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Dedicated to Prof. W. Klingenberg on the occasion of his 70th birthday.

1. Introduction

Let (M, g) be a compact Riemannian manifold with universal covering
M. The simplest asymptotic invariant which can be associated to (M, g)
is the exponential growth rate h(g) of volume on the universal covering,
called the volume entropy. If BI(p) denotes the geodesic ball of radius
r about p € M and wol,(BY(p)) describes its volume with respect to the

Riemannian metric g lifted to M then volume entropy is given by

h(g) = lim log voly (B (p))

r—00 r

Due to the compactness of M, this limit exists and is independent of
peM [17]. Further asymptotic invariants are obtained by the dynamical
properties of the geodesic flow induced by the metric g. For each flow
invariant measure p, h,(g) denotes the measure theoretic entropy and
hiop(g) denotes the topological entropy of the geodesic flow. In this note
we compare the volume growth and the measure theoretic entropy for a
pair of metrics on the same manifold. Some of the results are similar in
spirit to the entropy comparison theorems of A. Katok [12]. Crucial for
the proofs will be an asymptotic comparison of the distance functions for a
pair of Riemannian metrics called the geodesic stretch. Given a pair gg, g
of Riemannian metrics on M, the geodesic stretch I,,(go, g) measures the
“stretching” of the metric g relative to a reference metric gy and a measure
w invariant under the geodesic flow induced by go (see Section 2). In the
general setting, this notion has been introduced in a paper by C. Croke
and A. Fathi [5], where it is called intersection, since it can be viewed as
a generalization of Thurston’s intersection theory of curves and measured
foliation on surfaces. Using those quantities, we will prove in Section 3 the
following theorem.
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Theorem 1.1. If (M, go) is a compact space with no conjugate points and
with ergodic geodesic flow, then for every metric g on M

h(g) = )huL(go) :

I, (90,9

where py denotes the Liouville measure induced by the metric gg.

Remark.

a) A. Manning [17] proved that the volume entropy h(g) is less or equal
to the topological entropy hiop(g). Equality holds in general only if the
metric has no conjugate points [9, 17].

b) The assumption of no conjugate points is necessary for the metric go.
For instance, on the two dimensional sphere, there exist ergodic metrics
with positive measure theoretic entropy [4, 7] but, of course, the volume
entropy is zero for every metric. However, there might be a chance to
remove the assumption of ergodicity for gg.

Let gop now be a metric of strictly negative curvature. If we replace the
Liouville measure by the Bowen-Margulis measure ppps of go (this is the
unique measure of maximal entropy, i.e. hy ., (90) = hiop(90) = h(g0)),
we will prove Theorem 1.2 in the third Section.

Theorem 1.2. If (M, go) is a compact space of negative curvature, then
for every metric g on M

1
h(g) > ————
Lisni (90, 9)

If g is also of negative curvature, equality holds if and only if the geodesic
flows @4, of go and @4 of g are up to a scaling time preserving conjugate,
i.e. there exists a homeomorphism F : (SM)g, — (SM), such that

h(go) -

t ot
Fody =&, 0F),

where ¢ = hgg) @nd (SM)4 denotes the unit tangent bundle with respect
to g.

Remark.

a) The inequality in the case where both metrics are of negative curvature
has been also obtained using different methods by M. Burger [3]. He shows
that equality holds if and only if the marked length spectra are propor-
tional. It is known [10] that this also implies the existence of a conjugating
homeomorphism. However, so far only a sketch of his proof is available.
b) Recently Besson, Courtois, and Gallot [2] proved that a locally symmet-
ric metric of negative curvature is the unique global minimum of A on the
space of metrics with normalized volume. More precisely, they obtained:
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If (M, go) is a compact locally symmetric space of negative curvature and
dim M > 3, then for all other metrics g on M

h(g) > h(go) <%)

where the inequality is strict unless g and g¢ are isometric up to a scaling.
c¢) It has been proved by J.P. Otal [20] that two metrics of negative cur-
vature on a surface with time preserving conjugacy of their geodesic flows
are isometric.

