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GENERALIZED LIOUVILLE PROPERTIES OF
MANIFOLDS
Tobias H. Colding and William P. Minicozzi II

In this paper, we announce results on generalized Liouville theorems on
manifolds.
Our ﬁrst theorem is the following.
Theorem 1. [CM4] For an open manifold with nonnegative Ricci curvature the space of harmonic functions with polynomial growth of a ﬁxed rate
is ﬁnite dimensional.
We show Theorem 1 by giving an explicit bound on the dimension of
this space depending only on the dimension of the manifold and the rate
of growth.
Theorem 1 was conjectured by Yau (see [Y3], [Y4], [Y5], and [L1]).
Around 1974 Yau, [Y1], generalized the classical Liouville theorem of complex analysis to open manifolds with nonnegative Ricci curvature. Specifically, he proved that a positive harmonic function on such a manifold
must be constant. Yau’s Liouville theorem was considerably generalized
by Cheng-Yau (see [CgY]) by means of a gradient estimate which implies
the Harnack inequality. As a consequence of this gradient estimate (see
[Cg]), on such a manifold nonconstant harmonic functions must grow at
least linearly.
The case n = 2 of Theorem 1 was done earlier by Peter Li and L.F.
Tam, [LT2] (in fact, for surfaces with ﬁnite total curvature). For another
proof in the case n = 2 using nodal sets see Harold Donnelly and Charles
Feﬀerman, [DF]. In [LT1] Peter Li and L.F. Tam settled the case d = 1. In
our earlier paper [CM2] (see also [CM1]), we proved the above conjecture
of Yau under the additional assumption that M n has Euclidean volume
growth. We refer to the references for additional results related to this
conjecture.
We recall the deﬁnition of polynomial growth.
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Deﬁnition. For an open (complete noncompact) manifold, M n , given a
point p ∈ M let r be the distance from p. Deﬁne Hd (M ) to be the linear
space of harmonic functions with order of growth at most d. This means
that u ∈ Hd if u is harmonic and there exists some C < ∞ so that
|u| ≤ C(1 + rd ).
In fact, Theorem 1 is a consequence of a much more general result. In
order to state this we need to recall the deﬁnition of some basic analytic
inequalities on Riemannian manifolds.
Let (M n , g) be a complete Riemannian manifold.
Doubling property. We say that M n has the doubling property if there
exists CD < ∞ such that for all p ∈ M n and r > 0
Vol(B2r (p)) ≤ CD Vol(Br (p)) .
Neumann Poincaré inequality. We say that M n satisﬁes an uniform
Neumann Poincaré inequality if there exists CN < ∞ such that for all
2,1
p ∈ M n , r > 0 and f ∈ Wloc
(M )


2
2
(f − A) ≤ CN r
|∇f |2 ,
Br (p)

where A =

1
Vol(Br (p))



Br (p)

Br (p)

f.

Note that if M n is a manifold with nonnegative Ricci curvature, then
M has the doubling property with doubling constant CD = 2n by the
classical relative volume comparison theorem. Observe also that in [Bu]
Peter Buser showed that these manifolds satisfy an uniform Neumann
Poincaré inequality with CN = CN (n) < ∞.
We can now state our more general result.
n

