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HEAT KERNEL AND MODULI SPACE

KEFENG LiU

1. Introduction and notations

In this paper we describe a proof of the formulas of Witten [W1], [W2]
about the symplectic volumes and the intersection numbers of the moduli
spaces of principal bundles on a compact Riemann surface. It is known that
these formulas give all the information needed for the Verlinde formula.
The main idea of the proof is to use the heat kernel on compact Lie groups,
in a way very similar to the heat kernel proof of the Atiyah-Singer index
formula and the Atiyah-Bott fixed point formula. The Reidemeister torsion
comes into the picture, through a beautiful observation of Witten, as the
symplectic volume of the moduli space. It plays the role similar to that
played by the Ray-Singer torsion in the path-integral computations on the
space of connections.

The basic idea is as follows. Consider a smooth map between two com-
pact smooth manifolds f : M — N. Let H(t,z,xz() be the heat kernel
of the Laplace-Beltrami operator on N with x( a fixed regular value of f.
Because of the basic properties of the heat kernel, we know that for any
continuous function a(y) on M, when t goes to zero,

/ a()H(t, f(y), z0)dy = / a(y)H(t, (), z0)dy + O(=")
M f=1(Bs(z0))

where By is a ball of radius § around xg, that is, the integral is localized
to the neighborhood of f~1(zg).

On the other hand let {¢;(x)} be the orthonormal basis of the eigen-
vectors of the Laplace-Beltrami operator on N, then H(¢,z,z¢) has an
expression

H(t,z,z9) = Z 67Ajt¢j($)¢j (o)
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where —)\; is the eigenvalue of ¢;(x). So we have

/ a(y)H(t, f(y).0)dy + O(e") =
f=1(Bs(z0))

(0)
Z e~ ;(wo) /M a(y);(f(y))dy.

This simple formula about heat kernel, which is just a general Poisson
summation formula, can be viewed as a generalized version of the modular
transformation formula for the classical theta-functions. The method in
this paper to prove the formulas of Witten about moduli spaces will be
based on this simple fact. We believe that such method should have more
applications. For example, when N is noncompact, we can easily derive
a similar formula to (0), which, applied to the moment map, gives the
nonabelian localization formula in symplectic geometry.

Now we fix some notations to be used in this paper. Let G be a semi-
simple simply connected compact Lie group, G be its Lie algebra. Let
T be a maximal torus in G and 7 be its Lie algebra. Let A € T* be
the root system of the complexification of the Lie algebra of G, G, with
respect to 7. Fix a Weyl chamber C C 7 and let AT be the set of positive
roots. Let II = {3, -+ ,}, | = dim7 be a fundamental system of A.
The Killing form induces a biinvariant metric < -,- > on G, this will be
the biinvariant metric to be used in this paper. We identify 7 with 7*
under which for any A € 7*, there is a unique element Hy € 7 such that
< Hy,H >= \(H) for any H € 7.

Introduce ) 0
v e I—
<A >)\’ AT AN Y
and let
!
T'=2rY ZH! ={H € T;expH =e¢},
j=1
and
I={NeT" \T)e€2nZ}.
Put

Po={ el; <X\a;>>0,1<;<I}

as the dominant integral weights.
Define \; € 7" by < Aj,af >=4;5, 1 <4,j <1, then

! !
I= ZZ)\]-, and P} = {ij)\j; mj; > 0,m; € Z}.

j=1 j=1
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There is a one-one correspondence between P, and the equivalence
classes of irreducible representations of G. For A € P, we let x, and
respectively dy be the character and dimension of the irreducible repre-
sentation corresponding to A. Let e be the identity element in G, then one
has

<A+p,a>

o) —dy = [ S2teez,

wers <pa>

where p= 23 a4 .

Next let us recall some basic facts about the biinvariant differential
operators on G. Let U denote the universal enveloping algebra of G, and
Z(U) be its center. Then any element D in Z(U) gives us a biinvariant
differntial operator on G. Given any irreducible representation V of G, by
Schur’s lemma, we know that the induced action of D on V, commuting
with the action of GG, is a multiplication by a scalar, that is

Dv=pp(A)v, veV,

where pp is a polynomial. We record the following lemma ([Fe], Theorem
10.4) for reference.

