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SHARP BOUNDS FOR THE GREEN’S

FUNCTION AND THE HEAT KERNEL

Peter Li, Luen-fai Tam, and Jiaping Wang

§0 Introduction

The main purpose of this note is two-fold. The first is to give simple proofs to
some recent theorems of Colding-Minicozzi in [C-M] on the asymptotic behavior
of the Green’s function on manifolds with non-negative Ricci curvature and
maximal volume growth. The second is to give sharp upper and lower estimates
for the heat kernel on this class of manifolds. In fact, after integrating these
estimates with respect to the time variable, they yield sharp pointwise bounds
for the Green’s function. The interested reader should refer to [C-M] for a
detailed history of this subject.

Throughout this paper, we assume that Mn is an n-dimensional complete
noncompact manifold with non-negative Ricci curvature. With the exception
of Theorem 2.1 and Corollary 2.3, we will assume that n ≥ 3. Let us denote
the distance between x, y ∈ M by d(x, y). If Bx(r) denotes the geodesic ball
of radius r centered at x, then we denote Vx(r) and Ax(r) to be the volume
and the area of Bx(r) and ∂Bx(r), respectively. In all the theorems, with the
exception of Theorem 1.2, we will assume that M has maximal volume growth.
This means that for some fixed point p ∈ M ,

lim inf
r→∞

r−n Vp(r) > 0.

If we define
θp(r) = n−1r1−n Ap(r),

then the Bishop volume comparison theorem readily [B-C] asserts that there
exists θ > 0 independent of p, such that

(0.1) θp(r) ↘ θ

and

(0.2) r−n Vx(r) ↘ θ
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as r → ∞. Let G(x, y) be the minimal positive Green’s function on M , whose
existence is guaranteed by [V] and [L-Y]. It also follows from the estimates in
[L-Y] and (0.2) that there exists a positive constant C(n, θ) depending only on
n and θ such that

(0.3) C−1(n, θ) d2−n(x, y) ≤ G(x, y) ≤ C(n, θ) d2−n(x, y).

Moreover, the Laplacian comparison theorem [G-W] implies that, for any x ∈ M,

(0.4) ∆yd2−n(x, y) ≥ 0

in the sense of distribution. Finally, the gradient estimate in [Cg-Y] asserts that
there exists a positive C(n) > 0 depending only on n, such that, if u is a positive
harmonic function defined on Bx(R) then

(0.5) |∇ log u|(x) ≤ C(n) R−1.

§1 Asymptotic behavior of the Green’s function

We are now ready to give a simple proof to Theorem 0.1 of [C-M].

Theorem 1.1. Let Mn be an n-dimensional (n ≥ 3) Riemannian manifold
with non-negative Ricci curvature. If M has maximal volume growth, then the
Green’s function G(p, x) with a pole at any fixed point p ∈ M must satisfy the
asymptotic behavior

lim
x→∞

n(n − 2)θ G(p, x)
d2−n(p, x)

= 1.

Proof. Let us denote the cut locus to the point p ∈ M by E, and let Ω be the
complement of E in M . Since E is of measure zero, Fubini’s theorem asserts
that the set ∂Bp(r) ∩ E has (n − 1)-dimensional measure zero for almost all r.
We say such r is permissible. By mollifying the function dp(·) = d(p, ·), one
obtains a sequence of smooth functions {fk} on M such that fk converges to
dp(x) uniformly on compact subsets of M . Moreover, |∇fk| ≤ 2 on M and
∇fk converges to ∇dp on compact subsets of Ω. It is also well known that (for
example, see [C]) it is possible to choose fk so that ∆fk ≤ n−1

dp
+ 1 on M , and

that ∆fk converges to ∆dp in the sense of distribution. Let hk(x) = f2−n
k (x)

and h(x) = dp(x)2−n. Then for any permissible r, the fact that |∇fk| ≤ 2 and
∇fk converges to ∇dp on ∂Bp(r) ∩ Ω implies that

(1.1)

lim
k→∞

∫
Bp(r)