Combining these results, we obtain:

3=

)

Corollary 1.3. Let M be a compact manifold and denote by Repnt(M) the
space of Riemannian metrics of negative curvature and with normalized
entropy one. Then for all g1 and g2 € Rent(M)

I,LLBM(glag2) 2 ]- )

where the inequality is strict unless there exists a time preserving conjugacy
between the geodesic flows of g1 and go. This conjugacy is induced by an
isometry if either dim M = 2 or one of the metrics g; is locally symmetric
and the volume of both metrics coincides.

Remark. It seems to be likely that the condition on the volumes is vac-
uous. For instance, if the conjugacy is C'! the volume of the two metrics
automatically coincides [6]. We conjecture that also for dim M > 3 the
geodesic stretch distinguishes between iso-entropy metrics of negative cur-
vature up to isometry. By Corollary 1.3, this is equivalent to the statement
that a time preserving conjugacy is induced by an isometry.

In [13], we proved that the topological entropy restricted to the metrics
of negative curvature is a C* functional. In [14], we derived an explicit
formula for the first derivative. Moreover, if Ry, (M) denotes the space
of Riemannian metrics of negative curvature with normalized volume one,
we obtained: h : Ryo (M) — R has a critical point at go € Ryo1(M) if and
only if the Bowen-Margulis measure ppps and the Liouville measure pp,
coincide on symmetric two-forms. This leads to Corollary 1.4 proved in
Section 4.

Corollary 1.4. Let g9 € Ryoi(M) be a critical point of the volume en-
tropy. Then for any other metric g on M
1

% f trg,9 dvolg,
M

h(g)* > h(g0)?
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where try, g denotes the trace of g relative to go and voly, (M) is the volume
of M with respect to the metric go. Furthermore, equality holds if and only
if go = g up to a constant.

Let g be a negatively curved metric on M and denote by Conf(g) the
space of Riemannian metrics conformally equivalent to g. Then, as we
have shown in [14], h : Ryq(M) N Conf(g) — R has a critical point gy €
Ryoi(M) N Conf(g) if and only if the Bowen-Margulis and the Liouville
measure of gy coincide on functions which are constant on the fibers of
SMQO'

The following statement will be proved in Section 4.

Corollary 1.5. Let gy € Ryo1(M)NConf(g) be a critical point of h. Then
for all other metrics g € Conf(g) with volg(M) = 1 (not necessarily of
negative curvature)

h(g) = h(go) ,

and equality holds if and only if § = go. In particular, a critical point
is an absolute minimum in the conformal class of metrics with nomalized
volume and, therefore, the critical point is uniquely determined if it exists.

Remark.

a) If Conf(g) contains a locally symmetric metric then this metric is the
critical point since in this case the Liouville- and the Bowen-Margulis mea-
sure coincide. In particular, for surfaces of negative curvature, as has been
shown in [14], the only critical points are metrics of constant negative cur-
vature.

b) If Conf(g) does not contain a locally symmetric metric, it would be
interesting to compute the minimal conformal entropy given by

min hoong(g) = inf{h(g) | § € Conf(g), volz(M) = 1}.

Does there exist a metric gy € Conf(g) with voly (M) = 1 which admits
the minimal conformal entropy?

If \°(g) denotes the bottom of the spectrum of the Laplacian on M
with respect to g and

max)\%onf(g) = sup{A\o(g) | § € Conf(g), volg(M) = 1},
as shown in [1]
|
max )\%mf(g) < 7 min h%onf(g) .

c¢) Corollary 1.5 has been independently obtained by G. F. Robert [22]
using convexity properties of the volume entropy.
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Before proving the theorems, we would like to begin by recalling some
basic facts about the geodesic stretch (see also [5]).

2. Geodesic stretch

Let M = M /T be a compact manifold, where M denotes the universal
covering and I" the group of covering transformations. Fix two Riemannian
metrics go and g on M. For each vector v in the unit tangent bundle
(SM)g, of go and each t € R, consider the geodesic ¢,(s) with respect to
the Riemannian metric go and initial condition ¢,(0) = v. Denote its lift
to the universal covering M by &,(s). Let a(v,t) = dy(é,(0),é,(t)) be the
distance of the endpoints of the segment ¢,(s), 0 < s < ¢ with respect
to the metric g lifted onto M. It is an easy consequence of the triangle
inequality that the map a(v,t) is a subadditive cocycle for the geodesic
flow ®,, induced by the metric go, i.e.

