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ON THE NUMBER OF ZEROS OF ANALYTIC
FUNCTIONS IN A NEIGHBORHOOD OF A FUCHSIAN

SINGULAR POINT WITH REAL SPECTRUM

M. Roitman and S. Yakovenko

Abstract. Consider a linear differential equation of some order n with
coefficients analytic in the unit disk. Assuming that the equation has a
unique Fuchsian singular point at z = 0, and all roots of the corresponding
indicial equation are real, we establish an upper bound for the number of
zeros of any solution of this equation in any sector with the vertex at
z = 0. This upper bound is in some sense linear in the magnitude of the
coefficients of the equation.

1. Introduction

1.1. Zeros of analytic functions determined by linear ordinary
differential equations: a brief survey. Let f(t) be a function analytic
on some subset K ⊂ C and known to satisfy a differential equation Lf = 0
in a larger (open) domain U ⊇ K, where L is a linear ordinary differential
operator of the form

L = a0(t) ∂n + a1(t) ∂n−1 + · · · + an−1(t) ∂ + an(t), ∂ = d
dt ,(1)

with the coefficients aj(t) analytic and bounded in U . In this paper we
address a particular case of the following general problem: find an upper
bound for the number of isolated zeros of f in K in terms of the magnitude
of the coefficients aj(t) in U . The latter notion apparently needs to be
specified, since the coefficients aj(·) can be simultaneously multiplied by a
nonzero analytic function without changing the equation Lf = 0.

This problem has already been investigated for various classes of equa-
tions and functions. If L is a second order operator with real coefficients,
then upper bounds for the number of zeros can be obtained within the
classical Sturm theory. The case of arbitrary n and real zeros was studied
in [1] in two different contexts. Let K be a segment on the real line and U
an open neighborhood of K. If the operator L has no singular points in U
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(i.e., the leading coefficient a0(t) is nonvanishing in U), then without loss
of generality we may assume a0(t) ≡ 1. The first main result of [1] asserts
that in this case the number of zeros of any real solution of the equation
Lf = 0 on K does not exceed n+γ(‖L‖+lnn), where ‖L‖ is a majorant for
the coefficients |aj(t)|, j = 0, 1, . . . , n in U , and γ = γ(K, U) is a constant
depending only on the relative position of K inside U , see [1, Theorem 1].
An example of computation of γ(K, U) for a pair of concentric disks can
be found below in Section 5.

If the leading coefficient a0(t) vanishes somewhere in U , these points
may still be nonsingular for a given particular solution f (so called ap-
parent singularities). The second result of [1] claims that in this case
the number of real isolated zeros can grow at most polynomially in ‖L‖
(to define the ‖L‖ in this context, we normalize L by the condition that
|a0(t)| � 1 somewhere in K). However, in both cases the primary condition
was analyticity of f in a larger domain U containing K strictly inside.

The question about complex zeros is more subtle. The case of equations
with constant coefficients was considered in [11], [12] and recently in [4],
where similar results were established for bounded subdomains K � C

(note that equations with constant coefficients have a unique singularity at
t = ∞). In general, the number of zeros grows with the size of K. However,
in some particular cases the estimates remain finite even for unbounded
domains K, containing the singularity in their closure, for example, if K
is a horizontal strip −∞ < a � Im t � b < +∞ and all characteristic
exponents of L are real.

The general problem of counting complex zeros in bounded domains for
the nonsingular case was studied in [7], where it was proved that the num-
ber of zeros in this case also grows linearly in ‖L‖ even if the coefficients
were variable. In [5] a sufficient condition of the form ‖L‖ < εn was found
guaranteeing that any solution of Lf = 0 has no more than n− 1 roots in
the unit disk, provided that the leading coefficient is identically equal to
1.

