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A PROOF OF FEIGIN’S CONJECTURE

SERGEY ARKHIPOV

1. Introduction

The present paper is devoted to further development of semiinfinite cohomol-
ogy of small quantum groups. The topic appeared first in [Arl], where the very

definition of semiinfinite cohomology Ext;?“(@, -) was given. The setup for
the definition of semiinfinite cohomology of an algebra A includes two subalge-
bras B, N C A and the triangular decomposition of A, i. e. the vector space
isomorphism BQ®N—A provided by the multiplication in A. Fix root data
(Y, X,...) of the finite type (I,-) and a positive integer number ¢. The small
quantum group uy with the standard triangular decomposition turns out to be
a very interesting object for the investigation of semiinfinite cohomology. The
explanation for this lies in the following fact proved by Ginzburg and Kumar
in [GK]. Consider the set of nilpotent elements N in the simple Lie algebra g
corresponding to (Y, X,...).

Theorem. Ext} (C,C) = Fun(N) as an associative algebra. The grading on
the right hand side is provided by the action of the group C* on the affine variety

N. O

On the other hand it is proved in [Ar2] that the algebra Ext%(C,C) acts
naturally on the semi-infinite cohomology of A. Thus in particular for a u,-
module M one can concider Extﬁ +.(Q, M) as a quasicoherent sheaf on N. It
is natural to look for the answer for semi-infinite cohoomlogy of u, in terms of
geometry of N. B. Feigin has proposed the following conjecture. Consider the
standard positive nilpotent subalgebra n™ c N C g.

Conjecture A. The quasicoherent sheaf on N provided by Ext?;“(g, C) is
equal to the sheaf of algebraic distributions on N with support onn™ C N. [

Moreover note that the simply connected Lie group G with the Lie alge-
bra equal to g acts naturally on N. This action provides a structure of a
n*-integrable g-module on the described distributions’ space. On the other
hand it was shown in [Arl] that there exists a natural U(g)-module structure

on Ext% +°(Q, C). The g-module version of the Feigin conjecture states that
the described g-modules are isomorphic. In [Arl] and [Ar5] the conjecture was
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proved on the level of characters of the g-modules. In the present paper we give
a full proof of the Feigin conjecture.

1.1. Let us describe briefly the structure of the paper. In the second section
we recall nessesary facts concerning the usual cohomology of small quantum
groups. The main facts here include the mentioned Ginzburg-Kumar theorem,
the Kostant theorem describing the algebra structure on Fun(N) (see 2.3.4.)
and a homological description of a certain degeneration u, of the algebra u, (see
2.4). It turns out that both the usual and the semi-infinite cohomology of the
algebra 1, with trivial coefficients can be described as associated graded objects
for the corresponding functors over 1, with respect to certain filtrations.

In the third section we prove the Fun(A)-module version of the Feigin conjec-
ture. The main arguments here are as follows. First we describe the Extié (C,O)-

module Exty? +.(Q, C). Next, using this description, we construct a morphism
2
of Fun(N)-modules

®: H' N\ Dy U...UDyp+),On) — Ext,?f‘(g,g),

where Dy, ..., Dyg+) denote the coordinate divisors such that N; D; = n*. Note
+
that the first Fun(N)-module contains the distributions module H &(fz )(./\/' ,ON)
as a certain quotient module.
Finally, using the connection between Ext,2 " *(C,C) and Ext2 ' (C,C) we

g
prove that the map ® provides a Fun(N')-module isomorphism

HEO (N, 00) = Ext,i T(C, Q).

In the fourth section we prove the g-module version of the Feigin conjecture.
The main steps of the proof are as follows. First we construct explicitly the
nT-module isomorphism. Next we recall from [Arl] that there exists a nonde-

generate g-equivariant contragradient pairing on Extﬁ +°(@, C). We construct
its geometric analogue on Hﬁ&Rﬂ(N’ ,On). On the other hand it is easy to ver-
ify that H g(fﬂ(./\/' ,Ox) is free over the algebra U(n~). It follows that both
Hﬁ(f{ﬂ(/\/, Oyr) and Hﬁ&Rﬂ(N, Oy) are co-free over U(n™). Using the con-
structed contragradient pairung on the g-module of semi-infinite cohomology we
see that the latter module is U(n~)-free. It follows that both HﬁgRﬂ(N, Oyw)

and Hﬁ&Rﬂ (N, On) are tilting g-modules. Finally a beautiful result of Andersen
and Paradowski states that a tilting g-module is completely determined up to
an isomorphism by its character (see [AP]).

2. Small quantum groups

2.1. Root data. Fix a Cartan datum (I,-) of the finite type and a simply
connected root datum (Y, X,...) of the type (I,-). Thus we have Y = Z[I],
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X = Hom(Y,Z), and the pairing (, ) : ¥ x X — Z coincides with the natural
one (see [L3], I 1.1, I 2.2). In particular the data contain canonical embeddings
I - Yi—idiand I — X,i — 4 : (i',j) := 2i-j/i-i. The latter map is
naturally extended to an embedding Y C X. Denote by ht the linear function
on X defined on elements i’,i € I, by ht(¢’) = 1 and extended to the whole X
by linearity. The root system (resp. the positive root system) corresponding to
the data (Y, X,...) is denoted by R (resp. by R"), below W denotes the Weyl
group of R.

2.2. Quantum groups at roots of 1. Given the root datum (Y, X,...) Drin-
feld and Jimbo constructed an associative algebra U over the field Q(v) of ra-
tional functions in v with generators F;, F;, Kiﬂ,i € I, and relations being the
quantum analogues of the classical Serre relations in the universal enveloping
algebra of the corresponding simple Lie algebra g. The explicit form of the re-
lations can be found e. g. in [L1], I 3.1. We call the algebras U the quantum
groups.

