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LANGLANDS RECIPROCITY FOR ALGEBRAIC
SURFACES

VICTOR GINZBURG, MIKHAIL KAPRANOV, AND ERIC VASSEROT

Twenty-five years ago R. Langlands proposed [L] a “fantastic general-
ization” of Artin-Hasse reciprocity law in the classical class field theory.
He conjectured the existence of a correspondence between automorphic ir-
reducible infinite-dimensional representations of a reductive group G over
a global number field on the one hand, and (roughly speaking) finite di-
mensional representations of the Galois group of the field, on the other
hand. Following an earlier idea of A. Weil, Langlands’ conjecture was
reinterpreted by V. Drinfeld [Dr 3] and G. Laumon [La] in purely geomet-
ric terms. In the complex geometry setup the number field gets replaced
by a Riemann surface X, the Galois group of the field gets replaced by
the fundamental group, 7;(X), and an automorphic representation gets
replaced by a perverse sheaf, cf. [BBD], on the moduli space of algebraic
principal G-bundles on X.

The purpose of this note is to formulate some results and conjectures
related to Langlands reciprocity for algebraic surfaces, as opposed to al-
gebraic curves. That would amount, in number theory, to a non-abelian
higher dimensional generalization of the class field theory, the subject that
remains a total mystery at the moment. A key step of our geometric
approach is a construction of Hecke operators for vector bundles on an
algebraic surface. The main point of this paper is that in certain cases the
corresponding algebra of Hecke operators turns out to be a homomorphic
image of the quantum toroidal algebra. The latter is a quantization, in
the spirit of Drinfeld [Dr 1] and Jimbo [Ji], of the universal enveloping
algebra of the universal central extension of a “double-loop” Lie algebra.
This yields, in particular, a new geometric construction of affine quantum
groups of types A, DM and EM in terms of Hecke operators for an
elliptic surface.

Received January 30, 1995.

The second author was partially supported by an NSF grant and an Alfred P. Sloan
Research Fellowship.

147



148 V. GINZBURG, M. KAPRANOV, AND E. VASSEROT

Our approach was motivated in part by a relation between instantons on
ALE-spaces and affine Lie algebras discovered by Nakajima [Na 1] (which
was in its turn motivated by Lusztig’s construction [Lu] of quantum groups
in terms of quivers and the Lagrangian construction of [Gi]). Nakajima’s
results were also used by Vafa and Witten [VW] in verifying a special case
of their S-duality conjecture. We believe that there is in fact a very close
connection between the Langlands’ reciprocity for an algebraic surface and
the S-duality conjecture for the underlying real 4-manifold. Suffices it to
say that the interplay between a reductive group G and the Langlands
dual group GV is quite essential in both cases.

Proofs of the results announced in this paper will appear elsewhere.

1. Hecke operators and Satake isomorphism

We recall here the well-known interpretation of Hecke operators in terms
of moduli spaces (see, e.g., [Dr 3]).

Let C' be a complete smooth curve over a finite field I, and x € C' an
F,-rational point. Let M be the discrete set of isomorphism classes of
F,-rational vector bundles on C' of rank d. Given a vector bundle V' € M
and W C V,, a linear subspace in the fiber of V" at z, let A, (V, W) denote
the subsheaf of V' consisting of sections whose value at x is contained in
W. This sheaf is again locally free, hence, can be regarded as a new vector
bundle on C, called the elementary transformation of V. Let C[M)] be
the vector space of C-valued functions on M with finite support. For any
k =1,...,d, the following sum is finite, hence defines a Hecke operator

Ty : C[M] — C[M] by

Tor(f)(V) = > FAL(V, ).

{WCV, | dim W=d—k}

Let H, denote the C-subalgebra of linear endomorphisms of the vector
space C[M] generated by the operators T, 1, k=1,... ,d.

Let (C[G]G denote the algebra of the regular class functions on the com-
plex algebraic group G = GL4(C). The classical theorem of Satake, com-
bined with the fact that the natural H-action makes C[M] a faithful
H_-module, yields the following version of the Satake isomorphism.

Theorem 1.1. There is a natural algebra isomorphism:
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2. Hecke operators for algebraic surfaces

We construct here certain analogues of Hecke operators for algebraic
surfaces. These operators are associated to curves rather than to points
on the surface.