∆hk(y) dy = lim
k→∞

∫
∂Bp(r)

∂

∂ν
(hk(y)) dy

= lim
k→∞

∫
∂Bp(r)∩Ω

∂

∂ν
(hk(y)) dy

=
∫

∂Bp(r)∩Ω

∂

∂ν
(h(y)) dy

= −(n − 2) r1−n Ap(r)

= −n(n − 2) θp(r).
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For permissible R and R0 with 1 < R0 < R, let us denote B0 = Bp(R0). Let x

satisfies dp(x) = r with R0 ≤ r ≤ R
2 , then the divergence theorem implies that

hk(x) = −
∫

Bp(R)

G(x, y) ∆hk(y) dy +
∫

∂Bp(R)

(
G(x, y)

∂hk

∂νy
− hk

∂

∂νy
G(x, y)

)
,

where νy is the unit outward normal of ∂Bp(R). This can be rewritten as

(1.2)

hk(x) + G(p, x)
∫

B0

∆hk(y) dy

=
∫

B0

(G(p, x) − G(x, y)) ∆hk(y) dy −
∫

Bp(R)\B0

G(x, y) ∆hk(y) dy

+
∫

∂Bp(R)

(
G(x, y)

∂hk

∂νy
− hk

∂

∂νy
G(x, y)

)
,

Clearly, the upper bound of G implies that

(1.3) lim sup
k→∞

∣∣∣∣∣
∫

∂Bp(R)

(
G(x, y)

∂hk

∂νy
− hk

∂

∂νy
G(x, y)

)∣∣∣∣∣ ≤ C(n)R2−n.

Also (0.3) and (0.5) imply that

|G(p, x) − G(x, y)| ≤ C(n) R0 (r − R0)1−n,

hence we conclude that

(1.4)

∣∣∣∣∣lim sup
k→∞

∫
Bp(R0)

(G(p, x) − G(x, y)) ∆hk(y) dy

∣∣∣∣∣
≤ lim sup

k→∞

( ∫
Bp(R0)

|∇G(x, y)| |∇hk(y)|+
∫

∂Bp(R0)

|G(p, x) − G(x, y)|
∣∣∣∣∂hk(y)

∂ν

∣∣∣∣
)

=
∫

Bp(R0)

|∇G(x, y)| |∇h(y)| +
∫

∂Bp(R0)

|G(p, x) − G(x, y)|
∣∣∣∣∂h(y)

∂νy

∣∣∣∣
≤ C(R0)(r − R0)1−n.

For any 1 > ε > 0, noting that |∇hk| are uniformly bounded, and |∇yG| is
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integrable in Bx(εr), we have

(1.5)

lim sup
k→∞

∣∣∣∣∣
∫

Bx(εr)

G(x, y)∆hkdy

∣∣∣∣∣
≤ lim sup

k→∞

∣∣∣∣∣
∫

Bx(εr)

< ∇yG,∇hk >

∣∣∣∣∣ + lim sup
k→∞

∣∣∣∣∣
∫

∂Bx(εr)

G
∂hk

∂νy

∣∣∣∣∣
=

∣∣∣∣∣
∫

Bx(εr)

< ∇yG,∇h >

∣∣∣∣∣ +

∣∣∣∣∣
∫

∂Bx(εr)

G
∂h

∂νy

∣∣∣∣∣
≤ C(n)

(
r1−n

∫ εr

0

ρ1−nAx(ρ) dρ + εr2−n

)
≤ ε C(n) r2−n.