Lemma 2.1. a(v,t; +t2) < a(v,t1) + a(‘I)glo’U,tg) for allve SM and
t1,t2 € R.

The following corollary is a consequence of the subadditive ergodic the-
orem [24].

Corollary 2.2. Let p be a @4, invariant probability measure. Then

t
= lim —a(v, )
t—o00 t

IN(Qngav)

exists for p almost all v € (SM),, and defines a p-integrable function on
(SM)g, invariant under the geodesic flow @, .

Moreover, we have:

1 1
/ I#(QO) 9, U)dﬂ = tli)rgo n / a’(”? t)d:u = inf — / a(v, t)dp .

t>0 t
(SM)gq (SM)g, (SM)gq

Definition 2.3.
Iu(g()vg) = / Iu(go,g,ﬂ)dﬂ
(SM)gq

is called the geodesic stretch of the metric g relative to gg and the measure
. Furthermore,

E,(90,9) == / g(v,v)du
(SM)gq
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is called the energy with respect to u, go, g.

Lemma 2.4. With the notations above, we obtain the following inequality:

(1.:(90:9))° < Eul90,9).

Equality implies the existence of a constant e > 0 such that

Q(U;U> =e€- gO(vvv)

for almost all vectors v in the tangent bundle TM of M. If the measure
is positive on open sets, equality holds if and only if g and gy are identical
up to a constant and are metrics without conjugate points.

Proof. From Corollary 2.2, the ®,, invariance of 1 and the fact that
¢
a(v, 1) < / 182, 0]|gds for all ¢ >0,
0

we obtain:

t
1 1
oo < 7 [ awodesy [ [105ulldsde

(SM)g, (SM)g, O
1
- J/ ollydp < ( L/’ o0, v)dp) E.
(SM)gq (SM)g,

This yields the inequality. Since the last estimate above is the Cauchy-
Schwarz inequality, equality implies g(v,v) = e for a positive constant e
and almost all v € (SM)y,. If the measure p is positive on open sets,
equality implies g = e - gg. Furthermore, we have:

L e alnt)  dy((0),6(0) | d((0).6 (1)
ﬁ—;!@w%@— t ):50) _ /el @050

Therefore, each gg-geodesic ¢, on the universal covering is minimizing.
Hence, there are no conjugate points. [
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3. Entropy comparison

Since any two Riemannian metrics g, go on a compact manifold M are
equivalent, there exists a constant a > 1 such that for all measurable sets
A in the universal covering M, the estimate

1
. volg, (A) < voly(A) < a volg, (A)

holds. Therefore, we can take the volume element of any metric to mea-
sure the exponential growth rate of balls on the universal covering. More
precisely, we have:

Lemma 3.1. Let g,g9 be a pair of Riemannian metrics on a compact
manifold M. Then

g
h(g) _ hm log VOIQO (B’r’ (p)) ,

r—00 r

where BY(p) is the geodesic ball of radius r about p € M with respect to
the metric g.

The measure theoretic entropy h,, (g) with respect to the Liouville
measure can be obtained as an integral over the sum of the Lyapunov
exponents. If g is a metric without conjugate points, there is a geomet-
ric description. For each vector v € SM, let J,(t) be the Jacobi tensor
(i.e. Jy(t) is a linear endomorphism of the normal space of ¢,(t) solv-
ing the Jacobi equation) along the geodesic ¢, (t) with initial conditions
Jp(0) =0, J/(0) = Id. If det J,(t) denotes the determinant of this endo-

morphism, the limit
1
x(v) = 1tlim n log det J,,(t)
exists for almost all v € SM and defines an integrable function such that

hu,(9) = [ x(v)dur. See [9] for details.
SMm

Now we are able to prove Theorem 1.1 stated in the introduction.

