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FROM QUASIMODES TO RESONANCES

Siu-Hung Tang and Maciej Zworski

1. Introduction

Stefanov and Vodev [11], [12], obtained a remarkable result which says that
for scattering by compactly supported perturbations in odd dimensional Eu-
clidean space, existence of localized quasimodes implies existence of resonances
rapidly converging to the real axis. The purpose of this note is to extend this
result to all dimensions and to a wide class of non-compactly supported pertur-
bations. Our method also gives lower bounds for the number of resonances in
small neighbourhoods of the real axis. In fact, any quasi-mode construction will
immediately provide a linear lower bound. A finer analysis of quasimodes should
provide examples for which our main theorem gives the optimal lower bounds,
rn. A typical example is the Helmholtz resonator (see Fig.1) for which using the
results of Babich-Buldyrev [1], Ralston [8], Lazutkin [4] and Popov [6] we obtain
at least a linear growth of resonances in small neighbourhoods of the real axis.
We could also consider metric perturbations – see [2] and references given there
for construction of quasimodes for manifolds.

The argument of Stefanov and Vodev is an application of the Phragmén-
Lindelöf principle and of an a priori bound on the meromorphic continuation of
the resolvent, R(λ):

‖χR(λ)χ‖H→H ≤ C exp(C|λ|N ), λ /∈
∞⋃

j=1

D(λj , 〈λj〉−M ), χ ∈ C∞
0 (Rn) ,(1)

where λj are resonances, that is, the poles of R(λ), and M, N are sufficiently
large depending on the perturbation. The bound (1) was obtained by the second
author [14] for obstacle scattering using the methods developed by Melrose [5]
(see Proposition 5.2 of [11] and the remark on page 680 there) and was extended
to more general perturbations using the methods of [13] in [11],[12].

In this paper we work in the semi-classical setting of “black box scattering”
introduced by Sjöstrand and the second author in [10] and then extended by
Sjöstrand in [9]. In the modification of the argument of Stefanov and Vodev we
replace the Phragmén-Lindelöf principle by a local application of the maximum
principle adapted to the semi-classical setting. The global bound (1) is replaced
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Figure 1. A domain with elliptic trapped rays: “The
Helmholtz resonator”.

by a local bound given in Lemma 1 below and coming essentially from the recent
work of Sjöstrand on the local trace formula for resonances [9].

It is interesting to note that the global trace formula for resonances (estab-
lished in successive generality by Bardos-Guillot-Ralston, Melrose, Sjöstrand-
Zworski and Sá Barreto-Zworski – see [9],[15] and references given there) can be
proved using the minimum modulus theorem as in the proof of (1) – see [3],[15],
while for the more generally valid local formula of [9], the local estimates of the
type used here are needed.

Finally we remark that the results of Stefanov and Vodev, [11],[12], and the
more recent results of Popov and Vodev [7] are also concerned with situations in
which one cannot construct quasi-modes in the standard sense. By proceeding
as in their papers and using the methods of this paper one could generalize their
results to even dimensions and to suitable non-compactly supported perturba-
tions.

2. Preliminaries

We will work in the semi-classical category and we review here the framework
of “black box” scattering from [9]. Thus, let H be a complex Hilbert space with
an orthogonal decomposition

H = HR0 ⊕ L2(Rn \B(0, R0)),

where R0 > 0 is fixed and B(x, R) = {y ∈ R
n : |x− y| < R}. The corresponding

orthogonal projections are denoted by u|B(0,R0) and u|Rn\B(0,R0) or by 1lB(0,R0)u
and 1lRn\B(0,R0)u respectively, where u ∈ H.

For each h ∈ (0, h0], we have an unbounded self-adjoint operator

P (h) : H −→ H
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with domain D, independent of h, which satisfies

1lRn\B(0,R0)D = H2(Rn \B(0, R0))

uniformly with respect to h in the following sense:
Equip H2(Rn \B(0, R0)) with the norm ‖〈hD〉2u‖L2 , where

〈hD〉 = (1 + (hD)2)1/2, (hD)2 =
n∑

j=1

(hDxj )
2
,

and equip D with the norm ‖(i + P (h))u‖H, then we require the projection map

1lRn\B(0,R0) : D −→ H2(Rn \B(0, R0))

to be bounded uniformly with respect to h and to have a uniformly bounded
right inverse.