On the other hand, (1.1) together with ∆hk(y) ≥ −C d1−n
p (y) on Bp(R) \ B0

and the negative part (∆hk(y))− = max{−∆hk(y), 0} of ∆hk(y) converges to
zero almost everywhere, we conclude from (1.5) that

(1.6)

∣∣∣∣∣lim sup
k→∞

∫
Bp(R)\Bp(R0)

G(x, y) ∆hk(y) dy

∣∣∣∣∣
≤ lim sup

k→∞

∫
Bp(R)\(Bp(R0)∪Bx(εr))

G(x, y) |∆hk(y)| dy

+ lim sup
k→∞

∣∣∣∣∣
∫

Bx(εr)

G(x, y)∆hk(y) dy

∣∣∣∣∣
≤ lim sup

k→∞
C2(εr)2−n

∫
Bp(R)\Bp(R0)

|∆hk(y)| dy + ε C(n) r2−n

= lim sup
k→∞

C2(εr)2−n

∫
Bp(R)\Bp(R0)

∆hk(y) dy

+ lim sup
k→∞

2C2(εr)2−n

∫
Bp(R)\Bp(R0)

(∆hk(y))− dy + ε C(n) r2−n

= lim sup
k→∞

C2(εr)2−n

(∫
∂Bp(R)

∂

∂ν
(hk(y)) dy −

∫
∂B0

∂

∂ν
(hk(y)) dy

)

+ ε C(n) r2−n

= C2(εr)2−nn(n − 2) (θp(R0) − θp(R)) + ε C(n) r2−n.

Hence, combining (1.1), (1.3), (1.4) and (1.6), we conclude from (1.2) that

|h(x) − n(n − 2) θp(R0)G(p, x)|
≤ CR2−n + C(εr)2−n(θp(R0) − θp(R)) + Cεr2−n + C(R0)(r − R0)1−n.
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Letting R → ∞ and choosing ε = η
1

n−1
p (R0), where ηp(R0) = θp(R0) − θ, this

becomes

|h(x) − n(n − 2) θp(R0)G(p, x)| ≤ C

(
C(R0)(r − R0)1−n + η

1
n−1
p (R0) r2−n

)
.

Multiplying both sides by rn−2 = dn−2
p (x), and letting r → ∞, we have

lim sup
x→∞

∣∣1 − n(n − 2) θp(R0) dn−2(p, x) G(p, x)
∣∣ ≤ C(n, θ) η

1
n−1
p (R0).

The theorem now follows by letting R0 → ∞.

We should remark that when n = 2, any manifold with non-negative curvature
is parabolic. Hence any Green’s function must change sign. However, if M2

has non-negative curvature and has maximal volume growth, then M must be
conformally equivalent to R

2. In particular, we can write the metric on M as
ds2 = e2u ds2

0 where ds2
0 is the Euclidean metric on R

2 and u is a smooth function.
Let us denote the Euclidean distant between any two points p, x ∈ M by d0(p, x).
Using the fact that the Laplacian is conformally invariant in dimension 2, we see
that the Euclidean Green’s function G(p, x) = 1

2π log d0(p, x) is also a Green’s
function with respect to the metric ds2. It was shown in [L-T 1] (Corollary 3.3)
that

lim
x→∞

log d(p, x)
log d0(p, x)

=
θ

π
.

Hence, in this case, we also have the asymptotic behavior

lim
x→∞

2θ G(p, x)
log d(p, x)

= 1.

In fact, in [L-T 1] the author considered the larger class of surfaces, namely,
surfaces with finite total curvature. Estimates similar to the one stated above
holds for surfaces with finite total curvature and quadratic volume growth. In
our next theorem, we prove a slightly stronger result than Theorem 0.3 in [C-M].

Theorem 1.2. Let Mn be a complete noncompact manifold with non-negative
Ricci curvature. Assume that n ≥ 3 and let p ∈ M be a fixed point. Suppose
M admits a positive Green’s function G(x, y) and let u be any positive harmonic
function defined on M \Bp(1). Then there exist constants a, b, and C > 0, and
a function v which is harmonic on M \ Bp(3/2) satisfying

|v(x)| ≤ C d−1(p, x) G(p, x),

such that,
u(x) = a + b G(p, x) + v(x)
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on M \ Bp(2). In fact, the constant b is given by b = −
∫

∂Bp(2)
∂u
∂r .