Proof of Theorem 1.1. Since the geodesic flow of g is ergodic with respect
to go, we have:

t log det J,(t

lim a(v, ) =1,,(90,9) and lim logdet J, (f)

t—oo t t—oo t

= hML (QO)

for almost all v € (SM)g,, where J, denotes the Jacobi tensor induced by
the metric go and with initial conditions as above.
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For € > 0 and T > 0 consider the sets

t
e ={ve (SM) (U ) — I, (90,9)| <€ t>T},
and
log det J, (t
BT‘:{UE(SM)QOI gf()—hw(go) <e€ t>T}.

For all §, 0 < 6 <1 and € > 0 we can find a T'(e, d) such that
pL(AT)>1-6 and pp(BT) >1-6.

Since juz, is a probability measure, we have that uy (ATN BT€) > 1—24.
Using the canonical decomposition of the Liouville measure, we obtain
for a fixed § < %:

Ve > 0,3p € M such that Hp(Ag’6 N B;‘f’e) >d; >0

for a constant d;, where ), is the canonical measure of the fiber S, M and
A;{’E = ATen S, M, B;;F’6 =BT*NS,M . Given v € AZ’E

dg(¢y(0), (1)) = a(v,t) < (€ + 1, (90, 9))t
and, therefore, we obtain for p = ¢,(0) € M

By (b,t) = {eaps(vs)lo € AP N B T <s<t}

C  By(p, (€ + 1., (g0,9))t)

forallt >T.
v E B;f’s implies:

logdet J,(t) > (hy, —€)t forall t>T.

Integrate this relation; there exists a constant ds such that

do - ehur =9t < / / det J,(s)df,(v)ds

AT € BT €
= volg, (BL:A(p, 1)
< volg, By(p, (€ + 1y, (90,9))t)
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and, therefore, using Lemma 3.1

b e < lim Yol Be@ (e + 1, (90.9))8) (€ + L (90, 9))t
" f=oo (e + 1, (90, 9)) t

= h(9)(Lu(90,9) +¢) .

Since € > 0 is arbitrary, this proves the theorem. O

In order to prove the next theorems, we need to recall some basic facts
about the asymptotic geometry of a simply connected space M of negative
curvature.

Given a metric g of negative curvature, the ideal boundary M (c0) is
defined to be the set of equivalence classes of asymptotic geodesic rays [8].
If one chooses a point p € M, the map G b(g) + SpM — M( ) which
associates to each v € S,M the geodesic ray c,(t) With initial condition
¢»(0) = v is a bijection. The topology on M(co) induced by G,(g) is
called the sphere topology. It is well known that the sphere topology is
independent of p. It is a consequence of a Lemma by M. Morse that the
ideal boundary depends only on the quasi-isometric structure of M, i.e. it
can be described in terms of quasi-rays.

Definition 3.2. Let g be a Riemannian metric on M with corresponding
distance function dy. A quasi-ray is a quasi-isometric map ¢ : R™ — M,
i.e. there exists a constant b > 1 such that

Lt = 1 < dy (D) (5)) < bt — 5]

A quasi-isometric map ¢ : R — M is called a quasi-geodesic.

Theorem 3.3. (Morse Lemma) Let g be a metric on M such that the
sectional curvature is bounded from above by a negative constant. For
each quasi-geodesic (quasi-ray) o, there exists a geodesic (ray) ¢ such that
the Hausdorff distance of their images is bounded by a constant r > 0
depending only on b and the upper bound of the sectional curvature. In
the case of quasi-geodesics, the geodesic ¢ is unique up to parametrization.
If we consider quasi-rays @, the ray c is uniquely determined if we require

(0) = ¢(0).
Proof. See [19] and [15]. O

Call two quasi-rays equivalent if their Hausdorff distance is bounded.
From the Morse Lemma, it follows that we can identify the set of equiv-
alence classes of asymptotic geodesic rays and the equivalence classes of
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quasi-rays. In particular, this implies that the ideal boundary of two equiv-
alent Riemannian metrics g; and go of negative curvature on the same
manifold coincide. The sphere topology does not change, since for each
p € M, the map Gy(g1) o G, ' (g2) : S,M — S, M is a homeomorphism.

Denote by B(M (o)) the set of finite Borel measures on M(op) Ifr
is a discrete group acting on M with compact quotient M = M /T, we
can associate to each metric g of negative curvature a family of measures
{18} jer on M(oo) constructed in the following way.

