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PRODUCT FORMULAS ALONG T° FOR
SEIBERG-WITTEN INVARIANTS

JOHN W. MORGAN, TOMASZ S. MROWKA AND ZOLTAN SzZABO

1. Introduction

Suppose that X is a smooth closed oriented 4-manifold, and that X contains
a smoothly embedded 2-torus T2 < X with trivial self-intersection number.
Similarly to Dehn-surgery on knots in 3-manifolds, a generalized logarithmic
transformation of X along T2 is defined by deleting a tubular neighborhood of 7
from X and gluing it back via a diffeomorphism ¢ : d(D? x T?) — 9(X \nd(T?)).

The aim of this paper is to study the effect of this smooth operation on the
Seiberg-Witten invariants of the underlying 4-manifolds. Our first result gives a
relation between the Seiberg-Witten invariants of the various manifolds obtained
in this way.

Theorem 1.1. Let M be a smooth compact oriented 4-manifold with by (M) >
1, and suppose that OM s diffeomorphic to T®. Let us fiz a basis a,b,c €
H,(OM,Z) and for each indivisible element v = pa+gb+rc let us fix an orienta-
tion reversing diffeomorphism ¢, : O(D?* x T?) — OM with (¢~)([0(D?* x pt)]) =
~. Let
M, = M(¢,) =M Uy, D? x T2,

(Since every ¢~ is isotopic to a linear map, it follows that the diffeomorphism
type of M., depends only on v not on the choice of ¢..) If the spin® structure
L' — M., restricts non-trivially to D* x T?, then SWhar, = 0. For each spin®
structure Lo — M that restricts trivially to OM let V,(Ly) denote the set of

isomorphism classes of spin® structures over M., whose restriction to M is equal
to Lo. Then we have

> SWa (L) =

LeV,(Lo)

| D SWa L) +a| DY SWaL)|+r| D SWa(L) ],
LEV,(Lo) LEV,(Lo) LEV.(Lo)

where it is understood that in the by = 1 case the invariants in the above formula
are computed in corresponding chambers.
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Remark 1.2. e We choose an orientation of det(H2,(M, M, R))® (det(H' (M,
OM,R)))~* called a homology orientation of (M,dM). Standard Mayer-Vietoris
arguments show that a homology orientation for (M, M) induces a homology
orientation for M., i.e. an orientation of det H? (M,,R) ® (det H*(M,,R))™*,
and hence orients the moduli spaces for M., allowing us to define the function
S Wi, In the statement of the theorem all the functions SWy,_, etc. are com-
puted using homology orientations derived from a common homology orientation
of (M,0M).

o If b (M) > 2, then by (M,) > 2 for all v and there are no chamber
structures for the invariants. If by (M) = 1, then by (M,) equal to either 1
or 2. If by (M,) = 1, then the inclusion M < M, induces an isomorphism
H?*(M,0M,R)/{z|x -y = 0 Yy} — H?*(M,,R). This identification of cohomol-
ogy induces an identification of positive cones with their chamber structures.
Since c;(det Lo) € H?(M) can be lifted to H?(M,0M), the spin‘-structure Lo
determines a wall in H?(M, M, R)/{z|z-y = 0Vy}. If b (M,) = 1, then the set
of spin‘-structures over which we sum is exactly the set whose wall agrees with
that of L. It is in this sense, that we compute the invariants in corresponding
chambers.

Note, that if i.(vy) is indivisible, where i, : H1(OM,Z) — H1(M,Z), then the
sum in the left hand side of the above formula consists only of one term, and
consequently we get a formula computing SW, in terms of SWyy,, SWyy, and
SWhs,. So in this case Theorem 1.1 provides a useful tool to compute Seiberg-
Witten invariants. For applications of Theorem 1.1 along these lines, see [FS3],
[Sz1] and [Sz2].

By using cylindrical end Seiberg-Witten moduli spaces over M we define
in Theorem 3.1 relative Seiberg-Witten invariants SWys : Capromr — Z, where
Cu,om is defined as follows:

Let X — S! denote the product spin- structure over S', i.e. K represents
the non-trivial element in the 1-dimensional spin cobordism group. Then the
spin-structure (K)3 — T is invariant under self-diffeomorphisms of 72, and as
such gives a well-defined spin®-structure X' — OM. Now let Cps o denote the
isomorphism classes of pairs consisting of spin®-structure £ — M and a spin®
isomorphism from L|gpr to K'.

