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A COUNTEREXAMPLE FOR MAXIMAL OPERATORS
OVER A CANTOR SET OF DIRECTIONS

NETSs HAwK KATZ

ABstracT. We produce a counterexample to the boundedness of the Can-
tor set maximal operator. We also produce a sharp counterexample for the
restriction of the maximal operator of a truncated Cantor set to a strip.

§0. Introduction

Let R be the set of rectangles in R? having length 1 and width % Let
us define the maximal operator on R? given by

1
(Myf)@)= swp o /R sl

reERER N

Cordoba in [C] proved that for any f € L?(R?), one has the inequality,

(0.1) |IMn fllzz < Cy/1+log N[ |2

In fact, he showed something stronger. He demonstrated that for any
S € Ry where xg(x) is the characteristic function of S that

V1+log N

0.2 M3 Fll2 <O
(0.2) [IXs MR fllrz < Nii

AN z>-

Here M?, is defined just as My by

(ME (@) = sup ﬁ /R i/l

TERERY,

where RS, is defined as the set of elements of R making an angle of at
least § with S. He proved (0.1) by observing that it is sufficient to work
on a square and combining (0.2) on N parallel rectangles S.
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One line of research is to determine whether restrictions on the directions
of allowed rectangles will improve the estimate (0.1). That is let ¥ C [0, 1]
and define R% to be those elements of Ry having slope in 3. Then we
define

S h - sp L
MEN@ = s [ 11

TERERY,

It suffices to consider sets ¥ whose elements are fractions with denominator
N. If ¥ is a lacunary set, then in particular it can have at most C'log N
elements. By a result of [NSW], one has that

(0.3) MK fllze < ClISlze,

where the constant C' depends only on the order of lacunarity. Now, in
light of the ideas in [K], (There, boundedness with constant /log N is
obtained for a certain class of paraproducts whose boundedness implies
boundedness of the maximal operator over unit intervals in N directions.
Boundedness of the same class of paraproducts multiplied by the scalar ﬁ

implies boundedness of the maximal operator restricted to a strip) for any
set X with log N elements, one gets automatically

v1+loglog N
VN

but for ¥ lacunary, it is quite easy to obtain

IxsMx fllzz < C (WIZR

1
0.4 M fllpe < C— 2,
(0.4) IIxs MRy fllz2 < W!IfIIL

where, in both cases, S is parallel to the y-axis.

Now letting NV = 3™ for some integer n, if 3 is the truncated Cantor set
(i.e. X consists of all numbers of the form 0,1, or Z?zl 2+ where a; is 0 or
2.), then it has been conjectured (e.g. [V]) that one obtains (0.3). Positive
results for radial functions may be found in [DV]. However, we point out

that (0.4) fails, i.e that

Theorem 1. Let 3 be the Cantor set above, let S be parallel to the y-axis.
The exists a function f and a constant ¢ > 0 so that

Viog N
VN

Ixs MR fllze > ¢ 122

Thus, in light of [C], the constant —Vl(’\/gﬁN is sharp (as far as the exponent

of log N for ysM>%.) We also prove the possibly less sharp
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Theorem 2. Let X be as above. There exists a function f and a constant

¢ so that
|IM% flirz > cy/loglog N||f]| 2.

Theorem 2 also implies that for any p < 2, there exists ¢, and a function
g so that

||M%g\|m > ¢p(loglog N)7 || f]|Lr-

(In particular, we may choose g = f%) For p > 1+ }ggg,

result. However, for p > 2, the problem of boundedness or unboundedness
of M in LP remains open.

this is a new

§1. Proof of Theorem 1

It suffices to let n > 2 for otherwise the theorem is trivial. It suffices to
work on S = [0,37"] x [0, 3]. We define Q(I) to be the square of sidelength
+ described as [0, 37" x [({—1)37",137"). For 1 <1 < &, we assign s(l) €
Y. We define the linear operator L taking functions on R? to functions on
S by

ZXQJ |R ‘ f)