Consider the Poincaré series

Py(z,y) = 3 esdsl@mm)
~yeT

This series converges for s > h(g) and diverges for s < h(g). For a fixed

p, a fixed x € M and s > h(g), define a finite measure on M U M (c0) by

3 e—sdg(zww)(sW
vyel’

Py(z,x)

w . (s) =

13 . (s) measures the distribution of the orbit of x under I' as viewed from
p € M. We obtain a measure at infinity if we consider a weak limit

pp = lim pi(sn) ,

where s, > h(g). Since Ps(z,y) is diverging for s = h(g), it follows that
pg is concentrated on the accumulation points of the orbit I'z. These
measures have the following two characterizing properties:

a) py and pg are in the same measure class and their Radon-Nikodym

derivative is for almost all £ € M(co) given by

%(5) — ¢ M9)be(p:€)

dpig ’

where by(p,€) is the Busemann function with respect to the metric g,
normalized in such a way that b,(g,&) = 0 and by(p, §) tends to —oco as p
tends to &. by(p, &) can be interpreted as the signed distance between the
horospheres through p and ¢ with common center in &.

b) The map p9 : M — B(M(0)) is I'-equivariant, i.e.
o1 =1y
for all v € T, if pf o y(A) = pg(vA) .

One should think of ©9 as measuring a given set at infinity from different
observation points. It turns out that the map p9 with property a) and b) is
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uniquely determined up to a constant. This follows from the fact that the
action of I is ergodic with respect to the measure class defined by any such
family p9. The ergodicity of the action of T’ on M (00) can be proved along
the lines of [23]. This measure class (Patterson-Sullivan measure) has been
first considered by Patterson [21] in the case of Fuchsian groups and by
Sullivan [23] in the study of discrete group actions on the hyperbolic space.
However, the construction can be extended to general compact manifolds
of negative curvature [11]. For a different representation of u9 see [16, 25].
For us the following local property of u9 will be crucial [23]. Define prg :
M — M(c0) to be the projection of M onto M(oco) by geodesic rays
with respect to g emanating from p (the image of a set A C M can be
interpreted as the shadow of a set at infinity produced by a “light” source
at p). For a fixed constant R > 0, there exists a constant ¢ > 1 such that
%efh(g)dg(p,w) < 18(préB(z, R)) < ce M)y (pw)

where B(x, R) is a ball of radius R about x for a fixed metric on M
equivalent to g. Now we will prove the first part of Theorem 1.2.

Theorem 3.4. Let (M, go) be a compact manifold of negative sectional
curvature. Then for every metric g on M

1

h(g) = IHBM (gOa g)

h(go) -
Proof. Since the geodesic flow of gq is ergodic with respect to the Bowen-
Margulis measure g, we have

a(v,t)

hm ——— = L (90, 9)

t—o00

for ppar almost all v € (SM),,. We remark that the triangle inequality
and the fact that the two metrics are equivalent imply the existence of
the limit for all vectors on a fixed weak stable manifold if it exists for one
vector.

The measure pupps can be realized as

dppn = "9 D dpdo (&) dpde (n)dt

where (&,1) € (M (00)x M (c0))\diagonal, g0 is the normalized Patterson-
Sullivan measure with respect to gg and dt denotes the integration along
the flow lines. Furthermore, (3,(§,7n) is twice the Gromov product and is
given by

/Bp(gu n) = tli)rglo(Qt - d(cp7§(t)7 Cpm(t)) )
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where ¢, ¢ is the geodesic with ¢, ¢(0) = p and ¢p¢(00) = £ If vp(§) =
G, M (90)(€) = ép,e(0) € SpM is the initial vector of the geodesic ¢, ¢, the
above remark and the structure of pgys imply that

alep(©).1) _
t

hm T “HMBM (go,g)

t—o0

for pgo almost all § € M (00). For all € > 0 and T > 0, we define the set
. ~ a(vp(§),t
AT = (e e N(oo) | [0 (g g)| < 02 7).

From the above statement follows that for a fixed d € (0,1) and all € > 0,
there exists 7' > 0 such that % (AI>€) > d. For t > T consider the subset
{cpe(t)|€ € A} of the geodesic sphere Sy(p) of radius ¢ about p.