Let S be a smooth projective surface over a finite field F,, and C C S a
curve (i.e., possibly non-reduced subscheme, locally given by one equation
defined over F,). Write M for the discrete set of isomorphism classes of d-
dimensional algebraic vector bundles on S. Given W C V|, a subbundle
(i.e., subsheaf which is locally a direct summand) W in the restriction of
V to C, we introduce the subsheaf Ac(V,W) in V to be formed by the
sections of s € V such that s|., € W. This sheaf is locally free and, hence,
can be regarded as a new vector bundle on S, see [Ma].

Let Og(—C) be the invertible sheaf on S formed by functions vanishing
at C, let Og(C) be its dual, and O (—C') the (scheme theoretic) restriction
of Ogs(—=C) to C. Let C[M] denote the vector space of complex functions
on M with finite support. To any vector bundle L on C' we associate two
Hecke operators T, T : C[M] — C[M)] given by the following formulas

(T.NHV) = > F(Ac(V, W)

{WcV]|, such that (V|,)/W~L}

(Tr (V) = > f(Ac(V, W) © 05(0)),

{Wcvl, such that W~LRO,(-C)}

Assume now that C' ~ P! is a projective line. Let Mo C M be the set
of those vector bundles V' whose restrictions to C' have the form
(2.1)
@a(V)
Vie=0,(1) © 0, (0)

®b(V) @e(V)

o0, ()", a(V),b(V),e(V) €N

Given V € Mg and W C V|, a subbundle with quotient isomorphic
to O, (=1), put V! = Ac(V,W). Then V' is again in M¢, and we have

aV)y=a(V)+1 , bV)=b{V) , c(V)=cV)-1

Therefore, the operators Toc (—1) and T, (1) are well defined on the vector
C

space C[M ], viewed as the subspace of functions on M vanishing off M.
We introduce the following modified operators E, F on C[M(] :

(2.2)

ENHV)=p 2T HV), (FHV)=p V2 AT, V)

O (=1)

Define also the third operator K : C[M¢| — C[M] by the formula
(Kf)(V) = pleMI=eVD2. f(v).
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Recall now that to any generalized Cartan matrix one can associate a
Kac-Moody Lie algebra g. Furthermore, Drinfeld [Dr 1] and Jimbo [Ji]
have defined a g-deformation, Ugq(g), of the universal enveloping algebra
of g, the so-called quantized universal enveloping algebra.

The following crucial observation is at the origin of the relationship be-
tween quantum groups and Hecke operators.

Proposition 2.3. If curve C is isomorphic to P* and has self-intersection
(=2) in S, then the operators E,F and K satisfy the commutation relations
of the standard Chevalley generators of the algebra Ugq(sly), specialized at
q=p'>

Remark. An analogue of the proposition still holds if the projective line
C = P! C S has an arbitrary negative self-intersection —m < 0. Then,
one should consider vector bundles V' on S such that V|, is a direct sum
of several copies of the sheaves O, (0),...,0, (m).

Observe next that decomposition of a vector bundle V on P! into a
direct sum of line bundles, like (2.1), is not canonical in general. What is
only canonical is the filtration by subbundles 0 = ... C F;_;V C F;V C
F; 1V C ... =V such that, for any j € Z, the quotient F;V/F;_1V is the
direct sum of several copies of O, (—j). The filtration F,V measures the
“unstability” of the vector bundle V' and is called the Harder-Narasimhan
filtration. Thus, for any point 2 € P!, the fiber V, of V acquires a canonical
finite increasing filtration F,V,.

We now turn to a more general case where C' C S is a reducible algebraic
curve with smooth irreducible components C;,i € A, isomorphic to P!
each. Assume in addition that different components intersect each other
transversely, and each C; has self-intersection (—2). Thus, the intersection
matrix of the irreducible components of C' is the opposite of a generalized
Cartan matrix, ||a(C)||.

Call a vector bundle V' on the curve C admissible if the following con-
ditions hold :

(i) For each irreducible component Cj, the restriction V| has a di-

rect sum decomposition like (2.1).

(ii) For any intersection point z of two adjacent components C; and
Cj, the two flags in the fiber at z : (0 = F_oV, C F_,V, C
W, C 1V, =V,)and (0= F',V, CF' |V, CFV, CFV, =
V;) induced by the canonical Harder-Narasimhan filtrations on
Vi, and V|Cj are in generic relative position.

