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ZETA FUNCTIONAL DETERMINANTS

ON MANIFOLDS WITH BOUNDARY

Sun-Yung A. Chang and Jie Qing

A bstract . This article is an announcement of our recent work on the zeta
functional determinants on manifolds with boundary. We first derive some
geometric formulas for the quotient of the zeta functional determinants for
certain elliptic boundary value problems on Riemannian 3 & 4-manifolds
with smooth boundary. We then apply the formulas to establish W 2,2-
compactness of isospectral set within a subclass of conformal metrics, and
to prove some existence and uniqueness properties of extremal metrics for
the zeta functional determinants. Some key elements in our proof include
the discovery of some boundary operator conformal covariant of degree 3
and establishment of some sharp Sobolev trace inequalities of Lebedev-
Milin type.

Part 1. Alvarez-Polyakov formula

1.1. Preliminaries

Let M be a compact Riemannian manifold with smooth boundary ∂M .
We shall consider boundary value problems (A, B) satisfying the three basic
assumptions below. For simplicity we shall only consider operators acting
on the space of functions on M , although all the statements in this article
could be formulated for operators acting on the space of sections of a tensor-
spinor bundle over M .

Analytic Assumptions. Let A be a differential operator of order 2l. Sup-
pose that A is formally self-adjoint and has positive definite leading symbol.
Let B be an operator for the Cauchy data for A on ∂M such that the pair
(A, B) is elliptic.
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Naturality Assumptions. Suppose that A and B are geometric differ-
ential operators on (M, ∂M): i.e. they are defined independently of the
choices of local coordinates on (M, ∂M).

If (A, B) satisfies the above two assumptions, then for any f ∈ C∞(M̄),

(1.1.1) TrL2f exp(−tAB) ∼
∞∑

n=0

an(f, A, B)t
n−m

2l , t → 0+,

where

(1.1.2) an(f, A, B) =
∫

M

fIn(A)dx +
n−1∑
i=0

∮
∂M

N ifBn,i(A, B)dy,

for some interior local invariant In(A) of order n and some boundary local
invariants Bn,i(A, B) of order n − i − 1, where N if is the ith covariant
derivative of f in the inward normal direction on the boundary ∂M . Let

(1.1.3) ζ(A,B)(s) =
∑
λj �=0

|λj |−s,

where λj are all eigenvalues of the boundary value problem (A, B). Clearly
this zeta function is only well-defined as above for s with sufficient large
real part. But it can be regularized by meromorphic continuation (cf., [RS],
[BG-1]). In particular, ζ(A,B)(s) is regular at s = 0, then one formly defines

(1.1.4) log det(A, B) = −ζ ′(A,B)(0)

In general, the zeta functional determiant defined as above is an absolute
global quantity. But its variation, on the other hand, is a local geometric
quantity. We therefore consider families of conformal metrics on (M, ∂M)
and require (A, B) satisfy a third assumption as in the following. We use
the notation that a geometric quantity Q at the metric gω = e2ωg0 is
denoted by Q[ω].

Conformal Assumptions. Suppose that both A and B are conformally
covariant of bidegree (a1, a2) and (b1, b2) in the following sense

A[ω](f) = e−a1ωA[0](ea2ωf)

B[ω](g) = e−b1ωB[0](eb2ωg),

for any f ∈ C∞(M), g ∈ C∞(∂M). And assume that

B[0](ea2ωg) = 0 if and only if B[ω](g) = 0,
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for any ω ∈ C∞(M̄).

Example. The very typical examples of pairs (A, B) which satisfy all three
assumptions above are

A = L = ∆ +
m − 2

4(m − 1)
τ

the conformal Laplacian of bidegree (m+2
2 , m−2

2 ), where τ is the scalar
curvature, and B is either the Dirichlet boundary condition or

B = R = −N +
m − 2

2(m − 1)
H

the Robin operator of bidegree (m
2 , m−2

2 ), where H is the mean curvature
on ∂M .

