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FOURIER TRANSFORM OF EXPONENTIAL
FUNCTIONS AND LEGENDRE TRANSFORM

JAEYOUNG CHUNG, DOHAN KiM AND SUNG K1 KiMm

ABSTRACT. We will prove that if f is a polynomial of even degree then the Fourier
transform F(e~7)(€) can be estimated by e~ ¢/ (&) where f*(€) is the Legendre
transform of f defined by f*(§) = sup,(z€ — f(x)). This result was previously
proved by H. Kang [K] for a case of a convex polynomial which is a finite sum of
monomials of even order with positive coefficients.

Our result is the most general one for the polynomial f(z) since the convexity
condition is not imposed and e~/ (#) belongs to the space L! if and only if f(x)
is a polynomial of even degree with the coefficient of the highest degree a2, > 0.
Also, we will make a more precise estimate of constants.

1. Introduction

For the estimate of Fourier transform of exponential functions whose expo-
nent is an even convex polynomial with positive coefficients H. Kang shows the
following theorem in [K].

Theorem 1.1. Let f(x) be an even convex polynomial with positive coefficients
of the form f(z) = > o, arz®, ax >0, k=1,...,m—1, and a,,, > 0. Then
the Fourier transform

(1.1) Fle=)(€) = / eI @) gy,

of e~ @) can be estimated by e=<f ) in other words,
[Fle NI < of (1)),

where the positive constants C' and € depend only on the degree m.

Here the Fourier transform F(€) is defined by Fo(€) = [ e p(z) dz and
the Legendre transform v¢* is defined by ¢*(§) = sup, (€ — ¥ (z)).

In this paper we generalize the above Theorem 1.1 to any polynomial of even
degree. This result is the most general for the polynomials f(z), since e~/ ()
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belongs to the space L' if and only if f(x) is a polynomial of even degree with
asm > 0. Also, we make a more precise estimate of constants.

Our result shows the clear relation between Fourier transform and Legendre
transform, and is related to the duality of phase as E. M. Stein calls in [S,
p358] as follows: The Fourier transform of €’®®)a(x) is essentially of the form
e~ ©p(¢), where a(z) is non-oscillatory but regularly varying.

In Section 2 we prove the main theorem and obtain a similar estimate for the
general entire convex functions ¢ (x) in the Gelfand-Shilov spaces of type W. In
Section 3 we give a simpler proof of Kang’s Theorem 1.1 as an application of the
method of proof of the main theorem.

2. Main Theorem

In order to define the Legendre transform of polynomials of even degree which
may not be convex we need the following definition.

Definition 2.1. Let M(z) be a convex function on R possibly except for a
bounded interval such that M’(c0) = oo, M'(—o0) = —oco. Then the Legendre
transform M*(€) of M(x) is defined by

1) M () = sup(ag — M(x)).

It is easy to see that M*(§) is well defined for all £ € R and is a convex

function which is the same as the Legendre transform of the convex minorant
of M(x). We refer to Arnold [A], Gelfand-Shilov [GS] and Hérmander [H1] for
more details on the properties of the Legendre transform of convex functions.

In particular, if M (z) is a convex even function such that M (0) = M'(0) =0
then it is well known that the Legendre transform M*(§) of M is given by

£
(2.2) e = [ o,

0

where M’'~1(t) is the inverse function of M’(t). See [GS, K].
We are now in a position to state and prove the main theorem in this paper.

Theorem 2.2. Let f(x) = Zizo apz®, asm > 0, be a polynomial of even degree.
Then there exist positive constants € and C' such that

(2.3) |F(e= ") ()] = ‘/ 1@ dy| < Cemf7©)

where € depends only on the degree m.

For the proof we need the following two lemmas.
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Lemma 2.3. Let f(z) = Zi:o apx®, agm > 0. Then there exist positive con-
stants h and C' such that

(24) Rf (e +iy) > 3 f(z) ~ hf(y) - C.

where h depends only on the degree m.

Proof. Without loss of generality we may assume that f(x) is monic. Then

2m
Rf(z+iy) = > apR(z +iy)*,

k=0
" /om . o 2[R/ k 4 L
=S () e 1SS a ()t
j=0 J k=0 j=0 J
Thus we can write
1
Rf(x +iy) = 5 f(2) + hf(y)
m—1
1 2
—4w2m+ <2m>( 1)? 2’“—2ﬂy21+{h+(—1)m 4}y2m
=1 N
1 2m 2m
"+ gy 4 Rla,y)
1 x 2m m—1 2m 2m—2j 1
— 2m - el -1 i d -1 m _
Y 4<y) * <2j>( v DT

1 1
+ Zx2m + Zme —i—R(m,y),

where R(z,y) is a polynomial of degree less than 2m.
Therefore, if we choose h to be the maximum of the polynomial

m—1

1 2m , : 1

pe) = =g = 3 ()it e g
=1

we have Rf(z + iy) > 1 f(z) — hf(y) — C, since 1z?™ + 142™ 4 R(z,y) has a
minimum —C. ]

Lemma 2.4. Let f(z) = Zi:o axr®, azm > 0. Then for any e > 0 there exists
a positive constant C such that for 0 < e < 1,

(2.5) f*(ex) > /@D f*(2) — C, 1 <a<2m,
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and that for e > 1,

(2.5") f*(ex) > /a1 () — C, m < a.