In this paper we consider the problem of counting isolated zeros in a
set K containing a singular point of the operator L in its closure. The
uniqueness theorem for analytic functions does not apply to f on K, so
the number of zeros can a priori be infinite. The asymptotical rate of
accumulation of zeros to a singularity is usually studied within the frame-
work of Nevanlinna theory [6]. On the contrary, we are interested in the
cases when the number of zeros is finite, and look for explicit estimates
in terms of the coefficients of L. The simplest case is that of Fuchsian
singularities. Our main result is an explicit upper bound for the number
of isolated complex zeros of solutions of a Fuchsian differential equation in
terms of the magnitude of coefficients of the latter.
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Besides the natural interest, our investigation was motivated by even-
tual applications to bifurcation of limit cycles for planar vector fields. Con-
sider an integrable polynomial system together with a polynomial one-
parametric perturbation. Then the first variation of the Poincaré first
return map is an Abelian integral and satisfies the Picard–Fuchs linear
differential equation which can be in many cases written explicitly, and
zeros of this variation keep track of the limit cycles born out of periodic
(nonisolated) orbits of the initial integrable field. The separatrix polygons
correspond to singularities of both the Poincaré map and its variation;
the associated Picard–Fuchs equation usually has a Fuchsian singularity
with the real spectrum (for more details concerning this deeply developed
subject see [2] and references therein). The results proved below allow one
to majorize explicitly the number of limit cycles born by perturbation of
integrable planar vector fields, as soon as the corresponding Picard–Fuchs
equation is written explicitly.

1.2. Fuchsian singular points. Recall that a singular point t = 0 of the
differential operator L is Fuchsian, if after multiplication by an appropriate
analytic function the coefficients aj(t) are divisible by tn−j , for all j =
0, 1, . . . , n, aj(t) = tn−j âj(t), and â0(0) 	= 0. An equivalent condition is
that all solutions (in general, multivalued) grow at most polynomially at
any sector with the vertex at t = 0, see [3].

Since solutions are in general multivalued near a Fuchsian singular
point, it makes sense to count their zeros in sectors with the vertex at
the singularity.

Many properties of Fuchsian operators acquire a simpler form after
passing to the natural logarithmic time z = ln t. Suppose that the operator
L has a unique Fuchsian singular point in the unit disk D = {|t| < 1}. Then
this operator in the logarithmic chart can be reduced to the form

L = ∂n + A1(z) ∂n−1 + · · · + An−1(z) ∂ + An(z), ∂ = d
dz ,(2)

with 2πi-periodic coefficients Aj(z) analytic in the left half-plane H =
{Re z < 0}, Aj(z + 2πi) ≡ Aj(z). The Fuchsian condition means that
the coefficients Aj(z) remain bounded in H. Being periodic, they can be
expanded in a Fourier series, hence Aj(z) = A◦

j + O(exp z), A◦
j = const.

The linear operator L0 = ∂n + A◦
1 ∂n−1 + · · ·+ A◦

n−1 ∂ + A◦
n, ∂ = d

dz , with
constant coefficients, is called the principal part of L at infinity. Slightly
abusing the language, we will refer to operators with 2πi-periodic bounded
coefficients as the Fuchsian operators (resp., equations) in the half-plane.

The spectrum of the Fuchsian operator (2) is defined as the collection of
roots of the characteristic polynomial p(λ) =

∑n
j=0 A◦

j λn−j of the operator
L0.
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1.3. Magnitude of the coefficients. In order to formulate the results,
we introduce a one-parametric family of (essentially equivalent) numeric
measures of the magnitude of coefficients of a linear operator. Below we use
the notation A(U) for the linear space of functions analytic and bounded
in U .

Recall that any linear differential equation Lf = 0 by the standard
transformation f (j−1) → Yj , j = 1, . . . , n can be reduced to a linear system
of first order differential equations Ẏ = A(z)Y , Y = (Y1, . . . , Yn) ∈ Cn.
Choosing any Lp-norm ‖Y ‖p = (

∑ |Yj |p)1/p, p ∈ [1,∞] on Cn, we define
the magnitude ‖L‖p,U of an operator L in a domain U as the supremum
supz∈U ‖A(z)‖p of the associated matrix norm. In the two extreme cases
p = 1 and p = +∞ this construction yields for the operator L with the
leading coefficient a0 ≡ 1

‖L‖1,U = 1 + max
j=1,...,n

sup
z∈U

|aj(z)|,

‖L‖∞,U = max
{

1, sup
z∈U

n∑
j=1

|aj(z)|
}

.
(3)

This definition does not apply formally to operators having singular
points in U . However, for a Fuchsian operator L in the unit disk D we
define the magnitude of ‖L‖p,H as the magnitude of the same operator in
the logarithmic chart on H.