Let {B(z;, R)|i € I} be a covering of this subset by balls of fixed radius
R > 0 such that z; € Si(p) and B(x;, R/4) are pairwise disjoint. Then,
by the local behavior of 19, there exists a constant ¢ > 1 independent of
t such that

1
—e Moot < pp(prpB(ws, R)) < ce” M)t
c

Obviously, Ag’e is contained in 'LejlprpB (z;, R) and, therefore,

* d < Hp (UprB(xh R)) < Z,Up(prpB(l'i’ R)) < C-Card(I)e_h(QO)t_
iel il

From the definition of the set A;‘f’e, the triangle inequality, and since the
metrics g and gg are equivalent, all the balls B(x;, R/4) are contained in
the geodesic ball BY(p,c1 + t(1.,,,(90,9) + €)) with respect to the metric
g for a t-independent constant ¢;. Now we can estimate the volume of

the large BY-ball by the volume of the disjoint union |J B(z;, R/4) and
=
obtain, using x*

dy - Moot < $° volg(B(z;, R/4))
icl

< VOlg Bg(p,t(IuBM(gOag) + 6) + Cl) ’

where dy is another positive and t-independent constant. This concludes
the proof of Theorem 3.4, by the same argument as in Theorem 1.1. [

To prove the second part of Theorem 1.2, we need some preparations.
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Lemma 3.5. Let (X, ) be a probability space, T : X — X a p-preserving
ergodic transformation, and a : X x N — R a measurable subadditive
cocycle. Assume that there exists a constant b > 0 such that

a(x,n+1) <a(x,n)+a(T"z,0l) <b+alx,n+1).

Then there is a constant a € R such that for p-almost all x € X we can
find a sequence n; — oo such that

la(z,nj) —njal <c=2b.

Proof. We have the impression that Lemma 3.5 is known [3] but since
we did not find a reference for the proof, we include a proof in the ap-
pendix. O

Let (M, go) be a compact manifold of negative curvature and g any other
metric. Consider two points p,q € M and the geodesic segment ¢y, :
I — M with respect to g connecting p and ¢q. Then, by the Lemma of
M. Morse, there exists a constant r» > 0 not depending on the choice of
p and ¢ and a g-geodesic segment ¢, : J — M such that the Hausdorff
distances of their images is bounded by r. Therefore, the subadditive
cocycle a(v,t) = dg(m(v), 7@ v) has the property a(v,t1) + a(®{l v, t2) <
b+ a(v,t; +t2) stated in the lemma with b = 2r. This yields the following
corollary.

Corollary 3.6. Ifp € M and pg° denotes the Patterson-Sullivan measure
with respect to p and the metric go, there exists a constant L such that for
pp almost all & € M there is a sequence t,, — 0o such that

|d9(p7 W‘I)?Svp(f)) - IMBM (go’g)t'ﬂ‘ S L.

Proof. The proof is a consequence of Lemma 3.5 and arguments similar to
those given in the proof of Theorem 3.4. O

Proposition 3.7. Let (M, gy) be a compact manifold of negative curva-
ture and g another negatively curved metric. Then

1

Lip (905 9) h{g0)

h(g) =
implies that the Patterson-Sullivan measures of go and g are equivalent.

Proof. Choose a point p € M. We will find for py° almost all € a sequence
Yn = @i, (€) such that

‘dg(p, yn) - IMBM (907g)tn| S L.
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For a fixed constant R > 0, we obtain from the local property of the
Patterson-Sullivan measure u2

1
c_efh(g)dg(p,yn) < 18 (prd(B(yn, R)) < cre M9y (Pyn)
1
for a constant ¢ > 1.
Since };1((‘7;)) =I5, (9, 90), there is a further constant ¢y > 1 such that
1
C—e_h(g(’)dgo Pyn) < 1 (pré(B(yn, R)) < coeM90)dgq (Poyn)
2

Choose the constant R to be bigger than the maximal Hausdorff distance
r of corresponding geodesic rays with respect to go and g. Then

pri®(B(yn, R+ 1)) D pri(B(yn, R)) D pri®(B(yn, R —1)) .
Therefore,
cge” M9 oo (Pym) > 1190 (pr90 (B(yn, R + 1)) > p8pré(B(yn, R))
and
i (B s F))) 2 11 (B, R = 1)) = ey oy )

for suitable constants c3 and c4.