Proof. Note that an argument of Milnor [M] asserts that M has finite first Betti
number. The assumption that M is non-parabolic ([L-Y] and [C-G]) implies that
M has only one end. It was proved in [L-T 2] that the limit limx→∞ u(x) = a
exists, and must be finite. Let us first extend u to a smooth function on M such
that u remains unchanged outside Bp(3/2). Define h = ∆u which has support
in Bp(3/2) and

u(x) = a −
∫

M

G(x, y)h(y)dy.

In particular, for x �= p,

u(x) = a −
∫

Bp(3/2)

G(x, y)h(y)dy

= a − G(p, x)
∫

Bp(3/2)

h(y)dy +
∫

Bp(3/2)

(G(p, x) − G(x, y)) h(y)dy

= a + b G(p, x) + v(x),

where b = −
∫

Bp(3/2)
h(y)dy, and v(x) =

∫
Bp(3/2)

(G(p, x) − G(x, y)) h(y)dy.
One checks readily that v(x) is harmonic on M \ Bp(3/2). As in the proof
of the previous theorem, one can show that there exists C > 0, such that,

|v(x)| ≤ C d−1(p, x) G(p, x)

for x /∈ Bp(2). This completes the proof of the theorem.

§2 Heat kernel estimates

In this section, we will continue to assume that M has non-negative Ricci
curvature and maximal volume growth. The goal of the next theorem is to
prove sharp pointwise upper and lower bounds for the heat kernel on such a
manifold. The heat kernel estimates are valid for all dimensions. When n ≥ 3,
after integrating with respect to time, we obtain sharp pointwise estimate for
the Green’s function. Moreover, if we let d(p, q) → ∞, then these upper and
lower bounds will reduce to the asymptotic estimates proved in Theorem 1.1.

Theorem 2.1. Let M be a complete manifold with non-negative Ricci curvature
and maximal volume growth. For any δ > 0, the heat kernel of M must satisfy
the estimate

ωn

θp(δd(p, q))
(4πt)−

n
2 exp

(
−1 + 9δ

4t
d2(p, q)

)
≤ H(p, q, t)

≤ (1 + C14 (δ + β))
ωn

θ
(4πt)−

n
2 exp

(
−1 − δ

4t
d2(p, q)

)
,
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where C14 > 0 is a constant depending only on n and θ, and β is given by

β = δ−2n max
r≥(1−δ) d(p,q)

{
1 − θp(r)

θp(δ2n+1r)

}
.

Proof. Using the Cheeger-Yau [C-Y] comparison theorem, Li-Yau [L-Y] showed
that for any R > 0,

(2.1)
∫

Bp(R)

H(x, q, t) dx ≥
∫

Bp̄(R)

H̄(x̄, q̄, t) dx̄

where H̄ is the heat kernel on R
n and d(p, q) = d(p̄, q̄). On the other hand, the

Harnack inequality of [L-Y] implies that for η > 0,

(2.2) H(x, q, t) ≤ (1 + η)
n
2 exp

(
d2(x, p)

4ηt

)
H(p, q, (1 + η)t).

Hence, applying this to both H and H̄, we have

H(p,q, (1 + η)2t)

≥ Vp(R)−1 (1 + η)−
n
2 exp

( −R2

4η (1 + η)t

) ∫
Bp̄(R)

H̄(x̄, q̄, (1 + η)t) dx̄

≥ ωn Rn Vp(R)−1 (1 + η)−n exp
(−(2 + η)R2

4η (1 + η)t

)
H̄(p̄, q̄, t).

Setting R = η d(p, q) and writing Vp(R) = θp(R) Rn, we have

H(p, q, (1 + η)2t) ≥ ωn

θp(η d(p, q))
(1 + η)−n exp

(−η (2 + η) d2(p, q)
4(1 + η)t

)
H̄(p̄, q̄, t).

Rewriting this and letting s = (1 + η)2t, we conclude that for any η > 0,

(2.3) H(p, q, s) ≥ ωn

θp(η d(p, q))
(4πs)−

n
2 exp

(
− (1 + 9η) d2(p, q)

4s

)
,

which is the desired lower estimate.
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To prove the upper bound, let us first recall that it was proved in [L] that for
a fixed point p ∈ M , the function t

n
2 H(p, p, t) is monotonically non-decreasing

with

t
n
2 H(p, p, t) ↗ ωn

(4π)n/2θ
.