Theorem 1.1.1(Branson and Gilkey [BG-1]). Suppose that (A, B)
satisfies above analytic, naturality, and conformal assumptions. Then

(1.1.5)
d

dε
am(1, A, B)[ω + εη]|ε=0 = 0

and
(1.1.6)

d

dε
ζ ′(A,B)[ω+εη](0)|ε=0 = 2l{am(η, A, B)[ω] −

∑
λj [ω]=0

∫
M

η|φj [ω]|2dx[ω]}

where φj [ω] are normalized eigenfunctions of (A, B)[ω] with eigenvalues
λj [ω].

In cases when (A, B) have no zero eigenvalues, if we denote log det(A,B)[ω]
det(A,B)[0]

by F [ω],

(1.1.7) F ′
t [tω] = −2lam(ω, A, B)[tω]

by (1.1.6), where the right hand side is a polynomial in t of order at most m.
Thus integrating with respect to t from 0 to 1, one finds the formula of F [ω].
Recently Branson and Gilkey in [BG-1] [BG-3] have used this method to
compute F [ω] for differential operators (A,B) defined on compact manifolds
of dimension 4. But the expression of F [ω] computed using this method
will not in general be in geometric form.
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1.2. Alvarez-Polyakov formulas in Dimension 2 & 3

In dimension two, Alvarez [Al] considered the Laplacian with the Dirich-
let boundary condition on compact surfaces with boundary and derived the
following Polyakov (cf. [Po] [RS]) type formula:

(1.2.1)
log

det ∆[ω]
det ∆[0]

= − 1
6π

{1
2

∫
M

ω∆ω +
∫

M

ωK[0] +
1
2

∮
∂M

ω(−Nω)

+
∮

∂M

ωk[0]} − 1
4π

{
∮

∂M

(kds)[ω] −
∮

∂M

(kds)[0]},

where K is the Gaussian curvature of M and k is the geodesic curvature of
∂M . Hence we are looking for Alvarez-Polyakov formula in higher dimen-
sions.

To compute Alvarez-Polyakov formula for boundary value problem
(A, B) in dimension three, we choose bases of local scalar invariants and
express the heat coefficient a3 as follows:

(1.2.2)
a3(f, A, B) =

∮
∂M

f{α1K̃ + α2H
2 + α3|L|2 + α4F}dy

+
∮

∂M

{βf;NH + γf;NN}dy,

where F = RaNaN is a partial trace of Riemannian curvature, K̃ is the
Gaussian curvature on ∂M and L is the second fundamental form of ∂M .
Then using transformation formulas for all local scalar invariants and lo-
cal argumented scalar invariants under conformal changes of metrics and
(1.1.5) we may conclude

(1.2.3)
a3(η, A, B) =

∮
∂M

η{α1K̃ + α2(H2 − 2|L|2)}ds

+
∮

∂M

{βη;NH + γη;NN}ds.

In particular, there are only four undetermined coefficients in the above
expression of a3. Furthermore we can express a3 as a conformal variation
and as a consequence, we can derive the following result.

Theorem 1.2.1. Let M be a compact 3-manifold with smooth boundary.
Under the three assumptions and that (A, B) has no zero eigenvalue, one
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has
(1.2.4)

− 1
2l

log
det(A, B)[ω]
det)(A, B)[0]

=

α1{
1
2

∮
∂M

|∇̃ω|2dy +
∮

∂M

K̃[0]ωdy} + α2

∮
∂M

ω((H2 − 2|L|2)dy)[0]

+
1
4
β{

∮
∂M

(H2ds)[0] −
∮

∂M

(H2ds)[ω]} +
1
2
γ{

∮
∂M

((F +
1
4
H2)ds)[0]

−
∮

∂M

((F +
1
4
H2)ds)[ω]}.

We would like to remark that some preliminary version of the formula
(1.2.4) has appeared in [B-3].