Note that similarly to the closed case we have a map ¢ : Cyom —
H?(M,0M,Z) given by L+ ci(det £). If H;(M,dM,Z) has no 2-torsion, then

c:Carom — {x € H*(M,0M,Z)|x = we(M,0M) (mod 2)}

is a bijection, where wy(M,0M) is the relative second Stiefel-Whitney class
wo (M) determined by the spin-structure (K)> — OM. We say that K €
H?(M,0M,Z) is a relative basic class if there is a £ € Cpron with ¢(£) = K
and SWy (L) # 0. We define SWa(K) = 3. co-1(5) SWn(£). Similarly to
the closed case, the set of basic classes is finite.
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Our second result, presented in Theorem 4.1, gives a relation between SWj,
and SWyy(4). As a corollary we prove the following.

Theorem 1.3. Let M, v, ¢, and M, be as above. Suppose that b;(M) > 1,
and that v € Keri,, where i, : Hi(OM,R) — H1(M,R). Let By, Bar, denote
the set of basic classes of M and M.. We define formal series on Ha(M,,R) by

SWi = > SWa (K)(exp K).

KeBn,

Then we have

SWhr, = < > SWM(L)(GXP(P(L)))> (exp(Ty) — exp(=T5)) ",
LeBy

where p: H*(M,0M,Z) — H?*(M,,Z) is given by the Mayer-Vietoris sequence,

and where T., is the Poincare dual of the core {pt} x T? < M.,

Let Diff * (M) denote the group of orientation preserving self-diffeomorphisms
of M. In case Diff* (M) is large enough, we also have a stonger result on how
SWhy, depends on 7:

Corollary 1.4. Let M be as in Theorem 1.1, and suppose that b (M) > 1.
Suppose that there is a basis a,b,c € Hi(OM,Z) with the following properties:

(i) There is a 2-dimensional linear subspace V.- C Ho(M,0M,Z) such that
j: Ho(M,0M,7Z) — H1(OM,Z) gives an isomorphism between V and
the subspace of V' C H1(OM,Z) spanned by b, c.
(ii) For all A € SL(V'), there is an f € Diff " (M), such that f.(V) =V,
and (fi)|v: = A.
(iii) a € Keri,, where i, : H1(OM,R) — Hy(M,R).
Then for all v = pa + qb+ rc € H1(OM,7Z) indivisible element we have

o Ifp=0, then SWy = 0.
o Ifp#0, then

sinh(7Ty,) sinh(Ty,)

SWy, =SWy - ———= = N
My Me " sinh(T,) Ma " sinh(T,/p)’

where Ty, T, denote the Poincare dual of the cores in M, and M.,.

Remark 1.5. e If p # 0, then there is a natural isomorphism between Tj‘ C
H?*(M,,Q) and T;- C H*(M,,Q) defined by lifting any = € T,j- to a class in
7 € H*(M,0M,Q) such that (Z,V) = 0 and extending by zero to define a class
in 7. Note that under this identification T:, = T, /p.

e Note that if the core (pt x T?) — M, lies in a cusp neighborhood, cf.
[FS1], [GM], and [pt x T?] is not a torsion class, then M satisfies the conditions
in Corollory 1.4. In this special case the formula of Corollary 1.4 was proved
previously in [FS2] by using rational blowdowns.
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As another corollary we get the following result.

Corollary 1.6. Let X be a smooth closed oriented 4-manifold with by (X) >
1. Suppose that X contains a smoothly embedded 2-torus T? — X, with self-
intersection 0, such that [T?] € Hy(X,Z) is not a torsion class. Then X has
Seiberg- Witten simple type, i.e. if L € Cx satisfies

d(L) = %(cl(det £)? = 2¢(X) — 3sign(X)) > 0,

then SWx (L) = 0.

These results are proved by using cylindrical end Seiberg-Witten moduli
spaces over M. The technical background is presented in Section 2. In Section
3 we define relative Seiberg-Witten invariants and prove some basic properties.
The proof of Theorem 1.1, Theorem 1.3, Corollary 1.4 and Corollary 1.6 are
given in Section 4.

Other product formulas along T for the generalized fiber sum operation
will be presented in [MMSzT] by using different techniques. Similar results for
Donaldson invariants were given in [MSz].

For analogous results in the 3-dimensional case and applications, see [MT],

L], [C].

2. Cylindrical end moduli spaces

Suppose that M is a smooth oriented 4-manifold, and that the end of M
is diffeomorphic to T3 x [0,00). Fix a flat riemannian metric h on T3, and a
riemannian metric ¢ on M such that g is equal to h + dt? near the end of M.
Let us briefly recall the setup for Seiberg-Witten invariants. For more details
see [KM2], [M], [Wi].

