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MINIMAL GENUS EMBEDDINGS
IN S2-BUNDLES OVER SURFACES

BaNG-HE L1 AND TIAN-JUN LI

ABSTRACT. In this paper we completely solve the problem of minimal genus
smooth embeddings for the S2—bundles over surfaces.

1. Introduction

Given a closed oriented smooth 4—manifold N and an integral second homol-
ogy class &, can & be represented by a smoothly embedded sphere? The answer
is no in general. Lawson [La] gives an excellent survey of the extensive literature
on this problem. A further question one can ask is whether ¢ is representable by
an immersed sphere with a given number of intersection points. Fintushel and
Stern [FS] have very general results on this problem.

A more ambitious problem is the minimal genus smooth embedding prob-
lem: what is the minimal genus g¢ of all smoothly embedded orientable surfaces
representing £7 The most general results on this problem are the generalized ad-
junction inequality for manifolds with 3 > 1 and nontrivial Seiberg-Witten in-
variants or Donaldson invariants, by Kronheimer and Mrowka [KM], and the gen-
eralized Thom conjecture for all symplectic 4-manifolds by Morgan, Szabo and
Taubes [MST]. Kronheimer and Mrowka [KM] solve the problem completely for
CP? using Seiberg-Witten invariants. The problem for $2 x S2 and CP2#CP2?,
which are exactly the trivial and nontrivial S?—bundles over S2%, was first com-
pletely solved by Ruberman [R], and then independently by the authors [LLi].
For classes with positive square in CP?#nCP?, the authors [LLi] solved the
problem completely for 2 < n < 6, and obtained partial results for n =7, 8.

In the present paper, the authors completely solve the minimal genus embed-
ding problem for all S? —bundles over orientable surfaces. These 4—manifolds are
symplectic and have by = 1, hence the generalized adjunction inequality proved
in [LLiu] can be applied to give lower bounds for classes with nonnegative self-
intersections and positive pairings with some symplectic form. Using various con-
structions and the Whitney trick, we can construct, for these classes, smoothly
embedded surfaces realizing the lower bounds, therefore solving the problem
for these classes. By studying the induced action of the self-diffeomorphisms
(including orientation-reversing ones), we solve the problem for the remaining
classes as well. Interestingly, the minimal genus problem appears in dimension
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4, because the Whitney trick fails in general for dimension 4, while the hardest
part of this paper is the use of the Whitney trick to eliminate some intersection
points.

An interesitng question is to determine, given a symplectic 4-manifold, which
class can be represented by a pseudo-holomorphic curve. The result in this paper
shows that there are no differential topological obstructions for S2—bundles over
surfaces.

2. Statements of the results

If N = S2% x M, where M is a connected closed orientable surfaces with
genus g, we denote by z; and xo the homology classes in N represented by
S x {pt} and {pt} x M respectively, where we assume orientations on S? and M
are given, and the orientation of N is the product orientation. Then 2% = 2% = 0
and 122 = 1. We have

Theorem 1. Let N = S? x M be as above, £ = ayx1 + asxe € Ho(N,7Z), and
ge be the minimal genus of &, then

g — {|a2|9+ (lax] = 1)(laz| = 1), if (las] + g2)laz| # 0

0, otherwise.

For any nontrivial S2—bundle over a connected closed orientable surface, we
may regard it as a Kahler surface, which is a geometric ruled surface with a
holomorphic section whose homology class is denoted by x with 2? = 1. Denote
by y the homology class of a fiber. It is easy to see that y?> = 0 and 2y = 1.
Then we have

Theorem 2. For & = ax+by € Hy(N,Z), where N is the nontrivial S?—bundle
over a surface M with genus g > 0, let g¢ be the minimal genus of &, and when
a#0, leta =la|,b = %b, then

= la

(a/g+ La/ (@ —1) + (a/ = 1) — 1), if a0,
a +2b >0

ge=qdg+id(@—1)—(d —1)(d +b +1), if a#0,
a +2v <0

L0, if a=0.

Remark 1. Our result in [LLi] for S? x S? is a special case of Theorem 1 with
g = 0, while the result therein for CP?#CP? is not a special case of Theorem
2 with ¢ = 0. Actually, our proof for Theorem 2 does not work in this case.
However, the problem has been settled in [R] and [LLi], and we exclude it in
Theorem 2.

