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A DICHOTOMY FOR FORCING NOTIONS

JINDRICH ZAPLETAL

ABSTRACT. Let B be Baumgartner’s poset for adding a closed unbounded subset
of wy with finite conditions. Under the Proper Forcing Axiom, a forcing notion
P of size X1 is nowhere c.c.c. if and only if B completely embeds into P.

0. Introduction

Among the partial orderings of size < N; the following four stand out:

e adding one Cohen real or Cy,, with the associated complete algebra
denoted by Cy,

e adding R; Cohen reals or Cy,, with completion Cy,

e adding a closed unbounded subset of w; by finite conditions denoted by
B with the completion B—see [B]

e the collapse of N1 to Ny denoted by D with the completion D.

It has been shown that modulo forcing equivalence these are the only simply
definable posets of size 8y [Z2], and external characterizations of the complete
Boolean algebras in question were obtained [K, Z1, J]. [SZ] proves a basic di-
chotomy theorem:

Theorem 1. Assume the Proper Forcing Axiom holds. Then every separative
poset P of size Ny
o cither has a countable somewhere dense subset

e or Cy, can be completely embedded into RO(P), in short, P adds Ny
Cohen reals.

Here, a subset of P is somewhere dense if there is a condition p € P under
which it is dense. Theorem 1 shows that Cy, is in a certain precise sense the
simplest complete Boolean algebra of uniform density R;. In this paper we show

Theorem 2. Assume the Proper Forcing Azxiom holds. Then every poset P of
size Ny

e cither is somewhere c.c.c.
e or B can be completely embedded into RO(P), in short, P adds a club
with finite conditions.
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Recall that a poset P is somewhere c.c.c. if there is a condition p € P such
that every antichain below p is countable. Thus Theorem 2 shows that B is the
simplest among all complete Boolean algebras of density Ny in which c.c.c. fails
everywhere. By an inspection of the proofs we obtain

Theorem 3. Assume the Proper Forcing Axziom holds. Then for every partial
ordering P of size Xy and every stationary set S C wy

e cither some condition in P forces the stationarity of S to be preserved
e or B, \s can be completely embedded into P.

Here the forcing Bx for X C w; is the variation of B adding a closed un-
bounded subset of X, and the above result says that under PFA this is the
simplest such a poset of size N;.

Consider the quasiorder of complete embeddability < between complete
Boolean algebras and say that algebras Ag, A; are equivalent if Ay < A; < Ag.
Thus under PFA Cy, is the smallest among all algebras of uniform density N;
and B is the smallest among all nowhere c.c.c. algebras of density X;. There is
one important difference between Cyx, and B which should be pointed out. In
ZFC it can be proved [K] that Cy, < A < Cy, implies A isomorphic to Cy,.
Therefore the equivalence class of Cy, contains only its isomorphs and in ZFC it
is minimal among algebras of uniform density N; in the considered quasiorder-
ing. This is not the case for B. In ZFC there are examples of complete algebras
A with B < A < B and A not isomorphic to B, as well as examples of algebras
strictly between Cy, and B-see [Z1]. Under the Continuum Hypothesis there
is a nowhere c.c.c. algebra A with B £ A < B and so one cannot prove in
ZFC even the minimality of B among the nowhere c.c.c. algebras of density Nj.
Another ZFC fact further clarifying the structure of the quasiorder < has been
demonstrated in [Z1]: given stationary sets S, T C w; then Bg < Bp just in case
T C S modulo the nonstationary ideal and the two algebras are isomorphic if
and only if the sets .S, T are equal modulo the ideal.

One has to resort to some additional axioms in order to obtain above Theo-
rems 1,23 since for instance in the context of the Continuum Hypothesis their
conclusions fail badly. However, there is no need for the large cardinal strength of
the Proper Forcing Axiom; indeed, the conclusions can be shown equiconsistent
with ZFC.

Our notation follows the set-theoretic standard as set forth in [J]. 0 is treated
as a limit of limit ordinals, [a, 3) denotes the half open interval of ordinals ~y
with o < < 3. In forcing we use the western conventions: smaller condition is
the more informative one. Given partial orders P, R the expression P < R says
that there is a complete subalgebra of the completion RO(R) of the poset R
which is isomorphic to RO(P). The Cohen poset Cy, is construed as consisting
of finite functions from w; to 2 ordered by reverse inclusion. The letter B
stands for Baumgartner’s forcing defined in an equivalent form in [B]: a typical
condition in B is a pair (a,b) such that a is a finite set of countable ordinals
containing 0 and b is a finite collection of bounded clopen intervals of countable
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ordinals disjoint from a. The ordering is given by (ag, bo) > (a1, b1) if ag C ay
and (Jby C Jb1. The B-generic club is defined as (J{a : (a,0) is in the generic
filter }—note that we always include 0 in this club for notational reasons. There
are some variations of this poset we will use below. Given limit ordinals o €
let Bog be the set of pairs (a,b) with a a finite subset of the interval [a, )
containing a and b a finite collection of clopen bounded subintervals of [a, 3)
which are disjoint from a. The B, generic club is defined in the same way as
the B-generic club; it always includes the ordinal «. If X is a set of ordinals
the forcings Bx, Bjo,g)nx are defined similarly with the proviso that a C X.
The expression Ha, sew, Bas stands for the finite support product of the posets
B.g,a € f € wy limit ordinals.