Lemma 1. If CW(T) is the space of Weyl group invariant polynomials on
the Lie algebra T and C’G(g) the AdG invariant polynomials on G, then
these two spaces are isomorphic and

pp: Z({U) — CYV(T) ~C%G)
18 an isomorphism. O

In fact pp is a polynomial in A 4+ p. For example, if X7, -+, X, is an
orthonormal basis for G, then C = X? + -+ 4+ X2 € Z(U) is the Casimir
element. The polynomial p.(\) is given by

peN) = 1A+ pll* = [lll?,

where the norm is induced by the Killing form.

2. Witten’s formulas

Let S be a compact Riemann surface of genus g > 1 and o € S be a
fixed point. Let S =S — D where D is a small disc with center o. Let S
be the boundary of S. We take an element c € T, let Z. be the centralizer

of cin G and
O, ={xcx™' 2 € Gy ~G/Z,
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be the conjugacy class containing c. Let Q!(.S, ad P) be the space of smooth
G-valued one forms on S which vanish on 95. Define a two form on

Q1(S,ad P) by ([AB], [Ch1], [J], [W])

(1) w(a,b) = 471r /<a,b>,

where a, b € Q(S,ad P).
Consider the following map

f GY=0GxG - xG—=GqG
f(ylazla"' 7y97’29) = Hyjz]yj_lz !

For ¢ = u € Z(G), the center of G, let M, = f~'(u)/G which is the
moduli space of flat principal G-bundles on S with fixed holonomy u € G
around 9S. Here G acts on f~!(u) as follows. Let v be the action of G
on G?9 given by

'Y('T)(yl’zb T 7yg’zg) = (xylx_l? e 7$ng_1)'

Then 7 induces an action on f~1(u). Note that Z(G) acts trivially on G*9.

Let w, be the natural symplectic form on M, induced by (1). From
now on we will assume that u is a regular value of f, that is M, is a
smooth compact manifold. Then the first formula we are about to prove
is

Formula 1.

Wa VOI 29 2 X)\ 1
IR e Gl o dlmG )

AEP;
where #Z(G) denotes the number of elements in Z(G). O

Witten used the notation

Mty = 207D,
da

More generally let us take a generic element ¢ € T, then Z. = T and
O, ~ G/T. Let M. = f~'(c)/Z. be the moduli space of principal G-
bundles with fixed holonomy in O, around 0S. Let w. be the natural
symplectic form on M, induced by (1). Still we assume that c is a regular
value of f, therefore M, is a smooth compact manifold. Let C' € T be
such that exp C = ¢, then we have
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Formula 2.

/ e“c=\j(c)!#Z(G)VOI(G>2g_1 e )
M, (27 )dimMe o) (T) 439t

AEPL
where |j(c)| is the absolute value of

H (6\/—_104(0)/2 _ e—\/—_la(C)/Q)'

acAt

jle) =

O

The next formula gives us the intersection number of certain character-
istic classes on M, = f~1(u)/G with u € Z(G). Note that for suitably
chosen u, M, is a smooth compact manifold of dimension dim G(2g — 2).

Let f~!(u) — M, be the principal G/Z(G) bundle. The G-equivariant
cohomology of f~!(u) is isomorphic to the ordinary cohomology of M,,.
Here we take cohomology with rational coeflicient.

