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GALOIS REPRESENTATIONS IN THE
TATE-SHAFAREVICH GROUP OF AN ELLIPTIC CURVE

DaviD E. ROHRLICH

This letter is intended as a footnote to a paper of Kramer [2]. The main
result of [2] is that there exist semistable elliptic curves E over Q with
arbitrarily large III(E/Q)2, where III(E/Q) is the Tate-Shafarevich group
of E over Q and HI(E/Q)2 the subgroup of elements of order dividing 2.
The footnote to be added here is that Kramer’s construction also gives
Tate-Shafarevich groups which are arbitrarily large as Galois-modules:

Theorem. Let K be a finite Galois extension of Q and n a positive inte-
ger. There exists a semistable elliptic curve E over Q such that the natu-
ral representation of Gal(K/Q) on II(E/K)y contains a subrepresentation

isomorphic to the direct sum of n copies of the reqular representation of
Gal(K/Q) over Fs.

Let m be an integer. As in [2], we consider the elliptic curves
A:y? +ay =2° + 8ma? + m(16m + 1)z
and
B :y? +ay =23 — 16ma’® — 8maz —m

over Q. They are related by an isogeny f : A — B with kernel the group of
order 2 generated by the point (0,0) on A. Let Sely(A/K) and Sel,(B/K)
denote respectively the 2-Selmer group of A over K and the g-Selmer group
of B over K, where g : B — A is the isogeny dual to f. Since f o g is mul-
tiplication by 2, the kernel of the map III(B/K) — III(A/K) induced by ¢
is a subgroup III(B/K), of HI(B/K)s. A key role in Kramer’s argument
is played by the commutative diagram

0 —— A(K)/2A(K) —— Sely(4/K) —— HI(A/K)s —— 0
0 —— A(K)/gB(K) — Sel,(B/K) —— III(B/K), —— 0,
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where o is surjective and the rows are exact. If V' is a subspace of Sel,
(B/K) which intersects the image of 7 trivially then § maps V injectively
into II(B/K),, because « is surjective. We shall see that for an appropriate
choice of m there exists such a subspace V' which is stable under Gal(X/Q)
and isomorphic as a representation to the direct sum of n copies of the
regular representation.

Our choice of m differs slightly from Kramer’s in that we take m even
rather than odd. The reason for this change is that we want A to have
split multiplicative reduction at 2 rather than ordinary reduction so that
we will be able to apply the local results of Brumer-Kramer [1] even when
K is ramified at 2. The 2-Selmer group of an elliptic curve with ordinary
reduction over a ramified extension of Q2 does not seem to have been
determined as yet.

We denote the completion of K at a place v by K,,. If v is the finite place
corresponding to a prime ideal m then we write v = v(m). If v = v(m) and
m divides m then we also write v|m.

Lemma. Given a positive integer n, there exists a positive even integer m
with the following properties:

(i) There are at least n distinct primes my, ma, ..., m, which divide m
and split completely in K.

(ii) The integer { = 16m + 1 has the form

0= tly.. Ly,

where r is a prime congruent to 1 (mod 4) and ¢1,0s,..., 0, are distinct
primes congruent to 1 (mod 4) which split completely into principal prime
ideals of K.

(iii) Suppose that the principal fractional ideal generated by an element
b€ K* is the square of an ideal of K. Thenb € K2 forvim; (1 <i < n).
Furthermore, there exist

— prime ideals my,my, ..., m, of K lying over my, mo, ..., m, respec-
tively,

— prime ideals 11, ls, ... [, of K lying over £1,4s, ..., L, respectively,
and

— generators A1, Ao, ..., A\, of l1, o, ..., [, Tespectively

such that for 1 <i,5 < n and 0,7 € Gal(K/Q),

N ¢ K2 withv =v(m]) < i=j and o =T.

Proof. The proof is much the same as in [2], but with the additional input
of the Chebotarev density theorem.
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Let H be the Hilbert class field of K and let ¢4, {s,..., £, be distinct
primes which split completely in H(v/—1). Then the ¢; split completely in
K and are congruent to 1 (mod 4) because they split in Q(v/—1). Let [;
be any prime ideal of K lying over ¢;. Since [; splits completely in H it is
a principal ideal, and we let \; be any generator.

