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A REMARK ON THE FOURIER-MUKAI TRANSFORM

A. POLISHCHUK

This note arose from the attempt to understand the claim of Mukai in
[4] that the group SLo(Z) acts on the derived category D’(A) of coherent
sheaves on an abelian variety A endowed with a principal symmetric po-
larisation modulo shifts. Namely, this action is determined in terms of the
standard generators of SLy(Z), one of which acts by tensoring with a line
bundle defining the polarisation and another by the Fourier-Mukai trans-
form. Then one can check easily that the defining relations are satisfied,
which means that there is a homomorphism from SLs to the quotient of
the group of autoequivalences of D’(A) considered up to an isomorphism
modulo the subgroup Z generated by shifts. With some additional work
one can prove that there is an action of the central extension SLy of SLy(Z)
by Z on D*(A) in the more strict sense due to J.-L. Verdier [7]. Namely,
we say that a group G acts on a category C if C is a fibered category over
Cat(G)—the category with one object corresponding to G. Explicitly this
means that there is a system of functors Fy, where g € G, from C to itself
and isomorphisms a(g, h) : Fgo Fj, — Fyy, for each g, h € G, which satisfy
certain cocycle condition for triples of elements of G. Though in the case
of SLs it is not a big problem to construct such a system, this definition
leads to the search for a more natural setup in which the above action
occurs. In this note a variant of such a setup is suggested using quadratic
modules over Z.

1. Biextensions and quadratic modules

The complete proofs of the results of this section will be given elsewhere.

Let Bil be the category whose objects are pairs (V,b) where V is a
finitely generated free Z-module, b is a bilinear form on V; a morphism
(V,b) — (V', V') is a homomorphism f : V — V' such that f=1(t/) = b.
There is an obvious (commutative) monoidal structure on this category
given by (V,b) @ (V/,0') = (Ve V' b@ ), for which (0,0) is the neutral
object. There is a natural forgetting (monoidal) functor p : Bil — Mod
from Bil to the category Mod of finitely generated free Z-modules, and the
functor t : Mod — Bil : V +— (V,0).
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194 A. POLISHCHUK

Let Sch be the category of pairs (X, L) where X is a scheme over a
base scheme S, L is a G,,-torsor over X, where a morphism from (X, L)
to (X', L) is a pair (¢, «) consisting of a morphism ¢ : X — X’ and an
isomorphism « : L — ¢*L/. This category is also monoidal: (X,L) ®
(X',L') = (X xg X', pf L ® p5L") where ® denotes the sum of G,,-torsors
(with the obvious neutral object). Let p : Sch — Sch be the forgetting
functor to the category of schemes over S, t : Sch — Sch be the functor
sending a scheme X to a pair (X, Ox).

Note that the category of monoidal functors Mod — Sch is equivalent
to the category of commutative group schemes over S. For a commutative
group scheme G and a Z-module V' we denote by V ® G the value of the
corresponding functor on V. More precisely, V ® G is defined as some
universal object in the category of commutative group schemes in the
same spirit as the usual tensor product of modules is defined (V ® G is
noncanonically isomorphic to G” where V' ~ Z"). Let Fun be the category
of pairs F, Fy of compatible symmetric monoidal functors from Bil to Sch
and from Mod to Sch (more precisely, one should consider isomorphisms of
monoidal functors poF' ~ Fyop and Fot ~ toFj as a part of the data). Such
a pair is essentially defined by a commutative group scheme G = Fy(Z)
and a G,,-torsor L over G? obtained from the standard bilinear form b
on Z2: by((x,y), (2',y")) = xy’. Indeed any bilinear form b on V ~ Z" has
form b(v,v") =< v, B(v") > for some homomorphism 3 : V — V*  so that
b is induced by the homomorphism (id, 5) : V' — V& V* and the standard
form on V & V* ~ (Z*)" which is isomorphic to (by)". Considering the
morphisms

(ngb/) - (ZQabU) ©® (Z27b0) H(w,y,2) = ((z,9), (2, 2)),
(Z2,0') — (22,bo) : (2,y,2) = (2,y + 2)

in Bil we deduce an isomorphism of G,,-torsors pjsL ® pjsL and m35L on
G?3 where mao3 = (id xm) : G — G2, m : G* — @ is the composition law,
P12, p13 : G — G? are the projections. Symbolically this isomorphism can
be written as Ly y L, ~ Ly yyy. Analogously we have an isomorphism
LyyLyy~ Lyyiy . By the same method one obtains the commutativity
of certain diagrams which express the fact that L defines a biextension
of G x G by G, (see [6],[2],[1]). Moreover, one can prove the following
theorem.