1.3. Alvarez-Polyakov formula in Dimension 4

In dimension 4, it is known that a curvature quantity Q = −2|V |2 +
2J2 + ∆J,(where V = (τ − Jg)/2 and J = τ/6), called Paneitz quantity
(cf. [BO] [BCY] [CY]), plays a similar role as the Gaussian curvature
does in dimension 2. The differential operator associated with the Paneitz
quantity is P4 = ∆2+δ{2J−4V ·}d, called Paneitz operator, which appears
in the transformation formula of Q under conformal change of metrics as
follows:

(1.3.1) P4ω + Q[0] = Q[ω]e4ω,

like the one in which the Gaussian curvature K and the Laplacian P2 = ∆
are involved in dimension 2. Another curvature which has appeared in the
Alvarez-Polyakov formula in dimension 2 is the geodesic curvature k of the
boundary, which is associated with the Neumann operator P1 = −N in the
following way:

(1.3.2) −Nω + k[0] = k[ω]eω on ∂M.

In dimension 4, we have discovered a boundary curvature invariant

T = −1
2
NJ + JH − RaNbNLab +

1
9
H3 − 1

3
TrL3 +

1
3
∆̃H,

and its associated operator

P3 = −1
2
N∆ − ∆̃N +

2
3
H∆̃ + Lab∇̃a∇̃b +

1
3
∇̃H · ∇̃ + (F − 2J)N.
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The curvature T transforms under conformal change of metrics as

(1.3.3) P3ω + T [0] = T [ω]e3ω,

like (1.3.1) and (1.3.2). Chern-Gauss-Bonnet formula for compact 4- man-
ifolds with boundary may be written as

χ(M) = (32π2)−1

∫
M

(|C|2 + 4Q)dx + (4π2)−1

∮
∂M

(T − L4 − L5)dy,

where L4,L5 are some pointwise conformally invariant boundary curva-
tures. Actually, the original term which has appeared in the Chern-Gauss-
Bonnet formula was the term S in the place of T , where T = S + 1

3∆̃H.
In the second part of this article we shall see that the discovery of the
pair (P3, T ) is very crucial for us to establish some sharp Sobolev Trace
inequality of Lebedev-Milin type.

Following the definition of P3 and T , we may re-write the formula of heat
coefficient a4 given by Branson and Gilkey (cf. [BG-1]) into the following
form.
(1.3.4)

a4(η, A[ω], B[ω]) =

β1

∫
M

η(|C|2dv)[ω] + β2{
1
2

∫
M

η(Qdv)[ω] +
∮

∂M

η(Tds)[ω]}

+ β4

∮
∂M

η(L4ds)[ω] + β3{
∫

M

η(∆J)[ω] −
∮

∂M

η(JNds)[ω]}

+
∮

∂M

(JηNds)[ω]} + β5

∮
∂M

η(L5ds)[ω] + β6

∮
∂M

η(∆̃Hds)[ω]

+ β7

∮
∂M

η(RaN ;ads)[ω] + γ1

∮
∂M

(JηNds)[ω] + γ2

∮
∂M

(FηNds)[ω]

+ γ3

∮
∂M

(H2ηNds)[ω] + γ4

∮
∂M

(|L|2ηNds)[ω] + γ5

∮
∂M

(Hη;NNds)[ω]

+ γ6

∮
∂M

η;NNNds)[ω].

Notice that there are 13 undetermined coefficients in (1.3.4). Our goal is to
write a4 as conformal variations of some geometric functionals. To be able
to do so, it turns out a key observation is the proposition below following
the definition.

Definition 1.3.1. A functional F [ω] of a metric gω = e2ωg0 on a given
conformal class is a conformal primitive of another functional Gη[ω] if

d

dε
F [ω + εη]|ε=0 = Gη[ω],

for all η, ω ∈ C∞(M).
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Proposition 1.3.2. Let M be a compact Riemannian manifold of dimen-
sion m with smooth boundary. Suppose that (A, B) satisfies analytic, nat-
urality and conformal assumptions. Then the heat coefficient am(η, A[ω],
B[ω]) has a conformal primitive.