We also assume P (h) to satisfy the following conditions:
(1)

1lB(0,R0)(P (h) + i)−1 : H −→ HR0 is compact,

(2)
1lRn\B(0,R0)P (h)u = Q(h)(u|Rn\B(0,R0)), for u ∈ D,

where Q(h) is a formally self-adjoint operator on L2(Rn) given by

Q(h)v =
∑
|α|≤2

aα(x;h)(hDx)α
v for v ∈ C∞

0 (Rn)

such that
(a) aα(x;h) = aα(x) is independent of h for |α| = 2,
(b) aα(x;h) ∈ C∞

b (Rn) are uniformly bounded with respect to h, here
C∞

b (Rn) denotes the space of C∞ functions on R
n with bounded

derivatives of all orders,
(c)

∑
|α|=2 aα(x;h)ξα ≥ (1/c)|ξ|2, ∀ξ ∈ R

n, for some constant c > 0,
(d)

∑
|α|≤2 aα(x;h)ξα −→ ξ2 uniformly with respect to h as |x| → ∞,

(3) there exist θ ∈ [0, π), ε > 0 and R ≥ R0 such that the coefficients
aα(x;h) of Q(h) extend holomorphically in x to

{rω : ω ∈ C
n,dist(ω, Sn) < ε, r ∈ C, |r| > R, arg r ∈ [−ε, θ0 + ε)}

with
∑

|α|≤2 aα(x;h)ξα −→ ξ2 uniformly with respect to h as |x| → ∞
remains valid in this larger set of x,

(4) We use P (h) to construct a self-adjoint operator P �(h) on

H� = HR0 ⊕ L2(M \B(0, R0))

as in [10] where M = (R/RZ)n for some R � R0. Let N(P �(h), I)
denote the number of eigenvalues of P �(h) in the interval I, we assume

N(P �(h), [−λ, λ]) = O((λ/h2)
n�/2

), for λ ≥ 1
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for some number n� ≥ n.
Under the above assumptions on P (h) the resonances close to the the real

axis can be defined by the method of complex scaling (see [9]). They coincide
with the poles the meromorphic continuation of the resolvent (P (h)− z)−1 from
Im z > 0 to a conic neighbourhood of the positive half axis in the lower half
plane. The set of resonances of P (h) will be denoted by ResP (h) and we include
them with their multiplicity.

For the more standard case of an operator P which is independent of h (such
as, for instance, a compact perturbation of the Laplacian) we only need to verify
the assumptions for h = 1 and consider P (h) = h2P . Then the poles of the
meromorphic continuation of R(λ) = (P − λ2)−1 from the upper half plane to
a conic neighbourhood of the real axis are related to the resonances of P (h):
λ2 = h−2z for the poles, z, of the continuation of (P (h) − z)−1 from Im z > 0.
We will denote the set of poles of R(λ), that is, of scattering poles, by RP .

3. Statement of the results

In the framework reviewed in the previous section we can now state our main
result:

Theorem. Suppose P (h) satisfy the assumptions stated in Sec.2. If for all
h ≤ h0, there exist a finite index set Λ(h), sequences {Ej(h)}j∈Λ(h) ⊂ [E0 − h,

E0 + h] and {uj(h)}j∈Λ(h) ⊂ H with ‖uj(h)‖H = 1 such that

• |Ei(h) − Ej(h)| ≥ 15hk for all i, j ∈ Λ(h) with i �= j and for some
fixed constant k > 1

• ‖(P (h)− Ej(h))uj(h)‖H = R(h) for all j ∈ Λ(h) with some
positive function R(h) = O(h∞)

• supp(1Rn\B(0,R0)uj(h)) ⊂ K � R
n for all j ∈ Λ(h)

Then, for any positive function S(h) satisfying S(h) � R(h) and De−D/h ≤
S(h) = O(h∞) for some constant D > 0 , there exists h(S) > 0 such that for all
h < h(S), we have

([Ej(h)− 6hk, Ej(h) + 6hk] + i[−S(h)h−n�−1, 0]) ∩ ResP (h) �= φ ∀j ∈ Λ(h),

where ResP (h) denotes the set of resonances of P (h).