Let δ > 0 be sufficiently small, and for d(p, q) ≤ δ
√

t, (2.2) implies that

(2.4)

H(p, q, t) ≤ (1 + δ)n/2 exp
(

d2(p, q)
4δt

)
H(p, p, (1 + δ)t)

≤ (4πt)−n/2 ωn

θ
exp

(
d2(p, q)

4δt

)

≤ (4πt)−n/2 ωn

θ
exp

(
−d2(p, q)

4t

)
exp

(
δ2 + δ

4

)

≤ (1 + C15 δ) (4πt)−n/2 ωn

θ
exp

(
−d2(p, q)

4t

)

where C15 > 0 is some positive constant. Let us now consider the case d(p, q) ≥
δ
√

t, and let R = (1 − δ)d(p, q). Since

∫
M

H(p, x, s) dx =
∫

Rn

H̄(p̄, x̄, s) dx̄ = 1,

inequality (2.1) implies

∫
M\Bp(R)

H(p, x, (1 + δ)t) dx ≤
∫

Rn\Bp̄(R)

H̄(p̄, x̄, (1 + δ)t) dx̄.

Using the fact that Bp(R) ∩ Bq(δR) = ∅, we have

∫
Bq(δR)

H(p, x, (1 + δ)t) dx

≤
∫

Rn\Bp̄(R)

H̄(p̄, x̄, (1 + δ)t) dx̄

−
∫

M\(Bp(R)∪Bq(δR))

H(p, x, (1 + δ)t) dx.
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Invoking the lower bound (2.3) of H(p, q, s) and noting that θp(r) ↘ θ, we get∫
Bq(δR)

H(p, x, (1 + δ)t)dx

≤
∫

Rn\Bp̄(R)

H̄(p̄, x̄, (1 + δ)t)dx̄ − (4π(1 + δ)t)−
n
2

×
∫

M\(Bp(R)∪Bq(δR))

ωn

θp(η d(p, x))
exp

(
− (1 + 9η) d2(p, x)

4(1 + δ)t

)
dx

≤ nωn(4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− r2

4(1 + δ)t

)
dr

− (4π(1 + δ)t)−
n
2

∫
M\Bp(R)

ωn

θp(η d(p, x))
exp

(
− (1 + 9η) d2(p, x)

4(1 + δ)t

)
dx

+ (4π(1 + δ)t)−
n
2

∫
Bq(δR)

ωn

θp(η d(p, x))
exp

(
− (1 + 9η) d2(p, x)

4(1 + δ)t

)
dx

≤ nωn (4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− r2

4(1 + δ)t

)
dr

− nωn (4π(1 + δ)t)−
n
2

∫ ∞

R

exp
(
− (1 + 9η) r2

4(1 + δ)t

)
Ap(r)

n θp(η r)
dr

+
ωn

θ
(4π(1 + δ)t)−

n
2 exp

(
− 1 + 9η

4(1 + δ)t
(d(p, q) − δR)2

)
Vq(δR).

Rewriting the first two terms on the right hand side as

nωn (4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1

(
exp

(
− r2

4(1 + δ)t

)
− exp

(
− (1 + 9η) r2

4(1 + δ)t

))
dr

+ nωn (4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− (1 + 9η) r2

4(1 + δ)t

) (
1 − θp(r)

θp(ηr)

)
dr

we have

(2.5)

∫
Bq(δR)

H(p, x, (1 + δ)t)dx

≤ nωn (4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− r2

4(1 + δ)t

)
9η r2

4(1 + δ)t
dr

+ nωn (4π(1 + δ)t)−
n
2 max

r≥R

{
1 − θp(r)

θp(η r)