Proof. Assume that f(x) is monic. For a given a, where 2 < a < 4™, there
exists a positive constant C such that

(2.6) f(x) z af(x/2) = C,

which implies that

(2.7) f(z)>a"f(x/2") - C,,

for any positive number r. Applying the Legendre transform on both sides of
(2.7) we have

(2.8) fr(x) <a”f7((2/a)"x) + C.

For given ¢, 0 < e < 1 and a = 2%, 1 < a < 2m we can choose r so that
(2/a)” = €. Then we obtain

filex) > 1/a" f*(z) — Cr/a’,
_ Ea/(afl)f*(x) o Cr/ar’

which proves (2.5). Using the above inequality for a > 4™

f(x) zaf(x/2) = C,

and applying the same method as above we have the inequality (2.5"). Now for
the general polynomial let f(x) = agm, fo(x). Then fo(x) is monic. Thus we have

fex) = (@®™ fo)"(ex) = ™ f (ex/azm),
> DG [ (2 fagm) + C = /(7D f*(2) — C.

This completes the proof. O

Proof of Theorem 2.2. After the change of contour x — = + iy it follows from
Lemma 2.3 that

\F(e ) ()] S/ |ei(m+iy)£—f(w+iy)‘dx7

—o00
o0

< e—yE/ e~ Rf(z+iy) de,
— 00

< Ce YEThi(y)
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Taking the infimum of e~ ¥¢+t"/() for y € R and putting o = 3/2 in (2.5) of
Lemma 2.4 we obtain

Fe ) ()] < CeM" €M < Cemils I,
This completes the proof. U

Remark 2.5. As we see in the proof of Lemma 2.3 the inequality (2.4) is equiv-
alent to the condition that there exist positive constants h and C such that

1
(2.4 Rf(x +1y) > §a2mx2m — hasmy®™ — C,

where h is the same constant as in (2.4). Thus in view of (2.4") we have the
following equivalent, but more transparent formulation

2m

(2.3) Fe ) ()] < Cexp (—mm aml) |

where € = (2mh)_m.

The estimate (2.3’) means that the Fourier transform of e~f(*) can be con-
trolled by the reciprocal of an exponential function of order 2m/(2m — 1) if f(x)
is a polynomial of degree 2m. Furthermore, the order 2m/(2m — 1) is optimal
in view of the uncertainty principle in [H2].

Also we obtain a similar estimate for general entire convex functions ¢ (z) in
the Gelfand-Shilov spaces of type W as follows.

Theorem 2.6. Let 1)(z) be an entire function such that ¥(x) is a convez func-
tion on R possibly except for a bounded interval. Also, suppose that ¢'(c0) =
00, P (—o0) = —o0 and RY(x + iy) > Y(ax) — P(by) — C for some positive
constants a, b and C. Then we have
Fle")(©)] < Ce (),

for some €, C' > 0.

Because the proof of Theorem 2.6 is just the same as that of the Main Theorem
we omit the proof.

3. Simpler proof for even convex

polynomials with positive coefficients

Let f(x) be an even convex polynomial of the form
(3.1) f(:r):Zakak, ar >0, k=1,...,m.
k=1

Then we prove the following Propositions which give a much simpler proof of
Theorem 1.1 which is the main theorem in Kang [K]. Also, our proof can give a
very precise estimate of constants.
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Proposition 3.1. f*(e€) > €2 f*(&), 0<e<l.

Proof. The inequality f/(e€) < ef’(£) implies f'~1(e£) > ef'~1(€), since f’ is
increasing. Thus by (2.2) and making a change of variable we have

*(e€) /f/l dt—g/f’let

f H(t)ydt = f(6).

6

%

O
Proposition 3.2. Rf(z +1iy) > 1 f(z) — 24m2f(y)-
Proof. Since
5 /2%
ok i 2k—2j, 2j
R i = Y (50) (-1,
7=0
0% g LR ()2 22mz z/y)*)
-2 2
> 1$2k _ gdm?, 2k
= Yy,
2
we have
“ 1 2 1 2
flotiy) > Y Jar(5a® =2 y?) = o fo) — 27 f(y).
k=1
U
Proposition 3.3. [~ e~2/(®) dx < /27 f~1(1).
Proof. If f(1) =1 then f(x) > (22 — 1). Thus we have
/Oo e 2/ gy = f‘1(1>/oo e~ 31U M2)) gy
<y [ et
< V2re f71(1).
O

Simpler proof of Theorem 1.1. By a contour change and Proposition 3.2 we have
o
|.7-'(e_f)(f)| < / |ei(:c+iy)5—f(9c+iy) | da

oo
< eyg/ o= I @HRIG) g
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Taking infimum for y and using Proposition 3.1 and 3.3 we obtain

Fle )@ < Vame fH(1)e M < Vare fH(1)e O,

where h = 24™” This completes the proof. O
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