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SIMPLE LOOPS ON SURFACES AND

THEIR INTERSECTION NUMBERS

Feng Luo

Abstract. Given a compact orientable surface Σ, let S(Σ) be the set of isotopy
classes of essential simple loops on Σ. We determine a complete set of relations
for a function from S(Σ) to Z to be a geometric intersection number function.

As a consequence, we obtain explicit equations in RS(Σ) and P (RS(Σ)) defining
Thurston’s space of measured laminations and Thurston’s compactification of the
Teichmüller space. These equations are not only piecewise integral linear but also
semi-real algebraic.

1. Introduction

Given a compact orientable surface Σ =Σg,r of genus g with r (r ≥ 0) bound-
ary components, let S = S(Σ) be the set of isotopy classes of essential simple
loops on Σ. A function f : S(Σ) → R is called a geometric intersection num-
ber function, or simply geometric function if there is a measured lamination m
on Σ so that f(α) is the measure of α in m. Geometric functions were intro-
duced and studied by W. Thurston in his work on the classification of surface
homeomorphisms and the compactification of the Teichmüller spaces ([FLP],
[HP], [Th]). The space of all geometric functions under the pointwise conver-
gence topology is homeomorphic to Thurston’s space of measured laminations
ML(Σ). Thurston showed that ML(Σ) is homeomorphic to a Euclidean space
and ML(Σ) has a piecewise integral linear structure invariant under the ac-
tion of the mapping class group. The projectivization of ML(Σ) is Thurston’s
boundary of the Teichmüller space. The purpose of this note is to announce a
complete characterization of all geometric functions on S(Σ). As a consequence,
both ML(Σ) and its projectivization are reconstructed explicitly in terms of an
intrinsic combinatorial structure on S(Σ).

Theorem 1. Suppose Σ is a compact orientable surface of negative Euler num-
ber. Then a function f on S(Σ) is geometric if and only if for each incompressible
subsurface Σ′ ∼= Σ1,1 or Σ0,4, the restriction f |S(Σ′) is geometric. Furthermore,
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geometric functions on S(Σ1,1) and S(Σ0,4) are characterized by two homoge-
neous equations in an intrinsic (QP 1, PSL(2, Z)) structure on S(Σ).

Recall that a subsurface Σ′ ⊂ Σ is incompressible if each essential loop in Σ′

is still essential in Σ. It is well known that if each boundary component of Σ′ is
essential in Σ, then Σ′ is essential.

Geometric functions and measured laminations haven been studied from many
different points of views. Especially, they are identified with height functions
and horizontal foliations associated to holomorphic quadratic differentials on Σ
([Ga], [HM], [Ker]). They are also related to the translation length functions of
group action on R-trees and the valuation theory ([Br], [CM], [MS], [Par], [Sk]).
In [Bo1], measured laminations and hyperbolic metrics are considered as special
cases of currents. As a consequence, Thurston’s compactification is derived from
a natural setting.

Our approach is combinatorial and is based on the notion of curve systems
([De], [Th]). Recall that a curve system is a finite disjoint union of essential
proper arcs and essential non-boundary parallel simple loops on the surface. Let
CS(Σ) be the set of isotopy classes of curve systems on Σ. The space CS(Σ) was
introduced by Dehn and rediscovered independently by Thurston. Dehn called
the space the arithmetic field of the topological surface. Given two classes α,
β in CS(Σ) ∪ S(Σ), their geometric intersection number I(α, β) is defined to be
min{|a ∩ b| : a ∈ α, b ∈ β}. The essential part of the proofs is to characterize
those functions f so that f(α) = I(α, β)(= Iβ(α)) for some fixed β ∈ CS(Σ).
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Figure 1

Given a surface Σ, let S ′(Σ) = CS(Σ)∩S(Σ) be the set of isotopy classes of
essential, non-boundary parallel simple loops in Σ. For surfaces Σ = Σ1,0, Σ1,1