For any compactly supported real smooth self-dual two-form p € Qi(M ,R)
and spin® structure £L — M we define the Seiberg-Witten moduli space in the
following way. Let S*(£) denote the plus and minus spin bundles associated to
L, and let L = det(L). Let A(L) denote the space of L%JOC connections on L, and
['(ST (L)) the space of L3, sections in S*(L). The perturbed Seiberg-Witten
equations are

where A € A(L), ¢ € T(ST(L)), q : T(ST(L)) — Q2 (M,iR) is a quadratic
bundle map defined by ¢(¢) = ¢ ® ¢* — (|¢|?/2)1d, and D4 : T(ST(L)) —
I'(S7(L)) is the Dirac operator associated to A. The energy of a solution of
(A, ¢) is defined by [,, |Fa|*dvol. The moduli space Mas(L, g, jt) is defined by
dividing the space of finite energy solutions by the action of the gauge group
G(M), where G(M) is the group of L3, maps u: M — U(1).

Our goal in this section is to study the qualitative nature of this moduli space.
The first step is to understand solutions on 7% and 7% x R.
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Notice that every spin® structure £ — T3 x R pulls back from 72, and
Clifford multiplication by dt gives an identification between S*(£) and S™(L).
Let S(L) denote the restriction of S*(L£) to T3, and take Ly = det(L). Let us fix
the riemannian metric h+ dt?, where h is a flat metric on T3. Using the product
structure over the cylinder we can write the connections in temporal gauge, and
the Seiberg-Witten equations can be written as the gradient flow equation of the
functional, see [KM2], [MSzT],

1
(1) f(A,qﬁ)—/TSa/\FAO+§/TSa/\da+/T3(q§,DA¢>dvol,

where A € A(Ly), ¢ € T'(S(L)), Ao is a fixed background connection and a =
A — Ap.

The critical points of f(A,¢) are the solutions of the three dimensional ana-
logue of the Seiberg-Witten equations:

* Fa=q(9),

e Da(¢) =0,
where A and ¢ are in Lg /2 After dividing out by the action of the gauge group
G(T?), i.e the group of L§/2 maps u : T° — U(1), we get the moduli space
Mrps (L, h).

Lemma 2.1. Suppose that h is a flat metric on T3, and let Ly denote the trivial
spin® structure over T3. Then Mqs(Lo,h) = F/G(T?), where (A, ¢) € F if A
is a flat St connection over T3, and ¢ = 0. In particular Mps (Lo, h) can be
identified with T®. Furthermore if L # Lo then Mps(L,h) is empty.

Proof. Since h is a flat metric, the Weitzenbock formula for Dirac operator, see
[KM2] or [M], implies that if (A, ¢) € Mps(L,h) then ¢ = 0. This implies that
Fy =0 and £ trivial. O

The component group of G(T3) = G(OM) is identified with H'(T3,Z). Since
T3 = OM, we get a distinguished subgroup Go(T%) C G(T?): u € Go(T?) if u
can be extended to a u’ € G(M). Another interpretation of Go(T™) is as follows.
Let p € HY(U(1),Z) be the fundamental cohomology class of U(1). Then u :
T3 — U(1) is in Go(T?) if u*(p) is in the image of i* : H'(M,Z) — H' (T3, 7).
(Although Go(T?) depends on M, we will suppress this in order to keep the
notation simple.)

From now on we use the notations x(T3) = Mygs (Lo, h) = F/G(T3) and
xo(T?) = F/Go(T?). Notice that dividing by G(T?) gives a covering p : xo(T?) —
x(T?). Note also that since the gauge group (S I)T3 acts on the connections on
det(Ly) by the square of the usual action x(7®) is naturally a (Z/2) covering
of Hom(my (T3),U(1)).

Standard techniques and Lemma 2.1 imply the following.

Theorem 2.2. Let M be a smooth oriented cylindrical-end 4-manifold, such
that the end of M is diffeomorphic to T° x [0,00). Let h be a flat metric on T3,
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and g a riemannian metric on M, such that g is equal to h+dt? at the end of M.
Let n € Qi(M, R) be a compactly supported self-dual two-form. Let L — M be a
spin® structure and L|ps — T3 be its restriction to a slice. If L|ps is nontrivial
then Mu(L, g, 1) is empty. Furthermore if L|ps is trivial then My (L, g, ) is
compact, and by taking limits at the non-compact end of the tube T x [0 x o0) we
have a continuous map Oss : Mar(L, g, 1) — xo(T3). The homology orientation
of (M,0M) induces an orientation of Mur(L, g, ).