In other words the existence of well separated quasi-modes gives the existence
of many resonances close to the quasi-modes. We also remark1 that we can
replace hk in the Theorem above by a positive function w(h) = O(h∞). The
proof remains essentially unchanged provided that we require that S(h) satisfies

w2(h)
S(h)h−n�−1

→∞ as h → 0 .

Hence we can say that the resonances are very close to the quasimodes.

1We owe this remark to a conversation with Shu Nakamura.
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We will prove the theorem in the next section. Now, let us translate it to the
classical setting where we can obtain lower bounds for the counting function of
resonances in small neighbourhoods of the real axis.

Corollary. Let P : H −→ H be an unbounded self-adjoint operator which
satisfies the assumptions stated in Sec.2 with h = 1. Put P (h) = h2P for
h ≤ h0 and assume P (h) satisfy the conditions in Theorem above with |Λ(h)| ≥
max(1, Ah−m+1) for some positive constants A and m ≥ 1. Then there exists
a positive function, defined on R+, T (x) = O(x−∞) as x → +∞ such that for
some constant C = C(T ) > 0, we have

N(r) = 0 {λj ∈ RP : Reλj ≤ r , 0 < −Imλj < T (|λj |)} ≥ rm/C .

Proof. We first recall that z ∈ ResP (h) ⇔ h−1
√

z ∈ RP . Now from Theorem
above, we have

([Ej(h)− 6hk, Ej(h) + 6hk] + i[−S(h)h−n�−1, 0]) ∩ ResP (h) �= φ ∀j ∈ Λ(h).

The separation condition |Ei(h)−Ej(h)| ≥ 15hk for i �= j in the assumption of
the Theorem then implies that

0{([E0 − h, E0 + h] + i[−S(h)h−n�−1, 0]) ∩ ResP (h) ≥ |Λ(h)| ≥ Ah−m+1.

By scaling, we may assume E0 = 1. Set

Ω̃(h) =
√

[1− h, 1 + h] + i[−S(h)h−n�−1, 0].

Put T (x) = S(x−1)xn�+1 = O(x−∞) so that all boxes of the form h−1Ω̃(h)
lie above the curve − Im λ = T (|λ|) for |λ| large enough. Now for r � 1 and
1 � l ≤ r, we have (the constant C below may vary from line to line)

0 {{λj ∈ RP : Reλj ≤ r , 0 < − Imλj < T (|λj |)} ∩ [l, l + 1]} ≥ |Λ(l−1)|/C

≥ lm−1/C .

Thus,

N(r) ≥
r−1∑
l=1

lm−1/C ≥ 1
C

∫ r−1

0

xm−1dx ≥ rm/C ,

which gives the corollary.

As remarked in Sect.1, any construction of quasimodes in the classical setting
(see [2],[6],[8] and references given there) will give the assumptions of the theorem
with any E0 > 0 and m = 1. The corollary then gives a linear lower bound. If
one succeeds in constructing many quasimodes which are well separated, better
bounds will result as the assumptions of Theorem above should then be satisfied
with a larger m. Also, we can take T (x) above to be O(e−cx) if we can construct
quasimodes with R(h) = O(e−c/h)
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4. Proof of the main theorem

To prove Theorem of Sect.3 we shall need the following two lemmas

Lemma 1. For any simply connected compact set Ω̃ ⊂ Sθ where

Sθ = {z ∈ C : Max(−π, 2θ − 2π) < −argz < 2θ}
(θ as in condition 3 of P (h)) and positive function g(h)� 1 defined on 0 < h <
h0, there exist constants A = A(Ω̃) > 0 and h1 with 0 < h1 < h0 such that

‖χ(P (h)− z)−1
χ‖H→H ≤ AeAh−n�

log 1
g(h) ∀z ∈ Ω̃ \

⋃
zj∈ResP (h)∩Ω̃

D(zj , g(h))

for h < h1, where χ ∈ C∞
0 (Rn) with χ = 1 near B(0, R0), and D(zj , g(h)) =

{z ∈ C, |zj − z| ≤ g(h)}.

