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COMPARISONS OF LAPLACE SPECTRA,
LENGTH SPECTRA AND GEODESIC FLOWS
OF SOME RIEMANNIAN MANIFOLDS

CAROLYN GORDON AND YIPING MAO

0. Introduction

The goal of this article is to discuss relationships between the Laplace
spectrum, the length spectrum and the geodesic flow of compact Riemann-
ian manifolds. We will say two compact Riemannian manifolds M; and My
are Laplace isospectral if the associated Laplace-Beltrami operators, acting
on smooth functions, have the same eigenvalue spectrum. We will say
they have C*-conjugate geodesic flows if there exists a C*-diffeomorphism
F: S(My) — S(Ms) between the unit tangent bundles which interwines
the geodesic flows of M7 and Ms.

Since the Laplacian may be viewed as the quantum analogue of the
classical dynamics, i.e., the geodesic flow, one might expect that Laplace
isospectral manifolds would have conjugate geodesic flows. However, this
is not the case. For example, flat tori with C°-conjugate geodesic flows
must be isometric, whereas examples of Laplace isospectral, non-isometric
flat tori are well-known ([7], [18]). Similarly, C. Croke ([8]) and J. Otal
([19]) have independently shown that negatively curved surfaces with C*-
conjugate geodesic flows must be isometric, whereas examples of Laplace
isospectral, non-isometric Riemann surfaces have been constructed in every
genus > 4 (see [4], [5]). As we will discuss below, even continuous families
of Laplace isospectral manifolds need not have C°-conjugate geodesic flows.

The length spectrum of a compact Riemannian manifold M is the collec-
tion of lengths of closed geodesics, counted with multiplicities. We define
the multiplicity of a length to be the number of free homotopy classes of
closed curves containing a geodesic of the given length. (Other notions
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of multiplicity also appear in the literature.) We will call the collection
of lengths, without multiplicities, the weak length spectrum. For generic
manifolds, the Laplace spectrum determines the length spectrum ([6], [10]).
However, the known examples of Laplace isospectral manifolds are far from
generic, and it is interesting to compare their length spectra. All known
examples have the same weak length spectrum; however, in some cases the
multiplicities of the lengths differ (see [12], [14]).

Most known examples of Laplace isospectral manifolds are constructed
by representation theoretic methods. All manifolds constructed by these
methods are actually strongly isospectral, i.e., all natural strongly elliptic
self-adjoint operators on the manifolds (e.g., the Hodge Laplacian on p-
forms) are isospectral.

In Section 1, we review the representation theoretic methods and explain
why the resulting Laplace isospectral manifolds have the same weak length
spectra. We also illustrate these ideas by proving a new result:

Theorem A. Compact orientable strongly isospectral hyperbolic manifolds
always have the same length spectra.

We remark that every free homotopy class in a hyperbolic manifold
contains a unique geodesic, so our notion of multiplicity agrees with all
other notions in the literature. For Riemann surfaces, the Selberg trace
formula shows that the Laplace spectrum determines the length spectrum;
however in higher dimensions, one cannot read off the multiplicities from
the Selberg trace formula. In case the length spectrum is simple (i.e., all
lengths have multiplicities one), Colin de Verdiére showed that the Laplace
spectrum determines the length spectrum ([6]); see also [10]. The prime
ingredient in Theorem A is a recent result of H. Pesce ([22]) showing that
all strongly isospectral hyperbolic manifolds can be constructed by repre-
sentation methods.

The primary emphasis of this article, however, is on nilmanifolds. These
are among the simplest of the Riemannian manifolds, yet they have a very
rich geometry. In Section 2, after reviewing the construction of Laplace
isospectral deformations of nilmanifolds (again via representation theoretic
methods) and discussing their length spectra, we announce the following
results:

Theorem B. There exists a class M of two-step nilmanifolds such that
any nilmanifold whose geodesic flow is C°-conjugate to an element M of M
must be isometric to M. Included in M are continuous families of strongly
Laplace isospectral manifolds.