The following results are useful in proving Theorem 2:
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Theorem 3. Let N be a nontrivial S?—bundle over a surface M with genus
> 0, then

1) There are orientation-reversing self-diffeomorphisms f and g of N such

that
fel@) =z —y, fely) = -y
ge(x) =—x+y, gy =y
2) id and —id are the only elements in the orthogonal group of Ho(N,Z)
induced by orientation-preserving self-diffeomorphisms, where id stands
for the identity.

Remark 2. Denote by A(N) the orthogonal group of the quadratic form on
H5(N;Z), and D(N) the subgroup of A(N) whose elements come from orien-
tation-preserving self-diffeomorphisms. The determination of D(NV) is itself an
interesting problem. Wall was the pioneer in considering this problem and proved
([W1], [W2]) that D(N) = A(N) if N = CP2#n(C—P2 with n < 9. Friedman
and Morgan [FM] proved the following interesting results: if N is a Dolgachev
surface or simply connected with type (1,n) and n > 9, then D(N) # A(N).

Remark 3. When N is a S?—bundle over a surface M, A(N) = Zy @ Zy. When
M is a sphere, according to [W2], D(N) is also isomorphic to Zs @ Zs. But when
M has positive genus, Theorem 3 and an easy argument in the case of a trivial

bundle show that D(N) is isomorphic to Zs, and hence a proper subgroup of
A(N).

3. Proof of Theorem 3

In this section, N is a nontrivial S?—bundle. Since N may be regarded as
the sphere bundle of a real orientable 3—dimensional vector bundle n over M
with its second Stiefel-Whitney class ws(n) being the generator of H?(M,Z,),
we may take f to be the map which sends every point to its antipodal in the
S?—bundle. Clearly, f.(y) = —y. Since f is orientation-reversing and % = 1 we
have that f.(z)?2 = —1. f being fiber-preserving and x being represented by a
section imply that f.(z) is also represented by a section, so f.(z) = x + ay for
some a € Z. Now (z +ay)? = 22 + 2azy = 1 —2a = f.(2)? = —1,s0 a = —1
and fi(x) =2 —y.

To define g, we take any orientation-reversing self-diffeomorphism of M, say
h, then h*(n) is also a real orientable 3—dimensional vector bundle. Since h* :
H?*(M,Z3) — H?*(M,Z3) is an isomorphim, h*wz(n) = wa(h*(n)) = wa(n).
Therefore, h*(n) and 7 are isomorphic as vector bundles, and there is a fiber-
preserving diffeomorphism A’ from the sphere bundle of h*(n) to that of n. Let
R be the natural map from the sphere bundle of 1 to that of h*(n), and then
let g = h' o b, we see immediately from the definition of g that g.(y) = y and
9(x) = —z + ay.

Now g being orientation-reversing implies —1 = g,(x)? = (—z+ay) = 1 — 2a.
So, a =1 and g.(x) = —x + y, and we have proved 1).
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Since fi(g«(z)) = —x, f+«(g9«(y)) = —y, we see that id and —id belong to
the orthogonal group of Hy(N,Z).
The only other elements of the orthogonal group are hy; and hy, where

hi(z) = —x, hi(fr—y)=x—y
ha(z) = =1, ha(z —y) = —(z —y)

(cf. [W1], where Wall’s basis is {z,z — y} ).

Now hi(y) = —2z +vy. If hy = k, for some self-diffecomorphism £k of N,
then y being represented by an embedded 2—sphere implies that there is a map
[ : S? — N such that p.l. sends a generator of Ho(S?,Z) to twice a generator
of Hy(M,7Z), where p : N — M is the bundle projection. Since the genus of
M > 0, ma(M) is trivial. Therefore p.l. = 0. This contradiction shows that
h1 # k«. And hy o hy = —id implies hy # k, either. We have proved 2), and
hence the theorem.

4. Proof of Theorem 1

In this section, N is a trivial S2—bundle. Since both S? and M have
orientation-reversing self-diffeomorphisms, there is a self-diffeomorphism of N
sending & = a1 + asxs to |ai|z1 + |az|ze. Thus we may assume a; > 0 and
as > 0 with a1 + a2 > 0, since the case £ = 0 is trivial.