1. Preliminary considerations

It is obvious that if B completely embeds into another Boolean algebra then
that algebra must be nowhere c.c.c. since B is. The nontrivial part of Theorem
2 therefore lies in proving under the Proper Forcing Axiom that whenever P is a
nowhere c.c.c. poset of size X; then B can be completely embedded into RO(P).
Fix such a forcing P and suppose for now that P is separative, preserves N; and
its universe is wy. We wish to produce —in ZFC—a proper forcing which introduces
a P-name for a B-generic club.

A rough description of the name runs as follows. First, we shall embed the
finite support product ch, Bew B, into P, with a corresponding P-name H for

a generic filter on that poset. Note that Ha’ Bew, Bap s really isomorphic to Cly,,

so this is possible using the work of [SZ]. The B-generic club FE C @, will then
be pieced together from the closed unbounded subsets E, s of the intervals [a, 3)
introduced by the a-component of the filter H. For that purpose we shall add
a P-name C for a closed unbounded subset of wy and set E = |J{Fas5: a € 8
are successive points of C’} A delicate interplay between the names H and C
will be required in order to conclude that E is indeed a P-name for a B-generic
club.
Now onto the combinatorial heart of the argument. By a proper notion of
forcing we shall add
(A) a dense set D C P of finite character, that is, for every p € P the set
{q € D :q> p} is finite
(B) a P-name C for a club of w; consisting of limits of limit ordinals and
containing 0
(C) a trace function tr : D — [wi]<N° such that p IF<tr(p) C C” and given a
condition p € D, a finite set u C D of conditions 2 p and a finite set b of
clopen bounded intervals of countable ordinals which are disjoint from
tr(p) there is a condition ¢ < p such that ¢ is incompatible with every
element of u and it forces |Jb to be disjoint from C.

Note that (A,B,C) are interdependent: that is, an existence of a trace function
as in (C) implies other fine combinatorial properties of D and C than those
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mentioned in (A,B). Intuitively, the only affirmative information a condition
p € D carries about the generic filter and the set C' is hidden in the finite sets
{q € D : q > p} and tr(p). The above objects can be viewed as an upgrade of
the strongly unbounded sets of [T2, Section 8] and the almost avoidable sets
of [SZ]; the set D C P is almost avoidable by (C). In some sense, (A,B,C) are
properties combinatorially optimal for our purpose. One can prove that if B can
be embedded into a poset P of size R; then there are D, C ,tr as above. Observe
that the set tr(p) contains 0 and consists of limits of limit ordinals since it can
be forced to be a part of C.

In this section it will be proved that achieving (A,B,C) above is almost as good
as embedding B into P. More exactly, suppose D, C, tr satisfy the requirements
(A,B,C). Then Cy, I B < P. Force over V functions f,g : D — 2 with finite
approximations. Obviously, V[f][g] is a Cy,-generic extension of the ground
model V' and it will be enough to find a complete embedding of B into P in
V(fllg)

In V[f],let Do ={p€ D : f(p) =0} and D; = {p € D : f(p) = 1}. So the
sets Dy, Dy constitute a partition of D into two dense parts. As in [SZ, Claim
4]

(1) in V[f] there is a family {A, : a € wi} of pairwise disjoint maximal
antichains included in the set Dy.

To see this, first partition the set Dy into wy pieces in a sufficiently generic
manner. Then these pieces will be again dense in P and the maximal antichain
A, C P can be taken as a subset of the a-th piece. The elementary bookkeping
arguments are left to the reader.

Now in V[f][g] define a name K for a function from w; into 2 by P IF K (&) =
g(p) where p is the unique element of A, in the generic filter. We shall show that
K is a P-name for a C, -generic function and compute the associated projection
function. Let k : D — Cy, be defined by dom(k(p)) = {a € wy : 3q € Ay ¢ > p}
and k(p)(«) = g(¢q) whenever o € dom(k(p)) and ¢ is the unique element of A,
above p. It is quite obvious that

(2) k(p) depends only on the set {¢ € Dy : ¢ > p}.

Claim 4.

(3) Whenever z € Cy, is a condition strengthening k(p) then there is ¢ < p
wz’th qglFpzZC K

(4) K is a P-name for a Cy,-generic function and k is the associated pro-
jection.