Lusztig (see [L1], V 31.1) defined a Q[v,v~']-subalgebra Ug in U being the
quantum analogue of the integral form for the universal enveloping algebra of
g due to Kostant. In particular the elements Ei,Fi,Kiil,z' € I, belong to Ug.
Let ¢ be an odd number satisfying the conditions from [GK]. Fix a primitive
£-th root of unity (. Define a C-algebra ﬁg := Up®q[v,u-11C, where v acts on C
by multiplication by (. It is known that the elements Kf,i € 1, are central in
Up. Set Uy := ﬁg/(Kf — 1,7 € I). The algebra U, is generated by the elements
E;, EZ-(E), F;, Fi(e), Kiil, i € I. Here EZ-(E) (resp. Fi(e)) denotes the ¢-th quantum
divided power of the element E; (resp. F;) specialized at the root of unity (.

Following Lusztig we define the small quantum group u, at the root of unity
¢ as the subalgebra in U, generated by all E;, F;, K iﬂ,i € I. Denote the subal-
gebra in u, generated by E;,i € I (vesp. Fj,i € I, resp. K;,i € I), by u, (resp.
u, , resp. u?). Note that the algebra u, is graded naturally by the abelian group
X. Using the function ht we obtain a Z-grading on u, from this X-grading. In
particular the subalgebra u, (resp. u,) is graded by Zs (resp. by Z<o).

Below we present several well known facts about the algebra u, to be used
later. Recall that an augmented subalgebra B C A with the augmentation
ideal B C B is called normal if AB = BA. If so, the space A/AB becomes
an algebra. It is denoted by A//B. Fix an augmentation on u, as follows:
E;— 0,F; — 0,K; — 1 for every i € I. Set C := up/uy.

Lemma 2.2.1. ([AJS] 1.3, [L2] Theorem 8.10)

(i) The multiplication in u, provides a wvector space isomorphism
Uy = u[@u?@uj;dim uzt = Eﬁ(RJr); the subalgebra u) is isomorphic to
the group algebra of the group (Z/0Z)*D).

(ii) The subalgebra u, C U, is normal and we have Ug//ug = U(g).
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The subalgebra u, @u? (resp. ul®u;) in u, is denoted by b, (resp. by b/ ).
Recall that a finite dimensional algebra A is called Frobenius if the left A-modules
A and A* := Homc¢ (A, C) are isomorphic.

Lemma 2.2.2. ([Arl], Lemma 2.4.5) The algebras u) andu, are Frobenius.
O

Consider the filtration on the algebra u, as follows. Let the filtration compo-
nent F<%(u,) be linearly generated by X-homogeneous monomials
u = u-®@u'®u’ such that |ht(degu~)| + |ht(degu®)| < d. By definition set
== grfuy. Evidently we have grf b} = b, grf b, = b, , gr’ uf = uf.
Lemma 2.2.3. Elements of the subalgebra u, C u; commute with elements of
the subalgebra u} C . O

Both the X- and the Z-grading as well as the augmentation on 11, are induced
by the ones on uy. Denote the category of X-graded finite dimensional left

ug-modules (resp. ug-modules) M = € M, such that K; acts on M, by multi-
AEX

plication by the scalar ¢{** and E; : M, — My, Fy o My — My_; for all
i € I, with morphisms preserving X-gradings, by u;-mod (resp. by u;-mod). For
M,N € uy-mod and A € ¢- X we define the shifted module M(\) € u;-mod :

M()\), = Mx;, and set Hom,,(M,N) := @ Homy, moa(M (), N). The
AEL-X
functor Homy is defined in a similar way. Evidently the spaces Hom,, (-, -) and

£
Homg (-,-) posess natural £ - X-gradings.

2.3. Cohomology of small quantum groups. Consider the ¢- X x Z-graded
algebra Exty, (C,C). Note that by Shapiro lemma and Lemma 2.2.1. (ii) the
Lie algebra g acts naturally on the Ext algebra and the multiplication in the
algebra satisfies Lebnitz rule with respect to the g-action. In [GK]| Ginzburg
and Kumar obtained a nice description of the multiplication structure as well as
the g-module structure on Ext}, (C,C) as follows.

2.3.1. Functions on the nilpotent cone. Let G be the simply connected Lie
group with the Lie algebra g. Then G acts on g by adjunction. The action
preserves the set of nilpotent elements N' C g called the nilpotent cone of g.
The action is algebraic, thus it provides a morphism of g into the Lie algebra of
algebraic vector fields on the nilpotent cone Vect(N). The latter algebra acts on
the algebraic functions H°(N, Oxr). The action is G-integrable. Note also that
the natural action of the group C* provides a grading on H°(N, Oyr) preserved
by the G-action.

Theorem 2.3.2. ([GK]) The algebra and g-module structures on HO(N', Oxr)
and on Ext} (C,C) coincide. The homological grading on the latter algebra cor-
responds to the grading on the former one provided by the C*-action. The X-
grading on H°(N', Onr) provided by the weight decomposition with respect to the
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action of the Cartan subalgebra in g corresponds to the natural £ - X -grading on
the space EXtE+.(Q, C). O

We will need a more detailed description of the algebra HY(N,Oy). First
the folowing result of Kostant shows the size of the algebra.