Lemma 2. Let {hj}j≥1 ⊂ R+ be a sequence such that hj → 0 as j → ∞.
Suppose F (z, h) is a holomorphic function defined in a neighborhood of

Ω(h) = ([E(h)− 5hk, E(h) + 5hk] + i[−S(h)h−n�−1, S(h)])

for h ∈ {hj}j≥1 and E(h) ∈ R, where S(h) is as in Theorem. If F (z, h) satisfy

|F (z, h)| ≤ AeAh−n�
log 1

hS(h) , on Ω(h)
|F (z, h)| ≤ 1/Imz , on Ω(h) ∩ {Imz > 0} .

Then there exists h(S) > 0, B > 0 such that

|F (z, h)| ≤ B/S(h) , ∀z ∈ [E(h)− hk, E(h) + hk]

when h ∈ {hj}j≥1 and h ≤ h(S).

Assuming Lemma 1 and Lemma 2 for the moment, we proceed to the

Proof of Theorem. Assume that the conclusion in our theorem is not true, that
is, there exists a sequence {hj}j≥1 ⊂ R+ with hj → 0 as j →∞ such that

([El(hj)− 6hk
j , El(hj) + 6hk

j ] + i[−S(hj)h−n�−1
j , 0]) ∩ ResP (hj) = φ,

for some lj ∈ Λ(hj)

Now, fix χ ∈ C∞
0 (Rn) with χ = 1 near K. Take any h ∈ {hj}j≥1 such that

h < h(S) (h(S) as in Lemma 2) and l = lj . We have

(1) χ(P (h)− z)−1
χ defines a holomorphic (operator-valued) function on

[El(h)− 6hk, El(h) + 6hk] + i[−S(h)h−n�−1, S(h)] for some l ∈ Λ(h).
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(2) By Lemma 1 (choosing g(h) = hS(h)), we have

‖χ(P (h)− z)−1
χ‖H→H ≤ AeA(log 1

hS(h) )h
−n�

, for z ∈ Ω(h),

(Ω(h) as in Lemma 2).
(3) For z ∈ Ω(h) ∩ { Im z > 0}, we have the following standard estimate

(as P (h) is self-adjoint)

‖χ(P (h)− z)−1
χ‖H→H ≤ 1/Imz.

Combining Lemma 2 and 1, 2, 3 above, we have

‖χ(P (h)− z)−1
χ‖H→H ≤

B

S(h)
for z ∈ [El(h)− hk, El(h) + hk].

Hence,

‖ul(h)‖H = ‖(P (h)− El(h))−1(P (h)− El(h))ul(h)‖H
≤ ‖χ(P (h)− El(h))−1

χ‖H→H‖(P (h)− El(h))ul(h)‖H
≤ B

S(h)
R(h)� 1

contradicting ‖ul(h)‖H = 1 for all h ≤ h0 and l ∈ Λ(h).

It remains now to prove Lemmas 1 and 2.

Proof of Lemma 1. The essential step in the proof of this lemma comes al-
most directly from [9]. Here, we shall only give indications of how to extract it
from there. To conform with the notation of that paper, we will not write the
dependence of h explicitly in the following.

The estimate for the cut-off resolvent comes from estimates for the resolvent
of the scaled operator. We recall from [10] and [9] that the operator P satisfying
the assumptions above is deformed to a non-self-adjoint operator Pθ acting on a
Hilbert space Hθ and with domain Dθ ⊂ Hθ. The operator Pθ − z is Fredholm
for z ∈ Sθ and its complex eigenvalues, which are independent of θ, are the
resonances of P . A more precise statement is given in 1 below.

(1) From the argument in the proof of Lemma 3.5 in [10], we have

χ(P − z)−1
χ = χ(Pθ − z)−1

χ for z ∈ Sθ

Hence, we are reduced to estimating ‖(Pθ − z)−1‖Hθ→Dθ
for z ∈ Ω̃.