Proof. (3) uses the genericity of the function g over the model V[f]. Move into
V[f] and let p € D,z € Cy, and let 2y be a condition in the forcing @ adding
the function g-that is, xo is a finite function from D into 2-such that z¢ IFg
k(]ﬁ) C 2. We shall produce conditions 1 < xg in @ and ¢ < p in P such that
z1lFg qlFp 2 C K. By a genericity argument applied to the forcing @ this will
complete the proof of (3). By strengthening the condition zq if necessary we
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may assume that {s € D : s> p} C dom(z), so o decides the value of k(p) to
be some g,y € Cy, .

First, by (C) there is a condition ¢ < p incompatible with every element of
dom(zp) which is ? p, and by strengthening ¢ a little more we may assume
that for every o € dom(z) there is an element r, of A, above g. It follows that
{ro @ € dom(z)}Ndom(zg) = {ro : @ € dom(y)} = {ro : @ € dom(z) Ary > p}
and the set 1 = xo U {(ra, 2(a)) : @ € dom(z)} is a function, therefore an
element of the forcing ) strengthening xo and z; IFg qlFp 2 C K as desired.

(4) follows from (3) and the fact that p I k(p) C K by a standard argument.

O

Now fix an arbitrary isomorphism 7 : Cx, — RO(I], gc., Bag)- Let H be
the P-name for the image under 7 of the generic filter on Cy, given by the name
K and let Eag, for limit ordinals @ € # € wq, be the P-names for the closed
unbounded subsets of the interval [a B) produced by the af-component of the
filter H. Finally, define a P-name E by P IF E = |J{Fas : @ € 3 are successive
elements of the club C}.

We claim that F is a P-name for a B-generic club. In order to show this,
first a projection function h : D — B will be computed. Fix a condition p € D,
choose an element 7, € [[, 3¢, Bag With rp, < 7(k(p)) and write r,(a, 8) =
(aaB,bap) whenever the pair (a, ) is in the finite support of the function r,.
Set h(p) = (a,b) where a = tr(p) U|J{aap : @ € § are successive points of tr(p)}
and b = (J{bapg : a € B are successive points of tr(p)}.

Claim 5.

(5) if p € D and {(a,b) € B is a condition strengthening h(p) then there is
q<p with ¢ - a C E, UbﬂE—O
(6) E is a P-name for a B-generic club.

Proof. Towards (5), fix p € D and a condition (a,b) € B with (a,b) < h(p).
Let 0 =ag € a1 € -+ € a,, be an enumeration of the trace of p; for notational
convenience set wy = ap+1. For m € n+ 1 let (an,, bn) € Ba.,,,am+. be the part
of the condition (a,b) between «,,, and oy, 1, that is, a,, = a N[y, me1) and
by ={1 €b: I C [tm,@m+1)}. Also fix a condition r =1, € [| B,s as in
the definition of h(p); by the definitions,

O‘vﬁewl

(7) for every m € n+ 1 we have (an,bm) € Ba,,,a,.., and in that poset it is
a stronger condition than 7(au,, Qm+1).

For all integers m € n + 1 choose an ordinal (,, strictly between a., and
Q41 such that

(8) (s bm) € Bay,, and if (x,€) € supp(r) then € ¢ B, aums1):

This is easily done since all of the sets a,,, by, supp(r) are finite while oy, 11’s
are limits of limit ordinals.
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Subclaim 6. There is a condition p’ < p and ordinals Y, Bm € Ym € Qmi1+1
for all integers m € n+ 1 such that

(9) p' IF “the least element of C' above i, is Am, for allm € n 417
(10) {s€Dy:s>p'} ={s€ Dy:s>p}.

Proof. Uses the genericity of the function f over the ground model V. Suppose
peDO0=a)€fy€ea €1 €€ a1 = w are as above and xp is a
condition in the forcing R adding the function f, that is, xg is a finite function
from D into 2. We shall produce conditions z; < zp in R and p’ < p in P and
ordinals 7, : m € n 4 1 such that p’, v, satisfy (9) above and z1 - {s € Dy :
s>} ={s e Dy:s>p} By a genericity argument with the forcing R this
will prove the Subclaim.