Proof. Suppose that (A,¢) € My (L,g,1). Since (A, ) has finite energy,
it follows from [KM2, Proposition 8], that Mps(L|rs,h) is not empty. Now
Lemma 2.1 implies that L|ps is trivial. If £|ps is trivial, then the function f
given in Equation 1 descends to a real valued function on the configuration space
modulo gauge equivalence. Now the connectedness of the critical set implies that
every finite energy flowline over T2 x R is static, i.e pulls back from 7°. This,
and the arguments in [KM2, Lemma 4] imply that M (L, g, ) is compact. The
existence of the continuous map d., follows from the arguments of [MMR, page
63-70]: Just as the Chern-Simons functional is real analytic, it is easy to see that
f given in Equation 1 is real analytic as well. So it is easy to see, that Simon’s
result [Si] applies in this context as well, showing that a finite energy path in
the space of configurations has finite length. From that it is straightforward
to deduce the existence of the continuous map 0.,. The statement about the
orientation of the moduli space is completely analogous to the closed case. [

From now on we study the local properties of the map O : My (L, g, 1) —
xo(T?). Since this is equivalent to studying J., = p 0 9 We work over x(7°2).

We shall see that x(72) has a singular point. This creates singularities in
Maur(Lo, g, ). It turns out that, at least when the dimension of the moduli
space M (Lo, g, i) is less or equal to 4, the moduli space is a compact manifold
with boundary, the boundary mapping to the singular point.

Let (A,0) € x(T®). The linearization of the 3-dimensional Seiberg-Witten
equations around (A4, 0) gives

(2) L25(X,4R) 5 L2, (T*(T%) @ iR ® S(L)) -2 L2 o(T*(T?) @ iR @ S(L)),

where di(f) = (2df,0), and da(a, ¢) = (xda, D s(®)).

Lemma 2.3. For every (A,0) € x(T3) let H(lA o) denote the vector space
Kerdi N Kerds, where dj : L?)’/2(T>k (T?) @ iR® S(L) — L?/2<T3,iR) is the
L?-adjoint of dy. Then H%A 0 = H(T3,iR) @ Ker(D4), where HY(T3,iR) is
the space of purely imaginary harmonic 1-forms on T3. There is a unique point

0 = (6o,0) such that Ker(Dy,) # 0. Furthermore Ker Dy, = C? is the space of
contant sections of the trivialized spin-bundle S™*(Ly).

Proof. Tt follows from (2) that H%A 0 = H(T3,iR) & Ker D 4. Since h is a flat
metric, it follows from the Weitzenbock formula that for u € Ker D4 we have
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Va(u) = 0. Since S(£) — T3 is a trivial bundle, u # 0 implies that A is the
trivial connection, and u is a constant section. O

Theorem 2.4. With M, h, g, L as above, suppose that by (M) > 0 and that
Ll|ps is trivial. Fiz a homology orientation of (M,0M). Let U C x(T?) be
a small neighborhood of 6. Then for all generic compactly supported 2-forms
p € Q2(M,R) the moduli space M (L, g, 1) \ ((00)~H(U)) is either empty or
is a smooth compact oriented manifold of dimension

4= 1(1+ (e(L)? — 26(M) — 3sign(M))

with boundary. Furthermore if g and u are fized, then there are only finitely
many spin® structures L — M, for which the moduli space My(L, g, 1) is not
empty.

Proof. Suppose that z € x(T°) and let p, denote the smallest absolute value of
a non-zero eigenvalue of the complex (2) based at x. Let h%(x) = dim(Kerd;),
hl(x) = dimH. = dim(Kerd; N Kerds). By Lemma 2.3 h%(z), hl(x) are
constants on x(7°) \ U. Since x(T?) \ U is compact it follows that there
is a & > 0 such that § < p,/2 for all x € x(T3)\ U. It follows that all
A€ My(L,g,1)\ () H(U) decays exponentially to 0., (A) with exponent at
least §. The smoothness of M (L, g, 1) for generic u follows from standard ar-
guments. In order to compute the formal dimensions of ! (x) and M (L, g, 1)
we use the index formula of [APS], which gives
0 1
dim( 95} (x)) = & (ex(L)? — 2e(M) — Bsign(aa) — L) 2]

where p(x) is the p invariant of the boundary operator (dj + dz). In this case
p(x) doesn’t depend on the choice of flat metric h, and p(x) is constant on
X(T3)\ 0. Since T admits an orientation reversing self diffeomorphism it follows
that p(z) = 0. Now hl(z) = 3, h°(z) = 1 implies

dim My (L, g, 1) = h*(z) +dim( 0 (z)) = 1+ i(cl (L)* —2e(M) — 3sign(M)).

