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A COROLLARY TO BERNSTEIN’S THEOREM
AND WHITTAKER FUNCTIONALS
ON THE METAPLECTIC GROUP

WiLLiAM D. BANKS

In this paper, we extend and apply a remarkable theorem due to Bernstein,
which was proved in a letter to Piatetski-Shapiro in the fall of 1985 [3]. The
theorem is quite useful for establishing analytic continuation and rationality re-
sults in a variety of settings in the study of automorphic forms and L-functions,
such as in the theory of local intertwining operators and local coefficients for
induced representations, or in the theory of Eisenstein series. Bernstein’s theo-
rem is extraordinary in terms of the simplicity of its formulation, the elegance
of its proof, and its wide range of applicability to problems requiring a proof
of analytic continuation. The first section of this paper is devoted to a review
of the statement and proof of Bernstein’s theorem. We then prove a corollary
that can be used in some situations to obtain more precise information about
the location of poles. This corollary has already been applied by Friedberg and
Goldberg [5] in their work on local coefficients for non-generic representations.

In the second section, we apply our corollary to Bernstein’s theorem to es-
tablish the analytic continuation of the Whittaker functionals for a series of
induced representations on the n-fold metaplectic cover of GL,(F), where F is
a nonarchimedean local field. For the very special case of principal series, this
is a result of Kazhdan and Patterson [6]. We now state our main result more
precisely. Suppose that F contains the n-th roots of unity, and that |n|p = 1.
Let G := GL,(F), and let G be the n-fold metaplectic cover of G. Let M be the
standard Levi subgroup in G of type (r1,...,7rt), and let M be the full meta-
plectic preimage of M in G. Now suppose that 7 is an admissible representation
of M with £ > 0 linearly independent Whittaker functionals. For every s € CF,
we can twist m by a certain unramified quasicharacter §° : M — C* and then
induce in the usual way to obtain a representation 7, of G. By [1], each g
also has ¢ linearly independent Whittaker functionals, and the main result of
this section is that these functionals can be chosen to vary holomorphically with
s € CF. This result is the starting point for the general theory of local coeffi-
cients for induced representations on the metaplectic group, which should lead
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to interesting results on the nature of the (conjectural) Shimura correspondence
from G to G.

The author wishes to thank Sol Friedberg for encouraging the publication of
these results and for informing the author of the applications in [5].

1. Bernstein’s Theorem

Let V' be a vector space over an arbitrary field k, and let V* := Homy(V, k), the
linear dual of V. A subset = C V x k is called a system of equations in V x k.
A solution to Z is an element A\ € V* that satisfies A\(v) = z for all (v,z) € E.

Let D be an algebraic variety defined over k, and let k[D] be the algebra of
regular functions D — k. Let Vyp) := V ®; k[D], and for every d € D, let
€4 : Vip) — V be the unique linear map that sends v ® ¢ to ¢(d)v for all v € V,
¢ € k[D]. A regular function D — V is any function of the form d — &4(0) for
some ¥ € Viip).

A family of systems Ep is a collection {Ed ’ de D}, where each Z; is a system
of equations in V' x k whose elements are indexed by a common indexing set R:

By = {(vr,d,xﬁd) ceVxk ‘ re R}

The family Zp is said to be regular if the functions v, : D — V, d — v, 4, and
zr : D — k, d— x,4, are regular for every r € R. In this case, we will choose
for each 7 € R an element 0, € Vjpj such that {4(0,) = v, q for all d € D.

Now suppose that V is a vector space over k := C, D an irreducible algebraic
variety over C, and Zp a regular family of systems as above. Let F' := C(D),
the field of fractions of C[D], let Vp := V ®c F, and let V}5 := Homp(Vp, F),
the linear dual of Vp. As 0, € Vgip) C Vi and x, € C[D] C F for each r € R,
we can associate to the family =p a single system of equations = in Vp X F":

2= {(@T,mr) eVp XF}TGR}.

If A € Vi is a solution to =, then A is F-linear and therefore determined by its
values on elements of the form v ® 1 with v € V. If d € D, and A(v ® 1) is
defined at d for all v € V, then A\(9) is defined at d for every © € V¢ [py. For such
d, let \g € V* be defined by A\g(v) := AM(v ® 1)(d) for all v € V. It follows that
Ad(€4(0)) = A(0)(d) for all & € Vgp). Moreover, since:

)\d(vr,d) = A\ (§d(@r)) = A('f)r)(d) = (L‘r<d) = Zrd, Vr eR,

it follows that Ay is a solution to Z4.