Theorem 1.1. The category Fun is equivalent to the category of biexten-
sions L of G x G by G,, where G is some commutative group scheme
over S; a morphism (G,L) — (G',L’) in the latter category is given by a
homomorphism ¢ : G — G' and an isomorphism L ~ (¢ x ¢)*L’.
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Remark. Analogously, one can characterize symmetric biextensions in the
sense of [1] (which are roughly speaking the biextensions L of G? equipped
with a symmetry isomorphism s*L ~ L) via monoidal functors from the
category of even quadratic modules (that is the category of Z-valued sym-
metric forms b on finitely generated free Z-modules such that b(v,v) is
even).

Let Sym be the category of quadratic modules (that is the category of
Z-valued symmetric forms), Fung be the category of monoidal functors

Sym — Sch compatible with the functor Fj : Mod — Sch associated with
a commutative group scheme G over S. A cube structure on a G,,-torsor
L over G is a symmetric G,,-biextension structure on the G,,-torsor

AML)y=m*'LepiL ' @psL~"

where m : G? — G is the group law, p,ps : G> — G are the projections,
satisfying some natural compatibility (see [1]). Now assume that L is a
symmetric G,,-torsor on G which means that an isomorphism ¢*L ~ L is
given where 7 : G — G is the inversion. Then a X-structure on L is a
cube structure compatible with the symmetry ¢*L ~ L (see [1]). With this
terminology we have the following result.

Theorem 1.2. The category Fung is equivalent to the category of Gy,-
torsors on G endowed with X-structure.

We omit the proof of this theorem. Note only that the G,,-torsor L
corresponding to a functor F' € Fung is defined by the formula F(Z,q;) =
(G, L) where ¢ is the simplest symmetric form on Z: g1(e,e) = 1 where e
is the generator of Z.

2. Correspondences

For any smooth projective variety X over a field k& we denote by D°(X)
the (bounded) derived category of coherent sheaves on X. Let Cor(X)
denotes the category D*(X x X) with the following monoidal structure:

G * F = p13+(p12F @ p33G)

where p;; : X® — X? are the projections; all functors are the derived ones.
The neutral object of Cor(X) is A.Ox where A : X — X? is the diagonal
embedding. There is a natural action of Cor(X) on the category D?(X):
each object F € Cor(X) gives rise to a functor

®(F) = p2.(pi(-) ® F) : D*(X) — D*(X)

where pi,ps : X? — X are the natural projections. A morphism F —
F' induces a morphism of functors ®(F’') — ®(F), and for a pair of
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morphisms the usual compatibility holds showing that we have a functor
from Cor(X) to the category of functors from Db(X) to itself. One can
easily show that this functor is monoidal which justifies the phrase “Cor(X)
acts on D°(X)” (see [4] for more general setup).

Let Cor(V) be the category whose objects are triples: a quadratic mod-
ule (W,q), a homomorphism of Z-modules h : W — V?2 and an integer
number n, such that p;h is surjective where p; : V2 — V is the projection
on the first factor. A morphism W = (W, q,h,n) - W' = (W', ¢,h',n’) in
Cor(V) is a quadruple (U, qu), i, f, 1) where (U, qy) € Sym is a quadratic
module, ¢ : U — W and f : U — W’ are homomorphisms such that
i71(q) = f71(¢') = qu (that is i and f are morphisms in Sym), hoi = h/of,
i is an embedding such that W/i(U) is a free Z-module of rank (n — n’),
w: Z—det(W/i(U)) is an isomorphism (where for a free Z-module P of
rank 7 we denote by det(P) = A\"(P) the top degree wedge power of P).
One can easily define the composition of such things. There is a monoidal
structure on this category: W « W = (W « W' gx ¢, hxh',n+n’) where
W« W' = W xy W' is the fibered product with respect to the mor-
phisms poh : W — V and pih/ : W' — V, qxq¢ = py'(q) + py'(¢)
where py and py are the projections of W« W’ on W and W', the mor-
phism h x h' : W« W’/ — V2 has components pihpw : W * W/ — V and
p2h/pw: : W« W' — V. The neutral object is (V,0, Ay,0) where Ay is
the diagonal embedding V — V2.

From now on let A be a connected abelian variety of dimension g over
a field k, F € Fung be a monoidal functor from Sym to Sch as above,
corresponding to a line bundle L on A with a X-structure (which in this
case is equivalent to the trivialization of the fiber of L at 0 € A compatible
with the symmetry (—1)*L ~ L).