Now, given a Kahler structure on S? and M, we have a Kahler surface struc-
ture on NV which induces a symplectic structure (N, w) with its symplectic canon-
ical class being K = (29 — 2)&1 — 2&2, where for any £ € Hy(N;Z), £ is the
Poincare dual of £. Since the x; are represented by algebraic curves in N, we
have x; - w > 0, hence for £ = a;1x1 + aszo satisfying our assumption, we have
€-w > 0and 2 = 2a,as > 0. Therefore, by the generalized adjunction inequality
for symplectic 4-manifolds with b = 1 (Theorem E in [LLiu]), if £ is represented
by a smooth embedding of surface with genus ¢’, then

29" —2 > K(&) +&* = —2a; + (29 — 2)ag + 2a;1a9

So, ¢’ =2 azg + (a1 — 1)(az — 1).
Casel. a1 >0,a9 >0.

Take a; disjoint parallel S? and ay disjoint parallel M, then do surgeries
on the ajas intersection points, we get an embedding of a surface with genus
asga+aiaz—(a;+az—1) = ge which represents = a121+a2x2, where a1 +az—1
intersection points are used to make the surface connected.

Case 2. a; > 0,a2 =0 or a; = 0,as > 0. Obviously, we may consider only
the case a1 = 0,a2 > 0. Let a = as.

If g = 0, then £ = ax» is represented by a disjoint copies of S?, and hence has
minimal genus zero. N

Now assume g > 0. We need a connected covering surface M of a sheets
with projection p : M — M and a smooth map f : M — S! such that for any
m € M, f takes a values on p~1{m}.
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Let T, Ty, - - - , Ty be tori in Cx R with cores {(2,0)/|2| =3}, =1,2,--- g,
and radii 1. Make a connected sum of 7T; and Tj4; by a tube T} in C x R
having as core a line from ((3j + 1)V~ 1%k, 0) to ((37 + 2)eY~14F, 0), where
k=0,1,---,9g— 1, such that the rotation eV=1 % id takes Tk to T} ky1, and
the connected sum of Tj,5 = 1,2,---,g, by all T}, is a smooth surface M in
C x R. Then it is obvious that via eV~ 1% x id, Z, acts on M freely, and the
orbit space of the Z, action is a surface with genus g which may be regarded as
M. The natural map p : M — M is a covering map with a sheets, and M has
genus a(g — 1) + 1. For m € M, if m = (reV=1 ¢, let f(m) = eV~ then f is
a smooth function: M — S which has a values on p~{m} for any m € M.

Let f: pXf: M — M x C, and since M x C is naturally embedded in N,
we may regard f as a map into N. It is obvious that f is a smooth embedding
representing { = axg and g¢ = a(g — 1) 4 1 is the required minimal genus. The
proof for Theorem 1 is complete.

Another construction of the covering was shown to us by Prof. Ruberman.

5. Proof of Theorem 2

In this section, NV is a nontrivial S?—bundle. Let & = ax + by, then &2 =
a(a + 2b). We first claim that, under the action of D(N), any class £ = ax + by
can be transformed into a class with ¢ > 0 and a +2b > 0. If a < 0, using —id,
we get a class with a > 0. Now, if a 4+ 2b < 0, using the orientation-reversing
map f in Theorem 3, we have f.(£) = ax — (b + a)y, and f.(&) is the required
class.

If @ = 0, then obviously & = by can be represented by an embedded sphere.
So, from now on, we only consider the classes with ¢ > 0 and a + 2b > 0.
Consider a symplectic form with cohomology class  + . Then the symplectic
canonical class is K = —2% + (29 — 1)(see Proposition 3.3 in [LLiu]). The
pairings between the symplectic form and these classes are clearly positive, and
furthermore, these classes have nonegative squares, so Theorem E in [LLiu] can
be applied to these classes to give the following inequality: if & = ax + by is
represented by a smoothly embedded surface with genus ¢’, then

g >ag+ %a(a— D+ (a—1)(b—1).

We further separate into two cases,

Casel: a >0and b > 0.
CaseIl: a > 0,b < 0 and a + 2b > 0.

Case I is easy, while Case II is quite difficult. We will deal with them in 5.1
and 5.2 respectively.
5.1. CaseI. a >0 and b > 0.

Take sections 51,59, -+ ,S, such that

1) each S; represents x,
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2) if i < j, then S; and S; have unique transversal intersection point S;;,
3) lf {Z,j} 75 {i/,j/}, then Sij 75 Si’j’-

Then take b disjoint fiber Pj,---, P, such that each P, does not meet any
Sij-

First, suppose b > 0. Then, doing the usual surgeries on the intersection
points of P; with S1,S5, -, S, and the intersection points of Sy with Py, --- , P,
yields an immersion of a connected surface with genus ag. All of its intersection
points are

Sij, 1<i1<j3<a
PNS;, i=2,---,b,7=2,--+,a.

