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ON MELNIKOV’S PERSISTENCY PROBLEM
J. BOURGAIN

1. Introduction

We consider Melnikov’s persistency problem for b-dimensional tori in R?® x
R?"-phase space for a real analytic Hamiltonian H of the form

H:H(I,G,y):H(Il, ,Ib,Hl,... ,Hb,yl,... ,yr)

(L1) = Qo D)+ 3 pralyel? + 1112 + H (1,6, )

s=1
(the last term in perturbative), as considered in [E|, [Kuk|, [Pos|. Here I =
(I1,...,Iy), 0 = (01,...,0,) are action-angle variables for the “tangential” part
of phase space and y = (y1,... ,y,) are the “normal” coordinates.

Assume A\g a diophantine vector and the normal frequencies satisfying a non-
resonance condition

(1.2) Mo k) —ps A0 (k€Zb s=1,...,7).

This last condition is weaker than considered in [E], since we do not require the
second assumption

(1.3) (Aos k) + ps — ps # 0 (s # )
excluding multiplicities in the normal frequencies.

Our aim is to show the persistency of the invariant torus T? x {0} x {0} with
perturbed frequency vector A that can be taken of the form

(1.4) A=th, tERt~1
thus a multiple of the given Ag. Thus
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Theorem. Let H(I, 0, y) be the Hamiltonian given by (1.1), where we assume
condition (1.2) and the perturbation Hy real analytic in a neighborhood of 0
in phase space. Then, for a fired small € > 0 and t taken in a set of posi-
tive measure, there is a perturbed torus with frequency vector \ satisfying (1.4),
parametrized as

(1.5) I=I(t) o0=Xx+0@1) y=y)

with I, 0",y quasi-periodic with frequency vector A and size 0(61/2) - say in
appropriate real analytic function space norm.

This result was obtained in [E] under the stronger nonresonance hypothesis
(1.2)-(1.3). Assuming (1.2), the result without requiring A to be of the specific
form (1.4), follows from [Bol] (containing also certain infinite dimensional phase
space settings applicable in the PDE-context. Achieving the extra property
(1.4) is a main point in this Note. In order to obtain this additional property,
we will combine the KAM-method (as explained for instance in [Kuk]) with
the Nash-Moser type methods from [C-W], [Bol, 2, 3]. The main point in this
approach is that due to a weaker nonresonance hypothesis, we do not eliminate
the y-quadratic perturbative part of the Hamiltonian and therefore, in the KAM
scheme, at each step a non-diagonal linear operator needs to be inverted. This
operator is the same as encountered in the direct Liapounov-Schmidt approach
used in [C-W], [Bo], after expressing the problem as a lattice problem (passing to
Fourier transform) and linearization. In this context, there is the extra difficulty
that we do not allow A = (A1,...,\y) to vary as a full b-dimensional parameter
since there is the restriction (1.4) A = tAg with A\ fixed. It turns out however
that, at least with finitely many normal modes, the analysis of the inversion
of the linearized operator may be performed as well in this situation. In fact,
establishing the separation properties of “singular” submatrices of given size in
the multi-scale analysis will only use the diophantine property of Ay and the role
of the t-parameter appears only at the final stage.

It seems unclear how this result with the restriction (1.4) may be generalized
to an infinite dimensional phase space setting (appearing in the PDE applica-
tions, cf. [Kuk], [Bol, 2, 3]) where the frequency vector A is allowed to vary as
a full parameter.

Finally, as observed by J. Moser, in contrast to the “standard” KAM prob-
lem where r = 0, one may not expect in the Melnikov problem to specify the
perturbed frequency vector independently of the perturbation, unless there are
additional parameters (hence > b) in the problem (the dilation factor ¢ plays here
the role of substitute). A simple example illustrating this fact will be described
in the last section of the paper.

What follows is a very schematic, sometimes only formal, overview of the
proof of the result stated in the beginning of this section.
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2. Melnikov problem (scheme)

Write the Hamiltonian as

b
(21) H=> MI
j=1

(2.2) +Zﬂs,y8‘2
s=1
(2.3) +H,(I,0)
(2.4) —{—Re[ Z as(k) 0y,

kezb, s=1,...,r

(2.5) +Re [ Z gs,s/ (k)e™ g ys + T o (k) € 0y7,
kezZb, s, 8'=1,... ,r

(2.6)  +0(yl-[1])

2.7 +0(yl),

where [ = (I1,...,1), 0 = (61,...,0,) are action-angle variables in the tan-
gential part of phase space, ys = ps + igs(s = 1,...,r) with (ps, ¢s) canonical
coordinates in the normal part of phase space and with I and y restricted to
a neighborhood of 0. The vector A\ = (A1,...,\y) is considered as parameter
(which may be extracted by amplitude-frequency modulation from the “twist”

term |7|2 = S2%_, I2 in (1.1)). The terms (2.3)-(2.7) are perturbative. Assuming

e

(28) ba,or (k) = bar (k)
and

(2.9) G (k) = B a(F).