A more precise statement is given in Section 2. Among the manifolds
in M are all nilmanifolds of Heisenberg type. The class M is closed under
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finite coverings, so if two nilmanifolds M; and Ms, one of which is in M,
have finite covers with C°-conjugate geodesic flows, then M; and M, must
be isometric. The proof of Theorem B is fairly technical and is not included
here. Instead we give a sketch in the simplest case in order to illustrate the
geometric ideas.

1. Representation theoretic techniques

Given a Lie group G and a uniform discrete subgroup I' (here uniform
means that I'\ G is compact), define the quasi-regular representation R of
G on L3(T'\ G) by (Rr(a)f)(z) = f(za). We will say two uniform discrete
subgroups I'; and I'y of G are representation equivalent if Rp, is unitarily
equivalent to Rr,.

The condition that I'y and I's are representation equivalent can be re-
stated in terms of a conjugacy relationship between I'; and I'y as follows:
For h € G, let [h]¢ denote its conjugacy class and let C(h, G) denote its cen-
tralizer. If G contains a uniform discrete subgroup I', then C(~,T")\C(~, G)
is compact and hence C(v,G) is unimodular for all v € T'. Note that
C(h,G) is conjugate to C(v,G) if h € [y]g. Thus we can consistently
choose a Haar measure on C'(h,G) for all h € [y]g so that the conjugation
mapping C'(h1, @) to C(ha, G) is measure-preserving when hy, ha € [¥]c.

1.1 Lemma. (see [1]) Two uniform discrete subgroups I'y and I's of G are
representation equivalent if and only if for each G-conjugacy class [h]|a, we
have ap(I'1) = ap(T'2), where

anM) = > Vol(C(v,T)\ C(y,G))

IrClhle

Here the volume is computed using the Haar measures chosen above. In
particular, 'y and T'y must intersect exactly the same G-conjugacy classes.

In case G is finite, ap (I') = #([h]g (T'), so 'y and T’y are representation
equivalent if and only if they meet each conjugacy class of G in the same
number of elements.

Sunada ([25]) gave an elegant method for constructing strongly Laplace
isospectral manifolds with a common finite covering. A number of gen-
eralizations have followed (e.g., [1], [3], [23]). Most, but not all, known
Laplace isospectral manifolds can be obtained by these methods. We state
one generalization here.

1.2 Proposition. ([9]) Let I'y and I'y be uniform discrete representation
equivalent subgroups of a Lie group G. Suppse G acts by isometries on a
Riemannian manifold M in such a way that My := Ty \ M and My =
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[y \ M are well-defined compact manifolds (i.e., T'; acts freely and properly
discontinuously). Then M; and My, with the Riemannian metrics induced
from M, are strongly Laplace isospectral.

Sunada’s Theorem is the special case that G is finite. Another special
case—that G is a connected Lie group and M = G with a left-invariant
Riemannian metric—is both elementary and classical.

We now compare the length spectra of the manifolds in Proposition 1.2.
For simplicity here, we assume M is simply-connected so that m (M;) = T;.
Recall that free homotopy classes of closed curves in a manifold correspond
to conjugacy classes of the fundamental group.

1.3 Proposition. With the hypotheses of Proposition 1.2, assume M is
simply-connected. Then My and Ms have the same weak length spectrum.
If each G-conjugacy class meets I'y and T's in the same number of I'y,
(respectively I's) congugacy classes, then My and My have the same length
spectrum.

Proof. Leti,j € {1,2}. (We allow i = j.) Let [y]r, and [’y/]pj be conjugacy
classes in I'; and I'; lying in the same G-conjugacy class, say 'y/ = avya~l.
The free homotopy class [y]r, contains a geodesic of length [ if and only if
there exists a geodesic o in M such that o(t+1) = o (t). When this holds,
ac is also a geodesic in M, since a is an isometry. Moreover, ac(t + 1) =
v o(t). Thus [’7/]1"]. also contains a geodesic of length I. The proposition is

now immediate from Lemma 1.1.