Doing surgeries on these points yields an embedding of a surface with genus

ag+a(aT_1)+(a—l)(b—1)

which represents £ = ax + by.
Next, suppose b = 0. Then, the surgeries on S;; produce an embedding of a
surface with genus
ala—1
ag + % —(a—1)
which represents { = az, where (a — 1) intersection points are used to make the
surface connected. The proof of Case I is complete.

5.2. Case Il. a > 0,b < 0, and a + 2b > 0.
For convenience, we change the sign of b and rewrite £ as ax — by with a > 0,
b> 0, and a — 2b > 0. First, we give an outline of the proof.

Outline of the Proof. Since the proof is a bit long, we divide it into 3 steps.
In Step 1, we construct, as in section 4, an immersion of the a—sheet covering
surface M of M in the complex line bundle E over M with Chern number 1 such
that outside a disk D (regarded as the unit disk in C ) of M, the immersion is
an embedding and its composition with the projection is an a—sheeted covering
map, while on the disk D, for a trivialization of F, it is given by the graphs of
a linear functions fr,k=0,1,--- ,a — 1. _
In Step 2, we change the fj in the interior of D to the f; which have the
following properties:
1) Fork=1,3,---,2b—1,2b,2b+1,--+ ,a — 1,J7k takes values in the unit
disk, while for £k =0,2,---,2b— 2, .]?k takes values outside the unit disk
( including oo ).
2) The graphs of the f; restricted to [~1,1] C D for the first group of the
k are in a smoothly embedded surface in D x D, and the graphs of the

fr restricted to [—1, 1] for the second group of the k are in a smoothly
embedded surface in D x ({z/|z] > 1} U c0).

3) There are no intersection points for the graphs of fk and fkr over D\
[—1,1], if £ # k', and their unique intersection point is simple.
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The graphs of the fk are to be constructed so that the Whitney disks for
eliminating %b(b — 1) pairs of intersection points with opposite signs are easy to
see. Actually all Whitney disks will be in a smoothly embedded surface in F.

We do our construction for the fj first on [—1,1] to make the Whitney disks
clearly visible. Then we extend the ﬁ to the region in the disk D between
the two line segments I, = {t + —1&/t € [—/1 —€2,\/1 —€2]} and [_ =
{t — =1/t € [-/1 — €2, /1 — €2]}, where £ > 0 is a fixed small number. On
the line segment I, the graphs of the first group of the fk and the graphs of the
first group of the f;, give us a pair of braids. Similarly, considering the graphs
of the second group of the fi and the fi and the line segment I_, we get three
other pairs of braids. We have to prove that each pair of braids are the same.
Therefore the f; can be extended to the disk D such that fi = fi outside a
neighborhood of [—1,1].

Step 2 is the most difficult part of the proof.

In Step 3, from the careful construction of Step 2, we immediately find a
Whitney disk and we eliminate a pair of intersection points first. Furthermore,
the virtue of the construction in Step 2 is that after a pair of intersection points
are removed, another Whitney disk naturally appears. After eliminating %b(b—l)
pairs of intersections, we do surgeries on the remaining intersections and get the
required embedding.

Step 1. Let D be a closed disk in M and E a complex line bundle over
M with Chern number 1 with respect to an orientation of M. According to
the proof of Theorem 1, there is an a—sheeted covering M of M embedded in
M x C by the map p x f, where p is the covering map. Since E|M\1°7 is trivial,

there is an isomorphism g : E'M\f} — (M\ 10)) x C, where D=D \ dD. So

M\p‘l(lo)) is embedded in E|M\1O) via g7!. These can be summarized in the

following commutative diagram:

E > E . % (M\D)xC c MxC 22 M > M\P YD)
M\D

! L L ! pl L
M > M\D = M\ D C M = M D M\ D.

Furthermore, we may assume that the point (3,1) € M C C x R has a closed

neighborhood D'cM disjoint with any tube T} ;, such that D' is homeomorphic
to {z/]z — 3| < e } for some ¢ > 0 via the projection C x R — C, and for
k=1,---,a—1

D' (V715 xid)(D")) = 0.
Let D C D’ be homeomorphic to {z/]z—=3] <5}, and

144

fr: eV < id)(0D) — S
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be the constant map with value V=TT We may define a map
Fls(eVT5%" xid) (D' \ the interior of D) — S

such that fi| 5 = f, fil,5 = fi, and image f; C image f|5,. Then we define
f/ on

a—1
M\ | J(e¥="%" x id)( the interior of D)
k=0

by
F= fi, on (eV~1%* x id)(D'\ the interior of D)
1, otherwise.