Since p is compactly supported, and there are no non-trivial finite energy flow-
lines on the tube, it follows from arguments in[KM2, Corollary 3|, that for all
but finitely many £ the moduli space M/ (L, g, p) is empty. d

We still have to understand the local structure of Mys(L, g, ) around the
singular points (9s0) ().

From now on we work in a neighborhood of # = (0y,0) € A(L)®T'(S(L)) and
use the identification between L§/2(T* (T3) ® iR @ S(L)) and A(L) @ T'(S(L))
given by (a,d) — (6o + a, @).

In order to study the gradient flow of the functional f defined in (1) we use
the center manifold technique of [MMR, page 78-92]. A center manifold around
6 is a C? manifold which contains a neighborhood of # in x(7T), its tangent
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space at @ is ‘H} and it is invariant under the gradient flow. The restriction of
the flow to the center manifold gives a finite dimensional approximation to the
flow around # and determines the local structure of the cylindrical-end moduli
space around the singular boundary value 6. In this case the center manifold
can be taken to be H}:

Lemma 2.5. At every (a,¢) € H} the gradient vector V¢ (a, @) is tangent to
Hj. In particular H} is a center manifold around 6.

Proof. Let (a,¢) € H}, and A = 6y + a. Then

Vi(a,¢) = (x(Fa = q(¢)), Da(9))-

Since A is flat and ¢ is constant we have Vy(a,¢) = (= * (¢(¢)), 3a - ¢). Since
h is a flat metric on T3, the space of purely imaginary harmonic 1-forms can
be characterized as the space of constant sections of A'(73,iR). It follows that
*(q(¢)) is a harmonic 1-form and a- ¢ is a constant section of S(£). This finishes
the proof of Lemma 2.5. O

Now we have to study the gradient flow on Hj. Let us fix an isomorphism
between Hy and Im He H, such that ¢(¢) and a- ¢ corresponds to ¢i¢ and adi,
where here a is an imaginary quaternion, ¢ € H and we are using quaternion
multiplication. Now V(a,¢) = (—%QSZE, api), and the gradient flow equations
are

a'(t) = —5(t)ig(t),
¢'(t) = a(t)¢(t)i

Lemma 2.6. The quantities 2|a|? — |¢|? and a x (¢id), where a x b = Im (a - b)
is the cross product in Im H, are preserved under the gradient flow.

Proof. Since @ = —a, and (o) = Ba for a, 3 € H, we have (¢) = —i¢a = iga.
Now

(2a@ — ¢¢) = agi¢ + dida — piga — apip = 0.
Similarly

— 1, - —
(a x 6ig) = (=56i¢) x ¢ip+a x (=2|¢|* - a) = 0.
This finishes the proof of Lemma 2.6. O

We say that y € Hj is in the stable set S if the flowline starting at y converges
to some (a,0). If the flowline converges to (0,0) then we say that y is in the
stable set of the origin. The stable set of the origin is denoted by Sy.

Lemma 2.7. Let (a,¢) € Hj. Then (a,¢) € S if and only if 2|a* > |¢|?,
ax ¢ig =0 and (a, pid) > 0, where { , ) is the usual real inner product on Im H.
Also (a, ¢) € Sy if and only if (a,¢) € S and 2|a|® = |¢|*. Furthermore S\ (0,0)
is a 5-dimensional manifold with boundary, where (S \ (0,0)) = Sy \ (0,0).
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Proof. Tt follows from Lemma 2.6 that 2|a|? > ¢|%, a x ¢pi¢ = 0 and {a, ¢ip) > 0
are necessary conditions for (a,¢) to be in S, and it is easy to check that they
are also sufficient. The rest of the lemma is obvious. O

Let U’ C Ker dj be a small neighborhood of §. Since M, (L, g, pt) is compact,
we can fix Tp >> 0 and a neighborhood U of 6 in x(T) satisfying the following:
U C U NH}, and for all A € M(U) = ()~ H(U) and t > Ty, the restriction of
A to the slice T2 x t is in U’.

Let M(U) — M(U) denote the base fibration, let S(U) denote the stable set
of U, and let ug be defined as above. It follows from the arguments of [MMR],
that if U and U’ are sufficiently small then we have a well-defined continuous
map

Doe : M(U) — S(U),

such that the restriction of A € M(U) to the tube T x [Ty, 00) is exponentially
close, with exponent at least pg/2 to the flowline in the center manifold starting
from 0. (A). Now as a corollary of Lemma 2.7 and the arguments of [MMR] we
have the following structure theorem.