Let w = {s € dom(xg) : s ? p}. By the property (C) of the trace function,
there is a condition p” < p which is incompatible with all elements of u and
which forces all the sets C' N [, + 1, Bim] to be empty, for m € n + 1. Choose a
strengthening p’ < p” deciding in the poset P the values of the minimal elements
of the set C' above Bm to be some Ym € @my1 + 1. Obviously the condition p’
with the ordinals 7, satisfy (9) above. It is immediate that 1 = xo U {(s,1) :
s € D,;s > q,s ¢ dom(xp)} is a function, therefore a condition in the poset R
strengthening the condition z¢ and forcing {s € Dy : s > p} = {s € Dy : s >
P’} ={s € dom(zp) : s > p,&o(s) = 0} as desired in (10). O

Fix a condition p’ < p and ordinals 7,, : m € n 4+ 1 as in the subclaim and
define an element 1’ € [], 5c,,, Bag by setting supp(r’) = {{am,ym) : m € n+1}
and 7’ (Qm, Ym) = (@m, bm). Now

(11) r and 7’ are compatible elements of the poset [, ¢, Bag-

This holds since if v, = i1 then 7 (m, Ym) = (@m, bm) < r(Qm, @mi1)
by (7) and if v, € a1 then 7 (am, Ym) < 1 = r(am, vm) as by (8) the pair
(Qm, Ym) 1s not included in the support of the condition r.

(12) There is a condition ¢ < p’ in P which forces 7’ into the generic filter
H C Ha:ﬁewl Baﬁ-

To see this, let 7 € [], 3¢, Bag be a common lower bound of the conditions
r,7’. From Subclaim 6(10) and (2) it follows that k(p) = k(p’), and since r” <
r < w(k(p)) = n(k(p’)), Claim 4(3) can be used to find a condition ¢ < p’ which
forces v’/ into H. But 7" < r’ and so q works for ’ as well.

By the definitions it now follows that ¢ IFp*“ @ C E, U bNE = 0" completing
the proof of (5). (6) follows by a standard argument. O

Stating once again what we have proved in this section, if D, C and tr satisfy
(A,B,C) then Cy, IF B < P.
2. The main forcing

We shall now describe a proper forcing notion ¢ which introduces objects
D, C,tr into a given nowhere c.c.c. separative 81 preserving poset P with uni-
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verse wi. The poset @ will be closely related to the forcing from [T2, Section 8.
First, some combinatorial notions and related facts which will be instrumental
in the proof of properness of Q.

Definition 7. [SZ, T2] A set Y C P is called small if for every countable subset
Y C Y there is a finite set u C P such that every p € Y has some ¢ € u with

q=p.
Claim 8. Suppose P is a nowhere c.c.c. forcing and p € P. Then the set

{q € P: q < p} does not belong to the o-ideal generated by the small subsets of
P.

Proof. This is the trivial case of Lemma 21 in [SZ]. Note that small sets cannot
contain infinite antichains. Thus if p € P and {X,, : n € w} is a collection of
small subsets of the poset P, one can choose an uncountable antichain A C P
consisting of conditions stronger than p. Each of the sets X,, : n € w can cut out
only a finite piece from A and so by a counting argument there must be some
qe€ A q<pwith ¢ ¢ J, Xn. The Claim follows. O

Definition 9. [S] Let N be an arbitrary set. A condition p € P is called master
for N if for every maximal antichain A C P, an element of N, p I the one
element in the intersection of A and the generic filter belongs to N. A condition
p € P is called patently not master for N if there is a (maximal) antichain A C P
in N and a condition ¢ € A\ N with ¢ > p.

Thus a condition not master for N can be always strengthened into a patently
not master condition, and such a condition cannot be strengthened into a master
condition any longer.

Claim 10. Suppose P is a nowhere c.c.c. forcing, k € X\ sufficiently large cardi-
nals with H, € Hy, let M < H)y be a countable elementary submodel containing
P and k, let p € P be a condition and x C M N H, be a finite set. The there are
a countable submodel N < H, and a condition q < p such that N € M,x C N
and q is patently not master for N.

Proof. There are two cases depending on whether p is a master condition for M
or not. In the former case, note that by the nowhere c.c.c. of the forcing P we
have P I-“there are a countable submodel N < H,, in the ground model which
contains ¥ and a patently not master condition for IV in the generic filter”. Since
p is a master condition for the model M, it forces that such a model N can be
found in M. So there is a countable model N < H, with N € M,x C N and a
strengthening ¢ of p which is patently not master for N as desired.

In the latter case, strengthen p into a patently not master condition ¢ for M
as witnessed by some maximal antichain A C P in M. Then ¢ and any countable
submodel N < H, with N € M,x C N,A € N witness the statement of the
claim. O

Finally we are ready to define the proper forcing ). A typical condition in )
is a finite function f with domain a subset in w;. For o € dom(f) the functional
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value f(a) is a quintuple (MJ, FJ pl v/ 2/} where if no confusion is possible
the superscript f is dropped and
(13) M, is an elementary submodel of H3, with @ = M, Nw; and containing
P and f | a as elements
(14) F, is a finite subset of Ho,
(15) pa € P is a condition which does not belong to any small subset of P in
M,
(16) yo C dom(f)Na+1 and for § € dom(f)Na+1 we have pg > po < 3 € yq
(17) zq C dom(f)Na+ 1 and for 8 € dom(f) N+ 1 we have p, is a master
condition for Mg just in case 3 € yq
(18) there is a condition ¢ < p, such that for all 5 € dom(f) Na+ 1\ y, the
conditions pg and ¢ are incompatible and for all § € dom(f) Na+1\ 2,
the condition ¢ is patently not master for Mg.