Hence,
1 mer(Blyn, R))
¢s = up (r(Blyn. R) ~
Since prg(B(yn, R)) — § for n — oo, the measures pf and pf° are equiva-
lent. O

The following proposition can be derived from a slightly modified ver-
sion of arguments given in [10]. For the sake of completeness and the
benefit of the reader, we would like to include a sketch of the proof.

Proposition 3.8. If the Patterson-Sullivan measures of a pair of Rie-
mannian metrics go and g are equivalent, there is up to scaling, a time
preserving conjugacy of the geodesic flows with respect to gg and g.

Proof. Let v be a vector in the unit tangent bundle of go and n = &, >,
&= <I>;“O°°v be the endpoints of the corresponding gg-geodesic. Then there
exists a unique vector w in the unit tangent bundle of g such that the
corresponding g-geodesic is joining 7 and &, i.e. /> w =7, <I>;F°°w =¢£
and that the measures ;99 and p, have the same density at £ € M (o),

Lo, dud ey —
ie. diljﬂw &) =1.
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The map F : (SM),, — (SM), defined by F(v) = w is up to a scaling
a time preserving conjugacy as the following argument shows. Let vq,vo

be vectors of the tangent bundle of gy such that v, = <I>§0 v1, &€ = ¢,

0
We have
dﬂgo d,ugo
h(go)to _ T2 (g) = ﬂ(g) — oh(9)t
e e
dpiro, a3 oy,

if Fug = <I>§F1)1. Therefore, tg = %t and we get
h(g)

t
F(®g," vy) = ® Fuy .

The I'-equivariance of F' is an easy consequence of the I'-equivariance of
the measures. [

The second part of Theorem 1.2 is now a consequence of the Propositions
3.7 and 3.8.

4. Further applications

The following results are a combination of applications of Theorem 1.1
and the first part of Theorem 1.2, and are consequences of the fact that
the geodesic stretch can be estimated from above by the energy (Lemma
2.4 and [5]).

Theorem 4.1. Let (M, go) be a compact n-dimensional manifold with no
conjugate points and ergodic geodesic flow. Then for all other metrics g
on M

volg, (M)

h 2.
% [ trgog dvoly, e (90)
M

h(g)? >

If g is conformally equivalent to gg
voly, (M)\ ™
hig) > | —2—) h .
> (i) et

Moreover, both inequalities are strict, unless g and gy are identical up to
a constant and h,; (90) = h(go)-

Proof. From Lemma 2.4, it follows that

1 try. g
1,,(90,9)° < Eup (90, 9) = / g(v,v)dpr, = vol_ M/ ;‘f: dvoly, .
(S’M)gO M
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Together with Theorem 1.1, this implies:

1
————hy, (90)* >
L., (90,92 " (90)

volg, M

% [ trg,g dvoly,
M

h(g)? > hur (90)° -

By Lemma 2.4, equality holds if and only if g = egg for a positive constant
2
e. But then we have h(g)? = @ and, therefore, it follows that

h(go)2 _ VOIQO(M) h (g )2 — h#L (90)2
e e volg, (M) "* 0 e '

Let g be conformally equivalent to gg, i.e. g = g for a function ¢ : M —
R. Then it follows, using Jensen’s inequality,

2
1J\£trgog dvolg, ) A{jcpdvolgo A[[goidvolgo " ol M 2
n  voluy, M voly, M volg, M volg, M
O
Remark. Theorem 4.1 generalizes a result by A. Katok in two ways [12,

Theorem A]. We are only assuming that our reference metric gg has no
conjugate points. Instead of comparing the measure entropy of go with the
topological entropy of g we compare it with the smaller volume entropy.

Theorem 4.2. Let (M, go) be a compact manifold of negative curvature.
Then for any other metric g on M

2 1 2
Mo 2 s hlg0)?
(SM)gq

where equality holds if and only if g and go are identical up to a constant.

