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INTEGRATION BY PARTS
FOR PINNED BROWNIAN MOTION

O. ENCHEV AND D. STROOCK

AsstracT. In [D2], Driver showed how to adapt the techniques which he
introduced in [D1] in order to develop an integration by parts formula on
the space of pinned Brownian paths on a manifold. Here, it is shown how
to carry out the analogous program using the ideas introduced in [ES]. The
result derived here is slightly sharper than Driver’s and, perhaps, a little
more readily applicable.

1. Pinned Brownian motion

Let M be a compact, connected, d-dimensional Riemannian manifold; de-
note by O(M), with fiber map 7 : O(M) — M, the associated bundle of
orthonormal frames ¢ : R* — w(e)(M),and use €y, ...,&; € T(O(M)) to
denote the basic vector fields corresponding to the standard basis ey, ..., eq
in R?. (That is, @4 (e) is the unique horizontal element of T, (O(M)) such
that dn€ = eeg.) (Here, and throughout, we have adopted the notation
used in [BC].) Next, let Ap; be the normalized Riemann measure on M,
and define the Borel probability measure Ap(ar) on O(M) so that Ay is
its marginal distribution on M and its conditional distribution is uniform
on the fiber 771 (x) given that the base point is # € M. In other words, if
x € U e(z) € m1(x) is a smoothly varying, orthonormal frame on the
open set U C M and if ¥ : 7=} (U) — [0, 00) is Borel measurable, then

/O(M) ¥ dhoun = /M </O(d) \I/(Roe@)) dO) Ap(d),

where Rpe is the natural right action of O € O(d) on e € O(M) given by
Roev = ¢Ov, v € R%, and dO has been used to denote the normalized
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Haar measure on O(d). Because Ap(pr) is invariant under the flow of each
@, it is easy to see that, for Wy, Uy € C? ((’)(M);}R),

d
—/ \IJlA\IJQ d)\@(M) = Z/ (G FR AP d)‘(’)(M)
O(M) 1 JO(M)

(1.1)
—- [ wavdonn,
o(M)

where A = Z‘f (S
Next, let {Pt Dt > O} be the Markov semigroup on C((’)(M); ]R) deter-
mined by

1 [t
Pl — 0 = 5/ P, (A¥) dr, te€(0,00) and ¥ € C*(O(M);R).
0
As a consequence of (1.1), it is not hard to show that

(12) / \Plpt\pz dAO(M) == / \I’th\l’l d)‘O(M)
O(M) O(M)

In fact, if P, is the probability measure on C ([0, o0); O(M )) determined by

and

EP: [w(pm) \p(f), e [O,t]] = [Pr_, 9] (p(t)) (as., Pe)

for 0 < ¢t < T, then P, is a (weakly) continuous function of ¢ € O(M);
and (1.2) plus induction on n > 2 leads to the conclusion that, for any
<t < - <t, <T < oo and bounded, measurable ¥,..., ¥, on

(M):

(1.3) EPomn [\Ifl (p(t2)) -+ Wy (P(tn))]
= EP o0 [0, (p(T — £) -+ 0 (p(T ~ 11))]

C’SO

where
PA@(A/[) E/ Pe )‘O(M)(de)
O(M)



INTEGRATION BY PARTS FOR PINNED BROWNIAN MOTION 163

Finally, since, when ¢ € C?(M;R), Ay = A(y o ) is well-defined as
a function on M, Pip = Pi(¢p o ) is also well-defined on M for every
¥ € C(M;R). Hence, {Pt St > 0} is a Markov semigroup on C(M;R). In
fact,

(14) Paste) = [ w(wme.0) M),

M
where p;(z,y) is the fundamental solution (relative to Aps) of the heat
equation %—? = %Au on M.

By standard regularity theory, pi(z,y) is a smooth function of all its
variables, by the strong maximum principle, it is strictly positive, and from
(1.3), it is clear that pi(z,y) = pi(y,x). After combining these remarks
with elementary facts about measures on path spaces, one arrives at the
conclusions stated in the following.