(2) From (6.11), (6.12) in [9], we have

∃K ∈ L(Hθ,Hθ) with ‖K‖Hθ→Hθ
= O(1) and rankK = O(h−n�

)

such that

(Pθ + K − z)−1 is well defined and is O(1) : Hθ → Dθ ∀z ∈ Ω

where Sθ ⊃ Ω � Ω̃ such that ResP (h) ∩ Ω = ResP (h) ∩ Ω̃.
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(3) Using K above, we can construct an invertible operator (see page 404
in [9])

P(z) =
(

Pθ − z R−
R+ 0

)
: D ⊕ C

N −→ H⊕ C
N , z ∈ Ω

where N = rank K = O(h−n�

) (note that the subscript θ in Dθ and
Hθ is dropped as they are identified with D and H). Its inverse

E(z) =
(

E(z) E+(z)
E−(z) E−+(z)

)
: H⊕ C

N −→ D ⊕ C
N , z ∈ Ω

satisfies ‖E(z)‖H⊕CN→D⊕CN = O(1). Hence, the same is true for

‖E(z)‖H→D , ‖E+(z)‖
CN→D ,

‖E−(z)‖H→CN , ‖E−+(z)‖
CN→CN ,

see (6.22) in [9].
(4) For z ∈ Ω \ ResP , we have (see (8.11) in [9])

(Pθ − z)−1 = E(z)− E+(z)E−1
−+(z)E−(z).

Hence,

‖(Pθ − z)−1‖H→D
≤ ‖E(z)‖H→D + ‖E+(z)‖

CN→D‖E−1
−+(z)‖

CN→CN ‖E−(z)‖H→CN .

From 3, we see that it suffices to estimate ‖E−1
−+(z)‖

CN→CN .
(5) Now,

E−1
−+(z) =

Ẽ−+(z)
detE−+(z)

,

where Ẽ is the minor of E. Using ‖E−+(z)‖
CN→CN = O(1), N =

O(h−n�

) and the following inequalites for a N ×N matrix A = (aij)

‖A‖ ≤ NSup|aij |, |detA| ≤ ‖A‖N
.

We have

‖Ẽ−+(z)‖ ≤ Bh−n�

eBh−n�

for some constant B = B(Ω) > 0.
(6) It remains to estimate |detE−+(z)| from below away from z ∈ ResP ∩ Ω.

Write

D(z;h) = detE−+(z), Dw(z;h) =
∏

zj∈ResP∩Ω

(z − zj),

D(z;h) = G(z; h)Dw(z; h).
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From the statement below (8.42) in [9], we have

|G(z;h)| ≥ e−Ch−n�

in Ω̃.

Hence, for all z ∈ Ω̃ \⋃
zj∈ResP (h)∩Ω̃D(zj , g(h)), we have

|D(z;h)| = |G(z;h)||Dw(z;h)|
≥ e−Ch−n�

(g(h))O(h−n�
)

≥ C̃e−C̃(log 1
g(h) )h

−n�

for some constant C̃ = C̃(Ω̃) > 0.

Combining 4, 5, 6 we have

‖(Pθ − z)−1‖Hθ→Dθ
≤ AeAh−n�

log 1
g(h) , ∀z ∈ Ω̃ \

⋃
zj∈ResP (h)∩Ω̃

D(zj , g(h))

for h sufficiently small.
Finally, from 1, we have

‖χ(P − z)−1
χ‖H→H = ‖χ(Pθ − z)−1

χ‖H→H ≤ ‖(Pθ − z)−1‖Hθ→Hθ

≤ AeAh−n�
log 1

g(h) , ∀z ∈ Ω̃ \
⋃

zj∈ResP (h)∩Ω̃
D(zj , g(h)) ,

for h sufficiently small which concludes the proof.

Proof of Lemma 2. We will apply the maximum principle to the product of
F (z, h) with a suitable auxillary function. So, we divide the proof into two
steps. The first is a construction of auxillary functions. We claim that there
exists h̃ > 0 such that for any h ∈ {hj}j≥1, h < h̃, we can find a function f(z, h)
defined in a neighborhood of Ω(h) satisfying the following

(1) f(z, h) is holomorphic in Ω(h)
(2) |f(z, h)| ≤ e in Ω(h)
(3) |f(z, h)| ≥ 1

2 for z ∈ [E(h)− hk, E(h) + hk]

(4) |f(z, h)| ≤ Ce−C h2k

α2 on Ω(h)∩ {|Rez − E(h)| > 4hk} for some constant
C > 0, where α = S(h)h−n�−1.