Clearly a functional Gη[ω] that possesses a conformal primitive is rather
restricted. Theorem 1.1.1 of Branson and Gilkey implies that the zeta
functional determinant is a conformal primitive of a4 if there is no zero
eigenvalue for (A, B). Our proposition here simply says that a4 possesses
a conformal primitive regardless of existence of zero eigenvalues. As a
consequence of the above proposition and some lengthy computations we
obtain the following result.

Lemma 1.3.3. Let M be a compact 4-manifold with smooth boundary.
Suppose (A, B) satisfy the three assumptions. Then the undetermined co-
efficients in the expression (1.3.4) of a4 satisfy

(1.3.5)
β2 + 3β6 − 2β7 − 2γ2 + 3γ5 + 4γ6 = 0

− 3β6 + 2β7 − 2γ1 − 4γ2 + 3γ5 = 0

In other words, there are only 11 undetermined coefficients in a4.

Equations (1.3.5) not only allow us to reduce the number of undeter-
mined coefficients in the expression of a4, but also enable us to write a4

as a variation of some rather geometric quantities. After choosing a pre-
ferred basis of boundary local scalar invariants we arrive at the following
Alvarez-Polyakov type formula.

Theorem 1.3.4. Let M be a 4-manifold with smooth boundary. Suppose
that (A, B) satisfies analytic, naturality and conformal assumptions and
that (A, B) has no zero eigenvalues. Then

(1.3.6)

− 1
2l

log
det(A, B)[ω]
det(A, B)[0]

= β1

∫
M

ω(|C|2dv)[0] + β2

∫
M

D[ω]dx[0]

+
1
2
β3{

∫
M

(J2dv)[ω] −
∫

M

(J2dv)[0]} + β4

∮
∂M

ω(L4ds)[0]

+ β5

∮
∂M

ω(L5ds)[0] + µ1

∮
∂M

((Tds)[ω] − (Tds)[0])
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+ µ2

∮
∂M

((τ̃Hds)[w] − (τ̃Hds)[0]) + µ5

∮
∂M

((H3ds)[ω] − (H3ds)[0])

+ µ3

∮
∂M

(((τH − 3FH)ds)[ω] − ((τH − 3FH)ds)[0])

+ µ4

∮
∂M

(((FH − 3RaNbNLab)ds)[ω] − ((FH − 3RaNbNLab)ds)[0])

+ µ6

∮
∂M

(((H3 − 9TrL3)ds)[ω] − ((H3 − 9TrL3)ds)[0]),

where
(1.3.7)

D[ω] =
1
4

∫
M

ωP4ωdv +
1
2

∫
M

ωQdv

+
1
2

∮
∂M

ωP3ωds +
∮

∂M

ωTds

+
1
12

{
∮

∂M

(−τ − 1
3
H2 + 3F )ωNds −

∮
∂M

Hω;NNds −
∮

∂M

H∆̃ωds},

for 11 constants {βν}5
ν=1 and {µi}6

i=1 depending only on (A, B).

Example. Suppose that A = L the conformal Laplacian and B = R the
Robin operator. Then, we have up to a common scale (cf. [BG-2]):

β1 = 2 β2 = −8 β3 = −8 β4 = −4

β5 = −8 µ1 = 60 µ2 = − 4
3 µ3 = − 50

9

µ4 = −20 µ5 = − 22
9 µ6 = − 44

27 .

Table 1.3.8

Part 2. Compactness results and extremal metrics

2.1 Introduction

Considering the pair (τ, H) in dimension larger than 2, one finds that
the total curvature of (M, ∂M) is a conformal primitive of the pair (τ, H)
in the following sense:

(2.1.1)

d

dε
|ε=0

{ ∫
M

(τdv)[ω + εη] + 2
∮

∂M

(Hds)[ω + εη]
}

= (m − 2)
{ ∫

M

η(τdv)[ω] + 2
∮

∂M

η(Hds)[ω]
}

.
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Let us name the conformal change of metrics preserving the vol(M) as
the conformal variation of type I, and name the conformal change of met-
rics preserving the vol(∂M) as the conformal variation of type II. Then
an extremum of the total curvature under conformal variations of type I
is achieved by metrics with constant scalar curvature inside and vanish-
ing mean curvature on the boundary; and its extremum under conformal
variations of type II is achieved by metrics with vanishing scalar curvature
and constant mean curvature. Escobar in [E-1] [E-2] [E-3] has established
certain sharp Sobolev trace inequalities on manifolds with boundary and
obtained the existences of extrema of the total curvature under variations
of both types. In particular, he has established (independently by Beckner
[Be-1]) the following result.