Finally we introduce a mixed numeric characteristics involving both the
magnitude of coefficients and the order of the equation, by putting

c(L) = 1
2n + 19 · min

p∈[1,∞)

(
1
p lnn + 4π‖L‖p,H

)
.(4)

The constant 19 looking somewhat mysterious outside context, is deter-
mined by the geometry of the semi-strip Π introduced below. The value
of c(L) is in fact an upper bound for variation of argument of any solution
of the equation Lf = 0 along any segment of length 2π contained in the
half-plane H−4π = {Re z � −4π}, see Lemma 1.

1.4. Formulation of the main result. Let Π = {| Im z| � 2π, Re z �
−4π} be the infinite horizontal semi-strip centered around the negative
semi-axis and L a Fuchsian operator in the half-plane H.

Theorem 1. If the spectrum of L is real, then any solution f of the lin-
ear equation Lf = 0, real on the negative semi-axis, has no more than
n(2c(L)+1) complex isolated zeros in the semi-strip Π, where the constant
c(L) is given by (4).
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As an obvious corollary, this result gives an upper bound for the number
of zeros of real solutions near a “true” Fuchsian singular point with the real
spectrum in the self-overlapping sector {0 < | t | < exp(−4π), |Arg t | �
2π}.

The choice of the specific semi-strip Π is not a restriction: any other
horizontal semi-strip on a positive distance from the boundary of H can
be put into the standard position by rescaling and translations (however,
such operators may affect ‖L‖).

The assumption that the solution is real, can be replaced by the as-
sumption that the equation is real, as the second result shows.

Theorem 2. If all coefficients of the Fuchsian operator L with the real
spectrum are real on the real axis, then any (not necessarily real) solution
may have no more than (n + 1)(2c(L) + 1) complex roots in the semi-strip
Π.

Remark. One cannot remove from the assumptions of the theorems the
condition that the spectrum is real, as the example of the function f(t) =
ti + t−i = 2i sin(ln t) shows (in this case the spectrum is ±i). Even more
grave problems occur in the non-Fuchsian case.

Remark. The assumption of Theorem 2 that the coefficients of L are real
on the real axis, formally is not restrictive. Indeed, for any Fuchsian op-
erator with bounded coefficients one can find another Fuchsian operator
L+ of order not exceeding 2n with real coefficients, such that any solution
of the equation Lf = 0 will satisfy L+f = 0. This procedure is construc-
tive (the coefficients of L+ can be obtained by algebraic operations and
differentiation from the coefficients of L), see [3]. In particular, for each
explicitly given operator L its “real envelope” L+ can be explicitly com-
puted. However, in general it is not possible to control the magnitude of
coefficients of L+ through that of L. Besides, it is rather unnatural to
require the reality of the spectrum for a totally non-real equation.

2. Variation of argument versus growth of modulus

The main technical result used in the proof of the theorems is an upper
bound for variation of argument of an analytic function solving a linear
differential equation.
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2.1. Voorhoeve index. Let Γ ⊂ U be a piecewise smooth curve.

Definition 1. The Voorhoeve index of a function f analytic in a neigh-
borhood of Γ is the total variation of argument of f(z) along that curve:

VΓ (f) =
1
2π

VarΓ Arg f =
1
2π

∫
Γ

| Im (
f ′(z)/f(z)

)| |dz|(5)

(strictly speaking, this definition is valid for functions without zeros on Γ ,
but the general case can be studied by small perturbations).

2.2. Elementary properties. The following elementary properties of
the index VΓ (·) can be established, see [11, 12].

• The triangle inequality: if f , g are two functions analytic on Γ ,
then

|VΓ (f) − VΓ (g)| � VΓ (fg) � VΓ (f) + VΓ (g).(6)

• Rolle inequality for analytic functions: if Γ is a line segment, then

VΓ (f) � VΓ (f ′) + 1
2 .(7)

The inequality (7) is in fact a particular case of a more general
inequality VΓ (f) � VΓ (f ′)+(2π)−1κ(Γ ) valid for any closed curve
Γ with the integral curvature κ(Γ ), see [4].

2.3. Voorhoeve index and differential equations. The index VΓ is
not the only quantity satisfying the triangle and Rolle-type inequalities: in
[7] it was shown that a certain characteristic expressed in terms of growth of
modulus of an analytic function, called the Bernstein index , also possesses
similar properties. This index can be relatively easily computed for a
function satisfying a linear differential equation with bounded coefficients
(since the growth of modulus can be explicitly controlled in this case), see
also [1]. On the other hand, in [4] a general statement was proved asserting
that the Bernstein and Voorhoeve indices are essentially equivalent in the
sense that knowing one of them allows for explicit majoration of the other.
In particular, the variation of argument of a function satisfying an equation
Lf = 0 in some domain U ⊂ C along any curve Γ � U can be explicitly
estimated in terms of ‖L‖p,U and the geometry of the pair (Γ, U).