}

×
∫ ∞

R

rn−1 exp
(
− (1 + 9η) r2

4(1 + δ)t

)
dr

+
ωn

θ
(4π(1 + δ)t)−

n
2 exp

(
− 1 + 9η

4(1 + δ)t
(d(p, q) − δR)2

)
Vq(δR)
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Direct computation shows that

(2.6)
(4π(1 + δ)t)−

n
2

∫ ∞

R

rn−1 exp
(
− r2

4(1 + δ)t

)
r2

4(1 + δ)t
dr

≤ C16 (1 + Rn(4π(1 + δ)t)−
n
2 ) exp

(
− R2

4(1 + δ)t

)

for some constant C16 > 0 depending only on n. Also, there exists constants C17

and C18 depending on n, such that,

(2.7)

(4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− (1 + 9η) r2

4(1 + δ)t

)
dr

= (4π(1 + δ)t)−
n
2

1
n

[
rn exp

(
− (1 + 9η) r2

4(1 + δ)t

)]∞

R

+ (4π(1 + δ)t)−
n
2

1
n

∫ ∞

R

rn exp
(
− (1 + 9η) r2

4(1 + δ)t

)
2(1 + 9η) r

4(1 + δ)t
dr

≤ C17 (4π(1 + δ)t)−
n
2

∫ ∞

R

rn−1 exp
(
− (1 + 9η) r2

4(1 + δ)t

)
r2

4(1 + δ)t
dr

≤ C18 (1 + Rn(4π(1 + δ)t)−
n
2 ) exp

(
− R2

4(1 + δ)t

)
.

Combining (2.6) and (2.7) with (2.5), we conclude that

(2.8)

∫
Bq(δR)

H(p, x, (1 + δ)t) dx

≤ ωn

θ
(4π(1 + δ)t)−

n
2 exp

(
− 1 + 9η

4(1 + δ)t
(d(p, q) − δR)2

)
Vq(δR)

+ C18 (1 + Rn(4π(1 + δ)t)−
n
2 ) (η + α(η, R)) exp

(
− R2

4(1 + δ)t

)

where

α(η, R) = max
r≥R

{
1 − θp(r)

θp(η r)

}
.
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Note that θp(R) ↘ θ implies α(η, R) → 0. Using (2.2) and (2.8), we obtain

(2.9)

H(p, q, t)

≤ (1 + δ)
n
2 exp

(
δ2R2

4δt

)
V −1

q (δR)
∫

Bq(δR)

H(p, x, (1 + δ)t) dx

≤ ωn

θ
(1 + δ)

n
2 exp

(
δR2

4t

)
(4π(1 + δ)t)−

n
2

exp
(
− 1 + 9η

4(1 + δ)t
(d(p, q) − δR)2

)

+ C19 (η + α(η, R)) exp
(
− R2

4(1 + δ)t

)

×
(

V −1
q (δR) +

Rn

Vq(δR)
(4π(1 + δ)t)−

n
2

)
.

Notice that Vq(δR) ≥ θ (δR)n and also

R = (1 − δ) d(p, q) ≥ δ(1 − δ)
√

t.

Therefore, we conclude from (2.9) that

(2.10)

H(p, q, t)

≤ ωn

θ
(4πt)−

n
2 exp

((
− (1 + 9η)(1 − δ)2

4(1 + δ)t
+

δ(1 − δ)2

4t

)
d2(p, q)

)

+ C14 (η + α(η, R)) δ−2n(4πt)−
n
2 exp

(
− (1 − δ)2

4(1 + δ)t
d2(p, q)

)
.

Choosing η = δ2n+1 and writing

β = δ−2n α(η, (1 − δ) d(p, q)),

we derive from (2.10) that

(2.11) H(p, q, t) ≤ (1 + C14(δ + β))
ωn

θ
(4πt)−

n
2 exp

(
−1 − δ

4t
d2(p, q)

)
.

Combining (2.4) and (2.11), we obtain the desired upper estimate.