(2.1.2)
∫

M

(τdv)[ω] + 2
∮

∂M

(Hds)[ω] −
∫

M

(τdv)[0] + 2
∮

∂M

(Hds)[0] ≥ 0,

for either (M, g) = (Sm
+ , g0) and vol(M)[ω] = vol(M)[0], or (M, g) =

(Bm, g0) and vol(∂M)[ω] = vol(∂M)[0], equality holds if and only if gw

is isometric to g0, the standard canonical metric on Sm
+ or Bm.

In dimension 2, for the pair (K, k), one finds that instead the zeta func-
tional determinant of the Laplacian with Dirichlet boundary condition (see
the Alvarez-Polyakov formula (1.2.1)) is a conformal primitive of (K, k) in
the following sense:
(2.1.3)

(d/dε)|ε=0 log
det ∆[ω + εη]

det ∆[0]
= − 1

6π
{
∫

M

η(Kdv)[ω] +
∮

∂M

η(kds)[ω]},

where
∮

∂M
(kds)[ω + εη] is fixed. The total curvature, however, becomes

a topological invariant by Gauss-Bonnet formula. Osgood, Phillips and
Sarnak in [OPS-1] [OPS-2] [OPS-3] have proved the existence of extrema
of the zeta functional determinant under conformal variations of both types
(see also [PO] [On]). A crucial tool which they have used to establish their
compactness result is the following sharp inequalites of Moser-Trudinger
type

(2.1.4) log
∫

S2
+

e2φdv ≤ 1
2π

∫
S2

+

|∇φ|2dv + 2
∫

S2
+

φ
dv

2π
,

and of Lebedev-Milin type

(2.1.5) log
∮

∂D

e(u−ū) dθ

2π
≤ 1

4
{
∫

D

u∆u
dxdy

π
+ 2

∮
∂D

u
∂

∂n
u

dθ

2π
},
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where ū is the average of u on the boundary ∂D. Existence results in
[OPS-1] also provide a new way to the understanding of the uniformization
theorem for compact surfaces. Another remarkable result in [OPS-2] is that
by observing that zeta functional determinant is a spectral information,
they have derived from from inequalities (2.1.4) and (2.1.5) that isospectral
set of metrics on compact surfaces is C∞ compact.

In [BCY] [CY], results similiar to those of Osgood, Phillips and Sarnak
have been established on compact 4-manifolds without boundary. Our goal
here is to establish similiar results on compact manifolds with boundary.

For the purpose of stating our results more clearly, we shall modify the
notions of two types of conformal variations which are more restrictive than
the original definitions.

Definition 2.1.1. Suppose that (M, g) is a 4-manifold with boundary ∂M
and that H = 0. Then a metric gω = e2ωg is called a conformal variation
of type I if

(1) vol(M)[ω] = vol(M)[0]
(2) H[ω] = H[0] = 0
(3)

∮
∂M

(Tds)[ω] =
∮

∂M
(Tds)[0].

Definition 2.1.2. Suppose that (M, g) is a 4-manifold with boundary ∂M
and that H = 3. Then a metric gω = e2ωg is called a conformal variation
of type II if
1. vol(∂M)[ω] = vol(∂M)[0]
2. H[ω] = H[0] = 3
3.

∮
∂M

(Tds)[ω] =
∮

∂M
(Tds)[0].

2.2 Conformal variations of type I

Let us start with an example. Let M = S4
+ with its standard metric.