Perhaps surprisingly, M; and M> may not have the same length spec-
trum (with multiplicities) even when M = G with a left-invariant metric.
Indeed R. Gornet ([15]) has constructed counterexamples where G is a
simply-connected nilpotent Lie group.

We now turn to hyperbolic manifolds. Recently H. Pesce proved a con-
verse to Proposition 1.2 in this case.

1.4 Proposition. ([22]) Let M; =Ty \ H" and My =T'3\ H" be strongly
1sospectral compact orientable hyperbolic manifolds. Then I'y and I's are
representation equivalent subgroups of the full isometry group G of H™.

We now use Lemma 1.1 and Propositions 1.3 and 1.4 to prove Theorem
A in the introduction.

Recall that if M =T\ H" is a compact hyperbolic manifold, then the
centralizer C'(v,T") is cyclic for all non-trivial v € T' (see [2]). We say ~
is prime if C(y,I') = < v > . In general, v = 7* for some prime element
¥ €Tl and k € Z™ and then C(vy,T) =< 7 >. Note that conjugates of
prime elements are prime. Each free homotopy class [y]r contains a unique
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closed geodesic; the geodesic is prime if and only if « is prime. We will for
convenience refer to the length of [v]r and write [([y]r) to mean the length
of this closed geodesic.

Now let My =T'1 \H" and My = I';\ H" be strongly Laplace isospectral
oriented compact hyperbolic manifolds. By Proposition 1.4, I'y and I's are
representation equivalent in GG, and by the proof of Proposition 1.3, all T'y
and I'y-conjugacy classes lying in a given G-conjugacy class [h|g have the
same length (which we will also refer to as the length of [h|g). We must
show [h]g intersects I'; and T's in the same number of conjugacy classes.

Order the lengths in the weak length spectra of M; and M, (recall these
are the same by 1.3) as l; < ls <3 < --- . First suppose [h]g has length
;. Then all T';-conjugacy classes in [h]g must be prime. Let [y]pr, and
[’yl]pj be two such classes, say ’y/ = aya~! with a € G. (As before we allow
i,7 € {1,2} to be equal.) Since

C(q/,Fj) =< 7, >=<aya ! >= (JLC(fy,I‘Z-)cf1

and

C(,G) =aC(vy,G)a,

we have
Vol(C'(v,T) \ C(v,G)) = Vol(C(y, T)) \ C(v, G)).

Hence by Lemma 1.1, [h]g intersects 'y and T's in the same number of
conjugacy classes.

Now assume inductively that if [h]c has length less than [}, then [h]q
contains the same number of I'y and I's-conjugacy classes and the same
number of prime I'; and I's-conjugacy classes (the second condition is ac-
tually a consequence of the first). Suppose that [h]c has length [;. From
the induction hypothesis, it follows that [h]g contains the same number of
k™ powers of prime I'; and I's conjugacy classes for all k& > 2. Moreover
if v € I'y and ’yl € I'y are k' powers of elements ¥ € I'; and 7, € Iy,
conjugate in G, then

Vol(C(7,T1) \ C(7,G)) = Vol(C(v, T2) \ C(v, G)).

Thus subtracting these contributions from «;(I'1) and ap(I'2) (in the no-
tation of Lemma 1.1), we see that the sum of the remaining terms, corre-
sponding to the prime conjugacy classes, must match. Next arguing as in
the initial step, we see that [h]g contains the same number of prime I'y and
I’y conjugacy classes. Theorem A now follows from Proposition 1.3.
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2. Geodesic flow on nilmanifolds

Let G be a simply-connected nilpotent Lie group, g a left-invariant Rie-
mannian metric on G, and I'" a uniform discrete subgroup of G. The com-
pact Riemannian manifold (I'\ G, g) is called a nilmanifold. If G is k-step
nilpotent, we say I' \ G is a k-step nilmanifold. See [11] for a discussion of
the geometry of nilmanifolds.

We first review conditions for two nilmanifolds to be Laplace isospectral.