Proposition 2.3.3. ([H])

3 th(w)

h (HO(NV, Op), t) = I ieeviat)u —eat)’

aERT

Here the indeterminate t stands for the homogeneous Z-grading, for a weight
a =) a;i’ the symbol e* denotes the monomial [[,(e* )%, and I(w) denotes the
length of the element of the Weyl group. O

In particular the space

(H'W,0n)), = P Cere P cae PCS

a€eRt weW, lt(w)=1 aeRt
=nt* @ @ C&py 0",
weW,l(w)=1

where the X-grading of the element e (resp. fZ, resp. &,) is equal to —«
(resp. to «, resp. to 0). Consider the subalgebra H_ (resp. H.) in H°(N,Ox)
generated by the space n™™* (resp. n=*). The detailed description of the algebra
structure on H°(A, Oy) is given by the following statement.

Proposition 2.3.4. ([Ko], Theorem 1.5) The algebra H_ (resp. H.) is equal
to the free commutative algebra S®(nt*) (resp. S®(n™*)). O

Note that the inclusion S*(n™*) — HO(N,0Ox) (resp. S*(n™™)
H°(WN,0p)) corresponds to the coordinate projection N' < g — n~ (resp.
N — g — n*). In particular we obtain a description of the algebra Ext; (C, C).

—s

Corollary 2.3.5. Ext} (C,C) = S*(n *)®@Ho®S*(n™*) as a module over
S*(n~*)@S*(nt*). Here Hy := @, ey Céu- O

Ginzburg and Kumar also proved the following statements (see [GK]).
(i) Ext°_ (C,C) = 6 Cr}®@S*(n*) as a X x Z-graded vector space. Here
weWw

the homologlcal grading of the element v, w € W, is equal to I(w),
and its X-grading equals p — w(p). The homological grading (resp. the
X-grading) of the element f: € n™* equals 2 (resp. fa’). A similar
statement holds for the Ext algebra of u;.

(ii) Ext;-(C,C) (resp. Extp+(C,C)) is equal to S®(n™*) (resp. S*(n**))

4 £

both as an associative algebra and as a n™- (resp. n™-) module.
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(iii) The natural map Ext; (C,C) — EXt;Z (C,C) (resp. Ext}, (C,C) —
Ext;+(C,C)) given by the restriction functor coincides with the mor-
14
phism of the algebras of functions provided by the inclusion of the affine
manifolds n~ < AN (resp. nt — N).

We set A, == @ Cr,f C Ext:_(C,C) and A_ := P Cy, C Ext:.(C,C).
weWw ‘ weWw ¢

+

Note that the restriction functor Resiﬁ (resp. Reszf ) provides the inclusion of
4 4

algebras

C) (resp. Ext;; (C,C)

Lemma 2.3.6.

(i) The subspace A_ (resp. Ay) is a subalgebra in Ext®, (C,C) (resp. in
4
EXt:+ (Qy Q)) .
(4

(ii) The multiplication maps provide the vector space isomorphisms
Ext;; (C,O)A,— Ext;; (C,C) and Ext;; (C,O)®A_— Ext;z (C,0).
O

Note that the algebra u) acts trivially on the first factors in these decompo-
sitions.

Proposition 2.3.7. The algebras A_ and Ay are Frobenius.

Proof. We consider only the case of Ay. Recall that when calculating coho-
mology of the algebra u, Ginzburg and Kumar used certain degenerations of
the algebra defined by Kac, De Concini and Procesi in [DCKP| with the help of
quantum PBW filtration on u, . The algebra gr”B%W (u;") appears to be a certain
quotient algebra of the quantum symmetric algebra with the set of generators
enumerated by the standard basis in the space n~. In particular it was proved
in [GK] that EXt;rPBW(uZ)(Q’ C) = A (n*)®S°*(n~*) as an associative algebra.
Here A)(n™*) denotes the quantum exterior algebra on generators enumerated
by elements of the standard basis in n™*. In particular this algebra is Frobe-
nius with the trace map given by the projection on the top homological grading
component (that is one dimensional).

Consider now the spectral sequence with the term Fs equal to
EXt;rPBW(u;)(Q C) that converges to Ext:l; (C,C). Note that for ¢ big enough

the subalgebra Aj(n™*) C Ext;rPBW(u_)(Q, C) is a DG-subalgebra. Moreover
I3

its images on the next terms of the spectral sequence are DG-subalgebras too.
Now note that the subalgebra gr A, in the term FE., of the spectral sequence
comes from the described DG-subalgebra in the term E5. In particular the one
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dimensional top homological grading component of Aj(n™*) has its nonzero rep-
resentative on the level F,,. Thus it has its nonzero representatives on all the
levels E,,, m > 2.

Consider the algebra grf” A, appearing in the E., term of the spectral se-
quence. Put the linear functional generating the trace map on gr’” A, equal
to the projection on the one dimensional top homological grading component.
We claim that the corresponding trace pairing on the algebra is nondegenerate.
Indeed, it is so on the algebra A}(n™*) appearing in the E5 term of the spectral
sequence. On the other hand note that the X-grading components of the space
A9 (n™*) with the weights p — w(p), w € W, are one dimensional. Moreover the
subspace @,y (A7 (n_*))p_w(p) is self-dual with respect to the trace pairing

on AJ(n™*). Thus the term E of the spectral sequence becomes an orthogo-
nal direct summand in the term E,. We have proved that the algebra grf’ A is
Frobenius. Finally by Lemma 2.4.4 from [Arl1] tha algebra A is itself Frobenius.

O

2.4. Cohomology of the algebra u,. Note that the algebra 1, contains the
algebra u, ®uZ as a subalgebra, moreover, this subalgebra is normal in 1, with
the quotient algebra u?. On the other hand, by standard arguments, we have

Ext®_

+
u, ®u£

as an associative algebra. Now recall that the algebra u is semisimple being a
group algebra of a finite group. We have proved the following statement.

uO
Lemma 2.4.1. Ext? (C,C) = (Ext;_@, C)®Ext?, (C, g)) "asal X xZ-
4 £
graded vector space. Here (,)uﬁ? denotes taking ul-invariants. Moreover, the re-

striction functor Resﬁ‘i®u+ provides an isomorfism of associative algebras
4 (4

0
)

Ext? (C,C) = (Bxt]_ . (C,C)) 0

The following proposition is proved similarly to Theorem 3.1 from [Ar5].