Given any Ad-invariant homogeneous polynomial p € CW(7T) ~
C%(G) c H*(BG) of degree 2m. Let 27Q € Q?(f~'(u)) ® G be the cur-
vature of the principal bundle f~!(u) — M,. Then p(v/—1Q) € H*(M,)
is one of the generators in H*(M,,). Let |AT| be the number of elements
on AT, then we have

Formula 3. If 2m < |AT|(2g9 — 2), then

Wa Vol(G) 195 xa(u™t)
/Mu PV = #2(G) TP 3 M0 )

AEP, A

O

The condition on the degree of p is for the convergence of the infinite
sum. In fact, given any polynomial p € CW (T), let us write

Vol(G) ]2g72

A=#Z(G) (27T)dim G

Then we have the following formula:

-1
/ p(vV—10Q)e“* = Alim,_,,lim; o+ XAQ(QC_I )p()\ + p)e—pc()\)t_
Mo XePL d>\

This formula is very similar to the one in [Liu], Lemma 6.
When the degree of p is big, the following fomula tells us that the above
integral vanishes.
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Formula 4. Assume ¢! = exp H, is such that H. € T does not lie in the
lattice %F. Then for any homogegeous polynomial p € CW (T), we have

limg o+ Y xale™Hp(A+ p)e M =0,
AEP,

O

In particular, Formula 4 tells us that, if the degree of the polynomial p
in Formula 3 satifies 2m > |A*|(2g — 2), and w is as in Formula 4, then

/Mu p(vV—=1Q)e¥ = 0.

All of the above formulas can be generalized to the case when the group
G is not simply connected. This will be discussed in the last section of
this paper.

Note that Formulas 3 and 4 give us a lot of information about the inter-
section numbers on M,,. In particular, Formula 3 contains the information
needed for the Verlinde formula. In fact, let A(TM.,,) be the A-calss of
TM,, then

A(TMu) =1 +p1(\/—_1(2) —|—p2(\/—_1(2) 4+

where p; € CW (7)) is a homogeneous polynomial of dgree 2. It is easy to
see that, for any integer k, Formulas 3 and 4 contain all the information
of the integral

/ A(TM,)er.
M’U

Combine with the Atiyah-Singer index formula, this gives the dimension of
the nonabelian theta-functions on M,. We refer to [Sz], (see also [Mo]),
for the discussion about the equivalence of this formula to the Verlinde
formula for G = SU(n).

3. Heat kernel and the proof of formula 4

Let A be the Laplace-Beltrami operator with respect to the biinvariant
metric < -,- > on G. One knows that A = —C. Consider, for z,y € G,

H(t,z,y) = Y daxa(wy e PO
)\EP+

Then H(t,x,y) satisfies the following [U]
a) ZH(t,x,y) =D H(t,x,y),
b) hrnt—%]+ fG H<t7 xz, y>f<y)dy = VO](G)f(J?):
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where dy is the volume element corresponding to the biinvariant metric,
and f is any continuous function on G. Therefore voll( G)H (t,z,y) is the

standard heat kernel on G. Recall that for y = u € Z(G), one has

dxxa(zu™t) = xa(e)xalu™),
so we have, for u € Z(G),
H(t,x,u) Z Xa(z 1)671‘%()‘”.
)\€P+

Before the start of the proofs of the formulas in §2, we first compute
the integral of the pull-back of the heat kernel on G by f:

H{(t, f(h), z)dvol,
G29
where h = (y1, 21, ,Yg,24) € G?*9 and dvol is the product volume ele-
ment on G29. Obviously we only need to compute the 2g-iterated integrals

like
g g
/.../X)\(mIHyjzjyj_lzj_l)dejdzj
G G j=1 j=1

where dy;, dz; denote the volume element on G induced by the Killing
form.

Recall the standard formulas in the representation theory of compact
Lie groups which follow from the orthogonal relations ([BD], pp 84):

[ oy = G o
G A
and (G

[ ot = o),

G A

from which we get
g g
_ _ Vol(G) _
30 T s T s = 5 ),
G29 . —
7j=1 = )\
We summarize this as a lemma.