We may assume f’ is a smooth map into St

Now, we take p(D) as our previous D. Choose an orientation-preserving dif-
feomorphism of {z / |z—3| < § } to the unit disk such that {2/ [2| =3} ({2 /|2~
3] < 5} is sent to the real interval [—1,1] and 3 4 5 is sent to v/—1. Then we
use the unit disk as the coordinate chart of D.

Denote glop : Elgp — 0D x C still by g, and let h : E|p — D x C be a
trivialization. We may assume that for (eme, z) € 0D x C,

(hog ") ((eV™1,2)) = (e¥V=1, eV~ 102)

by a suitable choice of h, since the Chern number of E is 1.
It is easy to see that the composition

CTrN 128 pXS o g !
c: M\p(D)Z (M\D)xCLo Bl

is still an embedding. And hoC restricted to (eV~1% xid)(0D) gives a functions
fi: 8t — St with fr(eV™10) = eVTOHEE),
For £k =0,2,---,2b— 2, extend the f; to functions
fe: D—{ze€C/l|z| > 1}Uoo.

with fj,(z) = 2 teV=1%2" | and for other k with 0 < k < a — 1, extend the f to
functions

fi: D— D
with fj(z) = zeV 1%,

Via h~!, we may regard the graph of f; as a disk in E|p |J Ew, where E.
is the infinite section. We identify it with (e\/*_:l% x id)(D). Then we get an
immersion of M in E U Ew, which is the nontrivial S2—bundle (by suitable
smoothing process, we may assume the immersion is smooth, and is identified
with

h~'( the graph of f;) on (e\/_—I% x id)(D),
having only h~=1(0,0) and h~1(0,00) as multiple points).
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It is easy to see that the above immersion represents the homology class
ax — by.

Step 2. Now we are going to change fr so that we will get an immersion
representing ax — by and having only double points. Look first at those fi :
D — D. Consider the restriction of fj to the real interval [—1,1]. Then, their
graphs are in the cylinder [—1,1] x D.

First we construct a topological embedding u of the set [—1, 1] x [—&, 27 — 2¢]
in [~1,1] x D where 0 < ¢ < T. The idea of the construction is

1) ﬂ(t> ) = (t7 )

2) for t > %, the image of @ is the corresponding part of the cone with
vertex (0,0) € [-1,1] x D and base (1,eV=19),0 € [—¢, 21 — 2¢].

3) for t < —%, the image of u is the corresponding part of the cone with
vertex (0,0) € [—1,1] x D and base (—1,—eV~1%),0 € [—¢, 21 — 2¢].

4) for [t| < %, u(t,-) is the line segment from (t, eV=H=3e-%)) to
(t,eV=1(=3e+5)),

5) for % <t < %, the image of w is gotten by using some line segments.

More precisely we have

1) u(t,0) = (t,0(t,0))

2) for t > 2,9(t,0) = teV=10

3) for t < —2,(t,0) = teV—12n—3-0)
4) for [t| < 1,0(t,0) = eVT3(r—e) (e _ 1y
5) for 3 <t < 2,0(¢,0) = (2 - 3)0(3,6) + (3t — 1)v(3,6)

6) for —1 <t < —2%(t,0) = (-1 — 3t)0(52,0) + (3t + 2)v(—1, 0).

To see if w is a topological embedding, we need only to prove that if |¢| € (%, %)

and v(t,0) = v(t,0"), then § = #’. From the definition of v, we have
V=10 _ov—16 7‘6\/’_1%(”’5), ifte (%,
eV—1@2m=3e=0) _ ovV=1(21=3:=0") _ p/oV=15(m—2) if —te
where
_32-3t0-0¢ ,  32+3t0-0
LY — T T 9% r 1o e
Since eV~13("=2) i5 a tangential direction of the unit circle at e\/*_l(”*%E), we

see that for ¢ € (3, 2)

and hence
V10— (1—3e)) _ oV=1(0'=(7—3¢)) _— ./ ] =
e\/jl(‘g—(ﬂ'—%e)) _ e—\/jl(el—(ﬂ'_%g)) — a real number.