Corollary 2.2. Let M satisfy the same assumption as Theorem 2.1, and n ≥ 3.
Then the minimal positive Green’s function must satisfy

(1+9δ)1−
n
2

d2−n(p, q)
n(n − 2) θp(δ d(p, q))

≤ G(p, q)

≤ (1 + C14 (δ + β)) (1 − δ)1−
n
2

d2−n(p, q)
n(n − 2) θ

.
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Proof. Let us first observe that

∫ ∞

0

(4πt)−
n
2 exp

(−γ d2(p, q)
4t

)
dt = γ1−n

2

∫ ∞

0

(4πs)−
n
2 exp

(−d2(p, q)
4s

)
ds

=
1

n(n − 2)ωn
γ1−n

2 d2−n(p, q).

Integrating over 0 < t < ∞ and using the lower bound of H(p, q, t), we have

G(p, q) =
∫ ∞

0

H(p, q, t) dt

≥ ωn

θp(δ d(p, q))

∫ ∞

0

(4πt)−
n
2 exp

(−(1 + 9δ) d2(p, q)
4t

)
dt

=
1

n(n − 2) θp(δ d(p, q))
(1 + 9δ)1−

n
2 d2−n(p, q).

Similarly, if we use the upper bound estimate of H(p, q, t), then

G(p, q) =
∫ ∞

0

H(p, q, t) dt

≤ (1 + C14 (δ + β))
ωn

θ

×
∫ ∞

0

(4πt)−
n
2 exp

(−(1 − δ)d2(p, q)
4t

)
dt

= (1 + C14(δ + β))
1

n(n − 2) θ
(1 − δ)1−

n
2 d2−n(p, q).

Note that by letting q → ∞, and using the fact that θp(δ d(p, q)) → θ we
conclude that

lim
q→∞

dn−2(p, q)G(p, q) ≥ 1
n(n − 2)θ

(1 + 9δ)1−
n
2 .

The sharp asymptotic lower bound follows by letting δ → 0. Similarly, the sharp
asymptotic upper bound also follows by using the fact that β → 0 and then
δ → 0.

The following corollary gives a slightly stronger result concerning the asymp-
totic behavior in the time variable for the heat kernel as was proved in [L].

Corollary 2.3. Let M be as in Theorem 2.1. If γ(t) = (q(t), t) is any path on
M × (0,∞) satisfying d2(q(t), p) = O(t) as t → ∞, then

lim
t→∞

Vp(
√

t) exp
(

d2(p, q(t))
4t

)
H(p, q(t), t) = ωn(4π)−

n
2 .
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Proof. If d2(q(t), p) = o(t) as t → ∞, then the result follows from [L]. Without
loss of generality, we may assume that d(q(t), p) → ∞ as t → ∞. In particular,
θp(δd(p, q(t))) → θ and β → 0 as t → ∞. Applying the heat kernel bounds of
Theorem 2.1 and letting t → ∞, we have

lim inf
t→∞

Vp(
√

t) exp
(

d2(p, q(t))
4t

)
H(p, q(t), t)

≥ ωn(4π)−
n
2 lim

t→∞
Vp(

√
t)

θ (
√

t)n
exp

(
−9δ d2(p, q(t))

4t

)
≥ ωn(4π)−

n
2 exp(−C20 δ)

for some constant C20 > 0. Letting δ → 0, we conclude that

lim inf
t→∞

Vp(
√

t) exp
(

d2(p, q(t))
4t

)
H(p, q(t), t) ≥ ωn(4π)−

n
2 .

Similarly, we have

lim sup
t→∞

Vp(
√

t) exp
(

d2(p, q(t))
4t

)
H(p, q(t), t)

≤ (1 + C14 (δ + β))ωn(4π)−
n
2 lim

t→∞
Vp(

√
t)

θ (
√

t)n
exp

(
δ d2(p, q(t))

4t

)
≤ ωn(4π)−

n
2 exp(C21 δ),

where C21 > 0 is a constant. Thus, by taking δ → 0, we have

lim sup
t→∞

Vp(
√

t) exp
(

d2(p, q(t))
4t

)
H(p, q(t), t) ≤ ωn(4π)−

n
2 ,

and the corollary follows.
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