Lemma 2. The following formula holds

-1
|, H{E £(0),)dvol = Vol(G)* 7";55_1 ) eree
7 \eP,
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Next we want to prove Formula 4, the vanishing theorem. This is just a
simple application of the Poisson summation formula. Let ¢ be such that
¢! = exp H, with H, not in the lattice %F = 22:1 ZHg . Consider the
series

Z(t,He) = Y pA+p)xalc™)e P,
AEPL

where p € CW(7) is a homogeneous polynomial.
By using the Weyl character formula we can rewrite Z(¢, H.) as

o1
Z(t, H) = < Z S e(w)p(A + p)e APtV TTwOFA ),
AEP_;_ weW

Let #W denote the number of elements in the Weyl group W. We get

IR
e 0,
Z(t,H.) = i Z Z p(\ + p)e~ M+l t oV =Tw(A+p)(He)
)\GI weW
It
€ 2
—IAIPt v/ =TA(w(H,))
T 2 2 e ,
#Wj “ )\GI weW

where w acts on H. € 7 by adjoint action through the identification
W >~ N(T)/T. Here N(T') denotes the normalizer of T
Consider the Fourier transform F(H) of

F(\) = P()\)e*||>\||2t€\/f_1/\(w(Hc)).

Here by definition

A 1
FH)= ——— [ F\)e V1D,
() = s |, FO0e
It is easy to carry out this integration which gives

F(H) = R(t, H — w(H,))e~ HIH—wHII*

where R(t, H—w(H.)) is a polynomial in (H —w(H,)) and \}_ By applying
the Poisson summation formula, we get

cllolt

20t He) = oy Z 3" e(w)R(t, H — w(H,))e™ #1H-wHIP,
=rweW

By our assumption, H. does not belong to the lattice 1 5-I', so for H €
=TI, H — w(H.) is never zero. Therefore when ¢t — 0, the left hand side
exponentlally goes to zero. This proves Formula 4.
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4. The proofs of formulas 1, 2 and 3

Now we start to prove Formula 1. We will assume that v € Z(G) is a
regular value of f, therefore M, is a smooth compact manifold.
From Sect. 1 we know that, when t — 07,

H(t, f(h),u)dvol = /f—l(B : H(t, f(h),u)dvol + O(e_‘s/t)7

where Bs C G is a ball of radius 6 around u.
The following local calculation is basically due to [Fo]. Given a point
a € f~1(u), we can choose local coordinate around a by using

(a,b) € fﬁl(u) X N, =~ fﬁl(B(;),

where N, is the fiber at a of the normal bundle in G29 to f~!(u). By using
exponential map, we will identify b to the tangent vector in N,. Then the
volume element dvol at (a,b) becomes

dvol = J(a,b)dvol,dvoly,

G29

where dvol, and dvol, are respectively the induced Riemannian volume
elements of f~!(u) and N at (a,b), and J(a,b) with J(a,0) = 1 is the
Jacobian of the coordinate change.

In this coordinate h = (a,b), and

[1f(R) = ull* = [l[df ()] (®)[|* + O(IIBI[*),

from which we get

__ VOUG)  _(ar@nmiE+odiel )/t

So the integral has the asymptotics

/ dvol,
acf=1(u)

VOl(G)  (jj1df () (®)I12+O(1blI*)) /4t
[/N GG (1+ O(t))J (a, b)dvoly| .

By changing variable b — +/tb, carrying out the standard Gaussian integral
and letting ¢ go to zero, we get

Vol(G) —([I[df (@)](®)[17O(][b]*)) /4t
/Na Mﬂ't)dTG/Qe (1+O(t))J(a,b)dvol,

= Vol(G)det ™ 2df*(a)df (a)| v, -
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Here let {t1,--- ,t,} be a basis for the orthogonal complement of the kernel
of df(a) : G?9 — G, [Kerdf(a)]* ~ G, then
[t1 Ao Aty
[df (a)](t1) A -+~ A [df (a)](En)]
where |t; A- - At,| denotes absolute value of the determinant | < ¢;,¢; > |

and G%9 is the direct sum of 2g copies of the Lie algebra G.
Therefore we have

det™2df* (a)df(a)|n, =

lim; o+ H(t, f(h),u)dvol =
G29

Vol(G) / det™2df* (a)df (a)|n, dvol,.
a€f~1(u)