Theorem 2. [CM4] If M n is an open manifold which has the doubling
property and satisﬁes an uniform Neumann Poincaré inequality, then for
all d > 0, there exists C = C(d, CD , CN ) < ∞ such that dim Hd (M ) ≤ C.
We note that a particular consequence of our proof is that we need very
little regularity of the metric.
An immediate consequence of Theorem 2, in addition to Theorem 1, is
the following.
Corollary 3. [CM4] If M n is an open manifold which is quasi isometric
to an open manifold with nonnegative Ricci curvature then dim Hd (M ) <
∞ for all d > 0.
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Recall that two metric spaces are said to be quasi isometric if they are
bilipschitz.
In [Ly] Lyons gave examples showing that, in general, Liouville properties are not stable under quasi isometric changes. However, Saloﬀ-Coste,
[Sa1], and Grigor’yan, [Gr], independently showed that if an open manifold
has nonnegative Ricci curvature then any other quasi isometric manifold
does not admit any nonconstant bounded harmonic function. In fact,
Saloﬀ-Coste, [Sa2], and Grigor’yan, [Gr], gave a lower bound in terms of
n, CD and CN for the rate of growth of a nonconstant harmonic function
on a manifold which has an uniform Neumann Poincaré inequality and has
the doubling property.
Prior to the results of [Gr], [Sa1], [Sa2], Lyons and Sullivan, [LySu], and
Guivarc’h, [Gu], showed that a normal cover with nilpotent deck group
of a closed manifold does not admit a nonconstant bounded (or more
generally positive) harmonic function. As a generalization of this we have
the following immediate consequence of Theorem 2 (see for instance [Gv]
for the deﬁnition of polynomial growth of a ﬁnitely generated group).
Corollary 4. [CM4] Suppose that M n is a closed manifold and M̄ is a
normal cover of M with deck group of polynomial growth. For all d > 0,
dim Hd (M̄ ) < ∞.
For elliptic operators in divergence form on Rn we get the following
theorem.
Theorem 5. [CM4] If L is a quasi uniformly elliptic operator in divergence form on Rn then the linear space of L-harmonic functions on Rn
with polynomial growth of a ﬁxed rate is ﬁnite dimensional.
We refer to [CM4] for the exact deﬁnitions involved in the statement of
Theorem 5. Here we will only note that quasi uniformly elliptic is more
general than uniformly elliptic.
For an area minimizing hypersurface Σn ⊂ Rn+1 , we deﬁne the spaces
Hd (Σ) with respect to the Euclidean distance. We have the following
immediate application of Theorem 2.
Theorem 6. [CM4] Let Σn ⊂ Rn+1 be a complete area minimizing hypersurface without boundary, L an uniformly elliptic divergence form operator
on Σ, and d > 0. If Σ has Euclidean volume growth, then dim Hd (Σ, L) <
∞.
In [CM5] we obtain Weyl type asymptotic bounds for the dimension
of the space of harmonic functions of polynomial growth on manifolds of
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nonnegative Ricci curvature. Namely we prove the following more general theorem (in fact this theorem holds even for quasi uniformly elliptic
operators on these manifolds).
Theorem 7. [CM5] Suppose that M n has an uniform Neumann Poincaré
inequality and has the doubling property then there exist
C = C(CD , CN ) < ∞ such that for d > 0
dim Hd (M n ) ≤ C d

log CD
log 2

.

As an application, we obtain a Siegel’s theorem bounding the transcendence degree of the quotient ﬁeld associated to the algebra of polynomial
growth holomorphic functions on an open Kähler manifold which is quasi
isometric to a manifold with nonnegative Ricci curvature.
In [CM6], we will give a generalization of Theorem 6 and some geometric
applications of this.
Theorem 8. [CM6] Let Σn ⊂ Rn+k be a complete minimally immersed
submanifold without boundary which has Euclidean volume growth with
Vol(Σ ∩ Br (x)) ≤ Vrn for all r > 0 and all x ∈ Rn+k . For any d > 0,
dim Hd (Σ) ≤ C where C = C(n, V, d) < ∞.
There are many examples of minimal submanifolds satisfying the hypotheses of Theorem 8; for instance, any aﬃne algebraic submanifold of
CN .
Since the coordinate functions are themselves in H1 (Σ), we get the
following Bernstein type corollary of Theorem 8.
Corollary 9. [CM6] If Σn ⊂ Rn+k is a complete minimally immersed
submanifold without boundary which has Euclidean volume growth with
Vol(Σ ∩ Br (x)) ≤ Vrn for all r > 0 and all x ∈ Rn+k , then Σ must be
contained in some aﬃne subspace of dimension at most  = (n, V).
We note that Corollary 9 was previously proven for minimal submanifolds of spheres, and hence for minimal cones in Euclidean space, by ChengLi-Yau, [CgLY], using heat equation methods.
Also in [CM6], we prove Liouville type theorems for harmonic sections of
bundles with nonnegative curvature on manifolds with nonnegative Ricci
curvature. For a vector bundle E → M with a hermitian metric and d > 0,
deﬁne the space Hd (M, E) as an obvious generalization of the deﬁnition
of Hd for functions.
Theorem 10. [CM6] Let M n be an open manifold with nonnegative Ricci
curvature and E k a rank k hermitian vector bundle with nonnegative curvature. For all d > 0, dim Hd (M, E) < ∞ .

GENERALIZED LIOUVILLE PROPERTIES OF MANIFOLDS

727

In fact, we show Theorem 10 by giving an explicit bound on the dimension of Hd (M, E) depending only on n, d, and k. As a corollary of
Theorem 10, we get the following result which addresses a question raised
by Yau, [Y4] and [Y5].
Corollary 11. [CM6] Let M n be a Kähler manifold with nonnegative
Ricci curvature and E a hermitian holomorphic line bundle with nonnegative curvature. For all d > 0, dim Hd (M, E) < ∞.
See [CM5] and [CM6] for additional results in this direction.
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