Theorem 2.8. Fix a metric g as above. The following holds for generic p. Let
K C My (L, g, 1) be defined as K = (po dss)~1(0), and let K' C K denote the
part of K where the decay on the tube is exponential, with exponent at least g /2.
Then generically K and K' are smoothly stratified spaces, satisfying dim K" =
dim(M (L, g, 1)) =5, dim K = dim(M (L, g, 1)) — 1, where in these equations
dim means the formal dimension, i.e. minus the Fuler characteristic of the
appropriate elliptic complex. Furthermore My (L, g, )\ K’ is a smooth oriented
manifold of dimension equal to its formal dimension, with boundary K\ K'.

O

3. Relative invariants

Let M be a smooth oriented compact 4-manifold with boundary, and suppose
that M is diffeomorphic to T3. Let C},; denote the set of isomorphism classes
of spin® structures £ — M such that L|gas is trivial, and let Cas gas be defined
as in Section 1. Let 7 : Cas 94 — C); denote the forgetful map.

Our aim in this section is to define relative Seiberg-Witten invariants

SWM : CM,@M — 7

by using cylindrical end moduli spaces over M. So let M’ = M Ups T% x [0, ),
fix a flat metric h on T2, and a corresponding cylindrical end metric g on M’.
Fix £ and let £y = (L), and for a generic compactly supported p € Qi(M’, R)
let Mus(Lo, g, 1) denote the cylindrical end moduli space over M’. Then by
Theorem 2.2, we have continuous maps

800 : MM(£0797M) - X0<T3)7
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and O = Po0as : Mpr(Lo, g, 1) — x(T2). Let 6 € x(T?) be the trivial solution,
and let A(Ly) = p~1(0) denote the lattice of singular points in xo(72). It is easy
to see, that there is a natural one-to-one correspondence between A(Ly) and
r=1(Ly). In particular there is a (L) € A(Ly) that corresponds to £. Now we
take a geometric representative D of u(pt)?/?, where

d=d(L) = i(c1 (det L£o)? — 2e(M) — 3sign(M)),

and define
NM(»C,QHU, D) = MM('Cng?:U’) nDnN 80_01(9(‘6))

Note. If d = 1 (2), then we define the relative invariant SWj, to be zero.
Of course it is clear that, d = dim M;y(p2x712), so if d is odd, then all the
invariants related in Theorem 1.1 and Theorem 1.2 are zero. From now on we
assume d = 0 (2). The usual cobordism arguments and Theorem 2.8 imply the
following.

Theorem 3.1. Let M, L, h, g be as above, and suppose that b;(M) > 1. Then
for all generic p and D, the moduli space Nyi(L, g, i, D) is a compact, oriented
0-dimensional manifold, and by counting its points with signs, we define

SWar(L) = #(Nu (L, g, 1, D)).

SWir(L) is independent of h, g, u and D. SWy (L) is zero for all but finitely
many L € Cyrom. Furthermore for any orientation preserving self-diffeomor-

phism f: M — M, and L € Cprom we have
SWy (L) = (=1 SWa(f*(£)),

where € € 7o is the sign of the action of f* on the homology orientation of
(M, 0M). O

Remark 3.2. If b (M) = 1, then the same definition gives the invariant
SW(L, g, 1), which in general can depend on g and .

An equivalent definition of SWj,, is the following. Take a small closed ball
B around (L) € xo(T?), and let S2 = 9(B). Now let us define

N]/\/I(£797,U¢D) = MM(‘C()agnu) mDﬁao_ol(‘s%)

It follows from Theorem 2.8, that for all generic y and D, the moduli space
M (Lo, g, 1)NDNIL (Be) is a compact 1-manifold with boundary. Its bound-
ary is =N}, (L, g, 1, D) [TNm (L, g, 1, D). This implies:

Lemma 3.3. If by (M) > 1, then for all generic p and D, the moduli space
N1 (L, g, 1, D) is a compact oriented 0-manifold, and we have

This description of SW; (L) leads to the following simple type result.
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Theorem 3.4. Suppose that by (M) > 1, and the kernel of i, : H\ (T3 Z) —
Hy(M,Z) is non-trivial. Then for each L € Cpr with d(L) > 0 we have

SWs(L) =0,

where in the b (M) = 1 case this invariant is computed in the chamber deter-
mined by (g, ).

Proof. Let us take a geometric representative D’ of M(pt)%_l. Then
N = M (Lo, g,1) N D' NI (SZ)

is a smooth, closed oriented 2-manifold. Let N'— A be the base fibration, and

let ¢1(N) denote its first Chern class. Then it follows from Lemma 3.3, that

SWar(L) = (c1(N), N).