Proof. The proof follows immediately from the first part of Theorem 1.2,
Lemma 2.4, and the fact that the Bowen-Margulis measure is positive on
open sets [18]. O

Corollary 4.3. Let (M, go) be a compact manifold of negative curvature.

If g is a metric with Ricy > Ricgy,, we obtain:

g(v,v) dupa(go) > 1.
(SM)g,

Furthermore, the second inequality is strict unless gog = g.

Proof. This follows from the Theorem 4.2 and Bishop’s inequality. [
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Let Ryo1(M) be the space of Riemannian metrics with negative sectional
curvature and volume one. In [14], we proved, that go is a critical point of
h: Ryoi(M) — M if and only if

/wvduBMgo /fvvduL(go)

(8M)g, (SM)gq
for all symmetric two-forms £ on M.

Corollary 4.4. Let gy be a critical point of h : Ryoi(M) — R. Then for

all metrics g on M, it follows that
1
h(g)? =

h 2
% f trg,g dvolg, (90)°
M

where equality holds if and only if the metrics are identical up to a constant.
Proof. The proof is an immediate consequence of Theorem 4.2. [

For each metric g € Ry (M), let Conf(g) be the space of Riemannian
metrics conformally equivalent to g. Then h : Ry (M)NConf(g) — R has
a critical point gop € Ryo1(M) N Conf(g) if and only if

/ fom(v) dupwm(go) / fom(v) dur(go)
(SM)g, (SM)gq
for all continuous functions f : M — R, where m : SM,, — M is the

canonical projection [14].
This leads to the proof of Corollary 1.5 stated in the Introduction.

Corollary 4.5. Let gy be a critical point of h : Ry (M) N Conf(g) — R.
Then for all metrics § € Conf(g) with volg(M) =1, it follows that

h(g) = h(go) ,

where equality holds if and only if g = go. In particular, a critical point
is an absolute minimum in the conformal class of metrics with nomalized
volume and, therefore, the critical point is uniquely determined if it exists.

Proof. Let g be a metric conformally equivalent to gg, i.e., there exists a
positive function ¢ : M — R such that § = ¢gq. If gg is a critical point of
h: Ryo1(M) N Conf(g) — R, we have

I gw,v)dusn(go) = [ ¢-7w(v)dur
(SM)g, (SM)g,

2/n
= [ @dvoly, < (JI gp”ﬂdvolg()) =1
M
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and, therefore, the corollary is a consequence of Theorem 4.2. [

Remark. This shows that in each conformal class there can be only
one metric for which the Bowen-Margulis measure and Liouville measure
projected onto M coincide (see also [22]).

5. Appendix

Proof of Lemma 3.5. Since a(x,n) is a subadditive cocycle,

a(x,n
lim a(@;n) = a for almost all z € X.
n—oo n
Without loss of generality, we can assume a = 0 (otherwise consider

a(x,n) —na). For j € N, let
A=A;={z e X |a(x,n) > cforaln>j}

It follows that p(A) = 0. If not, define na(z) = inf{n > j | T"(x) € A}
and consider the map T4 : A — A given by Ta(x) = T"4®) (z). If

Ni(x) = na(z) +na(Tz) + ... +na(Th 1),
one obtains that card{1 <1 < Ny(x) | T'x € A} < kj . Hence,
Nk(:r)

. kj !
fminf s < lim s j 2 xall') = ().

On the other hand, we have, for all x € A, a(z, Ni(x)) > kb. This is
easily obtained by induction since a(x,n4(x)) > ¢ = 2b and

a(x, Ni(z)) =a(x, Np_1(x)) + a(TjX*lx,nA(TjX*lx)
> b+ (k—1)b+2b=kb.

But then lim a(ka()x)) > lim inf k( ) > 0, which contradicts the as-

koo Vil k—oo
sumption.

In a similar way, one proves that
Aj={z € X |a(z,n) < —c forall n>j}

has measure 0. Let B be the set of all x € X which does not have the
desired property, i.e.

B ={z € X |3Ing(z) € N such that |a(z,n)| > cVn > ng(z)}.
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e define C; = {z € X | |a(z,n)| > ¢, n > [}, we can write B = UC].

Since p(Cp) = 0, we have that p(B) = 0. This implies the assertion of the
lemma. [
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