On the other hand, since the volume of the orbit of ~, the induced
conjugate action, through a € f~1(u) is given by

Vol(G) + 1.,
27(C) det [dv* (a)dy(a)],
where, for a basis {s1, - ,s,} of G,
det 0" () ()] = 1A 2B,

Note that the action of Z(G) on f~!(u) is trivial. Now it is easy to reduce
the integral over f~!(u) to M, = f~!(u)/G. We get

—Lr e . ~ Vol(G)?
/a A @@ dvol, = S /Mu vy,

where dv, is the measure on M, defined by the following property: for
any basis {r1, -+ ,ry} of T,M,

dvy(ri N~ Arn) =

[ri Ao Arn Aldy(a)](s1) A Ady(a)](sn) Atr A Aty
[s1 A Asull[df (@)](T) A - Aldf (a)](t)]
We summarize the above calculations as

Lemma 3. We have the following integral formula

. Vol(G)?
1 H 1= (7R)
imy_,g+ -~ (t, f(h),u)dvo e /Mu dv

where duv, is defined as above. O



HEAT KERNEL AND MODULI SPACE 753

Now let us understand dv,,. At a € f~!(u), we have the following chain
complex,

C,:0—-G¢Ngw% g ..

Here we have identified the tangent bundles of the G’s with their Lie alge-
bras by using left translations. Note that C, is the deformation complex
of the flat principal G-bundle on S with fixed holonomy u € G around o.
On each term in C,, there is the natural measure induced by < -,- >. Note
that, H°(C,) = H*(C,) = 0 and H'(C,) ~ T, M,,. Let us denote by 7(C,)
the torsion of C,. We consider 7(C,) as a norm on det H'(C,) ~ det T, M,,.
On the other hand, from its definition dv, can also be viewed as a norm
on T, M,. The following combinatorics lemma is due to Witten [W] and
was first applied in this situation in [Fo].

Lemma 4. Let N = dim M,, then

N
_ _ N Wy
dl/u = T(Ca) = (27[') m

O

Remark. Zhang outlined to me a very simple proof of Lemma 4. In fact
7(C,) is the Reidemeister metric on det H'(C,) ([BZ], [Fa]) which is equal
to the L2-metric on any compact even dimensional manifold. In our case,
the L2-metric on det H*(C,) ~ det T, M, is the same as the symplectic
volume. Zhang used Ray-Singer metric, but by the Ray-Singer-Cheeger-
Muller theorem, we know that this is the same as the Reidemeister metric.
In fact both Lemma 4 nd Lemma 4c below are simple generalizations of
the duality result in [Mi].

For completeness, here we sketch the proof of Witten. The first equality
is basically the definition of the torsion for the complex C, [Fo|. For the
second equality, we consider the standard cell decomposition of S given
by the 4g-sided polygons which gives the well-known description of the
fundemental group of S. It has one 0-cell, one 2-cell and 2g 1-cells. The
complex C, is precisely the “lattice model” of the gauge theory of a flat
principal G-bundle on S ([Fo], pp 41). Note that 7(C,) is invariant under
subdivision of the cell decomposition. The dual cell decomposition gives
us a dual complex C), to C,. Poincaré duality induces a natural skew-
symmetric pairing on the complex D, = C, @ C! which is compatible
with both the differentials and the natural measures on each term in D,.
Therefore, since H'(C,) ~ T, M., it induces a skew-symmetric pairing

ToMy x TeMy — R,
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which is precisely the natural symplectic form 472w, on M, ([W], (4.16)
0 (4.28)). So one has ([W], (4.28))

Wy
(D) = (2m) "
Since 7(D,) = 7(Ca)7(CL) = 7(Cs)?, we get
WN
7(Cq) = (27T)N ]\7;'

We thus have obtained the following equality, which is exactly Formula 1,

VolG a(u™t)
e = H ()] .
L. e 3

Note that here we have assumed G is simply connected and u € Z(G) is a
regular point of f.