We compute ¢1(N') by making use of the map
Ono : Mr (Lo, g, 1) N O (Be) — Hy

defined in Section 2. Note that ds maps N to the stable set S(S2) of S%. It
is easy to see, cf. Lemma 2.6 and Lemma 2.7, that S(S%) is the total space of
a 2-dimensional disc bundle over S[Z:, with first Chern class 1, where the zero
section corresponds to S% C Hp. Since (921(0,0)) N D’ is empty by dimension
counting, it follows from the continuity of Do, that if B, is chosen to be small
enough, then do(N) C S(5%) \ 2. Since du, is S'-equivariant, it follows that
c1(N) is equal to the degree of D : N — S%.

After removing small open balls around the singular points of xo(7?) we get
a connected manifold Y C xo(T?). Since Y is connected, we have a well defined
degree deg of 0o : Mar(Lo, g, 1) N D' NILH(Y) — Y. Of course deg is equal to
the degree of J : N' — S2. On the other hand, since Ker i, # 0, it follows, that
Xo(T?3) and Y are non-compact, and so the compactness of M (Lo, g, 1) N D’
implies that deg = 0. This finishes the proof of Theorem 3.4 O

4. Applications

Let M be a smooth compact oriented 4-manifold with boundary, and suppose
that OM = T3. For any orientation reversing diffeomorphsim ¢ : 9(D? x T?) —
OM we define a closed oriented 4-manifold M (¢) = M Uy (D? x T?).

In this section we establish relations between the relative Seiberg-Witten in-
variant of M and the Seiberg-Witten invariant of M (¢).

Let v € ¢.([0D? xpt]) € H1(OM,Z), and let us assume that v € Ker i,, where
ix : HI(OM,R) — Hy(M,R). In this case we can fix a b € Hy(M,0M,R), such
that 9b = v. Now for every spin® structure £ € Cps(g4), such that L restricts
trivially to D? x T?, we define A* (L) C Cys in the following way. Let Lo — M
be the restriction of £ to M, and let A(Lo) = 771 (Ly) C Caronm- By pairing
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with b we get a linear map f : A(Ly) — R, where f(L") = (ci(det L"), b). We
say that £ € AT (L), if L' € A(Ly) and

(cr(det £),b+ [D2 x pt]) < f(L)).

Note that the definition of AT (L) doesn’t depend on the choice of b. Now we
can state our result.

Theorem 4.1. Let M, ¢ and M(¢) be as above. Suppose that by (M) > 1 and
that v € Keri.. Then for all spin® structures L — M), that restrict trivially
to D? x T?, we have

SWiey(L) = > SWar(L).
L/EAT(L)

Proof. Fix a cylindrical end metric g; on D? x T?, such that the scalar curvature
of g1 is non-negative, and positive at some points, and the restriction of g; to
the end is of the form h; + dt?, where hy is a flat metric on 72. Then ¢ and
h1 induce a flat metric h on OM. Let g be a compatible cylindrical end metric
on M’ = M Ups (T3 x [0,00)). Now let N' = Ny (Lo, g, 1, D), where Ly is the
restriction of £ to M, cf. Section 3. Then it follows from Theorem 2.8, that
for generic u and D, the moduli space N is a smooth compact 1-manifold with
boundary Ugren(zq) 050 (0(L)).

On the D? x T? side the non-negative scalar curvature implies that the cylin-
drical end moduli space M pzy 72 over D? x T? is equal to the space of flat S!
connections with trivial spinor fields modulo those gauge automorphisms that
can be extended over M(¢). We have an inclusion 0s, : Mp2yr2 — X0(OM).
Note that for all A € Mp2yr2 we have Ker D4 = 0. Clearly 0., depends on ¢.
Let W, be the image of M p2y 2. Then W, C xo(0M) is the disjoint union of
hypersurfaces, each being the image of an affine linear subspace in R3 = x(0M).
The different components correspond to the different extensions of Ly to M(¢).
Note that W,, avoids the singular points in xo(9M). To see that let us choose a
trivialization of the spin® structure over D? x T? by fixing a spin structure over
D? xT?. It is easy to see, that the restriction to the boundary is the product of a
spin structure over T2 and the twisted spin structure over S! with holonomy —1.
It follows that for all flat connection A over D? x T2, we have Ker(Dgy__(4)) = 0.