Therefore » = 0, i.e. § = §’. The same argument works for the case of —t €

(3,2). Thus @ is an embedding with “corners” on [t| = %,2. We may use a
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smooth perturbation to get a smooth embedding u with u(¢,0) = (t,v(t,0)) such
that

1 2
o(t,0) =T(t,6)), i 1t < gorl =3,

It is easy to see that the image of the set

[-1,—;] x {2m — 3¢ — ¥}U[§>1] % {¥}

under u is in the graph of fr. Now, for k=1,3,--- ,20—1,2b,2b+1,--- ;a—1,

fet k 2 2 k
Iy L P
3a a a a

and let L) be a curve in [—1,1] x [—¢, 271 — 2¢] consisting of the line segments
connecting the six points:

21k 21k 1 1 2k
1, Ty (ak — — b be), (—=, 21 — 3 — —©
( ) a )a(ak, a )a(ak GCL’ k)a(oa k)a( 3’ ™ 3e a )a

2rk
and (—1,27 — 3¢ — %)

ap —

Smoothing L}, on some small neighborhood of the corners, we get a smooth curve
Ly parametrized by (¢, (t)), te€[-1,1].
We will construct a map fr : D — D instead of fi. First, let

2

HOES ORI

Let the intersection point of L, and Li(k # k') be (tpn,lk(ter)) =
(t, i (tkye)) for some ¢4 . Then there is a neighborhood of ¢y in (0, %),
where

Ip(t) = Ap it + Bpxr

for some real constants Ay and By, and hence v(t, 1, (t)) = v(t, k(1)) is a
real analytic function around ¢ /. And in a neighborhood Uy js of ty i in D,

we let
Ahk/z + Bk:,k:’ + € B

1
2 — ¢ 5)
Suppose ek > 0 is small so that {z € D/ |z — ty 1| < 21} C U . For
small 7 > 0, let

Fo(2) = v(z,lk(2)) = eV 713 (=9

2
U={z=t+vV-1se D/|s| <2n,|t| < g—i—n,\z—tk,k/\ > gk}

where k' runs over all possible values. We define f,’g on Uy by

FLt+V=1s) = v(t, l(t)).
Then on the set

2
U | JUrp U{Z/g <l <1}
k/
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Wlth its natural open covering, we can use a partition of unity to combine those
fk to get a function f; with values in D. We may assume that fk is well defined
on the set

U={z=t++/-1seD/|s| <n}

and fi,(2) = fu(2) if 1 —n < |z| < 1. It is obvious that
fu(t) = v(t, 1)) for te[-1,1]

and for k' # k, the only intersection of the graphs of ]?k and ]?,g over U is
(thkrs e (thekr))-
Furthermore, it can be seen that for small £ € (0, 7],

(———1—\/_5)—1;(—% 2%—36—@)

a
1 27k

( +V-1¢) = (— 7)

and for k # K, the orthogonal projections of the curves (¢, fi(t + v/—1¢)) and
(t, frr(t +v=1€)),t € [-%, 1] on the plane

u([——,%] « [—&, 2 — 2¢])

can have intersections only in a small neighborhood of (tx i/, i (tk ). Now we
are going to construct a braid by using the fi(t + /—1¢).

Let L be the diameter of D from —\/—le\/*_l(%*%) to \/—le\/*_l(%*%a
parametrized by

2 2
L) = ev—l%ﬁ—e)(% —1), f¢e[-e2m—2]
—

Then there is an embedding u of [\/1 — &2,2] X [—¢,27m —2¢] to [\/1 — &2,2] x D
given by
uy (t,0) = (t, Leﬁe + t-v1i-§& ML(G))
2 /1-¢& 2 /1-¢&
and an embedding u_ of [\/1 — £2,2] X [—¢, 27w —2¢] to [-2, —y/1 — £?] X D given
by

_ —t—/1-¢ B t+2 V=I(27—3c—6)
u(60) = (1 - \/7v1_g2 1) - 5= e )
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We may assume that € is so small that if \/1 — €2 + /=16 = ¢V~ and ¢’ €
(0,27), then ¢’ < min{e, 2* — 2¢}. Thus

(V1= +V/=18) = eV TEE+ — (V1 — g2, @w’)
(=1 =24 V=1¢) = eV TEFH) =y _(—\/1—¢2, 27?—367@+0)
and the map sy : [-2,2] — [—2,2] x D given by

u_(t,2mr —3e — ZE 1 9), te[-2,—/1-¢

sk(t) = S (t, fiu(t + V=1¢)), It < /1-¢€2
uy(t, 225 4+ ¢, te[y/1-¢€2,9

is continuous.
Regard the image of s as a string in [—2,2] x D, then taking k = 1,2,--- ,
2b—1,2b,--- ,a — 1, we get a — b strings which form a braid denoted by S.
Let s, — [—2,2] x D be the map given by

u_(t,2mr —3e — ZE 1 9), te[-2,—\/1-¢
si= 1 (t+V=1E)eV T, 1 <\/T-¢
uy(t, 25 1+ ¢, te[v/1—¢€2,2).