Next choose a set of fractional ideals of K which represent the distinct
ideal classes of order 2, and for each representative b choose a generator
b(b) of the principal ideal b2. Let B be the set of elements b(b) so obtained,
and let U be a set of generators of the group of integral units of K. Then
the extension F' of K defined by

F=K{\z:2€ BUU})
is independent of any choices and hence Galois over Q. Put
A={):1<i<n, o€ Gal(K/Q)}.

Since the ¢; are odd primes while the extension F'/K is unramified outside
2 and infinity, the extension

L=F({VXx: A€ A})

has the same degree over F as K({V/A : A € A}) has over K, namely
2nlK:Ql n particular, putting

A= A= {\)

and
Li=F({VX:xe A},

we have [L : L;] =2 for 1 < j < n. Let My, My, ..., M, be primes ideals
of L, unramified over Q, such that the Artin symbol (9, L/Q) coincides
with the nontrivial element of Gal(L/L;). Put m; = K N M, and let m;
be the rational prime lying below m;. If m is a prime ideal of K lying over
some mj, then m splits completely in F' and consequently b € K? when
v =v(m) and b is as in (iii). Furthermore, for v = v(m;) we have A7 ¢ K*?
if and only if i = j and o = 1, whence the second assertion in (iii) follows
on replacing o by o7 1.

To complete the proof of the lemma, choose a prime r such that

Uil .. lyr =1 (mod 32myima...my,),

and put m = (€142 ...4,r — 1)/16. Then m is a positive even integer with
the required properties, and £ = 1 + 16m has the required form.
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Let £ and M be the sets of prime divisors of ¢ and m respectively, where
£ and m are as in the lemma. Then A has good reduction outside £ U M
and split multiplicative reduction at each prime in £LU M (cf. Lemma 1 of
[2] — the key point is that the number by = 1 + 32m = 2¢ — 1 belongs to
QgQ for every p € LU M, because if p € L then p =1 (mod 4)). We may
therefore use the results of Brumer-Kramer [1] to calculate the relevant
Selmer groups. As in [2], we view Selp(A/K) and Sel,(B/K) as subgroups

3
Selp(A/K) C [[(E*/K*?)

v=1

and
Sely,(B/K) C KX/KX2.

The map 7 : Sela(A/K) — Sely(B/K) is then identified with the restriction
to Sela(A/K) of the projection map

3
H(KX/KXZ) _}KX/KXQ

[a,b,c] = [a],

where the square brackets denote the class modulo squares of the triple
(a,b,c) or the element a. Given a finite place v of K, let O, denote the
ring of integers of K,. Arguing as in Lemma 2 of [2], but omitting part (ii)
of the lemma and observing that the restriction “p odd” in part (iii) is un-
necessary, we find that Sela(A/K) consists of all classes [a, b, ab] satisfying
the following conditions:

(1) If v is finite but v { #m then a,b € K} 20O}
(2) If v|m then b € aK 2.

(3) If v|¢ then b € K}2.

(4) If K, =R then b € aK 2.

In addition, the remark following the proof of Lemma 2 on p. 382 of [2]
shows that Sel,(B/K) consists of all classes [a] such that a € K20} for
finite v 1 ¢m.

Now let V be the subgroup of K*/K*? generated by the classes [\7]
for 1 <i < nand o € Gal(K/Q), where the \; are as in the lemma. Then
V' is contained in Sel,(B/K) and the representation of Gal(/K/Q) on V
is isomorphic to the direct sum of n copies of the regular representation.
We claim that V' intersects the image of 7 trivially. Indeed, suppose that
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[a,b,ab] € Selo(A/K) and [a] € V. After replacing a by another element of
aK*?, we may assume that a has the form

|

1<i<n
c€Gal(K/Q)

with €(i,0) =0 or 1 for all ¢ and o. In particular, a € O for v|m. Condi-
tion (2) above then implies that b € K202 for v|m. But by conditions (1)
and (3) we also have b € K20y for finite v { m. Hence the principal ideal
generated by b is the square of an ideal of K. Therefore b € K? whenever
v has the form v = v(m7) for some j and 7. For all such v condition (2)
then gives a € K*2. Tt follows that €(i,o) = 0 for all 4 and o, whence [a]
is trivial.
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