2.1 Definition. Let I be a uniform discrete subgroup of a simply-connected
nilpotent Lie group G. An automorphism ® of G is said to be I'-almost
inner if ®(v) is conjugate to ~y for all v € I'. The automorphism is said to
be almost inner if ®(x) is conjugate to x for all x € G.

The I'-almost inner automorphisms and the almost inner automorphisms
form connected Lie subgroups of G. In many cases these groups properly
contain the group Inn(G) of inner automorphisms.

2.2 Proposition. ([12], [13]) Let (I'\ G, g) be a nilmanifold and ® a I'-
almost inner automorphism. Then T' and ®(I') are representation equiva-
lent subgroups of G and thus (®(T')\ G, g) and (I'\G, g) are strongly Laplace
isospectral. Moreover, they have the same length spectrum. If {®.}; is a
continuous family of T'-almost inner automorphisms not lying in Inn(G),
then (®4(T') \ G, 9)¢ is a non-trivial deformation of (I' \ G, g).

Note that (®(T') \ G, g) is isometric to (I' \ G, g), so the deformations
may be viewed as deformations of metrics on the same underlying manifold.

In case G is two-step nilpotent, H. Ouyang and H. Pesce ([20], [21])
independently proved conversely that every Laplace isospectral deformation
(T'\ G, gt), where the g, lift to left-invariant metrics on G, arises from a
family of I'-almost inner automorphisms.

2.3 Definition. Two Riemannian manifolds My and My are said to have
the same marked length spectrum if there exists an isomorphism ¥ from
m1 (M) to m(Ms) (and thus a bijection between the free homotopy classes of
closed curves in My and M) such that the same lengths of closed geodesics
occur in corresponding free homotopy classes. The isomorphism V is called
a marking.

If ® is a I'-almost inner automorphism, then by the argument in the
proof of Proposition 1.3, we see that ® gives a marking between the length
spectra of (I'\ G, ¢g) and (®(T") \ G, g). The converse holds as well:
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2.4 Proposition. (Eberlein [11]) Given two-step nilmanifolds
M=T\G,g) and M*"=(T"\G", g"),

M and M* have the same marked length spectrum if and only if there exists
a T-almost inner automorphism ® such that M* is isometric to (®(T) \
G, g). Moreover every marking is of the form ¥ o ® where ¥ is induced by
an isometry from (®(I') \ G, g) to M*.

R. Gornet ([14]) has constructed an example showing that the “only if”
statement fails for higher-step nilmanifolds.

Before stating our results on geodesic flows, we need to take a closer
look at almost inner automorphisms (see [12], [13]).

2.5 Definition. A derivation ¢ of a Lie algebra g is said to be almost
inner if p(X) € [X,g] for all X € g, i.e., there exists a map B : g — g
(not necessarily continuous) such that o(X) = [B(X), X].

If ¢ is an almost inner derivation of a two-step nilpotent Lie algebra g,
then p? = 0 and thus Id + ¢ = exp(yp) is an automorphism of g. Under
the isomorphism ® — &, between automorphisms of a simply-connected
Lie group and automorphisms of its Lie algebra, we have :

2.6 Lemma. Let G be a simply-connected two-step nilpotent Lie group.
An automorphism ® is almost inner if and only if ®, = Id + ¢ where @
is an almost inner derivation of the Lie algebra g of G. In the notation of
2.5, we then have

®(exp X) = ax(exp X)ay', where ax = exp(B(X)).

The analogous statement holds for I'-almost inner automorphisms but
then ¢ is only “I'-almost inner” in the sense that ¢(X) € [X,g] for those
X such that exp(X) € T

We remark that the mapping B in Definition 2.5 can’t be continuous at
0 unless ¢ is inner. Indeed linearity of ¢ implies that ¢(X) = [B(tX), X]
for all non-zero t € R. If ¢ were continuous at 0, we would then have
o(X) = [B(0), X]. A similar argument shows that B can’t be continuous
at any point in the center of g unless ¢ is inner.

