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BEST BOUNDS FOR THE HILBERT TRANSFORM ON LP(R!)

LoukaAs GRAFAKOS
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ABSTRACT. We present a short proof of the boundedness of the Hilbert transform
on LP(R!) with the best possible constant. The proof assumes two lemmas known
in the literature, but it avoids using the conjugate function on the circle and it is
given directly on the line.
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be the usual Hilbert transform on the line. We shall prove the following:

Theorem. (Stylianos Pichorides [P], Brian Cole (unpublished)). H maps
LP(RY) into itself with bound tan(rw/2p) for 1 < p < 2 and cot(w/2p) for
2<p<oo.

By duality it suffices to prove the theorem for 1 < p < 2. Fix such a p. We
will need the following two lemmas:

Lemma 1. For all a and b real numbers the following inequality is true :
(1) [b]” < tan” (7 /2p)|a” — By Re((|a] + ib)"],

where B, = sin? ™! (7 /2p)/ sin ((p — 1)7/2p) is a positive constant.

Setting a = Rcosz and b = Rsinz, the above reduces to Lemma 2.1 in [P].
Furthermore, we will need Lemma 3.5 in [P] (which can also be found in [G] p.
129):
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Lemma 2. The function g(z,y) = Re|[(|x|+iy)P] defined on R? is subharmonic.

To prove the theorem, take f to be a C'*° compactly supported function and
apply (1) with a = f(x) and b = (H f)(z). Then integrate (1) with respect to x
to obtain

+oo T +00
/ |(H f)(z)|Pdz <tan? (%) / |f(z)|Pda
@ T =

—+o0
~5, [ RellS@)]+ i) @)lds.

— 00
Since B, > 0, the proof of the theorem will be complete once we show that
+oo
Q | Rels(@) + it (@) )ds = 0.

Consider the holomorphic extension of (f + iH f)(x) on the upper half space
given by

. 400 +
(4) u(z) +iv(z) = 1/ ) dt, u, v real-valued.

T ) _ o 22—t
Since u(z) + v(z) is holomorphic and g¢(z,y) is subharmonic, it follows that
g(u(z),v(z)) is subharmonic on the upper half space. The boundary values of
9(u(z),v(2)) are

() g(u(z +1i0), v(z +1i0)) = Re [(|f (x)| +i(H f)(x))"].

For R > 100, let Cr be the circle with center (0, R) and radius R — R~!. Denote
by C% the upper part of C'r and by C’{% the lower part of Cr. It follows from
the subharmonicity of g(u(z),v(z)) that

(6) /CU g(u(z),v(z))ds + /CL g(u(2),v(z)) ds > 27(R — R~1) g(u(iR), v(iR)).
Observe that

| flloc |support f|
TR ’

(7) lu(z +iy)|, |v(x+y)| < whenever |y| > R,

where [support f| denotes the measure of the support of f. Clearly (7) implies
that

TR
as R — oo,

(R =R gu(R).wGRY)| < (R — ) (ALl Bpport YT,

(8)

and that
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2l e 1)
TR

as R — oo.

R COROLEL GRS )<

Letting R — oo in (6), and using (5), (8), and (9), we obtain (3).
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