1.5 Lemma. Use P(O(M)) to denote the space C([0,1]; O(M)), thought
of as a Polish space with the metric of uniform convergence, let DJT((’)(M))
be the space of probability measures on sB((’)(M)), thought of as a Polish

space with a Lévy metric for the topology of weak convergence, and define
z€M— P, € MO(M)) so that

(1.6) Prie) = / ProedO, e€ O(d).
O(d)
Then there exists a continuous map
(xo,21) € M? — Pzoer) € W(O(M))
with the properties
(1.7) Plag,er) (mop(0) = 29 and wop(1) = z1) =1 for all (zo,z1) € M?,

and, for each ro € M,
(1.8) Py, = / Pz,m0p(1)) Pao (dp) = / P(z0,2)P1(T0, ) Aps(dx).
P(O(M)) M

In fact, if By is the o-algebra over PB(O(M)) generated by p ~ p(7) as T
runs over [0,t], then, fort € [0,1) and A € B;:

D1t (77 op(t), fUl)
p1(x0, 1)

(1.9) Plagen)(A) = EP=o JAL L.
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Finally, if p(t) =p(1 —1t) for p € P(O(M)) and t € [0,1], then

(1.10) P@mmﬂA%:P@thﬁp‘ﬁEA}) ‘4EBm&XM0‘

In words, Lemma 1.5 is saying that P, ,,) is the distribution of paths
p € P(O(M))) under Py (M) given that m o p(0) = z¢ and 7o p(1) = z1.
Thus, if P,,) denotes the marginal distribution of p ~» m o p under
Plao,z1)> then P .y is the distribution of the Brownian motion on M
pinned at times 0 and 1 to be at wo and x1. In particular, P .,) 18
the distribution of Brownian loops based at xg. Finally, (1.9) allows us
to interpret P4, »,) as the distribution of a time-inhomogeneous diffusion.
Namely, set

(1.11) B(t,e;x1) = Velog(pi—i(-,21)), (te) €[0,1) x O(M),

and

(112) (t¢) €[0,1) x O(M) — B(t, e; 71)
d
= Z/B(ta ¢; 1), € (¢) € T (O(M)).
1

Then (1.9) leads to the identification of P(,, ,,) as the unique element of
P € P(O(M)) with the properties that p(0) under P is uniformly dis-
tributed on 7 (z¢) and, for each ¥ € C?(O(M)),

(\Il(p(t))—/o [(%Mss(T,p(T);zl))xp](pm)dT,Bt,p>, re0.1),

is a martingale.
In order to carry out our program, we need to use [t6’s representation of
the diffusion just described. Thus, let (H, 27, ,u) be the standard Wiener

of R?-valued paths. That is, 20 is the Banach space of w € C([O, 1];Rd)
with w(0) = 0 and [|[wllag = sup,cpo,1) [W(t)], H is the Hilbert space of

absolutely continuous h € 20 with ||h|lg = ||l‘1||L2([071];Rd) < 00, and p is
the Borel probability on 20 whose Fourier transform i : 20* — C is given
by

(o) =EH {e*/_—uw’o‘)}

= exp [—%} = exp //8 Nt (alds), a(dt)) ga | »
[

0,1]2
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where we have identified 20* with the space of totally finite, R%valued
measures « on [0, 1] and we have embedded 20* in H via the map a ~» h,
where h, (t) = a((t,1]). Next, set 90 = O(d)x20, and use ji on 2V to denote
the product of Haar measure with u. Finally, for a given (x,z1) € M?2,
choose ey € 7! (), and define F(¢ ;) : [0,1) X 90 — O(M) to be the fi-
almost surely unique progressively measurable solution to the Stratonovich
stochastic differential equation

d

AF(eoon) (6 W) = > Ek(Feg,an) (t,W)) 0 dw(t)y

(1.13) -

+ B(t, F(eo,z0) (W) 1) dt, t€[0,1),
with §(eo,2,)(0, W) = Roeg for fi-almost every w = (O, w).
As an application of It6’s formula for Stratonovich integrals and the pre-

ceding martingale characterization of P, ,,), one can make the following
identification.