Lemma 2.4.2.
o Z t2l(w)
. . he _ weW
Ch<(EXtug@’@@EX%#@@) ’t>‘ [T A—er)1—eop)

aERtT

Here the indeterminate t stands for the homogeneous Z-grading, for a weight
a =Y a;i’ the symbol e* denotes the monomial [],(e" ). O

Let us denote the filtration on the space Ext} (C,C) that corresponds to the
filtration F' on the algebra u, by the same letter.
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Corollary 2.4.3. grf Ext}, (C,C) = Ext:vw (C,C) as a graded associative alge-
bra. O

Summing up the previous considerations we obtain the following statement.

Proposition 2.4.4. Extfl'rf (C,C) = S*(n *)@gr” Hy®S*(n™) as an associa-
tive algebra. Here the imbedding S(n™*) — Ext{;Z (C,C) resp. the imbedding

Snt*) — Ex‘rf&/Z (C,Q)) is provided by the projection of algebras u, — by :

+

uy — 0 (resp. uy — b/ u;, —0). O

Comparing grading components in the previous equality with gradings far
smaller than ¢ we obtain the following statement.

Corollary 2.4.5. The associative algebra gr™ Hy = (A,®A+)u2. O

3. Ext?;“(@, C) as a Ext},, (C,C)-module

First we recall briefly the general setup for semi-infinite cohomology of the
small quantum group. The definition of semi-infinite cohomology presented be-
low is a specialization of the general one in the case of a finite dimensional graded
algebra u = b~ ®u™ such that b~ is nonpositively graded, and u* is a positively
graded Frobenius algebra with u{f =C.

3.1. Definition of semi-infinite cohomology. Consider first the semiregular
u-bimodule S;‘+ = u®,+ut*, with the right u-module structure provided by the
isomorphism of left uT-modules u™ 2 ut*. Note that S¥ is free over the algebra
u both as a right and as a left module.

For a complex of graded u-modules M* = P M}, d: Ml — Mg“ we

P,qE€EZ
define the support of M*® by supp M*® := {(p,q) € ZQ\MZ? # 0}. We say that a
complex M® is concave (resp. convex) if there exist s1,s9 € N, t1,t5 € Z such
that supp M* C {(p,q) € Z?|s1q+p < t1,82¢ — p < t3} (resp. suppM*® C
{(p,q) € Z*[s1q+p > t1,500 — p > ta}).

Let M*,N* € Com(u-mod). Suppose that M?® is convex and N*® is con-
cave. Choose a convex (resp. concave) complex R}(M*®) (resp. R}(N®)) in
Com(u-mod) quasiisomorphic to M*® (resp. N*) and consisting of u™-free (resp.
u~-free) modules.

Definition 3.1.1. We set

Ext, *(M*, N®) := H*(Hom&(R2(M*), S¥ @, R} (N*))).

Lemma 3.1.2. ([Arl] Lemma 3.4.2, Theorem 5)
The spaces ExtuTJr'(M',N') do not depend on the choice of resolutions and
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define functors
Ext?+k(-, ) : u-mod xu-mod — Vect, k € Z.

O

Below we consider semi-infinite cohomology of algebras ug, iy, bj, b, etc. with
coefficients in X-graded modules. The Z-grading on such a module is obtained
from the X-grading using the function ht : X — Z.

Evidently the spaces ExtE“(M', N°*) (resp. Exb?+.(]\7', N*)) posess nat-
£

ural ¢ - X-gradings. The following statement is a direct consequence of Lemma
2.2.1. (ii).

Lemma 3.1.3. Let M, N € uy-mod be restrictions of some Up-modules. Then
the spaces ExtE“(M, N) have natural structures of g-modules, and the ¢ - X -
gradings on them coincide with the X -gradings provided by the weight decom-
positions of the modules with respect to the standard Cartan subalgebra in g.

O

In particular we consider the character of this g-module.

3.2. Semiinfinite cohomology of the trivial iu,-module. The following
statement sums up the main results from [Ar5].

Theorem.
0
. S +e S +e e
(i) ExtZ "*(C,C) = <Extu22 ot g)) .
SO g2t
.. +e _ 4—#(RT) —2¢p weW
(ii) ch (Ethé (Q,Q),t) =1 e [[ (et
aeRt

The right hand side of the equality is considered as an element in
Clt, t=Y[[e~",i € I]].

(iii) Let M be a filtered module over the filtered algebra w, with the filtra-
tion F'. Then there exists a spectral sequence with the term E, =
Ext%“(@, gr M), converging to Eo, = grf’ Extﬁ“(@, M).

(iv) For the trivial ug-module the described spectral sequence degenerates in
the term FEy. In particular as a £ - X X Z-graded vector space

==}

Ext? **(C,C) = Ext,{ "*(C.C).
£
O

Let us compare semi-infinite cohomology of the trivial bj—module with the usual
cohomology of bj with coefficients in this module.