The unperturbed torus corresponds to T? x {0} x {0} € R?* x R?". Our purpose
in order to solve the Melnikov problem is to replace

(2.10) > NI+ Hi(1,06)

by an integrable Hamiltonian

(2.11) > NI+ Hi(I)

and make the y-linear term (2.4) disappear. The first step is achieved by the

standard KAM procedure. The second will be achieved from canonical trans-
formations involving y-linear Hamiltonians only. Thus we do not eliminate the
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y-quadratic part (2.5) of the Hamiltonian as in [Kuk]. The advantage of this is
that the second nonresonance condition (1.3)

(212) s — ps + <k7 )‘> 7& 0

is unnecessary. The disadvantage is that now solving the homological equations
requires to invert a linear operator that is non-diagonal, due to the presence of
(2.5). The small divisor problems are in this situation technically more compli-
cated and the argument will be sketched at the end (this seems to be the main
difficulty of the present scheme).

3. Melnikov problem (Homological equations)

Consider the Hamiltonian
b
(31 H=> N+ ulysl

(3.2) +Re as(k) eik'eys]

(3.3) +Re[ > 3575/(k)eik‘9ys.y5/}+[Z€S7S/(l€)eik‘9ys.ys,

keZb,s,s'=1,...,r kezb
(3.4) FO(1* + |yl 111 + [y/*)
satisfying (2.8), 2.9). Our aim is to reduce (3.2) by a sequence of approximate
canonical transformations. These transformations will however also introduce

in particular expressions H'(I,6) and at each step the integrable form in the
tangential coordinates will have to be recovered by an extra transformation.
Assume (3.2) of “size” § in an appropriate real analytic function space norm
expressed by some exponentially weighted sequence norm of the coefficients
{as(k)}. Compose H with a canonical transformation with Hamiltonian

(3.5) F = Re<2ﬁs(k) ei“ys>

of size 61~ and to be specified. The new Hamiltonian H is then given by
~ 1

(3.6) H:H+{H,F}+§{{H,F},F}+--~

thus adding to H the Poisson bracket {H, F'} as first order correction. From
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(3.1)-(3.4) one finds

(9HOF . OH OF OH OF
= Zaf 7+ 2 (3 5 . )

(3.7) = Re (iZﬁs(km, A) eik9y8>
s,k

(3-8) +0(Jyl* + [yl 11])

(3.9) +Im<ZMS (k) eik? >

(3.10) +{(3.2), F}

(3.11) — Im[ Z by (K ﬁ (k) /61‘(1«14).9]
s,s’ k,k’

(3.12) —I—Im[ Z mﬁs(k')yy ei(k’—k).@}
s,s’ k,k’

(3.13) +0(|1])

(3.14) +0(ly[?)

where in particular (3.10) is of size 62~ and depends only on 6 and (3.13), (3.14)
are of size 6'~. Our first aim is to specify Fs(k) such that

(3.15) (3.2) + (3.7) + (3.9) + (3.11) + (3.12) = 0.

This will reduce the y-linear term in H to size 62~ .
(3.15) clearly amounts to

(k) = i((ky \) — g +szs ok — K Fy(—K')
(3.16)
— iy Caw(k— K )Fs/(k )-
k’,s’
Define
(3.17) Gy (k) = Fo (k).

Then, taking also the conjugate of (3.16), (3.16) is equivalent to the linear system

S () = (0 N) = ) Fa(k) = 3 G = KB () + 3 B o = K)Gr ()

S,7k, / k/
= 3" by (K = R)E (K) + (—(k, \) — )G (k)
s k!

— > ok = k)G (K)

s k!
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a8 ~r(I)

where
(3.19) T=D+T,

k) — )1l 0 > :
3.20 D= ({F, diagonal
(320 (AT - ) e
and

—5a,., 5,

(3.21) Tl - < S/E /7 7SL,C\S>/,S >

is selfadjoint. Thus 7T is selfadjoint and preserves the structure (3.17).

Estimates on the inverse of (restrictions of) T' will be discussed in the next
section (this is the main point of the present analysis) and, essentially, these are
similar to the diagonal case T' = D from the usual scheme (up to the technicalities
required to establish them).