Now let us prove Formula 2. Since c is a generic element, the centralizer
of ¢, Z. =T. The integral we will consider is

H(t, f(h),c)dvol.
G?9

Lemma 2 gives us its value as the infinite sum, we now consider its local-
ization to f~1(c) when ¢ goes to zero.
Similar to the proof of Formula 1, we can easily get

lim; g+ H(t, f(h),c)dvol =
G29

Vol(G)/Ef e b df* (a)df ()|, dvol.

where dvol,, is the induced Riemannian volume element on f~!(c).

Note that f~!(c) is only invariant under the action of Z. = T'. Let 7,
be the restriction of the conjugate action v to Z.. Since the volume of the
orbit of 7. through a is

Vol(T)
#2(G)

where, for a basis {s1,---s;} of Z. =T,

[[dye(@)](s1) A -~ A fdve(@)](s)]

|s1 A A sy

det? [dyi(a)dye(a)],

det? [dv; (a)dre(a)] =
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In the same way we can reduce the integral on the right hand side to

/ det= 4 df*(a)df (a) . dvol, = Vol(G)~2T) / dve,
a€f~1(c) M.

#2(G)
where dv. is a measure on M., such that for a basis {ry, -+ ,rg} of T, M.,
dve(ri N+ ATk)

e A A AN dye(@)](s1) A Adrye(@)](s) Aty A Aty
[s1 A= Asill[df (a)](t) A - Aldf (a)](tn)]
Here {t1,---,t,} still denote a basis of the orthogonal complement to
Kerdf(a). From the above definition, we see that dv. can be considered
as a norm on det T, M_.. Similar to Lemma 3, we can get

Lemma 5. We have

] B Vol(T))
g [ H(C. (1), chdvol = Vol(G) 22 /MC dve.

O

Now let us understand dv,. which will be related to the symplectic vol-
ume on M.. Let Z. denote the Lie algebra of Z.. We consider the following
chain complex at a € f~!(c),

02 2%g% g o

This complex is the “lattice model” associated to the cell decomposition
of the pair (S,05). Here we still identify the tangent bundle of G with G
by using left translations. Note that by definition [Fo] we have similarly
7(CS) = dv,.

The complex associated to the Poincaré dual complex of C; is given
explicitly by the following

¢ 0-6%g9are %g-o0,

where T,.0. is the fiber at ¢ of the tangent bundle of the orbit ©, ~ G/T
of ¢ in G under the conjugate action v. It is identified with Z1, the
orthogonal complement of Z. in G, through left translation by ¢~!. The
0, an extension of v, is the conjugate action of G on G x O, given by

Yo (@) (Y1, 2g5y) = (xyra ™", wzgr oy,

and the fp is the map from G?9 x O, to G given by

g
follyrs - zgw) =y~ [ [wiziv; P27
J J
j=1
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It is easy to see that M. ~ f; ' (e)/G.

Note that C¢" is the “lattice model” complex associated to the cell de-
composition of S which gives the standard description of the fundemental
group of S. It has one 0-cell, one 2-cell and 2g + 1 1-cells. One of the
1-cells is the boundary circle 9S. We need to associate O, to 95 (cf. [W],
[Fol).

We have the following exact sequence

0—C—C' — K.—0,
where K, is the complex

0zt 1e,. 00

In fact K. is precisely the chain complex associated to the boundary circle
0S5 [W]. Note that our complexes are dual to those of Witten’s in [W], and
the same as those in [Fo].

As in the derivation of the Weyl integral formula ([BT], pp 162), we
easily find that the torsion of K. is [W]

T(K.) = |det(Ad(c™") — I)| = [5(0)|*.

So we get
7(C5) = 7(Co)T(Ke) = 7(C5)i(e)*.
Note that
H(Cg) = H?(Cg) = HY(CS') = H(C') = 0,
and

HY(CS) ~ H(CS) ~ T, M,.
We consider the complex D, = C¢ @ C¢’. The Poincaré duality induces
a natural skew-symmetric pairing on D. which is compatible with both
the differentials and the natural measures of D.. Therefore it induces the
symplectic structure on M.. Following Witten’s argument ([W], (4.105)),
in the same way as in the proof of Lemma 4, we get

K

(Do) = (2m) 25 = 7(C)lj(e)],

where K denotes the dimension of M.. Here we have used the equality
7(D.) = 7(CE)T(CE'). Let us summarize the above discussions as a lemma.