Lemma 3.2.1. Ext > "*(C,C) = Extp, (C,C((~{ + 1)2p)).
L
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Proof. The triangular decomposition of the algebra [,zr is as follows: bj =
uZ@ug. Then by definition of semi-infinite cohomology, using the fact that uf
semisimple, we see that

19 +
Eth2++ (C,C)=H"* (Homb(R?(@),SZﬁ ®WQ)> ,
£ £ £

where R?(C) denotes a concave u, -free resolution of the trivial b, -module. Next

+
note that the b, -module S:fr ®b£+g =b, *®bjg = C(—(£—1)2p). Thus we have
£

Ext. " (C.C) = H* (Homy, (B$(C), C(~(£ ~ 1)2)))

= (H* (Hom{ (R} (C), C(~(¢ ~ 1)20)))) * = Exti (C,C(~ (¢ ~ 1)2p)).
Il
Next we investigate the structure of the EX’E{T[ (C, C)-module Ext? +.(Q, C).
, ug
Proposition 3.2.2. Up to the homological grading shift by §(R™) we have
- Ext? (C,0)
2 Te _ . uy ° o o
Ext2 "*(C,C) = CodeXt;j(gQ (Extbj(g, C(—(¢ 1)2;;)))
as a Ext?—“(g, C)-module.
£

Proof. By Theorem 3.2, Lemma 3.2.1. and Corollary 2.4.3. we have

0
Ext? (€0 = (B2t (C.0))”
Uy u ¢

¢ Ou
_ <Tori‘f (C,0)@C((1 — £)2p)0 Exty (C, @))ue
= (5*(n")®A* ©S* (T )@A_RC((1 — )20))"
= 5*(n)®S* ()@ (AL @C((1 — )2p)@A_)" |

Now recall that the algebra A is Frobenius. Making the isomorphism A} = A%
compatible with the u)-action, we see that Ay = A% ®C(—2p). Thus we obtain

Exff T*(C,C) = §*(n7)®S* (nT)® (AL @C(~2p)RC((1 — £)2p)2A_ )"
= S*(n7)@gr’ Hy®S* (n™)®C(—2¢p).



A PROOF OF FEIGIN’S CONJECTURE 413

Note that the algebra gr Hy is Frobenius itself, thus the latter Ext? te (C,C)-
L
module can be considered both as

Ext (C,0)
Codext;;(g@ (Extb?(@@(—%p))) and as

Ext? (C,C) b
In dExtl‘le (C,0) <T01"-£ (QC(—%P))> :

Z

Finally precise calculation of homological gradings shows that the grading on
the first module should be shifted by —f(R™), and the grading on the second
one should be shifted by $(R"). Thus we have

so o ) Exb:v (X)) .
Bxt? "*(C.C) = Coindp, ' ¢ <Extbj(g,(C(—(£— 1)2p)))

Ext~ (C,©) b
~ 2 e (Tork (€ C(- - 20) ).

é

O

Corollary 3.2.3. Ext;v2 e (C,C) is both free over the algebra Ext; ((C,Q) and
co-free over the algebm Ext ((C C). O

3.3. Functions on N with singularities along coordinate hyperplanes.
Consider the divisors on the nilpotent cone of the form D, := {n € N|f*(n) =
0}, where f* denote the standard basic linear functions on n~, & € R™. Note

that we have N D nt = (| D,.
a€RT
Consider the open subset in the nilpotent cone of the form N fo s

N\ U D, and the H°(N, O )-module Ho(j\/'(f* o (R+)),(’)N).
a€Rt

It is well known how to obtain this H°(N, Opr)-module from the free module
H°(N,Ou) via an inductive limit construction.

For a € Rt consider the H°(N,Op)-module map po : HO(N,Op) —
HO(N,Ox) given by multiplicaton by the element f* € n™*.

Next we construct an inductive system of H°(N, Or)-modules Z, enumerated
by the partially ordered set Zf+ with Z, = H(N,Oy) for any v € ZT and
with morphisms

)=

“g(rT)

L war) — L wat1,)
equal to fiq.

Lemma 3.3.1. The H(N, Oxr)-module HO(./\/'(f;17_.,7f; N ), On) is equal to
B(R)
limZ,. O
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Note that the H°(N, Ox)-module H&f+ (N, Onr) can be realised naturally as
a bottom subquotient module in HO(N(f* fa o Ox) under the filtration
B(RT)

on the latter module by singularities of functions. More precisely, recall that
HO(N,Opn) = S*(n*)®Ho®S*(n"*)as a module over S®(n™*)®@S5*(n=*). Fix
the set of standard generators in the algebra S(n™*): S(n™*) = C[f, a € RT].

Then by the previous Lemma HO(N(yx 4« ), On) is equal to C[f3* o €
“4(rt)

SR

RT]®Hy®S5®(n™*). On the other hand note that Hﬁer (N, Oyr) is isomorphic
to @ C[fe™!]/Clfa]@Ho®S® (n*).

a€ERt
Our main goal here is to construct an isomorphism of H°(N', O )-modules

H (W, O) = Ext T*(C,C).

We start with constructing a system of H(N, Ox)-module morphisms ¢, :

Te — ExtE +.(Q, C) that would provide a morphism from the direct limit of
the inductive system to the semi-infinite cohomology module.

3.4. C0+nstructi0n of the morphisms ¢,. Note that since each module Z,,
v € Z&", is free over the algebra H°(N,O,r) with one generating element,
to construct the system of morphisms from the described inductive system to

ExtEJr.(Q, C) one has to specify the images of 1 € H°(N,Oy) under the
morphisms ¢, v € Zf+. Then ¢,(a) = a - ¢,(1), where a € H'(N,Ox) =
Exty, (C,C) (the latter algebra acts naturally on Ext,? +.(Q, C)). Suppose that

Ol o) s Lm0 €
Exte (C,C); (o muttny i L= me wos1..) € Extd T°(C,C).

Then evidently the only condition on the sequence of elements {mv}vezRJr is
¥
that
for M. we+l,...) = M(. . vg,..)"