2.7 Definition. Let g be a two-step nilpotent Lie algebra and let v be a
vector space complement of [g,g]. Note that [g,g] is central and thus any
almost inner derivation is zero on [g,g]. We will say an almost inner
derivation ¢ of g is of continuous type f the map B in 2.5 can be chosen
to be continuous on v — {0}. We will also say the corresponding almost
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inner automorphism ® of the associated simply-connected Lie group G is
of continuous type (see Lemma 2.6).

We can now give a more precise statement of Theorem B in the intro-
duction.

2.8 Theorem. Suppose a two-step nilmanifold M = (I' \ G, g) and a nil-
manifold M* = (T* \ G*, g*) have C°-conjugate geodesic flows. Then M*
is isometric to (®(T') \ G, g) for some almost inner automorphism ® of
continuous type.

Thus the set M in Theorem B can be taken to be all (I'\ G, g) such that
GG admits no almost inner automorphisms of continuous type other than
the inner ones. (Note that if ® is inner, then (®(T") \ G, g¢) is isometric to
(I'\ G, g).) We will enlarge M below.

2.9 Examples.

i) Many two-step nilpotent Lie groups admit no almost inner auto-
morphisms except for the inner ones. This is true, for example,
for the Heisenberg groups, i.e., the two-step nilpotent groups with
one-dimensional centers.

ii) By the comments preceding Definition 2.7, no Lie group whose cen-
ter properly contains its derived group can admit a non-inner almost
inner automorphism of continuous type.

iii) (see [13]). Let G be the six-dimensional simply-connected nilpotent
Lie group with Lie algebra

g= Span{Xlu X27 }/iu YQ, Zl7 Z2}

with
(X1, ] = [Xo,Yo] =271, [X1,Ys] =25

and with all other brackets of basis vectors trivial. The almost
inner derivations of g are the linear maps which send X5 and Y;
to multiples of Z;, send X; and Y3 into span{Zi, Z>} and send
Z1 and Zs to 0. These form a 6-dimensional space containing the
inner derivations as a four-dimensional subspace. The derivations
1, respectively s, which send X, respectively Ys, to Z and
send all other basis vectors to zero span a two-dimensional family
of non-inner almost inner derivations. No almost inner derivation
of g is of continuous type. If M = (I' \ G, g) is any nilmanifold
associated with G, then there exists a continuous two-parameter
family of manifolds strongly Laplace isospectral to M but not C°-
geodesically conjugate.
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iv) Following Eberlein ([11]), we will say a two-step nilpotent algebra
g is surjective if for every X ¢ [g, g, the image of ad(X) is all of
[g,9]. In this case it is straightforward to show that every linear
map which maps g into [g, g] and sends [g, g] to zero is almost inner
of continuous type. (The authors would like to thank P. Eberlein for
showing them this fact.) Unless the center is only one-dimensional,
this space of almost inner derivations of continuous type properly
contains the almost inner derivations. If I' is any uniform discrete
subgroup of the corresponding simply-connected Lie group G, then
every I'-almost inner automorphism of G is almost inner of contin-
uous type.

The converse of Theorem 2.8 does not hold. In fact, the authors know no
examples of non-isometric nilmanifolds with C°-conjugate geodesic flows.

A. Kaplan ([16]) defined a special class of two-step nilpotent Lie groups
with left-invariant metrics (G, g) which he called Lie groups of Heisenberg
type. These manifolds have a surprisingly rich and varied geometry and
have been studied by several authors (e.g., [11], [24]). We will call any
associated (compact) nilmanifold (I' \ G, g) a nilmanifold of Heisenberg
type. The associated Lie algebras are surjective in the sense of Example
2.9(iv) and thus all Lie groups of Heisenberg type with center of dimension
greater than one admit continuous families of almost inner automorphisms
of continuous type. However, we have:

2.10 Theorem. If the geodesic flow of a nilmanifold M is C°-conjugate
to that of a nilmanifold N of Heisenberg type, then M 1is isometric to N.

Thus M may be enlarged to include the nilmanifolds of Heisenberg type.