Let W, (L) denote the component of W, that corresponds to £. By choosing
(v generic we can assume that dx : N — xo(T®) and W, are transverse. Since
every point in the intersection of d(N) and W, is a smooth point of xo(7?),
it follows that every point in 9 ' (W, ) is represented by a solution which decays
exponentially with a fixed exponent to the boundary value. Standard gluing
results as in [T] or [MM] show that the moduli space for M., is identified with

N Xo(@s) Wy = 05 (W),

It follows that that SWj; () (L) is equal to the oriented intersection of O (N)
and W, (L).
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To compute this intersection, let us define g : N' — R by

o(4.9) = 5= [ Pa

where b € Ho(M,0M,R) with 9b = ~. Note that this integral is well-defined
because of the decay condition on A. It follows from the definitions of f and g,

that if 05 (A, ¢) = 6(L'), then g(A, ¢) = f(L'). Let
N(L) = {(A,¢) € N1 g(A,¢) = (c1(det £), b+ [D? x pt])}.

It is easy to see that N (L) = N NI (W,(L)). It follows that N(L) is a
transverse level set in NV, and for all (A, ¢) € N (L) the boundary value 0 (A, ¢
is nonsingular. Now we have

SWar(g)(L) = #N(L)).

On the other hand #(N (L)) is clearly equal to the number, counted with signs,
of those endpoints of A/ for which g(4, ¢) > (c1(det £),b+ [D? x pt]). It follows,
that

#N(L) = Y #OLL) = DY SWu(L)

L/eA+(L) L'eA+(L)
and this finishes the proof of Theorem 4.1. I

Proof of Corollary 1.6. Let X be as in the statement of the corollary. Suppose
that £ € Cx, and d(£) > 0. Let M = X \ nd(T?), where nd denotes the open
tubular neighborhood. Then b (M) = b3 (X) —1 > 1. Let £y € C%, denote the
restriction of £ to M. Then d(Lg) = d(L£) > 0. Since [T?] is not a torsion class it
follows from Theorem 3.4, that for all £ € A(Ly) we have SWy (L") = 0. Now
we can apply the formula in Theorem 4.1, and that gives SWx (L) = 0. O

Proof of Theorem 1.3. It follows from Theorem 4.1, that for all £y € C}, we
have

S SWarl)esplo(el) - (7 = T Wy explen (det £),
L'eN(Lo) LeV,(Lo)

where ¢ = exp(T"). By summing over £y € C},; we get the formula of Theorem
1.3. O

Proof of Corollary 1.4. Let Diff T (M) denote the group of orientation preserving
self-diffeomorphisms of M. Then Diff " (M) acts naturally on Cpsgpr. We claim
that if the orbit of £ € Cas,sar is not finite under this action, then SWj,(L£) = 0.
This follows from the naturality of SWj, and the fact that SWj,(L) is zero for
all but finitely many £ € Caron-

We define the subset W C Caronr as follows: £ € W if ¢i(det(L)) is trivial
on V, where V. C Ho(M,0M,Z) is as in Corollary 1.4. Since each z # 0 € Z?
has infinite order under the action of SLo(Z), it follows from the definition of



928 JOHN W. MORGAN, TOMASZ S. MROWKA AND ZOLTAN SZABO

V, that for each £ € Cps 90 \ W the orbit of £ under Diff " is infinte, and so it
follows that SWj (L) =0

Now let us define Wy € H2(M,d0M,R) by: x € Wy if z restricts trivially to
V. Let p, : H*(M,0M,R) — H*(M,,R), p, : H*(M,0M,R) — H?*(M.,,R)
be given by Mayer-Vietoris sequence. Then it is easy to see, that p,|w, and
p~|w, are one-to-one. On the other hand we proved above that all basic classes
K € By satisfy K € W;. Now applying Theorem 1.3 for M., and M, shows

SWhy, -sinh(Ty) = SWy; - sinh(Ty),
and this finishes the proof of Corollary 1.4. O

Proof of Theorem 1.1. Let us take N' = Ny (Lo, g, 1, D), where p and D are
generic. Let W, C xo(0M) be defined as in the proof of Theorem 4.1. Then W,
is the disjoint union of hypersurfaces, all of which avoid the singular points in
xo(T?), where different components correspond to different extensions of £y to
M.,. Note that W, depends on «y. For generic choices of  and D, the intersection
of 05 (N) and W, is transverse, and clearly as above

Y. SWar (L) = # N NOL (W)

LEV,(Lo)

It is easy to see that for any curve § C xo(T?), that connects two singular points
in x0(7®) or any loop & in xo(7) such that ¢ intersects W,, Wy, W. and W,
transversally we have

#ONWy)=p-#O0NWo)+q-#(O6NWy) +1-#(6NW,)

and since 0y (V) is the finite union of such curves and loops, this proves Theorem
1.1 O
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