Consider the element
vieus € (A @A ) @C(=20p) = grf Hy@C(—2Lp) C Ext?“(g, Q).
Y4

Here we preserve notanion from 2.3 for the base elements in the algebras A,
and A_, and e € W denotes the unity element.
Note that the corresponding ¢ - X x Z-grading component in the space

Ext? +'(Q, C) is one dimensional. Since the filtration F on the space
14
ExtEJr.(Q, C) is well defined with respect to the ¢ - X x Z-grading, we can

oo +
consider the described vector as an element of Ext,’ S )(Q, QC).

We are starting to construct the system of morphisms ¢, v € Z§+. Put

©,...,0) - Bxt}, (C,O)[f(R")] — Ext. *(C,C), ©,...,0)(1) = vg @uf.
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Theorem 3.4.1. EX’L%“(Q, C) s co-free over the algebra S®(n™*) =
Extp - (C,C) with the space of co-generators equal to Ho@C(—20p)2S*® (nt*).
e

Proof. First recall that by 2.3.5. the Ext}. (C, C)-module Extr?“(g, C) is free
£ £

with the space of generators equal to
S*(n7)®@HyC(—2p).

On the other hand Eth%—i_.(Q, C) = grf Ext%“(@, C), and this equality is
ug
an isomorphism of modules over Ext?. (C,C) = gr” Ext;.(C,C). Fix the set
4 /2

of linear independent elements {b,|p € Zf+ x W} in the generators space of

Ext? +.(Q, C) and choose the set of representatives of the elements {b,|p €

£

Zf+ xW} C Ext,EJr. (C,C). It is easy to verify that the Ext}. (C, C)-submodule
4

in Extﬁ +.(Q, C) generated by this set is free. Moreover its character coincides

with the one of Extf +.(Q, C), thus the module of semi-infinite cohomology is
Ext;+(g, C)-free itself. Now to complete the proof of the Theorem recall the
£

following statement from [Arl].
Denote by 11y the finite quantum group defined in the same way as uy, but
with ¢ replaced by (~! in the defining relations.

Lemma 3.4.2. ([Arl], Proposition 5.4.3) There exists a nondegenerate
contragradient pairing

(,): Extd "(C,C) x Ext2 **(C,C) — C

well defined with respect to the actions of the algebra HO(N,Oy) =
Ext}, (C,C) = Extg, (C,C) and of the Lie algebra g. O

Using this pairing we obtain the set of co-generators {c,|p € Z§+} for the

co-free Ext}_ (C, C)-module ExtEJr.(Q, C) enumerated by the base vectors of
4

the space Hy@C(—2(p)®S®(n™*). The Theorem is proved. O

Note that we can choose the cogenerators ¢, constructed above to be X x Z-

homogeneous. In particular there is a unique choice of the homogeneous base
vector in the space

(et o),

oo +
with the top filtration factor equal to v, @v) € Ext2 hE )(Q, C). Now con-
u

£
sider the direct sum decomposition of the Ext} - (C, C)-module
£

S —H(R1)+e _ 0/ —
Ext-2 CO= P S0

PR xW
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and the direct summand S*® (11_)®(1/;Ir ®ve ) where v ®uvs denotes the element
representing v ®@v, . Fixing standard generators f,, @ € R* in the space n™
we obtain a linear base in S*(n™)® (v, ®v, ) of the form

» Vg pt _
My = for oenne- fa§$+;®(Vj®Ve )-
Corollary 3.4.3. We have f5,-m(. . v, 4+1,..) = M(... wa,.)- U

Thus we obtain a sequence of morphisms of Ext}, (C, C)-modules

v Ty = Bxty, (C, Ot RT +20v]] — Bxty, *(C,0), @u(1) = my, ve ZE.

Here |v] = v1 + ... 4+ vgp+). We have constructed a morphism

HO (N

arr ’f"‘u<R+>

),Ox) = limZ, — Ext,2 *(C,C).

3.5. Construction of the isomorphism. H&(fbﬂ(/\/’, On)— Extﬁ“(@, C)
Our nearest goal is to show that the morphism lim(y,) provides a map of

HO(N, On)-modules Hﬁ&Rﬂ(/\/’, Oy) — Extf“(@, C).

Lemma 3.5.1. For any w € H°(N(p . - . ), On) there exists v° =
“H(RT)

age

(Vo5 - ,vgﬁ(m)) such that for any v = v° + o', v} € ZEB, the element
. *U +
) (F20 - ) = 0

Proof. The statement follows immediately from the restrictions on £ - X x Z-
gradings of the space ExtEJr.(Q, Q). m

Recall that H,+(N,Ox) is the largest quotient module of
HON(ps 4 L Oyr) supported on nt C N.
(r+)

@1t oy

Corollary 3.5.2. The map lim(y,) defines a morphism ® : Hﬁ(ﬁﬂ(/\/, Op) —
Ext,2 *(C,C). m

In fact it follows from the previous considerations that for any finite dimen-
sional graded uy-module M the quasicoherent sheaf on N corresponding to the

HO(N, O )-module Ext?;“(g, M) is supported on n™ C V.

Note that the maps o, @, and lgn(go.) are well defined with respect to the
filtration F. The maps grf 1, : EXt{Te (C,C — Ext&e (C,C)[2] are provided by
multiplication by the elements f* € Ext;; (C,C) cC Ex‘r/:vlz (C,C). Moreover we
have

w” (Hm,) = lim (" 7) = ) Clf e m’ Homs®(n*).

a€ERT
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Note also that the morphisms
g’ oy : Ext? (C O)f(R) +2v]] — Ext? "°(C,C)
Uy

are defined by

_ » Vyrt) ;. —
grf o, (1) =m, = f2 oo falone) (v @v]).