Then s, is continuous, and the string coming from sj, has the same endpoints as
that coming from sj. Denote by S the braid coming from the sz. We are going
to prove that S and S are the same as braids.

Letting L4 (0) = (2,L(0)), L_(0) = (=2, L(0)), 6 € [—2,27 — 2¢], we have line
segments L, and L_ in [—2,2] x D. Regard the normal direction of L4 and L_
~13¢ as the forward direction in ‘the set [=2,2] x D. Then it can

given by e~
be seen that S can be represented by strings s) so that if k¥ < k', then s}, is in
front of sk (Notice: it takes time to see this important fact!).

For S, we observe first that for the part of S corresponding to ¢ € [%, 2], it is
isotopic to the lines connecting

3 Fulz + V1) and L +4)

with the endpoints at ¢ = % and 2 fixed. Notice that (%,ﬁ(% + v—1¢)) is on
the line

1
5
which is parallel to the lines Ly and L_. And for the part of S corresponding
tot € [—2, —%], it is isotopic to the lines connecting

v(t,0)), 0€[—¢,2m— 2]

(=2, 027 — 3 — 2™ L 9)) and (—é,fk(—%ﬂ/—_l{))

a
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with the endpoints at ¢t = —2 and —% fixed. Denoting by s the strings of the
braid S" obtained by S and the isotopies for ¢ € [£,2] and ¢ € [-2, — %], we have
that

~ 11
S;C(t) = (tafk(t + v _15)) for te [_ga g]
and for % < |t| < 2,5}, lies in the plane spanned by Li and L_ such that if

k # k', then s) and s}, do not intersect. In Uy, s, we have

Fult + V=1 = eﬁ%(w—e)(Ak,k’(t+ V=1E) + Byw +e 1)7

2m — ¢ 2
= —T2(n_e), Akt +V=1) + B p+e 1
Furlt +v/=T€) = eV Th o) (Al \/QW f)e pktE o)

If £ < kK, then by our construction of [y (%),
Ak,k/ <0 and Ak’,k =0

and therefore s}, lies in the plane spanned by Ly and L_. Also,
~ Ay g
Fult +V=18)) = a(t)eV 12(m=e) 4 \/TeV-Ta(m—e) %
T —

where «(t) is a real number, and so s, lies in back of s;,. This proves that S
and S are the same braid.
Since

s(t) = () for V1@<t <2,
an easy argument in homotopy theory shows that as braids for [t| < /1 — &2, S
and S are also the same. Let

Sk(t) = (& frlt+v=1n), [t| < V1—72

where f,(z) = zeV~1%". Then the 5 define a braid § which is isotopic to

S ]‘ Ve by the homotopy with the endpoints moved:

H(t,s) = (t, fr(t + \/__15))7 s € [6777]’ [t < V1-—s2

Therefore S ]‘ H<y/1e is isotopic to § || /T This shows that fj(z) extends

to{t++v—-1seD/s>0}.
A similar argument proves that fx(z) extends to {t ++/—1s € D/s <0}
and we obtain maps

fk(z) :D— D
such that _
fe(z) = fu(z), if 1 = < 2] <1
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and the unique intersection point of the graphs of ﬁ and fk/ for k #£ k' is

(ks e (trpr))-
For £k =0,2,---,2b— 2, to construct

fro: D —{z /]2 < 1} J{oo}
we notice that fr = H o g, where

H(z)=z"" gu(z) = zeV TR

We may do a similar thing for gz, k =0,2,---,2b— 2, as for fr,k=1,3,---,
2b—1,2b,--- ,a — 1. The main difference is the construction of L;.