The ordering is defined by f > ¢ if dom(f) C dom(g) and for every a €
dom(f) we have M = M,, = g, FJ C F9,pf = pJ,yl =yJ and 2] = 29.

The definition is long, however the underlying idea is simple. Suppose G C
is a generic filter. The desired set D C P will be read off G as D = {p € P :
3f € G 3a € dom(f) p = pl}. Given a condition p = pf € D there are only
finitely many elements of D weaker than or equal to it—these are collected in the
set {pg : B € yL}. To see how the P-name C for a club is obtained, first define
a partial function Mod on w; assigning to @ € w; the model MJ where f € G
is an arbitrary condition with a € dom(f). It turns out that dom(Mod) is a
closed unbounded subset of w; and Mod is a C-continuous increasing function;
therefore the P-name C' = {0} U{a € w; : the P-generic filter contains a master
condition for the model Mod(a)} is a name for a club. The trace function will
be defined by tr(pf) = {0} U 2/, for any condition f € G with o € dom(f).

Claim 11. The forcing Q) is proper.

Proof. Choose a condition fy € @ and a countable elementary submodel M <
H5 containing ) and fy as elements. A master condition f; < fy, must be
produced. First find an element p € P such that

(19) every pfo : o € dom(fy) is either greater than or incompatible with p in
the poset P

(20) p is either master or patently not master for every model M : o €
dom(fy) as well as M

(21) p does not belong to any of the countably many small subsets of P which
happen to be elements of M.

It is not hard to see from Claim 8 that there is in fact a dense set in P of such
elements—just pick one. Now define the condition f; < fy by setting o = M Nw1,
dom(f1) = dom(fo) U{a}, fi | @ = fo and M = M N Ha,, Ff* = 0,pf} =
p,yft = {B € dom(f) :p/’gc1 > p}, 2ft = {B € dom(fy) : p is master for the model
My

It is immediate to verify that f; is indeed an element of the forcing @) and
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f1 < fo; item (18) of the definition of @ for « is witnessed by the condition
gq=p<p= pfj. To see that f; is indeed a master condition for the model M,
suppose A € M is a maximal antichain of the poset @ and fo < fi;. We must
produce a condition f; € AN M compatible with fs. By strengthening fo if
necessary it can be assumed that fs has an element of A above it.

List the ordinals of dom(f2) \ M as M Nw; = ap € a1 € -+ € , and let
fs = fa | ap. By item (13) of the definition of the forcing @@ we have f3 €
M N Q and obviously f3 > fo. By induction on m € n + 2 we now define
certain sets Z(m) : m € n + 2 whose elements are finite sequences 7 of pairs,
17 = ((No,po), (IN1,p1) - .. ) such that N; are countable collections of sets in Hy,
and p; are elements of P. Set

(22) n € Z(0) just in case there is a condition g < f3 such that ¢g has an
element of A above it and dom(g) = dom(f3) U{0o, b1, ..., Bn} for some
ordinals 3; with max(dom(f3)) € By € f1 € -+ € By, and for i € n + 1
the i-th element of the sequence 7 is (Mg N Hy,,p},)

(23) n € Z(m + 1) if for every finite set  C Hy, the set {p € P : there is
some N with  C N and n™(N,p) € Z(m)} is not small in the partial
order P.

Note that the collection Z(m) : m € n+ 1 belongs to Ha, N M = M2 and

with it to all of the models MJ? : i € n+ 1. Now

(24) 0€ Z(n+1).

For suppose not. Using the elementarity of the models Mo{cfn and require-
ment (15) of the definition of the forcing @ it is then possible to prove by
induction on m € n + 2 that the sequence n,, = ((MJ2 N Hy,,pf2), (M2 N
Hy,,pf2),...(MJ2 N Hy,,pfz2 ))is not in Z(n+ 1 — m). However, by the
definition of Z(0), the sequence 7,41 is in Z(0) as witnessed by the condition
fo < f3, a contradiction.

Choose conditions ¢™ < pf2 :m € n+1 in the poset P which witness (18)
of the definition of @ for fs and «,, : m € n+ 1. By induction on ¢ € n+ 1 build
pairs (N;,p;) and conditions ¢/ : m € n+ 1 in the poset P so that

(25) Ni,p; € M and the sequence 7; = ({(No,po), (N1,p1)...(Ni—1,pi—1))

belongs to Z ()

(26) ¢ > q' > g > ... forallmen+1

(27) p; is a condition in P incompatible with all ¢/* : m € n+1

(28) N; is a countable submodel of Hy, for which all of the conditions ¢/ :

m € n + 1 are patently not master.