Fix an integer d > 1 and let M be the moduli space of d-dimensional
algebraic vector bundles on the surface S that have admissible restric-
tion to C. For any V € Mc, i € A and a subbundle W C V| such
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that (V|, )/W =~ O¢,(—1), the vector bundle A¢, (V, W) is again in M.
Thus, the operators Toe, (—1) and Tgci(fl) are well-defined on C[M]
and, for each i € A, we introduce the operators E;, F;, K;, defined as in
(2.2), but with respect to the corresponding component C;. The following
result motivated by Nakajima [Na 1] gives way to an interpretation of any
quantized Kac-Moody algebra Ugq(g) in terms of Hecke operators.

Theorem 2.4. Let g be the Kac-Moody algebra whose Cartan matrix is
la(C)||, the opposite of the intersection matriz. Then, the operators

{Equ,Kz € End C[MC], 1€ A}

satisfy the quantum Serre relations for the standard Chevalley generators
of the quantum algebra Uq(g), specialized at q = p*/2.

Remarks. (i) During the preparation of this paper we received Nakajima’s
preprint [Na 2] where a similar result is proved in the setup of instan-
tons on an ALE-space (=desingularization of C?/T" for a finite subgroup
I' € SLy(C)) instead of algebraic vector bundles on a compact algebraic
surface. Nakajima’s proof is based on an explicit ADHM-type construction
of instantons on an ALE-space in terms of a linear algebra data. There
is no ADHM-type construction for an arbitrary surface, of course. Our
approach is different. We verify the Serre relations directly using a local
geometry of vector bundles on a small neighborhood of the curve C C S.
Somewhat miraculously, the actual computation turns out to be quite sim-
ilar to the computation involving the Grassmannians of k-planes in (IE‘p)d,
carried out in [BLM].

(ii) There are many interesting example of configurations of P!’s on
surfaces other than ALE-spaces. Take, for instance, an Enriques surface S
containing a configuration with intersection matrix of affine type Eél), see
[Ko]. The double cover S’ of S is a K3-surface with two such configurations
not intersecting each other. Thus, we get an action on an appropriate
space C[M¢] of two commuting copies of the quantum algebra Ugq(g),

where g is the affine Lie algebra of type Eél). We would like to thank R.
Bezrukavnikov for pointing out this example.

We now turn to Langlands reciprocity. Let S be an arbitrary smooth
projective surface over IF,, and C C S an algebraic curve. Let M be the
set of [F,-rational algebraic vector bundles on S of rank d, and M° C M
the subset of all vector bundles that are trivial on S\ C. Choose an integer
[ prime to p, and let Loc, be the set of [-adic local systems on C' of rank
d. Then we conjecture the following :
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Conjecture 2.5 (Langlands conjecture for surfaces).
(1) For any pair (S,C), there is a natural algebra homomorphism

ClLoc,] — EndC[M°] , [Ty

(ii) To any d-dimensional local system ¢ on S, one can associate an
“automorphic” function Fy € CIM°] such that we have

Ti(Fy) = f(dl,) - Fp for every f e ClLoc,].

Assume next that S is a complex smooth projective surface with a holo-
morphic symplectic structure (e.g., a K3-surface) and C' C S a connected
algebraic curve such that C'- C' < 0 (so C' is either a rational or an elliptic
curve). Let M denote the moduli stack of algebraic (not necessarily sta-
ble) vector bundles with trivial determinant on S, and let M° denote the
subspace of the vector bundles trivial on S \ C. The symplectic structure
on S induces a canonical symplectic structure on M. The following con-
jecture is motivated, in part, by the relationship between 2-dimensional
field theory and 3-dimensional Chern-Simons theory (see Witten [Wi]).

Conjecture 2.6. M° is a Lagrangian subvariety in M.

3. Quantum toroidal algebras

Given a complex semisimple Lie algebra g, write g(z,u) for the Lie al-
gebra of all (Laurent) polynomial maps C* x C* — g with the pointwise
bracket. This ‘double-loop’ Lie algebra has a universal central extension
by the infinite dimensional vector space Q! /dQ°, where Q! stands for poly-
nomial i-forms on C* x C*. The extension is denoted g, . and is called the
toroidal Lie algebra associated to g. A description of toroidal algebras in
terms of generators and relations was first given in [MRY]. We now sketch a
construction of a quantum deformation of the universal enveloping algebra
U(g...)-

Assume first that g = sl;. The quantum toroidal algebra, Uq(sl, ,., ), is
a C(q)-algebra on generators

Eo, Ey, By, Fy, Fy, Fy, K', K KF
that satisfy, in particular, the following relations
K, K;'=K;''K,=1 , K, K;=K; K,
K, B;-K;'=q-E |, K, Fj-K;'=q % . F
Ey Ey=q? Ey-E» , B Fy=q? Fy- P,
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involving the ‘double-extended’ Cartan matrix:

2 —2 2
laill = (-2 2 -2 . i,j=0,1,2.
2 2 2

Further, if |j — | <1 we have :
K;— K !
(B, Fy) = iy ————
q—4q

and if |j —i| = 1 the following Serre-type relations hold:

3 3
3 3
Z(_l)m [ } E}™.E;-E" =0, E(_l)m [ ] F3TMLR L EM =0,
m=0 m m=0 m

where [;] denote g-binomial coefficients. In addition, whenever j—i = £2

we have (put ”+” respectively):

3 3
S Cen 3] e e

m=0 m
& 3
Syt [] mom gy <o
m
m=0

There are infinitely many other relations of higher order, however. There-
fore, for general semisimple Lie algebras, it will be more convenient to use
an alternative approach similar to the “loop-like” realization of quantum
affine algebras, introduced by Drinfeld [Dr 2].

Thus, given a semisimple Lie algebra g, let |aagl|(a,3=0,1,...,r) be the
extended (i.e., affine) Cartan matrix associated with g. This matrix is
symmetrizable, that is, there are mutually prime integers dy,ds,... ,d,
such that the matrix with the entries bog = dg - @ag, (o, =0,1,...,7) is
symmetric. Thus, we have two (r+ 1) x (r+ 1)-matrices ||aqg| and ||bag||-

Let A be the free associative Clg,q~t, C,C~1]-algebra on generators
Eok, Fak, Hoy, KXY (a € [0,7], k,1 € Z,1 # 0). Form the following
generating functions :

KX(z)=KZf -exp | (q—q ")D_ Ha(k) 27F | € A[[z7]],

k>1

E.(z) = io: Eop-27%, Folz) = i Forp-27% € Allz, 271,

k=—o00 k=—o00
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We define the quantum toroidal algebra, Ugq(g,,.), to be the quotient of
the free algebra A modulo a number of relations. These are most conve-
niently expressed in terms of the rational function 6,,(z) = qz'—z_ml and the

generating functions KF(2), E,(2), F,(z) above as follows (cf. [Dr 2]) :
K*(z
Oy, ,(C™2-2)-KI(2)-

«

and the symmetrizations with respect to 21, 22, ..., 214, , of each of the
following two expressions vanish :

l—aq,p

> 0|17 B Ba) Baw)Ba(Gi0) -+ Balr-a )
1=0

l—aa,p
> [T e Rl Ba) i) Falaa, o)
i=0

The specialization of the quantum toroidal algebra at ¢ = 1 reduces
to the universal enveloping algebra U(g,, ). Furthermore, the quantum
toroidal algebra has the natural structure of a Hopf algebra.

The double-loop Lie algebra g(z, w) has an obvious automorphism which
switches the two variables z and w. The following “quantized analogue”
of this observation, motivated by [Ch], clarifies the structure of Uq(g,,, )-

Proposition 3.1. Let Uy C Ug(g,,,) be the subalgebra generated by the
elements Eq 0, Fapo, KX, a =0,1,..r, and let Uy C Uq(g,,,) be the sub-
algebra generated by all the coefficients of the generating functions Ey(z),
Fo(2), KX(2), a =1,2..r (note that a # 0). Then we have

(i) The algebras Uy and Us are both isomorphic to the quantum en-
veloping algebra with affine Cartan matric ||aag||a,p=0,...r. Moreover,
Ui NUz = Ugq(g), is the quantum enveloping algebra with finite Cartan
matriz ||aasl|a,=1,...r-

(13) There is an automorphism of the algebra Ugq(g,,.) taking Uy to Us.

or
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4. Elliptic surface case

The considerations of section 2 become much more concrete for elliptic
surfaces. Thus, we fix in this section a smooth projective surface S, a
smooth curve X, and a morphism 7 : S — X whose general fibre is an
elliptic curve. Let o € X be a point such that the fiber C = 771(0) is not
isomorphic to an elliptic curve. Such a fiber C' is known to be a connected
rational curve. Call C' a non-multiple special fiber if the multiplicities of the
irreducible components of C' are relatively prime. The local classification
of non-multiple special fibers in elliptic surfaces, due to Kodaira [Ko] and
Néron [N¢], says that except for a few cases, they are all of the type
considered in section 2. More precisely, if we exclude the special fibers
of type A, C1, Cy and Cj, as given in table [Ta, p.46], the irreducible
components of a non-multiple special fiber, C, are isomorphic to P! each
and their intersection matrix is the opposite of the Cartan matrix ||a(C)||
of an affine root system. Moreover, the correspondence ||a(C)| < C sets
up a bijection between the affine root systems of type A1), DM EM) and
the possible types of non-multiple special fibers (different from A, Cy, Co
and C3). Let g, denote the affine Lie algebra associated to ||a(C)||. We
thus obtain from theorem 2.4 the following result:

Theorem 4.1. The assignment of the algebra generated by the Hecke op-
erators {E;,F;,K; € End CIMc]|, i € A}, to a non-multiple special fiber
of an elliptic surface yields a bijective correspondence between the possible
types of a special fiber and the quantum affine algebras of type AV, D)
and EM.

It is likely that there is a similar interpretation of elliptic algebras (see
[GKV]) in terms of Hecke operators which correspond to a general non-
singular fiber of an elliptic surface. When the fiber degenerates to a special
one, the elliptic algebra should degenerate to a quantum affine algebra.

We now extend theorem 2.4 to quantum toroidal algebras. To that
end, let C° C S be the curve obtained from a non-multiple special fiber
C of the elliptic surface S by removing one geometric component in such
a way that the intersection matrix of the set A° C A of components of
C*° is of the corresponding (finite) type A, D, E. We view C° as a scheme
(scheme structure is induced by that on 7=%(0)), and let n;,i € A°, denote
the multiplicities of the irreducible components of C°. Observe that the
integers n; are the coordinates of the maximal root of the root system A°
in the basis of simple roots.

In the setup of §2 we introduce two additional operators Eg, Fy corre-
sponding to the reducible curve C° as a whole by the formulas Eg = T, 00
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Fo = TSCO . Recall d = rkV, and put

(A= po M@ (V) e (V)))/2

(Kof)(V) =p

Theorem 4.2. Let g, be the toroidal algebra associated with the affine
Cartan matriz ||a(C)||, the intersection matriz. Then, there is an algebra
homomorphism Uq(gmr)|q:pl/2 — End C[Mc]|. The image of this homo-
morphism is the algebra generated by the Hecke operators {E;, F; K, €
End CiMc], i€ AU{0}}.

Remark. The two subalgebras generated by the elements
{EZ‘,FZ',K,L', 1€ A} and {EiniaKz’ s S Ao U {O}}

respectively correspond, via the theorem, to the subalgebras U; and U,
introduced in Proposition 3.1.

5. K-theoretic construction of the toroidal algebra for s,

Fix another positive integer n. In the special case g = sl,, the quantum
toroidal algebra Ug(sl, , ) has an alternative definition. It is based on

the well-known realization of the affine Lie algebra of type Ag) as the
subalgebra of “n-periodic” elements in the affine Lie algebra g., of type
Aé}). Taking loops in both algebras yields an imbedding of the toroidal Lie
algebra into g, the central extension of the loop algebra on g.,. This way,
the algebra Ugq(sl, ,,,) can be viewed as the subalgebra of “n-periodic”
elements of Uq(goo), the quantized enveloping algebra associated (in the
sense of [Dr 2]) with the Lie algebra go..

It is useful to “enlarge” the algebra Uq(sl, ,,.) slightly and introduce an
extended quantum toroidal algebra U with a central extra-generator D as

follows. Let |lang|| be the affine Cartan matrix of type Agll, and [|[magl|
the n x n-matrix given by mag = 0q,8+1 — da+1,3, Where 0 is Kronecker’s
§ and o, 3 € Z/nZ. Let U be quotient of the free associative Clg,q~*,

C,C~1 D, D 1]-algebra on the same set of generators as in §3 modulo the
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modified relations

K3 (2) K (w) = Kj(w) - K3 (2),

Qaa,ﬁ (Ci?Dmaﬁ : %) : K(;Jvr(z> ' K_(w)
= 0a, ,(C?D™ - 2) . K5 (w) - K (2),
K (2)- Bg(w) = 0a, ,(CT'D™5 - 2) . Eg(w) - K5 (2),
Ky (2) Fa(w) =0_q, ,(CT'D™5 . 2) . Fg(w) - K (2),
]

0ap (8(CT%- 2) - KI(C-w) —6(C%- ) - K (C-2)),
Ea(2) - Eg(w) = a,, , (D™ T) - Eg(w) - Ea(2),

Fo(2) - Fp(w) = 0_a, , (D™ Z) - Fg(w) - Fu(2),

and same Serre-type relations as in §3.