In fact, take any function ψh ∈ C∞
0 (R) such that 0 ≤ ψh ≤ 1 and

ψh(x) =
{

0 when |x− E(h)| ≥ 3hk

1 when |x− E(h)| ≤ 2hk

Let

f(z, h) = (πα2)
−1/2

∫
exp

(
− (x− z)2

α2

)
ψh(x) dx , α = S(h)h−n�−1 ,

Note that (πα2)−1/2 ∫
exp

(
−(x− z)2/α2

)
dx = 1. Then

(1) Clearly f(z, h) is holomorphic in C.
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(2) For z ∈ Ω(h), write z = u + iv, we have

|f(z, h)| ≤ (πα2)
−1/2

∫ ∣∣∣∣∣exp

(
− (x− z)2

α2

)
ψh(x)

∣∣∣∣∣ dx

≤ (πα2)
−1/2

exp
(

v2

α2

) ∫
exp

(
− (x− u)2

α2

)
dx

= exp
(

v2

α2

)
≤ e.

(3) For z ∈ [E(h)− hk, E(h) + hk], we have

|f(z, h)− 1| ≤ (πα2)
−1/2

∫
exp

(
− (x− u)2

α2

)
|ψh(x)− 1| dx

≤ π−1/2

∫
e−y2 |ψh(αy + u)− 1| dy

≤ π−1/2

∫
R\B(0, hk

α )

e−y2
dy

<
1
2

when h is sufficiently small since hk

α → ∞ as h → 0. ( Recall S(h) =
O(h∞) and so is α )

(4) For z ∈ Ω(h) ∩ {|Rez − E(h)| > 4hk}, we have

|f(z, h)| ≤ (πα2)
−1/2

exp
(

v2

α2

) ∫
exp

(
− (x− u)2

α2

)
ψh(x) dx

≤ (πα2)
−1/2

exp
(

v2

α2

) ∫
B(E(h),3hk)

exp
(
−h2k

α2

)
dx

≤ Ce−C h2k

α2 for some constant C > 0 ,

when h is sufficiently small.

The second step is an application of the maximum principle in the domain
Ω(h) – see Fig.2. For that let us put G(z, h) = e−izσf(z, h)F (z, h) where

σ =
log(S(h)A exp(Ah−n�

log 1
hS(h) ))

S(h)(1 + h−n�−1)
.

Then G(z, h) is a holomorphic function on Ω(h). For h ∈ {hj}j≥1 and h < h̃,
we have
On [E(h)− 5hk, E(h) + 5hk] + iS(h)
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E(h)

5hk

S(h)

S(h)h
-n

#
-1

Figure 2. The domain in which the maximum principle is applied

|G(z, h)| ≤ |e−izσ‖f(z, h)‖F (z, h)|
≤ eS(h)σe

1
S(h)

.

On [E(h)− 5hk, E(h) + 5hk]− iS(h)h−n�−1

|G(z, h)| ≤ e−S(h)h−n�−1σeA exp
(

A(log
1

hS(h)
)h−n�

)
= eS(h)σe

1
S(h)

by the choice of σ.

On (E(h)± 5hk) + i[−S(h)h−n�−1, S(h)]

|G(z, h)| ≤ eS(h)σC exp
(
−C

h2k

α2

)
A exp

(
A(log

1
hS(h)

)h−n�

)
≤ O(1)eS(h)σ < eS(h)σ 1

S(h)
,

when h is sufficiently small.
Hence applying the maximum principle, we have

max
Ω(h)

|G(z, h)| ≤ eS(h)σe
1

S(h)

= O(1)
1

S(h)

when h is sufficiently small.
Thus, there exists h(S) > 0 and B > 0 such that maxΩ(h) |G(z, h)| ≤ B

S(h) when
h ∈ {hj}j≥1 and h < h(S). Hence,

B

S(h)
≥ max

z∈[E(h)−hk,E(h)+hk]
|eizσ||f(z, h)||F (z, h)|

≥ 1
2

max
z∈[E(h)−hk,E(h)+hk]

|F (z, h)|,

which implies

|F (z, h)| ≤ 2B

S(h)
, ∀z ∈ [E(h)− hk, E(h) + hk] .
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This completes the proof of Lemma 2.
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