1.14 Theorem. Given (zo,2z1) € M? and ¢g € m '(x), the solution
S(eo,x1) (> W) to (1.13) has a limit

Seo.z) (L W) = 2% S(eo,ar) (L W) for fi-almost every w € 0.

Moreover, Py, .,y is the distribution of w € MW — Sleo,a) (W) €
‘B((’)(M)) under fi. In particular, W(S(eo,xl)(LVNV)) =z (a.s., fi).

2. An integration by parts formula

In order to formulate our main result, we have to introduce some additional
notation. In the first place, we use w and ¢ to denote, respectively, the R¢-
valued solder form and the o(d)-valued connection 1-form on O(M). Next,
choose and fix a pair of points xg and z; in M, set

i]3(950,901)((9(]\4)) = {p S %(O(M)) :mop(0) =29 and Top(l) = 551},

and define C* (R; SB((’)(M ))) to be the space of continuously differentiable
maps s € R — PB(s) € Pay,z1) (O(M)) with properties that

tef0,1] — [w(P'(0)] ) = w([&]y(O)] (t)) c RY
is an element of Hy = {h € H: h(1) = 0}
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and

te[0,1]— [o(F0)]®) = o([F'0)](1)) € ola)

is continuous and vanishes at t = 0.

Second, given a separable Hilbert space X, let M (X) be the space of
totally finite, X-valued Borel measures on (0, 1) with compact support, and
give M(X) the strong topology. If F € C(B(z,2,)(O(M)); X) and there
exists an DF € C(P(O(M)); Ho X) and a AF € C(B(O(M)); Mc(o(d)®
X )) with the property that

d
£F(q3(3))

= (@), 27(0))+ (6(F(0). AF(B(0)).
we will write F € C! (‘B<x07x1)(O(M));X), where we have used (-,-) to
denote the duality relation induced by integrating functions with respect
to measures. It is a simple matter to check that both ®F and AF are
uniquely determined.

Actually, our real interest is in functions defined not on P, +,) ((’)(M ))
but on

Bwo,er) (M) = {p € C([0,1]; M) : p(0) = z¢ and p(1) = z1 }.

Thus, define C* (B zg,2,)(M); X) to be the space of f € C(B(ug,z1)(M); X
with the property that for € C* (‘,]3(1;0@1) (O(M)) ; X). Clearly, A(fom) =
0, and therefore

2 fon ()| _ = (DF(B0),w(B(0))  where Df =D(f o).

s=0

Next, let D (B(z,.21)(M); X) denote the space of f € C1 (B (ug,z1)(M); X)
for which there exists a continuous map Ay : P(O(M)) — M (R? ® X)
such that

(D (p)] (1) = /[ FATAN, € B (O0D) and v € 1]

It is easy to check that:

(2.1) mog=mop = Ag(a)(dr) =a(r)"'p(7) Ar(p)(dr).

Our basic integration by parts formula is contained in the following.
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2.2 Theorem. Let Ric : O(M) — R? @ R? denote the Ricci curvature,
set

H(ta 6;561) = Hess(logpl—t( : 7561)) (2) fOT (tv e) € [07 1) X O(M)v
and define

[R(e, 21)h] () = h(t) + Ric(t, ¢, 1)h(t)
where Ric(t, e, z1) = Ric(e) — H(t,e;21), he H.