We produce below a geometric construction of the extended quantum
toroidal algebra U. To that end, let K = C((z)) be the field of Laurent
formal power series. Given an integer d > 1, write K¢ for the d-dimensional
coordinate vector space over K. By a lattice we mean a rank d free C[[z]]-
submodule in K.

Following an idea of Beilinson-Lusztig-MacPherson [BLM] in the finite
case and its affine version introduced in [GV 1], let B be the “affine n-
periodic partial flag variety” consisting of the sequences of lattices in K¢
of the form

F=(.CF_ CF CFy;1C...)suchthat F,,, =2"'-F, , VieZ

Let G(K) = GL4(K) be the group of invertible K-valued (d x d)-matrices.
The natural G(K)-action on the set of lattices induces a G(K)-action on B
and the diagonal G(K)-action on B x B. The set of G(K)-orbits in B x B is
known [GV] to be in (1-1)-correspondence with the set of Z x Z-matrices
lla;j|| subject to the following conditions :

(i) the entries of the matrix are non-negative integers such that, for any

i,J € Z, we have ajyn j+n = Qi j;

(ii) the matrix ||a;;|| has finitely many non-vanishing diagonals, i.e.,
there exists k >> 0 (depending on the matrix) such that a;; = 0 whenever
i = j| > k;

(111) Elgignzjez aij =d.

The group G(K) is an infinite-dimensional complex (algebraic) group.
Similarly, the set B acquires the natural structure, cf. [KL 1], of an infinite
dimensional complex variety, a direct limit of finite-dimensional projective
varieties of increasing dimension. Next, we define T*, a kind of “cotan-
gent bundle” to B (which is not a vector bundle , cf. [Gi]), as follows.
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Call an endomorphism x € gl;(K) regular semisimple (see [KL 3]) if it
becomes regular semisimple after an extension of scalars from K to K, an
algebraic closure of K. Further, for any endomorphism z € gl;(K) write
its characteristic polynomial

det(\-Id —z) =X+ ... € K[\ = C((2))[\.

Let N, be the set of all regular semisimple endomorphisms of K¢ such that
its characteristic polynomial is of the form det(A-Id—xz) = A" - P(), z) for
some P € C[[z]][\] (no negative powers of z !). It is clear that 0 & N,.; and
that, for any z € N, there exists a lattice L C K? such that z(L) C L
and, moreover, " (L) C z - L. We define the cotangent bundle to B as
follows

T*B = {(F,(L’) € B x Nrs ‘ (L‘(Fl) C Fi,1 ,V’l S Z}

Dilation automorphisms z +— a -z, a € C* of the field C((z)) give rise to
a natural “rotation of the loop” C*-action on all the objects above.

Following the pattern of [KL 2|, [Gi], and [GV], we introduce a sub-
variety Z C T (B x B) to be the union of the conormal bundles to the
G(K)-orbits in B x B. Clearly the variety Z is G(K)-stable with respect
to the diagonal action. Thus, Z may be viewed as a (C* x G(K)) x C*-
variety, where the first copy of C* accounts for the “rotation of the loop”
action, and the last copy accounts for dilations along the fibers of the
cotangent bundle. Set G = (C* x G(K)) x C*, and let K% (Z) denote the
Grothendieck group of G-equivariant coherent (in an appropriate sense)
sheaves on Z.

There is a convolution-type product on K<(Z) defined as follows (cf.
[GV], [CG]). Let p;; : T*BxT*BxT*B — T*BxT*B denote the projection
along the factor not named. Each fiber of the map

P13 P2 (2) Npyy (Z) = T*"BxT*B

was shown in [KL 3], to be a disjoint union of finite dimensional projective
varieties. Moreover, the image of this map equals Z. Given G-equivariant
sheaves F, F' on Z, define convolution K¢ (2)® K¢(Z) — KS(Z) by the
formula

L
[F1 % [F = (Bpis)s (017 Q) phsF’

OT*BxT*BxT*B

We have the following toroidal analogue of [GV 1, theorem 7.9] :
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Theorem 5.1. There is a surjective algebra homomorphism

U —» K((C*IXG(]K))X(C* (Z)

All the homomorphisms above tend to become bijective as d — oco. The
central extra-generator D in U goes under the morphism of theorem 5.1
to the generator of the representation ring R(C*) ~ Z[D, D~], where the
group C* acts via the “rotation of the loop”. Theorem 4.2 and Theorem
5.1 may be viewed as the two components of an analogue of the Satake
isomorphism 1.1.
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