Here R; is the rectangle with dimensions 3 x (?%N) centered at the center

of @; having slope s(j). To prove the theorem, it suffices to show that
there exists f, a function on S, a choice of s(j) and a constant ¢ > 0 not
depending on N so that

log N
DL |2 > & Og

[1F]lz2-

We let f = xs. Then ||f||z2 = \/LN Thus we must show there exists a

choice of s(j) with

. clog N
1L fllze > B

Now by definition
L fl]12 = ( /S (LI )2}

whilst by Holder’s inequality,

/SLL*fS(/(LL* PHA(SI),
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so that it suffices to show

. clog N
/SLL e B

which is what we shall do.

Now,
N
Lr SoXR; = C
1=, P ek S
Thus for z € @i, one has

N
LL*f(x) > ¢ |R; N Ry,
Jj=1

so that
c N N
/LL*fz WZZ\RJ-QRM.
k=1j=1

J;\,k‘, we have that

Now whenever |s(j) — s(k)| >
c

|5(7) — s(k)IN?

We let K(j,k) =1 when |s(j) — s(k)| > lj;,kl and K (j,k) = 0 otherwise.
Then it suffices to show there exists a choice of the map s so that

D ) Mo R M My e L

j=1k=1

|R; N Rg| >

We will find such a map s.

We produce a continuous version of s. Let € be the middle thirds Cantor
set contained in [0,1]. Let d be the triadic distance on [0,1]. For any f
measurable taking [0, ] to €, we define K (x,y) = 1 when |f(z) — f(y)| >
|z — y| and O otherwise. Clearly Kf(x,y) cannot be 1 everywhere since
then f=! would be a well defined Lipschitz map from € onto [0, §] which
is impossible.

Proposition 1.1. There ezists f defined a.e. from [0, %] to € so that for

every n > 0,
/ Ky(z,y)dzdy on.
d(z,y)>3—" |f( ) ( )| B
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Proof. Almost every z € |0, %] has a unique infinite ternary expansion
x = 0.0x122.... Every infinite ternary expansion 0.y;ys ... denotes a
unique element of € as long as for every j, one has y; = 0 or y; = 2. We
define

f(0.0z122...) = .g(x1)g(x2) ...,

where g : {0,1,2} — {0,2} by ¢(0) = g(1) = 0 and ¢(2) = 2. For any I
triadic with |I| = 377, we observe by rescaling that

/ Ky(z,y)dzdy
(1.2) (ey)elxTd@y=3—1} @) —fly)
pos [ Ky (a.y)dady
()0, 1]x[0, (@ )=11 f(@) = f()

On the other hand

/ Ky(z,y)dedy - 4
(@y)e0.1]x[01]:dz) =1} f(x) = fly) — 81

since < |f(z) — f(y)| <1 when z € [0, 2] and y € [2, 1]. Thus for any [,
we have that

/ Ky(z,y)dedy - 4
day)=s—t |f(z) = f(y)l — 81
by summing over all triadic J C [0,1] with |J| = 37!, Summing over [

O

going from 1 to clog N, we obtain the proposition.

Now we are ready to define s(j). If j = Z?;ll a;3" 71 then s(j)
S, g9(a;)37". By the same reasoning as the proposition, we prove (1.
and Theorem 1.

Y

§2. Proof of Theorem 2

We let n > 10 for otherwise the theorem is trivial. We let the rectangles
R; be as before. We define the function

37171

f= Z XR; -
j=1

We will prove the following three lemmas:

Lemma 2.1. With C > 0 a universal constant independent of N,

(2.1) /f2 < ClogN.
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Lemma 2.2. There exists a constant ¢ > 0 independent of N, so that for
all1 < j<3n71,

1

(2.2) 1
|R;| JrR,

f>clogN.

Lemma 2.3. There exists a constant ¢ > 0 independent of N so that

cloglog N

2. | >

We first prove Theorem 2 from these three lemmas.