However, in order to make the exposition self-contained, we reproduce
the arguments from [4] to prove by elementary means in Section 5 the
following result:

Lemma 1. Let L be a differential operator with coefficients analytic and
bounded in the disk 4πD. Then for any solution f of the differential equa-
tion Lf = 0 the variation of argument of f along the segment 2πI =
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[−2π, 2π] � 4πD admits an upper estimate of the form V2πI(f) � c(L),
where c(L) is the number defined by (4).

This result already allows one to place explicit upper bounds on the
number of complex zeros of any solution of Lf = 0 in any bounded domain,
thus yielding an alternative proof of one of the results from [7]. However,
we need to analyze the case of the infinite semi-strip Π, and the condition
of the real spectrum becomes crucial.

3. The Petrov operator and its properties

3.1. The Floquet operator. Denote by M the linear space of functions
analytic in H and moderately growing at infinity: f ∈ M ⇐⇒ ln |f(z)| =
O(|Re z|). By M+ ⊂ M we denote the subspace of functions real on the
real axis R ⊂ C. Let P � M be the linear space (and a commutative ring)
of bounded 2πi-periodic analytic functions in H: f(z) ∈ P ⇐⇒ g(t) =
f(ln t) ∈ A(D).

Consider a Fuchsian operator L in the left half-plane H with 2πi-
periodic coefficients A0(z) ≡ 1, A1(z), . . . , An(z) ∈ P and the principal
part L0 =

∑n
j=0 A◦

j ∂n−j , A◦
j = Aj(−∞). Denote by Z(L) the linear space

of solutions of the equation Lf = 0. Clearly, Z(L) ⊂ M, since L is Fuch-
sian. The monodromy , or Floquet operator T : f(z) → f(z + 2πi) leaves
the space Z(L) invariant and acts identically on P .

Lemma 2 (The Frobenius theorem in the logarithmic chart).

Z(L) ⊂ P ⊗ Z(L0).(8)

In other words, any solution of the equation Lf = 0 can be represented as
a combination

∑n
j=1 hj(z)Fj(z), where hj ∈ P and Fj ∈ Z(L0).

Proof. This is a reformulation of the well-known fact [3] about repre-
sentability of Fuchsian singularities in the form

∑
k,λ hk,λ(t) tλ lnk t with

analytic coefficients hk,λ(t) (Frobenius theorem), written in the logarith-
mic chart.

3.2. Construction of the Petrov operator. Consider the automor-
phisms Mλ of multiplication by expλz: Mλf = f expλz and define a
parametric family of difference operators Pλ, λ ∈ C, as follows:

P0 = i(T − T−1),

Pλ = MλP0M−1
λ = i[exp(−2πiλ)T − exp(2πiλ)T−1],

(P0f)(z) = i[f(z + 2πi) − f(z − 2πi)],
(Pλf)(z) = i[f(z + 2πi) exp(−2πiλ) − f(z − 2πi) exp 2πiλ].
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Lemma 3. Each operator Pλ is a linear automorphism of M, preserving
the null space Z(L) and commuting with multiplication by functions from
P.

If λ ∈ R, then Pλ leaves invariant the subspace M+ of real functions.
If f ∈ M+ and P0f = 0, then f is 2πi-periodic.

Proof. The first assertion follows from the fact that both automorphisms
T,T−1 preserve Z(L) and are identical on P .

The second assertion follows from the fact that for f ∈ M+ the func-
tions Tf and T−1f are complex conjugate on the real axis R.

3.3. Link to linear operators with constant coefficients. Any linear
operator L0 with constant coefficients admits “factorization” by commut-
ing terms (repetitions allowed)

L0 = Dλ1Dλ2 · · · Dλn , Dλj = Mλj ∂ M−1
λj

= ∂ − λj ,

where λ1, . . . , λn are points of the spectrum of L0.
Let L be a Fuchsian operator of the form (2) with the principal part

L0 and the spectrum Λ = {λ1, . . . , λn} ordered arbitrarily. Consider the
composition

PL = Pλ1Pλ2 · · · Pλn ,(9)

defined (uniquely modulo the order of terms) by the principal part L0.