Once this is achieved by the elementarity of the model M and the definition
of the set Z(0) € M there is a condition g € M N witnessing that 7,1 € Z(0).
We claim that fs, g are compatible elements of ) with a common lower bound
h = fy Ug. It only has to be verified that h € @ and there again the only
nontrivial point to see is why (18) holds for ~ and the ordinals «,,, € dom(f3) C
dom(h) : m € n + 1. But obviously the condition ¢ < pf2 = p! has been

constructed so as to witness (18) for h and «a,,. Now f; has an element of A



222 JINDRICH ZAPLETAL

above it by its choice and ¢ has an element of A above it by the definition of the
set Z(0). Since fs, g are compatible conditions in @, these two members of the
antichain A must be identical, equal to some f; € A. By the elementarity of the
model M, since f4 is the only element of A € M above g € M it must be the
case that fy € M. Since fy € AN M and f; > fa, the properness of the forcing
Q follows.

Now suppose (N;,p;) and ¢/ : m € n+1 have been constructed for all i € j for
some integer j € n. To obtain the pair (IV;, p;) and the conditions q;' :men+l
first by induction on & € n + 1 build models X, maximal antichains A, C P
and conditions r¥ < q;?_l (or r¥ < ¢* if j = 0) so that

(29) Xj is a countable elementary submodel of H5 ., , containing the poset

P and the collection Z(m):men+2and M > Xy> X1 >5...

(30) {Aj:lek+1}Cc Xy forallken+1

(31) r* is a condition in P patently not master for the model X}, as witnessed

by the maximal antichain Ay, that is, there is s € Ay \ X with s > rk.

This is rather easily done using Claim 10 at each stage k of the induction to
the model X;_1 (or M if k = 0), the condition ¢ ;, € P and the finite set {4; :
lek,Z(m):men+1} C Xg_1. Note that in the end, {A; : k€en+1} C X,
and each of the conditions r* < qf_l : k € n+ 1 is patently not master for the
model X,, < H5, as witnessed by the maximal antichain A, C P.

Since the sequence 7; belongs to the set Z(n + 1 — j) by the induction
hypothesis—or (24) if j = 0-, it follows that the set Y = {p € P : AN {4 :
ke€n+1} C NAn;(N,p) € Z(n—j)} C P is not small. By the definition of
smallness there is a countable set Y C Y such that for every finite set u C P
there is p € Y such that for all s € v s £ p holds. Since Y € X,,, by the
elementarity of the model X,, we can find such a set ¥ C Y as an element
and therefore subset of X,. By the choice of Y there is an element p; € Y
such that for all m € n + 1 ™ £ p; holds and one can choose conditions
q;* <r™:m € n+ 1 which are incompatible with p; by the separativity of the
poset P. Finally, since p; € Y C X, NY it is possible by the definition of the
set Y and the elementarity of the model X,, to choose a countable set INV; C Hy,
such that {A,, :m € n+1} C N; € X,, and nj1 = n; (Nj,p;) € Z(n — j).

We claim that the induction hypotheses continue to hold with the pair (N}, p;)
and conditions ¢* : m € n + 1. And indeed, the hypotheses (25,26,27) were
explicitely arranged to hold in the previous paragraph. To see why (28) holds,
fix m € n+ 1 and observe that A,, € N; C X, 41 C X;,+1. Now the induction
construction performed in (29-31) provides an element s € A,,\ X, 41 C A \ N
such that ¢7* < r™ < s. Thus the condition ¢j" is patently not master for the
model N; as witnessed by the maximal antichain A,, € N;. This concludes the
inductive construction in (25-28) and the proof of the properness of the forcing

Q. O

All that remains to be done is some density arguments proving that the forcing
Q) adjoins the desired objects to the universe. Suppose G C @ is a generic filter
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and work in V[G]. Let D = {p/ € P: f € G,a € dom(f)}.

Claim 12. D C P is a dense set and for every p € D the set {q € D : q > p}
is finite.

Proof. Back in V, suppose that p € P and f € @) are conditions. We will produce
strengthenings ¢ < p in P and g < f in @ such that g IFg“q € D” which by
a genericity argument applied with the forcing ) proves the density of the set
D C P. Choose a countable elementary submodel M < Ho, with P, f € M. Asin
the first paragraph of the proof of the properness of ) the set Y = {q € P :there
are finite sets y,z such that ¢ = f U {(M Nwy,(M,0,q,y,2))} € Q} C P is
dense. Pick some ¢ < pin Y and g € @) witnessing that ¢ € Y; then g < f and
glFo“G € D” as desired.