For the present case, choose a; and b, such that

1 k+1 k+1
- by — —
ak 3 + 3q 0 Uk €+ g
and let L} be a curve in [—1, 1] x [—¢, 27 — 2¢] consisting of the segments of lines:
2rk 2rk
from (—1,27 — 3e — L) to (ag,2m — 3¢ — L), and then
a a
1 1 27k 2rk
t —.,b 0,0 - — d (1,—).
o (ak+6a’ k)a ( ) k)7 (3’ a )a an ( ' a )

Then we do the same thing for g to get g as we did for fi to get fk For
k # k', the graphs of g and g have a unique intersection point of multiplicity
1 coming from the intersection point of Lj and Lj,. Now, let

ﬁ:Hogka k:O’2,,2b—2

Then the intersection of the graphs of fk and fkf has multiplicity —1. -

Replacing fx by fx for Kk =0,1,--- ;a — 1, we obtain an immersion F' of M
having E|J Ex with 3(a — b)(a — b — 1) intersection points of positive sign, and
%b(b — 1) intersection points of negative sign.

Step 3. We are now in a position to eliminate %b(b — 1) pairs of intersection
points with opposite signs, by using the Whitney trick. .

First notice that the intersection points of the immersion F' of M are all in
the circle

S={(z1)/]z]=3}CcCxR

and that
F(S) c TJu([-1,1] x [~&,2m — 2e]) | J(H o u)([~1,1] x [~¢, 27 — 2¢])

where T' C E| S is a smooth S!—bundle over p(S)\ D. Hence, we may
p

assume both T'(Ju([—1,1] X [—¢&, 27 —2¢]) and T |J(H ow)([—1, 1] x [—¢, 27 — 2¢])
are smooth connected surfaces with corners on the boundaries (topologically each
of them is a Klein bottle with an open disk deleted).
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Notice that for kK = 0,2,---,2b — 2, there is a unique curve ¢ in F(S)NT
from
21k 2
(Howu)(—1,2m — 3¢ — L) to u(1, —ﬂ-(k: +1))
a a
such that

GNaw =0, if k£K.

Denote by Ly, the piece of Ly corresponding to either ¢ € [~1,0] or ¢ € [0, 1]
according to k being even or odd, and let

cp=(Ho u)(Ly), if k is even
¢, = u(Lyg), if k is odd.

Let
ck:c;+1 ANek Acg, k=0,2,---,2b—2

where A means the product of curves.
If

W =T Ju([0,1] x [, 27 — 2¢]) | J(H o u)([-1,0] x [¢, 27 — 2¢])

then W is a surface with corners on the boundary (topologically, it is an annulus
for any choice of u) such that

F(M)ﬂWDUk 0C2k-

Now ¢y and 02 bound a Whitney disk in W, so we may eliminate the inter-
section point of ¢ and ¢, and that of ¢ and ¢§ by the Whitney trick. Then the
immersion F is regularly homotoplc to an immersion F(1) such that F (1)( nli4

is obtained from F' (M ) N W by deleting ¢y and adding c( ) , where c( 'n co =
the pieces of ¢ corresponding to t € [tg 2+ d02,0] and t € [0 ti3+ 5173] for some

d0,2,01,3 > 0, and with c((]l) \ ¢o a curve between ¢y and c4.

Now c( ) and ¢4 bound a Whitney disk, and we may get an immersion F(?)
regularly homotoplc to F(1) by the Whitney trlck such that F() N is obtained
from F(M)NW by deleting c( ) and adding c ) where cél) OC(Q) = the pieces of
cél) corresponding to t € [ty 4+02.4,0] and t € [0, t375+53,5] for some 02 4,935 > 0,
and with c((f) \ cél) a curve between ¢4 and cg. Continuing in this way, we may
get an immersion F; = F®~1 such that the b — 1 pairs of intersection points of
F' contributed by cg Ncor, k =1,2,--- ,b— 1, are all eliminated.

Doing the same thing for Fj to eliminate the b — 2 pairs of intersection points
of Fy contributed by co N cop, bk = 2,3,---,b — 1, we will get an immersion
F5. Continuing in this way, we get at last an immersion Fj_; with all pairs of
intersection points contributed by

Cok M Cag/, 0<k<Kk <b-1
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eliminated. The number of the pairs is £b(b — 1), and so Fj_; has

1 1
§(a—b)(a—b—1)— ib(b—l)

intersection points of positive sign. Eliminating these intersection points by
surgeries, we get an embedding of a new surface M’ representing ax — by with
genus

alg = 1)+ 14 3 (a—b)(a—b—1)~ 206~ 1)

which is the minimal genus by the generalized adjunction inequality. This com-
pletes the proof of Theorem 2.
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