Thus the left member of (3.18) is of size ¢ (for the considered exponential
weight on the sequence {d(k)}) and solving (3.18) in (F,G) yields ||F| < 6~
(this estimate involves inverting T restricted to |k| < (log $)? say and a slight
reduction of the convergence radius of the analytic weight, as usual in such
procedure).

At this stage, we have thus reduced the y-linear term (3.2) from size § to
size 62~ but the integrability of the part of the Hamiltonian depending only on
(I,0) got lost because of the (3.10) and (3.13) terms. In order to recover this
integrability, we perform another canonical transformation in (I, ). Some care
is needed regarding the effect for the y-linear term. Recall that (3.10) is only
f-dependent and of size 52~ while (3.13) is (I, 6)-dependent at least linear in I
and of size §'~. The second transformation is thus defined from a Hamiltonian
of the form

(3.22) K(I,0) = K1(0) + K»(I,0)

where K is of size 82~ and Ky of size §'~ and at least linear in I. Hence the
effect of K4 is harmless while one observes that the Poisson bracket of K5 and
(3.4) yields again terms of the form (3.4).

The conclusion is thus that by a symplectic transformation of size 6!~ the
Hamiltonian H may be transformed in a Hamiltonian of the same form (3.1)-
(3.4) where now (3.2) is reduced from size J to size 62~. Iterating the procedure
eventually permits to eliminate (3.2) by a convergent sequence of symplectic
transformations and hence solve the persistency problem. The frequency vector
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A is taken of the form A = tAg where t = 1 is restricted to a set of positive
measure, the restriction being such that the required bounds on the inverse of
T are fulfilled (see section 4 (iii)). We assume a diophantine property

(3.23) [k, 20) 2 (14 1K) ~C, k € Z"\{0}
and also a nonresonance condition
(3.24) [0k, M)+ p1sl 2 (1 + ) ™C, k€ 2, s =1,... 7

and the perturbation sufficiently small. This enables us in particular to invert
restrictions of 7" in the initial steps (depending on the size of the perturbation).
Later on, we rely also on a small variation of the dilation parameter ¢ around 1
in order to control the inverse operators for larger scales.

4. Inversion of the linearized operator

Let T'= D + T4, be as in section 3, thus
(4.0) D= (kA *£pus, kel s=1,...,r

where A = (\1,..., ) is a diophantine vector and pq, ... , u, # 0; T is station-
ary with respect to k, meaning that the matrix elements 77 (k, k') only depend
on the difference k — k’, with exponential off-diagonal decay. We will not rely on
selfadjointness properties. In this brief exposition we will use ideas and methods
from [Bol, 2, 3] without expliciting all details. The main difficulty compared
with [Bol] is to establish separation properties with A an essentially fixed (dio-
phantine) vector rather than a b dimensional parameter.

4(i). The multiscale analysis

We outline the construction of the consecutive generations of singular sites
and submatrices. Let T be of size € and take § > £.(*) Define

(41)  Py={kecZ' Qoz{k:eZb1m<ini|<)\,k>ius\<5}.

SS_T,
Thus Ty ! may be controlled by a standard Neumann series if A N Qy = ¢.

Next take a subset P; of (g and associate to each k € P; a box Q,{u_ of size IVq
such that

(4.2) dist(Q, Q1) > 10N, (k # k')

(*)The numbers &g, 61, ... should not be related to “§” from previous section. The con-
struction described here is an independent process.
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(4'3) Qo C U Q,lc

ke Py

Denote Q,ﬁ the “doubling” of Qf. Then, as in [Bol], the inverse of T, 1 may be

controlled by the reciprocals of expressions p((k,\)), where p runs in a family
P1 of polynomials with

(4.4) Z (degree p) < 2r.
pEP1

Thus there are numbers
(4.5) ol,... o8

such that the inverse of each Tfli’ k € Py, is controlled by the reciprocal of

(4.6) min |[(\, k) — ol

1<s<2r

Preceding construction requires ¢ sufficiently small depending on N7, 7 and the
diophantine properties of .

We then introduce the first generation of “singular” matrices corresponding
to @1 C P; where

(4.7) Q1 ={ke P/| min |[(\k)—ol| <}

1<s<2r

with §; < 0 to be specified. One may control TA_1 for all sets A C Z° such that

()

(4.8) keP,QiNnA#¢= Q1 CA

(4.9) ANQ: = ¢.

One may indeed write A = (A\Qo) U (A N Qp) and cover A N Qo with
Uskerino. Qf C A and apply Péschel’s Lemma (cf. [B2]) based on the resol-
vent identity.