It follows that the map gr lim(ip,) coincides with the natural one
Q) Clfe @ ar” Hos* (™) — &) (CULF]/CIf]) @ ar” HoS® (n™).
aERT aERT

In particular the map gr” lim(yp,) is surjective.
Lemma 3.5.3. The map lim(p,) is surjective itself.
Proof. Note that the morphisms lim(y,) and grf lim(p,) preserve £ - X x Z-

grading components. The ¢ - X X Z-grading components of the spaces limZ,,
EXtE+.(Q, C), lim (gr* Z,) and Ext?Jr. (C,C) are finite dimensional.
g £

Thus we can check injectivity of the map dual to lim(p, ) instead of surjectivity
of lim(pe). But the injectivity of a filtered map follows from the injectivity of
the associated graded map. O

Thus we obtain a surjective map & : HﬁgRﬂ(N, Oyn) — Ext%“(@, C).
Next recall the following statement from [Arl].

Proposition 3.5.4. ([Arl], Theorem A.2.2)
ch (Hﬁ(fﬂ(/\/, On), t2> —ch <Ext§+.(g, C), t) .

Here the indeterminate t in the left hand side of the equality stands for the
grading by the natural action of C*, in the right hand side of the equality it
stands for the homological grading. O

We have proved the Feigin conjectire on the level of H°(A, Oxr)-modules.

Theorem 3.5.5. The morphism ® constructed above provides an isomorphism

of the H°(N', Or)-modules
$: HD(W,00) — Extid 7°(C,C).

O

Remark 3.5.6. In fact we have proved a slightly more general statement as follows.
Let M be a X xZ-graded H°(N, O )-module with the character equal to the one
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of Hﬁ&Rﬂ(/\/’, Oy). Suppose that M is generated over HY(N, Ox) by a S®(n=*)-
cofree S*(n~*)-submodule co-generated by one element. Then the H®(A, Ox)-

module M is isomorphic to HigRﬂ(N ,ON).

4. Isomorphism of g-modules

Recall that both sides of the HO(N, Or)-module isomorphism ® carry natural
structures of g-modules.

The one on Ext% +°(Q, C) is a consequence of the fact that the algebra u, is
a normal subalgebra in U, with the quotient algebra Uy//uy equal to U(g).

The g-module structure on Hﬁ(ﬁﬂ (N, Onr) comes from the natural Lie alge-
bra inclusion g < Vect(N') and the standard fact due to Kempf (see [K]) that
the Lie algebra of algebraic vector fields acts on local cohomology spaces. Below
we prove that the two described g-module structures are isomorphic.

4.1. Isomorphism of the n*-modules. Consider the standard positive nilpo-
tent Lie subalgebra nt C g. We prove first that Hﬁ&Rﬂ(./\/' ,Op) and
Extﬁ e (C, C) are isomorphic as n*-modules.

Note first that the n™- and H°(N, Oxr)-actions on both Hﬁ(fﬂ(/\/', Oy) and
Ext:%z“(g, C) satisfy the equation

n-(a-c)=a-(n-c)+[n,al-c,

where n € nt,a,[n,a] € H°(N,Ox), ¢ € HﬁgRﬂ(N,ON) (resp. ¢ €

Ex‘cEjL.(Q7 C)) and [*, *| denotes the natural g-action on H*(N, Op).
Consider the S*®(n™*)-module direct sum decomposition

> _ V1 e
EXtuQ/é #(R™T)+ (Q, g) _ @ S.(ﬂ_)®0p
PR xW

P

oo +
with ¢ = vd @ue € Ext,2 B )(Q> C).

oo +
Lemma 4.1.1. S*(n™)®cy C Ext,2 W& )(Q, C) is a nt-submodule.

Proof.  We prove the statement of the Lemma by induction by homological
grading. First (S'(n*)@)co)_ﬁ(RjL) = Ccp, and the statement follows from the
X-grading restrictions on the n™-action.

Suppose the statement is proved for S¥(n~)®cy, k < k. We prove that

2 +y—
Sko(n=)®cp is a nT-submodule in Ext,’ WET)=2ko (C,0O).

Let b€ S*0(n~) and n€n™. Consider the element n-be Ext% C,C)
and its decomposition n - b = (n - b)Y + (n - b)*°, where (n - b)¥* € S*(n~)®cy
and (n - b)"° € ) S®(n7)®cp. Then for any o € Rt the element

PELET xW,p7£0

*ﬁ(RJ’)*?lcO(
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fo-(n-b)=n-(f-b)+[n,fi]-b belongs to S*(n~)®cop, since by induction
hypothesis both summands lie there. Thus for any o € RT we have f*-(n-b)"° =
0, i. e. the element belongs to the S®(n~*)-invariants subspace of ExtE“(Q, C).
But by Theorem 3.4.1. the invariants space is equal to Hy®S®(nT*)@C(—2¢p).
The latter subspace is situated in homological gradings greater than or equal
to —f(R*). On the other hand the n*-submodule in question is situated in
homological gradings less than or equal to —f(R™). It follows that (n-b)™° = 0.

U

Corollary 4.1.2. The action of n™ on S*(n~)®cq coincides with the one on
S (a/b%).