Theorem 2.1. Fiz a trivialization O ~ wa = N?(Qa). Then there is
a natural monoidal contravariant functor Corp : Cor(V) — Cor(V ® A)
such that for an object W = (W, q, h,n) € Cor(V) we have

Corp(W) = (Fh)«(Lw)[ng]

where F(W,q) = (WRA, Lw) € /Sle, Fh:W®A — VA is the morphism
induced by h. Thus, there is an action of Cor(V) on D*(V ® A).

Proof. Let (U,qu,t, f,n) : W — W' be a morphism in Cor(V). Let
Wo = (W @ W')/U be the coproduct of W and W' over U in the cate-
gory of Z-modules (here the embedding U — W & W’ is given by u —
(—i(u), f(u))), so that Wy is a free Z-module (as an extension of W/U by
W') equipped with the natural maps fy : W — Wy and ig : W — W)
such that iof = foi. Also there is a morphism hg : Wy — V2 such
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that hoig = b/, hofo = h. As above for each quadratic module (W, q)
we denote by Ly the line bundle on W ® A given by the functor F.
Note that pu : Z ~ det(W/i(U)) together with the fixed trivialization
04 =~ wga induces an isomorphism Opga ~ wyga/wea where for an
embedding of locally complete intersection ¥ C X of codimension r we
denote following (3] wy,x = A"(Jy/J%)Y where Jy is the ideal sheaf of
Y. Thus we have an isomorphism of functors (Fi)' ~ (F%)*[—r] where
Fi:U® A — W ® A is the embedding induced by i, r = (n — n')g is
the codimension of U ® A in W ® A (see [3], Cor.7.3). The composition

of this isomorphism with the trace morphism (F4i),(Fi)' — id induces a

morphism (Fi).(Fi)*Lw — Lw][r]. Now we compose this morphism with
the natural morphism

(Ffo)* (Fig) L — (Fi)«(Ff) Ly ~ (Fi). Ly ~ (Fi).(Fi)" Ly
to obtain a morphism (Ffy)*(Fip)«Lw: — Lw]r] which by adjunction
induces a morphism (Fiy).Lw: — (F fo)«Lw|[r] and therefore a morphism
Corp(W') = (F'h').(Lw)[n'g] = (Fho)s(Fio)«Lw[n'g] —
(Fho)«(F fo)«Lw ([n'g + 1] = (Fh).(Lw)[ng] = Corp(W).
If we apply the functor Corg to the product W’ x W then we get
Corp (W' + W) = (F(h x I')). (piy £ & iy L) [(n + ')g]
where we put £L = Ly, L' = Ly. On the other hand
Corp(W') # Corp(W) = p1a«(pia((Fh)« L) @ p3g((Fh). L)) Ing + n'g]

where p;; : (V ® A)®> — V ® A are the projections. Now by the flat base
change ([3]) we have an isomorphism pis((Fh).L") ~ (id xX(FR')).p5L
where id x(Fh') : (V@ A) x (W @ A) — (V ® A)3 is induced by the
morphism FA' : W/ @A — (VR A2 pa: (VRA) x (W @A) —-W oA
is the projection. So

P13+ (P2 ((Fh). L) @ p3s(F1')..L"))
~ p13.(P12((Fh).L) ® (id x (F1I')).(p3L"))
~ P13« (id X (FR)))((id X F(p1h"))* ((Fh).L) @ p5L')
~ (id x F(pah')).((id x F(p1 i'))* (FR).L) @ pL).
Here we used the projection formula and the equalities
pro(id xF(W)) = [dxF(p1h)) : VR Ax W @ A — (V@ A)?,
pi3(id xF(R)) = (id x F(p21)).
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Now apply the base change formula to the morphism ¢ = Fh : W ®
A — (V ® A)? and the flat (due to surjectivity of p;h’) base change
u = 1idxF(pih') : (V® A) x (W' x A) — (V@ A)2. Then the corre-
sponding fiber product is (W « W’) ® A with the structural morphisms
& = (F(pihpw), Flpw)) : (W s W) @ A — (V x W) @ A and o' =
Flpw): WxW')® A— W ® A. Thus we get an isomorphism

(id X F(pah'))s (u* (9 L£) @ p3L') = (id X F (p2h'))u (¢, (') L @ p5 L")
~ (id xF(p2h'))« ¢ ()" L @ F(pw)" L)
~ F(h+1').(F(pw) L @ F(pw)"L").