Take again a subset P, of ()1 and associate to each site k € P, a box Qi of
size N9 such that

(4.10) KeP,M nQi#6=QL C O
and

(4.11) dist(Q2, Q%) > 10N, (k # k)



ON MELNIKOV’S PERSISTENCY PROBLEM 453

(4.12) Qic | oz

ke P>

Denote Qi a doubling of QF with the same property (4.10).
Our aim is again to control the inverses T 621, k € P, by the reciprocal

k
p((k,\)), p € Py a family of polynomials again satisfying (4.4)

(4.13) Z (degree p) < 2r.
PEP2

Observe that again there are < 2r types of regions Qi corresponding to a certain

partition of (4.5). The construction of the polynomials at this stage will use
methods form [Bo2, 3]. Write

(4.14) OG= U @a+ar0=0\ | @
€Q1nQ3 €Q1nQ3

and observe that A satisfies (4.8), (4.9), hence T ! is well-controlled

el

The inverse of TQ% may then be controlled by the inverse of

(4.15) P [To; — (RoyTRA)T, (RAT*Roy)| + (R, -~ Ryy)
eQ1nQ} oAl

(416) = P oy~ (ReyTRap )T o (R TRes)] +0(e ™M)
€Q1NQ3

taking separation properties and off-diagonal decay into account (R. denoting
the usual restriction operator). Taking next for each £ € @y OQ% the determinant
of an appropriate submatrix (appearing at previous step when constructing Py ),
the inverse of (4.16) is controlled by the reciprocal of an expression of the form

(4.17) [T detl--]+0e ™)~ [ pe((t, ) +0(e™)

eQ1nQ3 e}
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for some py; € P1. Write by factorization

(4.18) pe((6, ) = TT (&, %) = o)

seFky

and retain only those factors s € Ej that are small
(4.19) s€ Eye |6, \) — ol < o.

Thus (4.17) is equivalent to

(4.20) I I (e X) = (0h + (k= £, A)) +0(e™™)

eQ1N3 sEE]

where
(4.21) U =
QN3
labels the subset of {o},... ,0},.} corresponding to Q3.

Applying the preparation theorem to (4.20) with = (k, A) as formal variable
yields an equivalent polynomial expression

p({k, A)); degree p = #(4.21).

In this way, the inverses of Tﬁi , k € P», may again be controlled by the recip-

rocals p({k, A)), where p runs in a family P» of polynomials satisfying (4.13) by
construction. One gets again numbers

(4.22) o2,... 0%
such that the inverse of each Tﬁi’ k € Py, is controlled by the reciprocal of

(4.23) min |(\, k) — o2|.

1<s<2r

Introduce the second generation of “singular” submatrices corresponding to
Q)2 C P> where

(4.24) Qr=1{kec P, 1;111;12 |\, k) — 02| < 2}

At this stage, we may control T, ! provided A C ZP satisfies (¥), i.e.

(4.25) keP, NA#o=Q, cA (i=1,2)
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(4.26) ANQ2 = ¢.
Writing
(4.27) A= 9+
keQn
Q;.CA

we claim that A’ satisfies (4.8), (4.9). Indeed, if k € Py, QLNA’ # 6, then QF C A
by (4.25) and hence Q}C C A’ since otherwise Qp N A = ¢. Also A'N Q1 = ¢.

For k € Q1, Q1. C Q2, for some k' € Py, by (4.10), (4.12). Then QF, NA # ¢
and thus QF, C A (4.25) and k' € Q (4.26). Consequently

(4.28) Uac U &%
keQ1 k' €P2\Q2
QpCA Q3 CA

and we may apply again Poschel’s lemma with the {Q2, |k’ € P,\Qs} as separated
neighborhoods of the singular islands.
Next, one constructs P3 C @9 etc.

4(ii). Choice of scale

Take in preceding construction

(4.29) 5 = N7
and
(4.30) Niy1 ~ 8¢

where ¢y depends on the number r of modes and the diophantine properties of
A. Thus

(4.31) Nig ~ N2
and we choose C1 sufficiently large to ensure coC7 > 10 say.

4(iii). Control of the inverse of restrictions of T’

We allow variation of A in a fixed direction, thus A = t.\g where )\ is a given
diophantine vector and ¢t € R, ¢t = 1. Fix N and consider Ty = T|y<n. Take i
such that N; < N < N,y and enlarge [-NN, N]® to a region A satisfying

(4.32) QUNA#¢= QL CA
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(4.33) log(diam A) ~ log N.