For the finite character of the set D note that if f € Q and o € dom(f) then
flro{geD:q>pll = {p : B € 91} by the definitions. O

Define a partial function Mod with dom(Mod) C w; by Mod(a) = M] if
there is a condition f € G with a € dom(f) and Mod(«) is left undefined
otherwise. Let C' be the P-name given by P IF C' = {0} U {a € dom(Mod) :
there is a master condition in the P-generic filter for the model Mod(«a)}.

Claim 13.

(32) dom(Mod) C wy is a closed unbounded set
(33) Mod is a C-continuous increasing function
(34) Pl C C @y is a closed unbounded set.

Proof. Move back to V' to prove (32) and (33). For the closedness of the set
dom(Mod) suppose f € Q and f I+ 3 € @y is a limit point of the set dom(Mod).
We shall show that f IF3 € dom(Mod)”, which is certainly enough. Suppose
this fails and pick a strengthening ¢ < f with g IF 3 ¢ dom(Mod). Without loss
of generality we may assume that dom(g) N3 # 0 and let o = max (5 Ndom(g)).
Define a condition h < g by copying g with the only change of setting F* = F9U
{B}. By the definition of the forcing Q-item (13)-h IF & = max(dom(Mod)) N 3
and so (3 is not a limit point of the set dom(Mod), a contradiction.

For the unboundedness of dom(Mod) fix a condition f € @ and an ordinal
a € w;. Choose a countable elementary submodel M < Ho, with P, f,a € M
and as in the proof of properness of @) find a condition p € P and finite sets
Y,z such that h = g U {(M Nw1,(M,0,p,y,2))} € Q. Obviously h < f and
hlF & € MNw, € dom(Mod). The unboundedness of dom(Mod) in w; now
follows by a genericity argument.

(33) is proved in much the same way as (32). Note that the function Mod is
C-increasing due to the requirement (13) in the definition of Q.

To see that P IF“C' is an unbounded subset of &1” fix conditions f € Q and
p € P and an ordinal o € wy. We shall produce strengthenings g < fin Q and
g < pin P and an ordinal # > «a such that g I ¢ IFp g ed. By a genericity
argument used with Q x P this will prove the unboundedness of C as forced by
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P in V[G]. Here is the only place where the assumption of P preserving X; is
used. It makes it possible to choose a countable elementary submodel M < Ho,
with a,p, f, P € M and a master condition ¢ < p in P for M. As in the first
paragraph of the proof of properness there are a condition r» € P and finite sets
y, z such that g = f U {(M Nwy, (M,0,7,y,2))} belongs to Q. Obviously g < f
and glFg qlFp =M N € C as desired.

The fact that P IF“C is closed below @1 ” can be proved in V[G] by an appeal to
(33) above. Work in V[G] and suppose p € P and 8 € w; are such that p I 3 is a
limit point of C. It will be shown that p is a master condition for Mod(/3) meaning
that pIF3 € C” and implying the forced closedness of the set C. And indeed, if
p were not a master condition for Mod(3) one could find a strengthening ¢ < p
patently not master for Mod(f) and and an antichain A € Mod((3) witnessing
it. By (33) above there is @ € 3 such that A € Mod(a). Obviously, the condition
q is patently not master for all of the models M od( )i a € v € (B as witnessed
by A and so ¢q I+ C N A is bounded by & and f is not a limit point of C, a
contradiction. O

Finally we must define the trace function and verify the point (C) from the
previous section. For p € D,p = p/ for some f € G and a € dom(f) let
tr(p) = {0} U z£. By the definitions and (17), p I-p tr(p) C C.

Claim 14. Suppose p € D,u C D is a finite set of conditions ? p and b is a
finite set of clopen bounded intervals of countable ordinals disjoint from tr(p).
Then there is a strengthening g < p which is incompatible with every element of
u and forces in P that | JbNC = 0.

Proof. Move back to V and pick f € @Q,p € P,u C P and a finite set b of
ordinal intervals such that f IFg p, i,b are as in the claim. By strengthening
the condition f if necessary we may assume that for each s € u U {p} there is
some o € dom(f) with s = p/ and that f IF min(dom(Mod)) = min(dom(f)).
We shall produce conditions ¢ < pin P and g < f in @ such that g IFg ¢ is as in
the conclusion of the claim. By a genericity argument applied with the forcing
@ this will certainly complete the proof.