We end with a discussion of the geometric ideas underlying Theorem 2.8.
The Riemannian metric on G defines an inner product on the Lie algebra
g. Let S be the unit sphere in g relative to this inner product. The left-
invariant vector fields give a parallelization both of T'G and of T M, where
M =T\ G. In particular the unit tangent bundle SM may be identified
with M x S, and 71 (SM) is isomorphic to I'.

Suppose the geodesic flow of M* is CY-equivalent to that of M, say,
U : SM — SM~* intertwines the flows. The induced isomorphism on
fundamental groups, ® : I' — I'*, is then a marking between the length
spectra. By Proposition 2.4, after composing & with the differential of an
isometry, we may assume that G = G*, g = g* and ® extends to a ['-almost
inner automorphism ® of G. Thus M* = (®(T") \ G, g).

The Levi-Civita connection for a left-invariant metric satisfies

<VxX)Y >=<[V, X], X >
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when X,Y € g. Thus if X is orthogonal to the derived algebra, then
VxX = 0 and the integral curves hexp(tX), h € G, are geodesics in
G. (Here exp denotes the Lie group exponential.) Their projections to
M =T\ G are then geodesics in M.

Let v be the orthogonal complement of the derived algebra [g,g]. For
simplicity here, we restrict our attention to the special case where I' is
compatible with the metric in the sense that L := {X € v|exp(X) € I'} is
a lattice of full rank in v. (The ideas in this case go through in general but
with considerable complications.)

In our special case ,

Sy :={X € S|teX € L for some t, € R1}

is dense in the unit sphere S Nv. If X € Sp, then the geodesic exp(tx)
descends to a closed geodesic in M in the free homotopy class [y]r , where
v = exp(toX) for to the smallest ¢ € R' such that exp(tX) € I'. If
h € C(v,G), then hexp(tX) also descends to a closed geodesic in this
class.

(Side remark: The corresponding closed geodesics in M foliate the sub-
manifold C(vy,T") \ C(v,G). This gives a geometric interpretation of the
expression ay,(I') in Lemma 1.1.)

The geodesic orbit in the unit tangent bundle SG = G x S corresponding
to the geodesic hexp(tX) is given by hexp(tX) x {X}. Thus the geodesic
orbits in SG which descend to closed orbits in SM in the class [y|r foliate
the submanifold C'(y, G) x {X}.

(Note: We are being deliberately inaccurate here to avoid minor techni-
cal details in the discussion. In particular, the curves ’y/h exp(tX), 'y/ el
h € C(v, Q) also project to closed geodesics.)

The geodesic conjugacy ¥ : SM — SM* carries closed geodesics in [y]r
to closed geodesics in the free homotopy class [®(7)]sr). Since ® is a I'-
almost inner automorphism, there exists a, € G such that ®(vy) = a,va; L
As in the proof of Proposition 1.3, the closed geodesics in [®(7)]er) are
the projections of the geodesics a0 in G, where o projects to a closed
geodesic in the class [y]r of M. The corresponding orbits in SG foliate
a70(77 G) x {X}

We conclude that for each X € Sy, and corresponding v = exp(tpX) as
above, the lift ¥ : SG — SG of the geodesic conjugacy ¥ : SM — SM*
carries C'(v,G) x {X} to a,C(v,G) x {X}.

As in 2.5 and 2.6, the automorphism & corresponds to a derivation
¢ of g satisfying p(Y) = [B(Y),Y] whenever exp(Y) € T', and we have
ay = exp B(tpX). By linearity, p(tX) = [B(tcX),tX] for all ¢ € R;
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in particular, setting B(X) = B(tpX), we have ¢(X) = [B(X)lX] for
all X € Sp. One now uses the fact that the homeomorphism ¥ maps

C(v,G) x{X} to exp(B(X))C(vy,G) x {X} for all X € Sr, and the density

of St in S to argue that B extends continuously to S N v and thus defines
a continuous homogeneous map B : v — {0} — g. By continuity of both ¢
and B, we have p(X) = [B(X), X] for all X € v — {0}. Thus ® must be
almost inner of continuous type.
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