Here we used the projection formula and the equalities
pod = Flpw:), (idx F(pah!))g! = F(h ') : (W« W) @ A — (V @ A)2.
Finally we obtain an isomorphism

Clor (W) * Corp (W) = (F(h  K')). (piy £ & piyr£)](n +n')g]

which shows that Corp respects monoidal structures (we omit the proof
of all the remaining compatibilities). O

Let F(Z?% q0) = (A2, L), where qo is the standard quadratic form on
Z? (the symmetrization of by), then Ly gives a homomorphism A : A — A’
where A’ is the dual abelian variety to A. Assume that A is an isomorphism
and L is ample (in other words L gives a principal polarisation of A). With
this assumption we are going to show that certain morphisms in Cor(V)
become isomorphisms in Cor(V @ A).

Proposition 2.2. Let (W, q) be a quadratic module and U C W be an
isotropic submodule (that is q|y = 0) such that the map W/U — U* =
Hom(U,Z) induced by q is an isomorphism. Letp: W@ A — W/U ® A be
the natural projection, i : S = Spec(k) — W/U ® A be the embedding cor-
responding to the neutral element of W/U® A. Then under the assumption
above we have p.Lw =~ i,Og[—mg| where m is the rank of W/U.

Proof. One can easily check that there exists an isomorphism o : W —
U @ U™ of the quadratic modules (where the symmetric form on U @ U* is
the standard one) such that o(U) = (U,0) C U @ U*. So it is sufficient to
prove the statement in the case of the standard quadratic module (W, ¢) =
(Z?,qo) which amounts to the well-known computation of pa.(Lo) where
pa : A2 — A is the projection (see [5]). O
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Corollary 2.3. Let (W, q) be a quadratic module, U C W be an isotropic
submodule, such that W/U has no torsion and the map W — U™ induced
by q is surjective. Letp: W @ A — (W/U) ® A be the natural projection,
i W ®A— (W/U)® A be the natural embedding where W' = UL /U,
Ut = {w e W| q(w,U) = 0}. Then p.Lyw =~ i.Lw:[—mg] where m is the
rank of U, the line bundle Ly comes from the quadratic form q' on W'
induced by q.

Proof. Choose a decomposition of Z-modules W = U @ P, then W/U ~ P
and by the projection formula we may assume that ¢|p = 0 (since the
contribution of ¢|p to Ly and Ly is a pull-back from (W/U)® A). Then
U+ = U ® K where K C P is the kernel of the (surjective) map P — U*
induced by q. Now all the picture is obtained by the base change P® A —
(P/U) ® A from the one considered in the previous proposition. [

Proposition 2.4. Let (W, q) be a quadratic module, (W', q") = (W,q) &
(Z",qn) be a direct sum of quadratic modules where ¢'|zn = q, is the
standard symmetric form on Z", that is (Z",qn) = (Z,q1)". Letp: W' —
W be the projection. Then (F'p)Lyw: ~ Ly .

Proof. Obviously we may assume that n = 1. Then the assertion fol-
lows from the isomorphism H°(A,L) ~ k together with the vanishing
H>(A,1) =0. O

Let S be the class of morphisms W — W’ in Cor(V') which are given by
the quadruples (UL, q|y1),4, f, 1) where U C W is an isotropic submod-
ule such that the map W — U* induced by ¢ is surjective, i : U+ — W
is the natural embedding, a map f : Ut — W’ vanishes on U and in-
duces an isomorphism U+ /U ~ W'. Let Sy be the class of morphisms
W — W in Cor(V) such that i = id, f : (W,q) — (W’,q¢') is an em-
bedding and there exists a quadratic submodule (P,qp) C (W’,q’) such
that »'(P) =0, (P,qp) ~ (Z™,q,) and (W',q') = (W,q) & (P,qp). Then
one can see easily that S; and Sy are compatible with the monoidal struc-
ture on Cor(V') and the functor Corp sends morphisms from &; and Ss to
isomorphisms in Cor(V ® A). Therefore if we consider the multiplicative
class of morphisms S generated by &1 and Sy then the localized cate-
gory Cor(V) = Cor(V)[S™!] is monoidal and we have a monoidal functor

Corp : Cor(V) — Cor(V ® A).
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3. Comparison with Mukai’s picture

Recall that the group SLy(Z) can be defined as the group with two
generators S and T and the following defining relations:

S? =73 S*=T%=1.