and Σ0,4, it is well known that there exists a bijection π : S ′(Σ) → QP 1(= Q̂)
(the map sending a class to its slope) so that π(α) = p/q, π(β) = p′/q′ satisfy
p′q − pq′ = ±1 if and only if I(α, β) = 1 (for Σ1,0, Σ1,1) and 2 (for Σ0,4).
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See figure 1. We say that three distinct classes α, β, γ in S ′(Σ) form an ideal
triangle if they correspond to the vertices of an ideal triangle in the modular
relation under the map π. More generally, a (QP 1, PSL(2, Z)) structure on a
set X is defined as follows. There is a maximal collection of charts {(U, φ)}
where U ⊂ X and φ : U → QP 1 is a bijection so that (a) the union of all
these U is the set X, and (b) if two charts (U, φ) and (V, ψ) satisfy U ∩ V �= ∅,
then the transition function φψ−1 is a restriction of an element in PSL(2, Z).
For X = S ′(Σ), we take U = S ′(Σ′) where Σ′ is an incompressible subsurface
homeomorphic to Σ1,1 or Σ0,4 and the map φ to be an orientation preserving
slope map. This gives a (QP 1, PSL(2, Z)) structure on S ′(Σ) which is invariant
under the action of the group of orientation preserving homeomorphisms.

Theorem 2. (a) For surface Σ1,1, a function f : S → Z≥0 is a geometric
function Iδ with δ ∈CS(Σ) if and only if the following hold.

(1) f(α1) + f(α2) + f(α3) = max
i=1,2,3

(2f(αi), f([∂Σ1,1]))

where (α1, α2, α3) is an ideal triangle.

(2) f(α3) + f(α′
3) = max(2f(α1), 2f(α2), f([∂Σ1,1]))

where (α1, α2, α3) and (α1, α2, α
′
3) are two distinct ideal triangles.

(3) f([∂Σ1,1]) ∈ 2Z.

(b) For surface Σ0,4 with ∂Σ0,4 = b1 ∪ b2 ∪ b3 ∪ b4, a function f : S → Z≥0 is
a geometric function Iδ for some δ ∈ CS(Σ) if and only if for each ideal triangle
(α1, α2, α3) so that (αi, bs, br) bounds a Σ0,3 in Σ0,4 the following hold.

(4) Σ3
i=1f(αi) = max

1≤i≤3;1≤s≤4
(2f(αi), 2f(bs),

4∑

s=1

f(bs), f(αi) + f(bs) + f(br))

(5) f(α3)+f(α′
3) = max

1≤i≤2;1≤s≤4
(2f(αi), 2f(bs),

4∑

s=1

f(bs), f(αi)+f(bs)+f(br))

where (α1, α2, α3) and (α1, α2, α
′
3) are two distinct ideal triangles,

(6) f(αi) + f(bs) + f(br) ∈ 2Z.

(c) The characterization of geometric functions f : S(Σ) → R≥0 for Σ = Σ1,1

and Σ0,4 is given by equations (1), (2) (for Σ1,1) and (4), (5) (for Σ0,4).

Theorem 2 is motivated by the torus case. In fact for the torus Σ1,0, a function
on S(Σ1,0) is geometric if and only if it satisfies the triangle equality f(α1) +
f(α2) + f(α3) = maxi=1,2,3(2f(αi)) and f(α3) + f(α′

3) = max(2f(α1), 2f(α2)).
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The equations (1),(2),(4) and (5) in theorem 2 are obtained as the degenera-
tions of the trace identities for SL(2, R) matrices. For instance, equations (1),
(2) are the degenerations of tr(A)tr(B)tr(AB) = tr2(A) + tr2(B) + tr2(AB) −
tr([A, B]) − 2 and tr(AB)tr(A−1B) = tr2(A) + tr2(B) − tr([A, B]) − 2.

Several properties of the measured laminations spaces are reflected in the
equations (1),(2),(4), and (5). For instance, since the equations are piecewise
integral linear so that rational solutions are dense, one obtains Thurston’s result
that the space ML(Σ) has a piecewise integral linear structure and the ratio-
nal multiples of the curve systems is a dense subset. On the other hand, the
equations are also semi-real algebraic. Indeed, the space defined by

∑k
i=1 xi =

max1≤j≤l(yj) is semi-real algebraic since it is equivalent to:
∏l

j=1(
∑k

i=1 xi −
yj) = 0, and

∑k
i=1 xi ≥ yj , for all j. This seems to indicate that the space

ML(Σ) is semi-real algebraic.
Now given a surface Σg,r, Thurston showed that there exists a finite set F

consisting of 9g + 4r − 9 elements in S(Σ) so that the map τF : ML(Σ) → RF
≥0

sending m to Im|F is an embedding ([FLP]). As a consequence of theorems 1,2,
we have,

Corollary. For surface Σg,r of negative Euler number, there is a finite set F
consisting of 9g + 4r − 9 elements in S(Σ) so that the map τF is an embedding
whose image is a polyhedron defined by finitely many explicit integer coefficient
polynomial equations and inequalities.