Proof. Identify S®(n™)®co with Homg(S®(n™*), C). For such a linear function
b note that b(a) = (a - b)(1). Note also that S*(n=*) = S°®((g/b")*) is a n'-
submodule in H°(A,Oxr). Thus for n € n™, b € Homg(S®(n™*),C) we have

(n-b)(a) =a-(n-b)(1) =n-(a-b)(1) = ([n,a] - b)(1) = =b([n, a]).
U

Recall that the H?(N, Oxr)-module ExtE“(Q, C) is generated by the sub-

g,o((ﬂ;om S®(n7)®cp. Summing

up the previous considerations we note that we have proved the following state-
ment.

space S°®(n~)®cp and is in fact isomorphic to Ind

Theorem 4.1.3. Up to an isomorphism there exists only one n-module struc-
ture on the space

Extg *(C,C) = H (N, 0p)
well defined with respect to the HY(N', On)-structure. I

Remark 4.1.4. The n*T-submodule S®*(n~)®cy C Hﬁ(ﬁﬂ(/\/, Op) can be de-
scribed geometrically as follows. Consider the natural projection 7 : N — n~.
Identify n~ with g/b%. Then the map 7 is equivariant with respect to the ad-
joint action of the Lie algebra n™. Consider the natural morphism of the local
cohomology spaces Hg(Rﬂ(n_, On-) — H ﬁ(fﬁ)(/\f ,Ox) given by the inverse
image (note that n™ = 771(0)). One checks directly that the morphism is in
fact an imbedding compatible with the natural n™-actions and that its image
coincides with S*(n™)®cy.

4.2. Tilting modules. It remains to extend the described n™-module isomor-
phism to a g-module isomorphism.

Recall that a finitely generated n*-locally finite g-module M diagonazible
over h is called a tilting module if it is filtered both by Verma modules and by
contragradient Verma modules. H. H. Andersen and J. Paradowski have proved
the following statement.
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Theorem 4.2.1. [AP] A tilting g-module is uniquely determined up to an iso-
morphism by its character with respect to the root space decomposition for the
Cartan action. O

Our goal here is to prove that both H&(+R+)(./\/', Oy) and ExtiJr.(Q, C) are
tilting g-modules.

+
4.3. A nondegenerate pairing on Hﬁ(ﬁ )(N ,Onr). The following construc-
tion was proposed by V. Ostrik. Instead of constructing a contragradient pairing

on Hi&Rﬂ(N ,Onr) we obtain a bilinear pairing

HEO (W, 0p) x HEED(W, 0p) — C

well defined with respect to the g-module structures. Consider the canonical
map for the local cohomology spaces provided by the cup product

(s HEDW,00) x PO, 08) — HES DN, Oy).

n—Nnt
Lemma 4.3.1.
(i) H:ﬁ_(f;) (N, 0n) = Hgﬁ(Rﬂ(J\/', Oy) = C. Here 0 denotes the vertex of

the nilpotent cone.
(ii) The map ( , ) provides a nondegenerate pairing.

O

4.3.2. Springer-Grothendieck resolution of the nilpotent cone. To prove

that H g(f#) (N, Op) is n~-free recall that in [Ar1] we obtained another geometric
realization of this g-module as follows.

Consider the simply connected Lie group G with the Lie algebra equal to g.
Choose a maximal torus H C G providing the root decomposition of g and in
particular its triangular decomposition g = n~ @ h @ nT. Consider the Borel
subgroup B C G with the Lie algebra bt = h @& nt and the flag variety G/B.
The group G acts on G/B by left translations and the restriction of this action
to B is known to have finitely many orbits. These orbits are isomorphic to affine
spaces and called the Schubert cells. The Bruhat decomposition of G shows
that the Schubert cells are enumerated by the Weyl group. Denote the orbit
corresponding to the element w € W by S,,.

It is well known that the cotangent bundle 7%(G/B) has a nice realization
T*(G/B) = {(Bz,n)|n € Lie(B,)}, where B, denotes some Borel subgroup in
G and n is a nilpotent element in the Lie algebra Lie(B,). The map

p: T*(G/B) — N, (Bg,n) — n,

is known to be a resolution of singularities of N called the Springer-Grothendieck
resolution.
Recall the following statement from [Arl].
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Proposition 4.3.3. (e.g. [CG], 3.1.36)

(i) p=t(nt) = |_|WT§w (G/B), where T (G/B) denotes the conormal bun-
we
dle to Sy, in G/B.
+ o +
(ii) Hﬁ(JrR )(N, ON)—>Hi(_]§(2+)(T*(G/B),OT*(G/B)) as a g-module.

O

Corollary 4.3.4. The g-module Hﬁ(ﬁﬂ(/\/, Oy) is free over the algebra U(n™).
O

In particular it is filtered by Verma modules. Using the fact that the g-module
is self-dual with respect to the described contragradient pairing we construct a

+
filtration by contragradient Verma modules on Hﬁ(f )(/\/ ,Onr). We have proved
the following statement.

Proposition 4.3.5. The g-module Hﬁ&Rﬂ(N, Oy) is a tilting module.

4.4. On the other hand recall that in Lemma 3.4.2. we obtained a nondegen-
erate g-equivariant contragradient pairing

Ext,. "*(C,C) x ExtZ "*(C,C) — C.

It follows from Proposition 4.3.5. and Theorem 4.1.3. that the g-module

Ext% e (C, C) is cofree over the algebra U(n™). Thus it is filtered by contragra-
dient Verma modules. Again using the contragradient pairing on the g-module
we produce on it a filtration with subquotients equal to direct sums of Verma
modules.

We have proved the following statement.

Proposition 4.4.1. The g-module EXtE+.(Q, QC) is a tilting module. O

Finally we come to the main statement of the present paper.

Theorem 4.4.2. The g-modules EX’EEJF.(Q, C) and Hﬁ(fﬂ(/\/', Oy) are iso-
morphic.

Proof. The statement of the Theorem follows from Theorem 4.2.1. and Propo-
sitions 4.3.5. and 4.4.1. O

The Feigin conjecture is proved.
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