Lemma 4c. We have the following equalities:

K

dvelj(e)] = 7(C)li(e)] = (2m) <22
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Remark. As Zhang explained to me, his simple proof of Lemma 4 ap-
plies to this case, and C¢, C¢’ correspond to the complexes with different
boundary, absolute and relative, conditions. The term 7(K.) is precisely
the Reidemeister metric of the boundary ([Lu], Theorem 5.9). See also
[Mi], Theorem 2 and the discussion in [RS], Sect. 3.

By putting this together with the formula in Lemma 2, we get

| & = J,, €@

o FEOVOIGP o ()
RN oy dimMavol(7) 2T

AEP,

which is precisely Formula 2.

Now let us compare Formula 1 and Formula 2. Let C, H? € 7 be such
that uexpC = ¢ and u = exp H?, we assume C, H? lie in the closure of
the fixed Weyl chamber C C 7. When c is very near v in T = Z,, one
knows that f~!(c) is diffeomorphic to f~!(u). Therefore M, is a fiber

bundle over M,, with fiber G/T ~ G/Z.. Let us write this as
T M.— M,.

Then one has the standard relation of symplectic forms w. = m*w, + v,
where v, is a two form on M, which, when restricted to the fiber G/Z. ~
G/T, is the standard symplectic form. In fact, a simple application of the
local model theorem for symplectic manifold to the fibration f~1(u) — M,
gives us ([Ch, [Ch1], [D], [J)

v, =< C,Q > 46,
where, for X, Y € G, 0. is given by ([BGV], §7.5)

1
be(X.Y) =~ < C[X,Y]>.

For the geometric meaning of v, in terms of loop group, see [Ch].

This gives us
/ eve = / e“umere,
M(; Mu

where 7, is the integration along a generic fiber of m. By comparing
Formula 1 and Formula 2, it is easy to see that one must have

Lemma 6.
mee’e N Vol(G/T)

jle) 7 (2m)dim@/n)’

hmc—»u
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Here Vol(G/T) = Vol(G)/Vol(T) is the Riemannian volume of G/T.
The sign + will be fixed later.
Let us briefly explain the geometric reason for Lemma 6. First we know

that the symplectic volume of G/Z. ~ G/T with symplectic form 6. is
([BGV], Lemma 7.32)

P — Vo V=1a(C)
/G/ZC =Vol(G/T) [] —

aEA+

It is easy to see that the leading term of the integral m,.e”¢ is given by the
symplectic volume of the fiber, that is, we have

V=1a(0)

” Ve — 1 T A S SN
me” =Vol(G/T) [] o+
aEAT
where the - -- are those terms involving higher order terms in «(C'). From

Formula 2, we get the following identity:

vol@/7) ] @/ .

aEAt 2
_ ’j(c)|#Z(G)Vol(G)29*1 xale™h)
(2m)dimMevo(T) (S d

Let m(c) = [[oea+r V—1a(C). Since u € Z(G), we know that, when c
goes to u, each a(C') should go to zero which implies that

(2) lim,_, T _ +1,
j(e)
which is equivalent to Lemma 6.

Now we are ready to prove Formula 3. We will actually show that in
fact Formula 3 follows from Formulas 1 and 2 in the same way as the
above discussion. First let 272 be the curvature of the principal bundle
7: f~1(u) — M,. The following formula which was first shown to me by
Chang [Ch] can be viewed as a family version of the Duistermaat-Heckman
integral formula, or more generally a family version of the equivariant
localization formula ([BGV], Theorem 7.33).