It is interesting to observe that the approach taken in this paper (also in [Lu1],
[Lu2]) follows Grothendieck’s general philosophy of the “Teichmüller tower”
where the “generators” are the surfaces Σ1,1 and Σ0,4 and the “relations” are
Σ1,2 and Σ0,5. (See [Sc]). From this point of view, it seems clear that the
(QP 1, PSL(2, Z)) modular structure is fundamental to the topology and geom-
etry of surfaces and the modular structure plays a role of “local coordinates” on
the set S(Σ).

2. Sketch of the proof

The necessity of the conditions in the theorems follows easily from the trace
identities for SL(2, R) matrices. For instance, to see equation (1), we use

tr(A)tr(B)tr(AB) = tr2(A) + tr2(B) + tr2(AB) − tr([A, B]) − 2,

where A, B ∈ SL(2, R). If A, B, AB correspond to three simple closed geodesics
forming an ideal triangle in S, then tr(A)tr(B)tr(AB) > 0 and tr([A, B]) <
0 (see [GiM] for instance). In particular, we obtain |tr(A)||tr(B)||tr(AB)| =
tr2(A) + tr2(B) + tr2(AB) + |tr([A, B])| − 2. The degeneration of it becomes
f(A)+f(B)+f(AB) = max(2f(A), 2f(B), 2f(AB), f([A, B])) which is equation
(1).

To show the sufficiency, we use induction on |Σg,r| = 3g + r. We first observe
that the space of curve systems CS(Σ) has a natural multiplicative structure.
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The multiplicative structure induces an intrinsic combinatorial structure on S(Σ)
which in turn determines the modular relation on S(Σ1,1) and S(Σ0,4). In terms
of the multiplication, equations (2), (5) become iteration equations.

There are five steps involved in the proof. We single out step 1 (the multi-
plicative structure) in detail since it may have some interest in itself.

Assume that surfaces are oriented and connected and have negative Euler
number. All surfaces drawn in the note have the right-hand orientation in the
front face. A regular neighborhood of a submanifold X is denoted by N(X). The
isotopy class of a curve system c will be denoted by [c]. Suppose f : CS(Σ) → R

is a function and c is a curve system. We define f(c) to be f([c]). In particular,
I(a, b) = I([a], [b]). For simplicity, we say that a function f : S → R is a local
geometric function if its restriction to S(Σ′) is geometric for each incompressible
subsurface Σ′ ∼= Σ1,1 and Σ0,4. The goal is to show that a local geometric
function is a geometric function.

Step 1. A multiplicative structure on CS(Σ) and the modular relation.
Suppose a and b are two arcs in Σ intersecting transversely at one point P .

Then the resolution of a ∪ b at P from a to b is defined as follows. Take any
orientation on a and use the orientation on Σ to determine an orientation on
b. Then resolve the intersection according to the orientations. The resolution is
independent of the choice of the orientation on a. See figure 2 (a).
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Figure 2

Given two curve systems a, b on Σ with |a∩ b| = I(a, b), the multiplication ab
is defined to be the disjoint union of simple loops and arcs obtained by resolving
all intersection points from a to b. It can be shown that ab is again a curve
system whose isotopy class depends only on the isotopy classes of a, b. Given
α,β ∈ CS(Σ), we define αβ =[ab] where a ∈ α, b ∈ β so that |a ∩ b| = I(a, b).
The following theorem establishes the basic properties of the multiplication.

Let CS0(Σ) be the subset of CS(Σ) consisting of isotopy classes of curve
systems which contain no arcs.

Theorem 3. The multiplication CS(Σ)×CS(Σ) → CS(Σ) sends CS0(Σ) ×
CS0(Σ) to CS0(Σ) and satisfies the following properties.
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(a) It is preserved by the action of the orientation preserving homeomor-
phisms.

(b) If I(α, β) =0, then αβ = βα. Conversely, if αβ = βα and α ∈ CS0(Σ),
then I(α, β)=0.

(c) If α ∈ CS0(Σ), β ∈ CS(Σ), then I(α, αβ) = I(α, βα) = I(α, β) and
α(βα) = (αβ)α. If in addition each component of α intersects β, then α(βα) =
β.