As a consequence of Theorem 1.3.4.in the first part of this article, we have
in this special case the following Alvarez-Polyakov formula:

F [ω] = β2


−π2 log �

∫
S4

+

e4(ω−ω̄)dx + 1
4

∫
S4

+

(|∆ω|2 + 2|∇ω|2)dx




+ β3

{
1
2

∫
S4

+

(J2dx)[ω] − 1
2

∫
S4

+

(J2dx)[0]

}

By considering the doubling space S4 of S4
+, where we have the sharp

inequality of Beckner [Be-2] and the sharp Sobolev inequality of Obata-
Schoen [Ob] [Sc], we may conclude the following result.
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Theorem 2.2.1. On S4
+ with standard metric as the background metric,

within conformal variations of type I, F [ω] ≤ 0 when β2, β3 < 0, and the
F [ω] = 0 is attained only when e2ωg0 = φ∗g0 for some conformal transfor-
mation φ of the standard sphere S4 which maps the upper hemisphere to
itself.

It turns out that we can establish the existence of extremum of the func-
tional determinant and W 2,2-compactness of isospectral set within confor-
mal variations of type I on general 4-manifolds by applying the following
sharp inequality of Adams type for Neumann problem.

Lemma 2.2.2. For any function φ with Neumann boundary condition Nφ
= 0, on a given 4-manifolds M with smooth boundary ∂M , one has

(2.2.1)
∫

M

eα|φ−φ̄|2dv ≤ C(M, α) if
∫

M

|∆φ|2dv ≤ 1,

for any α < 16π2. Consequently one has

(2.2.2)
∫

M

e4(φ−φ̄)dv ≤ 4
α

∫
M

|∆φ|2dv + log C(M, α).

(2.2.1) is an analogue of Moser-Adams inequality [M] [T] [Ad]. The idea
of the proof of the inequality is first to embed M into a bigger manifold M̃
as an open domain, then to construct the Green function (cf. [Au]) with
respect to Neumann condition with the assistance of reflections defined in
small tubular neighborhoods of ∂M in M̃ , finally using reflections to con-
vert this problem into that where one may apply Moser-Adams inequality
[Ad]. We would like to remark that although our proof does establish 16π2

as the best exponent in the equality (2.2.1), we do not know if this expo-
nent can be attained as in the case of Adam’s original inequality for the
corresponding Dirichlet case.

In the following discussions, we shall name

a4(A, B) = β1

∫
|C|2 + β2

{
1
2

∫
Q +

∮
T

}
+ β4

∮
L4 + β5

∮
L5

the conformal index of the operator (A, B). Notice that a4(A, B) does not
depend on the choice of the background metric for metrics in the same
conformal class. As we shall see in the following results, a4(A, B) plays the
same role as the corresponding index a4(A) (which was denoted by kd(A)
in [CY]) does for compactness results on zeta functional determinants. As
a consequence of the sharp inequality (2.2.2) we have the following com-
pactness result.



12 SUN-YUNG A. CHANG AND JIE QING

Theorem 2.2.3. Suppose that (A, B) satisfies the three assumptions. And
suppose that β2, β3 < 0, and 1

β2
a4(A, B) < 4π2. Then within conformal

variations of type I, F [ω] is bounded from above and

(2.2.3) ‖ω − ωb‖2
W 2,2 + ‖ω − ωb‖4

W 1,4 ≤ C |F [ω]| + C,

where ωb is the average of ω over ∂M and C does not depend on ω.

Since we can control ωb through the spectral information of the metric
gw, we have as a direct consequence of Theorem (2.2.3) the following result.

Corollary 2.2.4. Suppose that (A, B) satisfies the three assumptions. And
suppose that −a4(A, B) < (−β2)4π2 and β2, β3 < 0. Then within conformal
variations of type I, the metrics gω with the same spectrum as g0 satisfy
the estimate

(2.2.4) ‖ω‖W 2,2 ≤ C,

where C is a constant which does not depend on ω.

Before discussing the extremum property of log determinant F [ω], we
would like to remark that although we have W 2,2 bound for metrics gw

conformal variation Type I, in general this class of metrics is not closed
under the weak limit of W 2,2 norms. For this reason, we need to further
restrict our class of metrics.