Fix an ordinal o € dom(f) such that p = p/; note that f IFg“tr(p) = {0} U
{z[}" and u N {pﬁ B € yl} =0 Dby (16,17) of the definition of the forcing Q.
The superscript f will be left out in expressions throughout the rest of the proof.
A strengthening ¢ < p will be constructed so that for each § € dom(f) \ yo the
conditions pg and ¢ are incompatible and for every 5 € dom(f)\ z, the condition
q is patently not master for the model Mg. Suppose this has been done. Then
define a function g < f in @ by copying f with only the following changes:

(35) Suppose € dom(f) is an ordinal such that v = min(dom(f) \ 5+ 1)
exists and ¢ is patently not master for the model M, as witnessed by an
antichain A C P. Then let F§ = F Bf U{A}. This implies that g IFq “every
model Mod(¢) : B € € € v+ 1 contains the antichain A, so § is patently
not master for it, so ¢ IFp C N (8,7] = 0.
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(36) Suppose 5 € dom(f) is an ordinal such that v = min(dom(f) \ 8+ 1)
exists and ¢ is a master condition for the model M,-so v € z,. Then
since b is a finite set of clopen intervals of ordinals which do not contain
7, certainly § = max({JbN~) exists and is smaller than v. Let Fj =

Fﬁf U {6}. This is to make certain that g I-g “dom(Mod) N (3,4] = 0 and
soqlkp CNUbN(3,7) =0
(37) B is the maximal element of dom(f). Then let 6 = max(Jb and Fj =
FJ U {6}. This implies that g o “dom(Mod) N (3,8] = 0, so q I-p
cCNnUb\pg+1=0".
All seen and told, the condition ¢ is incompatible with every element of u and
glFg ¢lFp CNJb =0 as desired.
Now onto the construction of the condition ¢ < p in P. Let o € ag € a7 €
-++ € a;, be an enumeration of the ordinals in dom(f) above v and by induction
construct a chain p > gy > q1 > -+ > gn4+1 in P so that

(38) if i € n then ¢; € M,,

(39) qo witnesses item (18) of the definition of @) for f and «

(40) gi+1 is patently not master for M, and is incompatible with the condi-
tion p,,, for all i € n + 1.

In the end, ¢ = gn4+1 Wwill be as desired. Now obviously gy € M,, can be
chosen as desired by (18) and the elementarity of the model M,,. Suppose
¢; € M,, has been constructed for some ¢ € n 4+ 1. Then choose an uncountable
antichain A C P in the model M,, consisting of conditions stronger than g;.
There must be an element s € A\ M,, which is not stronger than p,,; otherwise
Pa; € {r € P : for all but countably many s € A s < r holds}, the latter set
is small and a member of M,, and a contradiction with (15) results. So choose
such s € A\ M,, and a strengthening ¢;11 < s < ¢; which is incompatible with
the condition p,, using the separativity of the forcing P. Obviously g;+; satisfies
(40) above; if i € n then the whole construction can be performed in M,, ., to
obtain gj41 € M,,,, as in (38). This concludes the induction and the proof of
the Claim. O

The previous three claims show that the proper forcing @ adds objects D, C Jtr
with the properties (A,B,C) from the previous section, and so by the results of
that section it follows that Q x Cy, IF B < P.

Theorem 2 is now a routine application of the Proper Forcing Axiom. Suppose
P is a nowhere c.c.c. poset of size N;, and write it as a disjoint union Py U P;
where Py collapses N; outright while P; preserves it. By [J, Lemma 25.11]
RO(Py) is isomorphic to D and so certainly it contains a complete copy of B;
thus without loss of generality we may assume that P = P;, P preserves 8; and
its universe is wy. By the results of this and the previous section there is a proper
forcing @ such that @ x Cy, I B < P. Note that Q x Cy, is a proper forcing
notion as well and so by standard PFA considerations [SZ, Lemma 38] there are
a cardinal k, an elementary submodel M < H,, and a filter G C M N Q x Cy,
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such that w; C M, P,Q € M and G meets every dense subset of @) x Cx, which
happens to be an element of the model M. Let us write ~: M — M for the
transitive collapse map and G for the image of the filter G under this map. Note
P = P and B = B since w; C M. So by the elementarity of the model M we
have M[G] = B = B < P = P. Now it is a standard fact of the forcing theory
that B < P is a X statement about the orderings B and P : it is equivalent
to an existence of a poset R on B U P extending the respective orderings and
comparability and compatibility relations such that P is dense in R and B is
regular in R (Vr € R 3b € B Ve € B ¢ < b — ¢ and r are compatible in R).
Thus M[G] = B < P implies that there is such an ordering R € M[G]; it keeps
its properties even if viewed from the universe V' and therefore B < P holds.
Theorem 2 follows.

Theorem 3 is proved by repeating all of the above arguments literally just
replacing the forcings B and B,g with B, \s and B[, g)\s- Note that a poset
collapsing the stationarity of a set S C w; is automatically nowhere c.c.c.

If one wishes to obtain the equiconsistency of the relationships from the figure
in the introduction with ZFC, it is necessary to upgrade the forcing ) of this
section with matrices of models as side conditions [SZ,T| in order to obtain an
wa-p.i.c. [S] notion of forcing which then can be iterated we many times without
collapsing cardinals. Since this is a rather standard and notationally complex
procedure, we opt to leave it out.
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