D wew E(w)esve >
[oea+ (=vV-1a())
Here the Weyl group W acts on C' € T by the the adjoint action, through

the identification N(T')/T ~ W. A similar formula is derived in [KS],
Proposition 5.3.

(3) ee’e =



HEAT KERNEL AND MODULI SPACE 759

Let {Hy,---, H;} be an orthonormal basis of 7, write C = z1Hy +-- -+
x1Hy € T. We use (z1,---,x;) as the coordinate of C € 7. Given a W-

invariant homogeneous polynomial on 7', p(xy, - - - , ;) € CV(T) ~ C%(G)
of degree 2m. Let the differential operator p(azl, . ’8%1) act on both
sides of Formula 2 with respect to C' € 7. Note that
0 0 y y
p( )mie’e = p(Q)m.e”

Ox,’ ' Oxy

which follows from the above formula (3) (or [V], Proposition 10). On the
other hand, from the Weyl character formula, we have

Jexale™) = Y e(w)em YT,
weWw
which gives

o0
p@:pl’ " Oxy

Now let ¢ — u again, from Formula 2 and Lemma 6 we get

)i(exale™H] = (=1)"p(A + p)[j(c)xalc™)].

1

w m VOI 2g > X)x
/@f p@):ip4)#z«;zﬂmmM }: %1 P\ + p).

The overall sign + is fixed by taking p = 1 and noting that, as the limits

of the heat kernel, both sides should be positive. This proves Formula 3.
In the above discussion we did not pay attention to the convergence.

But it is easy to see that our proof actually gives the following formula:

-1
/ e“up(v/—1Q) = Alim,_,, lim; o+ X:l\2(gcl )p()\ + p)e—pc(k)t’
M'U

)\EP+
where
Vol(G)?9~2
(Qﬂ)dim/\/lu ’

A=#Z(G)

as defined in §2.

4. Nonsimply connected groups

Finally we consider the case when G is compact and semisimple, but
not necessarily simply connected. For simplicity we only discuss the proof
of Formula 1, the other formulas can be proved in completely the same
way.
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Let 71 (G) denote the fundemental group of G which, since G is semisim-
ple, is finite. Let G’ be the universal covering of G. Let H'(t,y,x) be the
heat kernel of G’, then the heat kernel on G is given by

1
T M\ Hl(t7 3/7 fyx)v
F@P 2

H(t,y,z) =
where the x,y on the left hand side are correspondingly the lifts onto G’
of x,y € G. Here the reason that we divide by (#m1(G))? is due to that
fact that H'(t,y,x) is not normalized, it should be divided by the volume
of G'.

Consider f : G?9 — G and M!, = f~(u)/G where f is the same as
in the simply connected case and u € Z (G) is a regular value of f. Let
f: G — @ bealift of f. Since Vol(G') = #m1(G)Vol(G), by using
Lemma 2 we get

[#m1(G)]9 H(t, f(h),u)dvol

G29

1 -
= H'(t, f(h),yu)dvol
.Y [ e

F@F 2 Jon

Vol(G")?9 Xa((w)™) o
= — e <

o =

Vol G')% a(u™t)

#7-(1 Z 2g 1 e~ PNt

AePL

Here we have used the fact that

daxa((yu) ™) = xa(w™ xa(y™h),
and that

1 _
N Z xa(y 1)
A
vETL(G)
is zero except when X is trivial, in which case it is equal to #m1(G).

On the other hand when ¢ — 0%, the same method as in the simply
connected case gives us

lim; o+ -~ H(t, f(h),u)dvol :%/ 7(Cy)
dim M/ VOI(G) w!
=en e [

)
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where w/, is the induced symplectic form on M/, from the w in (1), and
C, is the the same complex as in Lemma 4. By putting the above two
formulas together, we get

v, _ #Z(G)  Vol(G) 95 5 xalu™)
/M T (e) (2W)dimG] 2 a3t

u AEPL
The other formulas can be extended to the non-simply connected case in
the same way.

We note that, for G = SU(2), a proof of Formula 3 was announced in
[JK]. Their method is completely different from the one used in this paper.
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