Definition 2.2.5. We call gω a restricted conformal variation of type I
from g0 if it is a conformal variation of type I and P4[0](ω) = 0 in M .

We would like to remark that the additional condition that P4[0](ω) = 0
is similar to the condition that the metric gw being flat imposed in the
works of [OPS-2], [OPS-3] on compact surfaces.

Corollary 2.2.6. Suppose that (A, B) satisfies the three assumptions. And
suppose that −a4(A, B) < (−β2)4π2 and β2, β3 < 0. Within restricted
conformal variations of type I, F [ω] has its maximum achieved by some
ωd ∈ W 2,2.

We also established the uniqueness of the extremal metric of functional
determinant if it exists, as a consequence of the convexity property of func-
tional determinant(cf. [CY]).

Theorem 2.2.7. Suppose that (A, B) satisfies the three assumptions, and
suppose that 2β3 ≤ β2 ≤ β3 < 0, and a4(A, B) ≥ 0. In addition assume
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that (β2 + 6µ4)L[0] is nonnegative definite. Then the maximum of F [ω]
under conformal variations of type I is unique when it exists.

Example 2.2.8. We have some simple examples where all assumptions in
Theorem 2.2.7 above are satisfied. We will consider the boundary value
problems where A = L and B is either Dirichlet or Robin boundary op-
erator. In this case β1 = 2 and β2 = β3 = −8 (see Table 1.3.8). Apply
Chern-Gauss-Bonnet Formula, we obtain:
(1) For S2×S2

+, we have vol = 8π2, χ = 2, |C|2 = 16
3 , and L = 0. Therefore

we have a4 = 128
3 π2 > 0

(2) For Σg ×S2
+, where Σg is a hyperbolic surface of genus g > 1, we know

χ = 2 − 2g, |C| = 0, and L = 0. Therefore a4 = 64(g − 1)π2 > 0.

2.3 Conformal variation of type II

The problems involved in the study of conformal variations of type II
is in general more difficult than that of the study of conformal variations
of type I. We will demonstrate, in the special case when M = B4, some
geometric and analytic aspects to study the zeta functional determinant
under conformal variation of this type. We hope that the discussion of
this special case will shed light for the study of the problem for general
manifolds. We now fix the standard metric of B4 as the background metric
g0 and write the Alvarez-Polyakov formula on B4.

Lemma 2.3.1. Suppose that (A, B) satisfy the three assumptions. Let
(M, ∂M) be (B4, S3) with the standard metric g0. If gω is a conformal
variation of type II, then the Alvarez-Polyakov formula is

(2.3.1)

F [ω] = − 1
2l

log
det(A, B)[ω]
det(A, B)[0]

= β2D[ω] +
1
2
β3

∫
B4

J2[ω]e4ω + 3µ3

∮
S3

(τ − 3F )[ω]e3ωdy

+ 3µ2{
∮

S3
τ̃ [ω]e3ωdy −

∮
S3

6dy}

where

(2.3.2)
D[ω] = 1

4

∫
B4

ω(P4ω)dx + 1
2

∮
S3

ω(P3ω)dy

+ 2
∮

S3
ωdy − 1

4

∮
S3

(ωN + ω;NN )dy

and
P3 = −1

2
N∆ − ∆̃N + ∆̃ and P4 = ∆2.
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In the discussions below, the following sharp inequality of Lebedev-
Milin type plays the same role for the compactness results as the classical
Lebedev-Milin inequality does for compact surface with boundary.

Lemma 2.3.2. Suppose ω ∈ C∞(B4), and assume ω satisfies
(1) H[ω] = H[0] = 3 (i.e., Nω|S3 = 1 − eω),
(2)

∮
S3(τdy)[ω] =

∮
S3(τdy)[0] = 0

Then

(2.3.3) log{ 1
2π2

∮
S3

e3ω dy} ≤ 3
4π2

D[ω],

or equivalently

(2.3.3’)
log{ 1

2π2

∮
S3

e3(ω−ω̄)dy} ≤ 3
4π2

{ 1
4

∫
B4

ωP4ω dx + 1
2

∮
S3

ωP3ω dy

− 1
4

∮
S3

(ωN + ω;NN ) dy},

where ω̄ = 1
2π2

∮
S3 ω dy. Moreover the equality holds if and only if e2ωg0 is

isometric to g0.