If ANQ; = ¢, then A satisfies (%) and hence Ty ! has desired properties. Oth-
erwise there is a single k¥ € P, such that AN QZH # ¢, hence QZH C A and
A\Q;T = A’ satisfies (x). The control of T ' is then achieved from Péschel’s

lemma and T&L .
k

From the discussion of Q?jl, T&EH may be controlled by a “local determinant”

k
equivalent to a polynomial of the form

(4.34) < H (Ao, k‘>>td + (lower degree)

keA

where d = |A| < (2r)"*! and A C Qp. This polynomial is constructed from
consecutive applications of Malgrange’s preparation theorem (cf. [Bo2, 3]) for
perturbations of polynomials of high degree. At a given step the size of the
perturbation is 0(e~Mi-1), while the degree of the perturbed polynomial is
at most (2r)/. Since (2r)7 < logloge®Ni-1), by (4.31), the size of this per-
turbation is compatible to apply the preparation theorem from [Bo2|. Since
A C Qo, [(Mo, k)| = |us| > v # 0 for k € A. Thus the leading term in (4.34)
has a coeflicient of size at least ’y(QT)iH and (4.34) may appropriately be kept
away from 0 by a small variation of ¢ around 1, considering %h:l. In the
application to the Melnikov problem, also the off-diagonal part of T will have
a (weak) dependence on A, hence on ¢. This is compatible with the preceding
analysis.

5. An example

Our purpose is to exhibit a simple construction illustrating in the Melnikov
setting the need of frequency restrictions according to the nonlinearity and in
particular the absence of smooth e-families of perturbed solutions with fixed
frequency vector A for the Hamiltonian H = Hy + ¢H;.

We consider a phase space of dimension N = 2b + 2, where b = dim tori will
be taken sufficiently large. Let

(5.1)  H.(I, 0, q) = Ho(I) + plq|> + s{!ql2 + 5[008A<2b:cos 9)} Req}

s=1

where [ = (I1,...,1),0 = (61,...,0,) are action angle variables and ¢ € C
is the remaining coordinate (pair). In (5.1), p is arbitrary; A is an arbitrary
large number and we choose § (depending on A) sufficiently small in order to
preserve a bound on H; in the analytic function space norm. We will show that
we cannot find for any fixed (typical) frequency vector A = (A1,...,\p) a family
{u-(t)|e| < &} of quasi-periodic solutions of

O0H.

- ou,

(5.2) i
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with frequency vector A, such that
(5.3) lue(t) —ug(t)| < Ce

(as will result from the argument, even stronger statements are true in fact).
The evolution equations for u = (I, 6, ¢q) corresponding to (5.1) are

(5.4) I, = 56A[sinA<ZZ:1 cos 98> sinf;.Re q] (s=1,...,b)
(5.5) 6, =5 (s=1,...,b)

(5.6)  ig=(n+e)g+ 5edcos {A(Zﬁzl cos esﬂ

and u.(t) is of the form

(5.7) I'=1y+1I'(g, At)

(5.8) 0 =00+ N +6'(e, \t)
(5.9)  q=yem Ak, ) OV
where, by (5.3),

(5.10) I' =0(e)
(5.11) |0'| = 0(e)
(5.12) lg| = 0(e).

Substitution of (5.9) in (5.6) yields by (5.11) for each Fourier mode k

b A
(5.13) (N EYy+p+e) gk, e)= —%5(5[00514(2005 HSH (k)

(5.14) = —%55{ [cosA(Zb: cos(fo, s + )\st)ﬂ A(k:) - O(Ae)}
- b
(5.15) = —sé{eik-f’o Jro cosA(szzl cos gps> R dpy - doy + O(Ae)}

For typical ), one may choose kg € Z°, |ko| = 0(A) such that
(5.16) [\, ko) + pf < A=(=DH,

Take then € such that

(5.17) le] < A=Y+ and (A ko) + p+e =0

(the first restriction being compatible with the admissible e-range for A suffi-
ciently large).
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Since for k = ko the left member of (5.15) vanishes, one obtains that

b
(5.18) / cos A(Zcos <Ps> ek dpy - dipy = 0(Ae) = O(A*b“*)
b

s=1
from (5.15), (5.17). Now the integral equals however

b

b
1 . 1 .
519 1 (A cos p+ko,«¢) g | 4 L / i(—Acos p+ko o) g
519 2SI=11[/Te eJrgll] ) ’

s=1

which, by stationary phase, is typically of size A~%/2, since |ko| < A (some
care is needed in order to ensure that the leading term is not vanishing). In
conclusion, we get that A=%/2 < A=b+2+ 3 contradiction for b > 5.
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