(d) If [ci] ∈ CS(Σ) so that |ci ∩ cj | = I(ci, cj) for i, j = 1, 2, 3, i �= j, |c1 ∩
c2 ∩ c3| = 0, and there is no contractable region in Σ− (c1 ∪ c2 ∪ c3) bounded by
three arcs in c1, c2, c3, then [c1]([c2][c3]) = ([c1][c2])[c3].

(e) For any positive integer k, (αkβk) = (αβ)k.
(f) If α is the isotopy class of a simple closed curve, then the positive Dehn

twist along α sends β to αkβ where k = I(α, β).

It follows from the definition that I(α, γ) + I(β, γ) ≥ I(αβ, γ). Futhermore,
theorem (c) implies a stronger result that I(αβ, γ) + I(α, γ) ≥ I(β, γ) when
α, β ∈ CS0(Σ). Indeed, I(αβ, γ) + I(α, γ) ≥ I((αβ)α, γ) ≥ I(βδ2, γ) ≥ I(β, γ)
where δ consists of components of α which are disjoint from β.
Remark. The multiplication on CS(Σ) seems to be related to the extension of
Thurston’s earthquakes to ML(Σ). See [Bo2], [Pap] for more information.

The modular relations on S(Σ1,1) and S(Σ0,4) are defined in terms of the
multiplication as follows. Call two elements α, β ∈ S(Σ) orthogonal, denoted by
α ⊥ β, if I(α, β) = 1; and pseudo-orthogonal, denoted by α ⊥0 β, if I(α, β)=2
so that their algebraic intersection number is zero. Suppose α ⊥ β or α ⊥0 β.
Take a ∈ α, b ∈ β so that |a ∩ b| = I(α, β). Then N(a ∪ b) ∼= Σ1,1 if α ⊥ β and
N(a∪b) ∼= Σ0,4 if α ⊥0 β. It follows from the definition that αβ ⊥ α, β if α ⊥ β,
and αβ ⊥0 α, β if α ⊥0 β. Thus three distinct elements α, β, γ ∈ S ′(Σ1,1)
(resp. S ′(Σ0,4)) form an ideal triangle if and only if α ⊥ β (resp. α ⊥0 β)
and γ ∈ {αβ, βα}. In particular the distinct ideal triangles in equations (2), (5)
in theorem 2 are (α1, α2, α1α2) and (α1, α2, α2α1) where α1 ⊥ α2 or α1 ⊥0 α2

(and in fact (α1, α2, α1α2) is positively oriented). If α ⊥ β or α ⊥0 β, we define
α−nβ = βαn for n ∈ Z>0. It follows from theorem 3(c) that αn(αmβ) = αn+mβ
for n, m ∈ Z.

For Σ = Σ1,1 or Σ0,4, we can find the explicit bijection π from S ′(Σ) to Q̂

as follows. Take α, β in S ′(Σ) so that α ⊥ β or α ⊥0 β. Then each γ in S ′(Σ)
can be expressed uniquely as αpβq where q ∈ Z≥0, p ∈ Z and p, q are relatively
prime. Define π(γ) = p/q from S ′(Σ) to Q̂. Then π(γi) = pi/qi, i = 1, 2, satisfy
p1q2 − p2q1 = ±1 if and only if γ1 ⊥ γ2 or γ1 ⊥0 γ2.

Given two simple loops a, b, we use a ⊥ b to denote |a ∩ b| = I(a, b) = 1, and
use a ⊥0 b to denote |a ∩ b| = I(a, b) = 2 and [a] ⊥0 [b].

Step 2. Theorem 2 for surfaces Σ1,1 and Σ0,4.
The proof goes as follows. We first show the theorem for integer valued

functions f on S. For integer valued f , there is an ideal triangle in S ′(Σ) so that
the sum of the values of f at the three vertices is minimal. This triangle is the
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key for the construction of the curve system m ∈ CS(Σ) so that f = Im. For
general real valued function f , we show that f can be approximated by rational
valued functions which solve equations (1),(2),(4),(5).

Step 3. A gluing lemma.

Suppose Σ′ is an incompressible subsurface of Σ. We define the restriction
map R(= RΣ

Σ′) : CS(Σ) → CS(Σ′) as follows. Given α in CS(Σ), take a ∈ α so
that |a∩∂Σ′| = I(a, ∂Σ′) and a∩Σ′ contains no component parallel into ∂Σ′. We
define R(α) = [a|Σ′ ](:= α|Σ′). The restriction map is evidently well defined and
furthermore if X ⊂ Y ⊂ Z are incompressible subsurfaces, then RZ

X = RY
XRZ

Y .