Lemma 4. Independently of the order of terms in the composition (9),
the operator PL vanishes on both null spaces Z(L0) and Z(L).

Proof. The null space of L0 is the direct sum of nil-subspaces of Dλj ,
and each Pλ leaves all these subspaces invariant. If λ = 0 is a root of
multiplicity ν, then Z(L0) contains the space of polynomials of degree �
ν−1 as a subspace, and Pν

0 vanishes on this subspace, being the difference
operator. In the same way Pν

λ vanishes on the nil-subspace of Dλ, thus
the assertion of Lemma is proved for Z(L0).

Any function from Z(L) can be represented as in Lemma 2, and by the
first assertion of Lemma 3, PL(

∑
hjFj) =

∑
hj · PLFj = 0.

4. Rolle theorem for Petrov operators and proof of Theorem 1

4.1. Rolle-type inequality. Let Π be the semi-strip from Theorem 1
and Z+(L) = M+ ∩Z(L) the real subspace of the null space of a Fuchsian
operator L. For any function f ∈ M we denote by NΠ(f) the number of
its isolated zeros in the semi-strip Π, counted with their multiplicities.
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Lemma 5 (Rolle theorem for Petrov operators). If λ ∈ R, then for
any real function f ∈ Z+(L) NΠ(f) � NΠ(Pλf) + 2c(L) + 1, where c(L)
is given by (4).

Proof. We start with the simplest case, assuming that f has no zeros on
the horizontal boundaries of the strip and λ = 0. Consider an arbitrary
rectangle Πs = Π∩{Re z � −s}, s < ∞. Then by the argument principle,
the number of zeros of f in Πs is equal to the increment of (2π)−1 Arg f
along the boundary of Πs (in this case all zeros are isolated, since f 	≡ 0).
The increment of argument along the vertical sides of Πs does not exceed
the total variation V (f) along these sides, which is already estimated by
c(L) = n/2 + 19( 1

p lnn + 4π‖L‖p) for each side (Lemma 1). The problem
is to place an upper bound for the increment of Arg f along the horizontal
sides H±

s = {Im z = ±2π, −s � Re z � −4π} of the rectangle Πs.
Following [8], we observe that if Im f preserves its sign on a certain

segment, then the increment of Arg f along this segment is less or equal
to π. Therefore the number of zeros of the imaginary part Im f(z) along
H±

s majorizes the increment i±(f) = Arg f(−4π± 2πi)−Arg f(−s± 2πi)
along H±

s : |i±(f)| � πNH±
s

(Im f) + π.
It remains only to observe that Im f(x± 2πi) = ∓ 1

2 (P0f)(x) for x ∈ R,
if f is real on R (indeed, in this case f(x + 2πi) = f(x − 2πi) by the sym-
metry principle). Since the number of zeros of P0f in the whole rectangle
Πs is not smaller than on the real segment Πs ∩ R, i.e., NH±

s
(Im f) =

NΠs∩R(P0f) � NΠs(P0f), we arrive at the conclusion

NΠs(f) � 2c(L) + 1
2π (|i+(f)| + |i−(f)|) � 2c(L) + NΠs(P0f) + 1,

and since s may be chosen as large as necessary, the same inequality holds
for Π, as asserted by the Lemma.

If f is allowed to have isolated zeros on {Im z = ±2π} but Im f 	≡ 0 on
these lines, then one can replace Π by a slightly bigger semi-strip | Im z| �
2π + ε, Re z � −4π, where ε > 0 is chosen so that f has no zeros on
the boundary of that bigger semi-strip. Then the above argument can
be applied, and to achieve the proof in this case it remains only to note
that the number of zeros of Im f(x + 2πi + iε) for x ∈ [−s,−4π] is a
semi-continuous function of ε.

If R � λ 	= 0 then in order to estimate the increment of Arg f along
the horizontal sides, one needs to apply the same considerations to the
function f(z) exp(−λz) which is also real on R; the contribution along the
vertical sides is estimated in the same way as before.

It remains to consider only the case of Pλf ≡ 0. But in this case
f(x + 2πi) = f(x − 2πi) exp 4πiλ, hence the increments i±(f) of Arg f
along the two horizontal sides of Π cancel each other, so that NΠ(f) �
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2c(L) + 0 = 2c(L) + NΠ(0), as asserted by the Lemma. This last remark
completes the proof.