Proof of Theorem 2. By (2.2), we have that everywhere on UR;;,
MY f > clog N.
Now by (2.3) this yields
(2.4) /R (Mx f)? > c(loglog N)(log N).
UL
The inequalities (2.1) and (2.4) yield Theorem 2 O

Now we need only prove the three lemmas.

Proof of Lemma 2.1. By [C], the operator defined by
371/71

1
(Lg)(x) = Z X0, (g /R K

is bounded on L? with norm less than or equal to C—V}f}gN. Define the strip
S =UQ;. Then

c
lIxsllre < \/—N
Thus
It yslls < O8N

But L*xS = C% Y3, Xg,, by definition. So that

1fllz2 < Cy/log N,
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which was to be shown. |

Proof of Lemma 2.2. Observe that by definition,

3n—1

i),
— [ f=eN SR N Ry
|Rj| JR, kz:l !

We let d(s,t) denote the triadic distance between s and ¢ for any s,t € [0, 1]
(i.e. d(s,t) is the length of the smallest triadic interval containing both s
and t.) It suffices to show that for any 1 <1 <n — 1, we have

c
(2-5) Z ‘Rj mRk’ > N
{k:d(L,£)=3-1}

n’'n

For any j, there are ¢3"7!=2 numbers k with d(4, %) = 37! and with

37 < [s(j) — s(k)| < 3'~". These are all k’s so that if the [ 4 1st digit of

% is 0 or 1 then the [ + 1st digit of % is 2 or vice versa. For each such k,

we have that

3[
Summing over 3"~!=2 values, we obtain (2.5). Summing over [ yields the
lemma. ]

n—

Proof of Lemma 2.3. Let D = Ug?:lle and define the auxiliary functions

tj(r) = Xf#(x),
) o XRe (@)

on D. Clearly, we have that

3n—1

> [tz = b,

which is the quantity we wish to estimate. We define the set Rg\ to be the
part of R; which is at distance approximately % from the y-axis. In other
words,

1 2
R;‘ = {(z1,22) € R : X <lrp] < X}
We claim that
3n—1
_ 1  logN
1
(26) > [ e <o+,
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We may readily see that the left hand side of (2.6) is simply the same as
371,—1 377.—1
> Y mam
j=1 k=1

One immediately obtains that

3n—1

o
Z |R)\ = X7
j=1
so that it suffices to show
R log N
(2.7) S SR AR < O g ).
J=1 k#j

Now, we observe that |s(j) — s(k)| < 3d(%, £) so that the summand in
(2.7) is only nonzero for (j, k) with

Cai)

ik A
(2.8) (= 5

—) >
N’ N

However for A\ sufficiently large (81 will suffice), one also has that (2.8)
implies

(29) 5) — s(R)| = 2d(%, ).

The inequality (2.9) is true since s maps the string 02 to 02, while sending
10 to 00,and 12 to 02 while sending 20 to 20. Now we proceed to show
(2.7). It suffices to show that for any fixed [,

3n1

(2.10) Z > ]R?DRQISC(%).

L4 d)=3-"

There are fewer than CN)\?;nil pairs (7, k) satisfying (2.8) with d(N, N) =

37!, However by (2.9) each such pair contributes not more than C-3 W to
the sum. Multiplying these two numbers gives (2.10) and summing over [
gives (2.7) and thus (2.6).
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From this point on, we restrict to A < log N so that (2.6) becomes

()1 log N
DN NGO !

This means by Tchebycheff that for at least % values of j one has

1 log N
/R?m(x» <20(E5).

From this we obtain for these j,

1 log N

— ti(z))"t <20
which implies by Jensen’s inequality that
1 A
_ ) >
so that
(2.11) / t(2) > (<)

' R = T Nlog N
Summing over the j’s for which (2.11) is valid, we obtain
(2.12) Z/ ti(z) > ! ).

; R J - IOgN

Now we restrict A to being a member of the set,
A={202!, . ..  olelesNy

For fixed j and any A1, A2 € A with A; # Ay one has R} N R}* = (). Now
summing (2.12) over A € A, we obtain

loglog N
t > (=20
N UELS

which was to be shown. O
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