Lemma 1 (Gluing along a 3-holed sphere). Suppose X and Y are connected
incompressible subsurfaces in Σ so that Σ = X ∪ Y and X ∩ Y ∼= Σ0,3 as
in figure 2(b). Then for any two elements αX ∈ CS(X), αY ∈ CS(Y ) with
αX |X∩Y = αY |X∩Y , there is a unique element α ∈ CS(Σ) so that α|X = αX

and α|Y = αY .

This lemma also holds for measured laminations.

Step 4. Reduction to surfaces Σ0,5 and Σ1,2.

If |Σ| ≥ 5, we decompose Σ = X ∪ Y where X ∩ Y ∼= Σ0,3 and X ∼= Σ1,1

if g ≥ 1 and X ∼= Σ0,4 if g = 0 (see figure 2(c)). Suppose f : S(Σ) → R is a
local geometric function. Then the restrictions f |S(X) and f |S(Y ) are again local
geometric functions. By the induction hypothesis and the gluing lemma, we find
a measured lamination m ∈ ML(Σ) so that f |S(X)∪S(Y ) = Im|S(X)∪S(Y ). The
goal is to show that f = Im using the equations (1),(2),(4),(5).

Let d = ∂X ∩ int(Σ) be the separating simple loop in Σ. We show the
following key lemma. (This is the part which is substantially different from and
much more difficult than the case of Teichmüller space).

Lemma 2. If f(α) = Im(α) for all α ∈ S so that I(α, d) ≤ 2, then f = Im.

The proof is by induction on the complexity (|Σ|, I(α, d)) in the lexicographic
order. If k = I(α, d) ≥ 3, choose x ∈ α so that |x ∩ d| = k. Fix an orientation
on x. There are three possibilities which may occur for x ∪ d as listed in figure
3 where the intersection points P1, .., P4 are adjacent along d.
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In case (i), we use a Lickorish’s type lemma (see the lemma in [Lu2]) to
produce a reduction of α. In case (ii), there are six subcases need to be considered
due the possible connections of the four horizontal arcs. Applying the Lickorish’s
type lemma twice will produce a reduction. In case (iii), we find two simple
loops p ⊥ q as shown in figure 4(a) so that pq ∼= x, |q ∩ d|, |qp ∩ d| < |x ∩ d|,
and more importantly |p ∩ d| < 1

2 |x ∩ d|. By the induction hypothesis, f and
Im have the same values at p, q, qp. Now equation (2) for p ⊥ q states that
f(x)+f(qp) = max(2f(p), 2f(q), f(b)) where b = ∂N(p∪q). Thus f(x) = Im(x)
will follow from f(b) = Im(b). To prove this, we cut the surface Σ open along p
(more precisely along p′ ∼= p with |p′ ∩ d| = I(p′, d)) to obtain a simpler surface
Σ′ which contains the curve b. Use the induction hypothesis and the following
fact to conclude that f = Im on S(Σ′).
Fact. Suppose F is a surface of negative Euler number and c is a curve system
on F consisting of N arcs. Then each measured lamination m ∈ ML(F ) is
determined by its intersection numbers with β ∈ S(F ) so that I(β, c) ≤ 2N .

Take F = Σ′, c = d ∩ Σ′ and use |p ∩ d| < 1
2 |x ∩ d|. The result follows.

It remains to show f(α) = Im(α) for α ⊥0 [d]. Take x ∈ α so that |x∩d| = 2.
Consider Σ′ = N(x∪X) which is homeomorphic either to Σ1,2 or Σ0,5. Thus to
finish the proof, by considering f |S(Σ′), it suffices to prove theorem 1 for surfaces
Σ1,2 and Σ0,5.

Step 5. Theorem 1 for surfaces Σ0,5 and Σ1,2.
To show theorem 1 for Σ0,5, we again follow the reduction step 4. Now use the

equations (4),(5) and the following pentagon relations on S(Σ0,5): aiai+1ai+2 =
ai+3ai+4 where a′

is are as shown in figure 4(b). The surface Σ1,2 is more compli-
cated and the proof uses the five curves a′

is as shown in figure 4(b). Note that
the set of curves {a1, ..., a5} is completely characterized up to homeomorphism
by the property that |ai ∩ aj | = 0 for |i − j| ≥ 2 (see [Lu3]).
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This finishes the sketch of the proof.
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