Remark. The variation of argument of f along the distant side {Re z =
−s} of the rectangle Πs in fact does not exceed nπ + ε, if s is sufficiently
large. This observation allows one to improve slightly the estimate in
Lemma 5.

Remark. The formula (7) generalizes the Rolle inequality comparing the
number of zeros of a real function with that of its derivative on a segment.
In the same way the main result of Lemma 5 is a modification of the Rolle
inequality but for difference rather for the differential operator. For more
examples of Rolle-type inequalities see [4, 7] and [9, section 5].

4.2. Proof of Theorem 1. Let L0 be the principal part of the operator L
and P = PL = Pλ1 · · · Pλn the associated Petrov operator. By Lemma 4,
P annulates any real solution f ∈ Z+(L). Applying n times the Rolle
inequality established in Lemma 5, we arrive to the inequality NΠ(f) �
n(2c(L) + 1) + NΠ(0) = n(2c(L) + 1). This is the upper bound we were
looking for.

4.3. Proof of Theorem 2. This theorem is in fact a corollary to Theo-
rem 1. Indeed, if L+ is a real operator and f ∈ Z(L+), then both Re f |R
and Im f |R satisfy the same equation L+f = 0 on R, hence on the trans-
lates R ± 2πi. Applying the argument principle to f in Πs as in the proof
of Lemma 5, we observe that

• the increment of Arg f along horizontal sides of Πs is less or equal
to one half of the number of zeros of Re f plus 1

2 as in the proof
of Lemma 5,

• the increment of Arg f along the vertical sides of Πs is majorized
by 2c(L),

• Re f is a real solution, hence the estimate of Theorem 1 applies.
Therefore if Re f 	≡ 0, then the number of zeros of f in Πs is majorized
by 2 · 1

2 [n(2c(L) + 1) + 1] + 2c(L). If Re f ≡ 0, then if is already a real
solution.

5. Appendix: demonstration of Lemma 1

5.1. Denote by ‖f(t)‖p the norm (|f(t)|p+|f ′(t)|p+· · ·+|f (n−1)(t)|p)1/p.
Then by the Gronwall inequality ‖Y (t)‖ � ‖Y (0)‖ exp

∫ t

0
‖A(t)‖ |dt| ap-

plied to the system of first order equations introduced in Section 1.3, we
can control the growth of ‖f(t)‖p, proving for all t ∈ 4πD the inequality
‖f(t)‖p � ‖f(0)‖p exp 4π‖L‖p for any solution f ∈ Z(L), where ‖L‖p is
defined by (3).
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For any vector Y = (y1, . . . , yn) ∈ Cn we have the inequalities

∀j = 1, . . . , n : |yj | � ‖Y ‖p, ∃j ∈ {1, . . . , n} : |yj | � n−1/p‖Y ‖p.

Therefore for one of the derivatives g(t) = f (ν)(t) of some order ν between
0 and n−1, we have |g(0)| � n−1/p‖f(0)‖p, and hence |g(t)| � |g(0)| expBp

on 4πD, where Bp = 1
p lnn + 4π‖L‖p. The number Bp is a majorant for

the Bernstein index of g, the latter in this particular case being defined as
ln max|t|=1 |g(t)| − ln |g(0)| (cf. [4, 7]). Using the ideas of [4], we estimate
the index V2πI(g) and then use the inequality (5) to derive the similar
estimate for f .

5.2. By the Jensen inequality [1], [10] the function g(t) has no more than
d = �γBp� isolated zeros in the disk 3πD, where γ = 1/ln 4

3 . Indeed, for
the analytic function F (z) = g(4z) in the unit disk {|z| � 1} one has the
equality

ln |F (0)| =
1
2π

∫ 2π

0

ln |F (eiφ)| dφ +
∑

F (zj)=0

ln |zj |,

with the summation extended over all roots of F , assuming that F is
nonzero at z = 0 and on the boundary |z| = 1. This gives the required
upper bound for the number of zeros of F (z) (resp., g(t)) inside the disk
{|z| � 3/4} (resp., {|t| � 3π}).
5.3. Consider the ratio h(t) = g(t)/P (t), P (t) = (t−t1) · · · (t−td), where
tj are roots of g in 3πD (counted with their multiplicities). Due to the
prescribed location of the roots tj , any linear factor |t − tj | is greater or
equal to π on the boundary of 4πD and less or equal to 3π at the origin.
Therefore |P (0)| =

∏d
j=1 |tj | � (3π)d, and |P (t)| � πd on the boundary

|t| = 4π, so finally we conclude that |h(t)| � |h(0)| · 3d expBp everywhere
in 4πD and, moreover, in 3πD the function h(t) is nonvanishing.