Namely, these generators correspond to the following matrices:

(0 r- (3

Now the central extension SLy of SL2(Z) by Z can be defined as the group
with generators S and 7' and with the defining relation S? = T3. The
central element C' = S? generates the subgroup isomorphic to Z in SLo
and the quotient by C? is isomorphic to SLy(Z). So we can realize SLo
as the group of sequences (e1,...,e)[n] where g; is either 0 or 1, n is
an integer, and the sequence (e1,... ,&y) satisfies the following property:
there can be at most two 1’s and at most one 0 in a row. For example,
(1101) is allowed while (001) is forbidden. The group law is described as
follows:

(e1,.--ex)n]- (€Y, ... ,e))[m] = (e1,... ,ek, €1, &) [n +m)]

if the combined sequence is allowed. If g, = €] = 0 then one should
throw out this pair and replace n +m by n + m + 1. Analogously if the
combined sequence contains (111) as a subsequence one should throw it
out and replace n +m by n 4+ m + 1. The neutral element is given by the
empty sequence ()[0]. The relation with the previous description is the
following: one should replace ; = 0 by S, e; = 1 by T, [n] by C™ and take
the corresponding product. Let 322 be the category whose objects are
elements of the group SLy with only identity morphisms and the monoidal
structure given by the opposite group law, that is g1 * go = g291.

Theorem 3.1. There exists a monoidal functor W : SLCy — é\o/r(Z). Thus

the group éig acts on the category D*(A) of an abelian variety A endowed
with a principal symmetric polarisation.

Proof. Let €[n] = (e1,...,ek)[n] be an element of SL,. Define an object
U(e[n]) € Cor(Z) as follows:

U(e[n)) = (Z", ge, pii, —m)
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where the symmetric form on ZF*! is given by

ge(eo,e0) = 0, ge(es,e;) =& (1=1,... k),

qE(ei_l,ei) =1 (Z = 1, N ,k‘),

ge(eie5) =0 (li — j| > 1)
where eg, e1, ... , ey is the basis of Z¥*1. The map p§, : Z**! — Z? where
€= (—1)Zi " is defined by the formulas

p(e)k(eo) = (170)7 p(e)k(ek) = (0,6), p(e)k(ei> =0 (Z =1,... ,k— 1)

if K > 0 and by p§y(eo) = (1,¢€) if k = 0 (note that pj, = pox is the usual

projection).
To show the monoidal structure of the functor ¥ we consider two
examples (expressing the relations S? = C and T° = (). First, as

U ((0)[0]) = (Z2, q0,Po1,0) one computes easily that
Wo = ((0)[0]) + T ((0)[0]) = (Z%, g(00), Poz, 0)

where the form q(gg) is given by the formulas above (though the sequence
(00) is forbidden). Now e; € Z?3 is an isotropic vector such that pga(e1) = 0
so we may apply the reduction of the corollary 2.3. Namely, we have a
morphism of the class S; from W, to

W(/) = ((el)l/(el)>ql?h/v _1) = (Z7O?p8017 _1) = \II(()[ID
1

where the latter isomorphism corresponds to an element ey — es € (e1)~.
Second, ¥((1)[0]) = (ZQ,(](l),pall,O) so one can easily compute its cube
with respect to the monoidal structure % on Cor(Z):

Wi = ¥((1)[0])** ~ (Z47Q(111),p53170)~

Now we can apply 2.3 to the isotropic vector e; —es € Z* to get a morphism
of the class Sy:

Wi — Wi = ((eq — eg)J‘/(el —e2),q ', —1) ~ (Zz,q/, h',—1)

where the isomorphism Z2 ~ (e; — es)t/(e1 — e3) is given by the vectors
fo=-eot+es—e1, fi = e € Z? so that ¢'(fo, f;) =0 (i = 0,1), ¢ (f1, f1) =
1, W'(fo) = (1,—1), K'(f1) = 0. Thus we can apply the second reduction
(see 2.4) to the decomposition (Z2,q') ~ (Z,0) @ (Z,q,). Namely, the
embedding of Z in Z? given by fy induces a morphism ¥(()[1]) — W] of
the class Ss. -

One can check that the isomorphisms in Cor(Z) constructed above ex-
tend to the monoidal structure on the functor ¥. [
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Remark. Notice that the twisting functor ® L is obtained in our picture as
Corp(¥(01)[—1]). Also for any symmetric form q on Z**! with the proper-
ties |g(e;, ei+1)| = 1 for any i, q(e;, e;) = 0 for |i—j| > 1, the corresponding
object of 6&(2) (where we consider Z**! as a correspondence via the pro-
jection pox as above) belongs to the monoidal subcategory generated by
the essential image of ¥ and by the object (Z,0,pyy,0).
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