The proof of this sharp inequality consists of two steps. The first step
is to prove

(2.3.4)

1
2

∮
S3

ωP3ω dy ≤ 1
4

∫
B4

ωP4ωdx + 1
2

∮
S3

ωP3ω dy

− 1
4

∮
S3

(ω;NN + ωN )dy,

where
P3u = ∆̃(∆̃ + 1)

1
2 u,

is the so called Paneitz operator on S3 (cf. [Be-2] [B-1] [B-2]). The second
step is to apply the following sharp inequality of Beckner [Be-2]

(2.3.5) log{ 1
2π2

∮
S3

e3(ω−ω̄) dy} ≤ 3
8π2

∮
S3

ωP3ω dy.

To establish the inequality (2.3.4), we apply the following analytic result.

Lemma 2.3.3. Suppose w satisfies

(2.3.6)

∆2w = 0, on B4

w|∂B4 = u

Nw|∂B4 = φ.
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Then we have
P3ω = P3ω on S3

and
ω;NN + ∆̃ω = −2P1Nω − Nω, on S3,

where P1 = {(∆̃+ 1)
1
2 − 1} is the so-called Dirichlet-Neumann operator on

B4.

As a consequence of (2.3.3’) and the sharp Sobolev inequality on S3, we
can establish the following theorem.

Theorem 2.3.4. Suppose that (A, B) satisfies the three assumptions, and
that (A, B) has no zero eigenvalue. Let (M, ∂M) be (B4, S3), gω be a con-
formal variation of type II defined on B4. Assume further that gω satisfies∮

S3{(τdy)[ω] − (τdy)[0]} = 0, and that β2, β3 and µ2 + 3
2µ3 have the same

sign. Then the zeta functional determinant maintains the same sign and
attains zero at and only at the metrics isometric to the standard metric.

Example 2.3.5. Recall from Table 1.3.8 in the first part of this article that
β2 = −8, β3 = −8, and 3µ2 + 9

2µ3 = −29 when A = L the conformal
laplacian and B = R the Robin boundary operator. Therefore (L,R)
satisfies all the assumptions in Theorem 2.3.4.

We now discuss the zeta functional determinants within another natural
subclass of conformal variations of type II.

Definition 2.3.6. We call gω a restricted conformal variation of type II
from g0 if it is a conformal variation of type II and P4[0](ω) = 0 in M .

For example, when (M, g0) = (B4, g0), P4[0](ω) = (∆)2[0](ω). Metrics
gω conformal variation of type II are in the restricted class if and only if w
is biharmonic on B4.

Theorem 2.3.7. Suppose that (A, B) satisfies the three assumptions. As-
sume further that (A, B) has no zero eigenvalue. Let (M, ∂M) be (B4, S3).
Then within the set of restricted conformal variations of type II, the zeta
functional determinant stays in the same sign and attains zero at and
only at metrics which are isometric to the standard metric, provided that
β2, β3, µ2, µ3 have the same sign.

This result is established as a consequence of three sharp inequalities:
the sharp inequality of Beckner (2.3.5) [Be-2], the sharp Sobolev inequality
of Obata-Schoen on S3 , and the sharp Sobolev trace inequality due to
Escobar and Beckner (2.1.2) [E-1] [Be-1]. It is very interesting to see that
all these three sharp inequalities on S3 appear simutaneously as parts of
the log-determinant formula for (B4, S3).
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Example 2.3.8. β2, β3, µ2, µ3 all are negative when (A, B) = (L,R). See
Table 1.3.8 in the first part of this article. Meanwhile they are not of the
same sign when (A, B) = (L,D).
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