Then there exists a C < oo for which
~ 1 2
23 B | [ M S ()b dr| < Ol be Ho.
0
Moreover, for f, g € D* (‘,]3(%@1)(]\4);]1%) and h € Hy:

(2.4) /O 0 (PFP)B)00 ) Pl (40
- / £ o (p) (Dg(9), ) 1y Pra o) (dp)
O(M)
5| [ (IR (7 20)B] (), 0w(r))  (70) B

Our proof of Theorem 2.2 is based on the same general strategy as
our proof of Theorem 4.9 in [ES]. Namely, we introduce a perturbation
procedure of the same sort as the one described in Theorems 2.5 and 3.1
of [ES]. This procedure yields, for fi-almost every w € 20, a differentiable
map s € R — [F(zg,00) (> W)]|(s) € B(O(M)) with the properties that:

(1) [g(mo,;m)( ’ ,\Xl’)] (O) = S(xo,am)( : ,VNV),
(2) (& [§aoen ()] (5)) = B(2),
(3) for each s, the distribution of w € 20 — (B (wo.20) (- W)](s) €
PB(O(M)) under ji is equivalent to that of W ~> F(z,,2,)(+, W), and
the Radon-Nikodym derivative is a smooth function of s.
The most interesting new challenge comes from the need to handle the
singularity at t = 1 of the vector field B(¢, ¢;x1), and this is precisely the

reason why one wants an estimate like the one in (2.3). Our derivation of
(2.3) is based on two observations. In the first place, by taking advantage of
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the reversibility contained in (1.10), one can show that, for each p € [1, c0),
there is a C' < oo such that

o [dist(g(zm)(t),xl)gp] <C,(1—tP, telo,1).

Secondly, one must check that there is a C' < oo for which one has the
estimate

dist (m(e), x1)2> '

1
[H(t e 2)] g <C (1 —t T

The integration by parts formula in (2.4) can be used to introduce a
Laplacian on the space of pinned loops. For this purpose, take

DQ(“B(iﬁo,ml)(M);X)
to stand for the space of f € D! (‘ﬁ(mOVxl)(M); X) for which
Df € C'(Pao,en) (O(M)); H X),

and observe that

(6, ADF(p))(t) = - / EAT () Ap(p)(d7).

(0,00)

Finally, use D? (‘B(O(M));X) to denote the space of

fe D’ (m(zo,fﬂl) (O(M))’X)

for which the total variation of Ay is uniformly bounded and, for any or-
thonormal basis {h,} in Hp,

Z sup H(ha@)hm@Df(p))H@HHX < 0.
& pEP(ag,21) (O(M))

Clearly, when f € D2 (P (ag.r)(M); X),

p € B(O(M)) — Tracen (DDf(p)) =D (ha @ ha, DDf(P)) gyom € X

«

is a bounded continuous function which is independent on the choice of
orthonormal basis {h,}. Moreover,

mop=moqand q(t)"'p(t) independent of t
= Traceq (DD [(q)) = Traceu (DD f(p)).

Starting from (2.4), one can easily (cf. the proof of Theorem 4.30 in [ES])
derive the following,.
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2.5 Theorem. Define w € 20 — Wizo,e) (W) € C([0,1];R) by

[ﬂ(foyml)(w)] (t) = W(t) - /0 TRiC(S(Io,m)(T’ VNV)) dW(T)

e Lt .
- / TV g (r W) R AT + 3 / t ATRIC(E, T (wg,20) (T, W), 21) dW(T),
0 0

where K is the scalor curvature; and, for f € D? (‘B(xo’xl)(M);]R), set

[£(20,21)f] (W) = Tracen, (@Df(g(xml)( . ’v~v))>

- /[ [ (1) Dy e 5] 40
for W € 90. Then, for all f, g € D} (‘,B(Iom)(M);R),
26) — D ,D Pzo,21)(d
(2.6) /m (ot IO D0, Pra )

= [ 90 (Banen (- 90) [0 1] () 9,
pat)

In particular, £, 2,) s a nonpositive, symmetric operator for which

(Df(p)a Dg(p))Ho P(mo,zﬂ(dp)

/p(moﬂtl) (O(M))
is the associated Dirichlet form.
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