5.4. Without loss of generality we may assume that h(0) = 1. Choose
a branch of logarithm ξ(t) = lnh(t) for t ∈ 3πD in such a way that
ξ(0) = 0. Then ξ(·) maps the disk 3πD into the translated left half-plane
Hb = {Re ξ � c}, where b = d ln 3 + Bp = (1 + γ ln 3)Bp.

Let Ψ: D → H1 = {Re z < 1}, Ψ(t) = 2t/(t + 1), be the standard map
taking t = 0 into the origin and mapping the boundary of the unit disk
into the boundary Re z = 1. By the Shwartz lemma, for any other map
ψ : D → H1 taking 0 into 0, the image of the disk ψ(rD), 0 < r < 1, is
entirely contained in Ψ(rD), in particular, |ψ(t)| � 2r/(1 − r) = |Ψ(−r)|
for |t| � r. Applying this observation to the function ψ(t) = b−1 ξ(t/3),
we arrive to the inequality |ξ(t)| � 10b for t ∈ 5

2πD. An alternative
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way to prove this upper bound is to apply the Harnack inequality to the
nonnegative harmonic function u(z) = (d ln 3 + Bp) ln |h(0)| − ln |h(z)|.
5.5. Consider a part of diameter K = [−a, a] � D of the unit disk, and
let F : D → D be an analytic mapping of D into itself. Then for the length
of the image |F (K)| we have the following inequality for the length |F (K)|
of the image F (K), obtained via the Cauchy integral formula:

|F (K)| �
∫ a

−a

|F ′(x)| dx =
∫ a

−a

dx
1
2π

∮
∂D

|F (z)|
|z − x|2 |dz|

=
∫ a

−a

dx

2π

∫ 2π

0

dφ

1 + x2 − 2x cos φ
=

∫ a

−a

dx

1 − x2
=

1
2

ln
1 + x

1 − x

∣∣∣∣
a

−a

= ln
1 + a

1 − a
.

After obvious rescaling arguments, this implies the inequality |ξ(2πI)| �
ln 9 · 10b. The variation of argument of h(·) = exp ξ(·) along 2πI is less or
equal to the length |ξ(2πI)|. Finally we conclude that

V2πI(h) � 5π−1 ln 9 · b = 5π−1(1 + γ ln 3) ln 9 · Bp.

5.6. The total variation of argument of P (t) along 2πI does not exceed
πd, since I is a straight line segment. Using the inequality (7), we can
estimate the variation of argument of f(t) via that of f (ν):

V2πI(f) � ν/2 + V2πI(P ) + V2πI(h) � ν/2 + d/2 + 5π−1b ln 9

� n/2 + γBp/2 + 5π−1 ln 9 (1 + γ ln 3)Bp

= n/2 + Bp · {1/
(
2 ln 4

3

)
+ 5

π ln 9
[
1 + (ln 3)/

(
ln 4

3

)]}
≈ n/2 + 18.5895 Bp < n/2 + 19 ( 1

p lnn + 4π‖L‖p).

Remark. The constant 18, 5 · · · < 19 can be slightly improved by choosing
different relative sizes of the disks, instead of the scheme 2πD � 5

2πD �
3πD � 4πD.

Moreover, the inequality asserted by Lemma 1 is subject to a certain
trade-off between the term n/2 and the term proportional to ‖L‖p: if the
latter is substantially overtaking the former, then one could partition the
segment 2πI into a number of smaller subsegments. Then the relative
position of each segment in the disk 4πD will be “better”, i.e., allowing
for a better estimate for the variation of argument of the corresponding
derivative g = f (ν), but the term n/2 will be replaced by kn/2, where k is
the number of subsegments.

However, all these improvements still do not yield a sharp estimate for
the number of zeros, therefore we restrict ourselves to just indicating how
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they could be made when really necessary. Our goal was only to stress the
explicit nature of the estimates.
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