)éy(E, h) — (tk E — 1)é1(E, h)?) < 0.
Then, by Theorem A, there is a non-zero saturated subsheaf F' of E with

c(F, hlp) c(Eh) 4
tk F rk E € Crt (X).

Thus,
deg(ci(F, hlp) - A) B deg(c1(E,h) - A)
rk F' rk E
This is a contradiction. [

> 0.
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