Theorem. (Bernstein) Along with the assumptions above, suppose that V' has
countable dimension over C, and there exists a nonempty subset Dy C D, which
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is open in the Hausdorff topology, such that Z4 has a unique solution for all
d € Dy. Then = has a unique solution A\ € Vi. Moreover, on some subset
Dt C D, whose complement in D is a countable union of hypersurfaces, \q € V*
is defined and is the unique solution to =g.

Proof. To show that = has a solution A € Vi, we first define A on the F-linear
span of {ﬁT ‘ rE R} and then continue it arbitrarily to all of Vp. Thus, for every
collection {a,n eF ‘ rE R} in which only finitely many of the a,.’s are nonzero,
we define )\(Zarﬁr) := Y a,x,. To see that A is well-defined, we must show
that > a,0, = 0 implies > a,z, = 0. After multiplying by an appropriate
nonzero element of C[D], we can assume that every a, € C[D]. Then:

Z a’r(d)vT,d = 5«1(2%@) = O, VdeD.

In particular, if d € Dy:

(Z arxr) (d) =>ar(d)xyrg = )\d(z aT(d)vr,d) =0,

where Ay € V* is the unique solution to Z4. Since Y a,z, vanishes on Dy, our
assumptions on D and Dy imply that > a,z, = 0.

To show uniqueness, let {v;} be a countable basis for V, and let A € Vj be a
solution to E. Let Dy (M) be the union of the countable number of hypersurfaces
in D where some A(v;®1) has a pole. From the discussion preceding this theorem,
Aq is defined and is a solution to Z4 for all d € D — Dy, (A). Now suppose that
A, A€ Vi are two solutions to Z. Since E;4 has a unique solution on Dy, then
for all o € Vgip) and all d € Dy, d € Doo(A) U Do (N):

A(©)(d) = Aa(€a(D)) = Ag(€a(D)) = N (0)(d).

From this it follows that A = \'.

Since = has a unique solution A € Vj, the F-linear span of {ﬁr ‘ r e R}
must be all of Vp. Thus, for each ¢, v, ® 1 = > a,,;0, for some collection
{am- el | r e R} in which only finitely many of the a,;’s are nonzero. Let
D’ (\) be the union of Dy, (A) with the countable number of hypersurfaces where
some a,; has a pole, and let DI :=D - DL ()\). If d € DI, \g is defined and
is a solution to Z4. On the other hand, if X, is any solution to Z4, then A} is
uniquely determined on V since {v;} is a basis for V, and:

)\Zl(vz) = /\:1 ({d(vi & 1)) = )‘:i (gd(zanﬂ%)) =
pV ( > ar,i(d)vnd) => a,;(d)z,q.

This completes the proof. [l
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Corollary. Along with the assumptions of the preceding theorem, suppose that
D is nonsingular. Let:

D= {d eD ‘ =q has a unique solution},
F' = {qﬁ € F‘qﬁ has no pole on D!}.

If X € Vi is the unique solution to =, then A : Veip) — F'. In particular, if =4
has a unique solution for all d € D, then X : Vgp) — C[D].

Proof. Let CP' be the collection of all set-theoretic functions D' — C. Our
assumptions on D imply that C[D] embeds in cP by restriction, and that S :=
C[D] —{0} is a multiplicative set. Let (Cg!C := S~1CP' be the localization of CP"
with respect to S, i.e., the ring of all quotients of the form f/a with f € cP
and o € S. Then there are natural embeddings CP — (Cgc (f — f/1) and
F — ng (by restriction). Since D is nonsingular, its local rings have unique
factorization, and it follows that CP' NnF=F.

Let X' : Veip) — CP' be defined by M(©0)(d) = Ag(£a(d)) for all & € Vep) and
d € D', where )4 is the unique solution to Z4. Note that A'(ad) = aX' () for all
a € S and 0 € Vgp). We can extend M to an F-linear map )\!F Ve — (Cgc as
follows. Every element in Vr can be expressed in the form ¢t with ¢ € F' and
v € Veip)- Let M (90) == dA'(0) € (Cg!c. To see that A} is well-defined, suppose
that ¢101 = @202 with ¢1,¢2 € F and 91,02 € Vgp). Choose a € S such that
apy,apy € C[D]. Then ag 1 = agods, N (agid1) = X (apais), and therefore
api A (1) = apa X (92). Consequently, ¢1 A (1) = 2\ (2), and this shows that
A\ is well-defined on V.

Now for every r € R:

Ap(0:)(d) = Ma(&a(r)) = Na(vra) = 2rg,  Vd €D,

thus A% (9,) = . lies in the subset C[D] of CP'. From the proof of Bernstein’s
theorem, we know that the F-linear span of {177, ‘ r e R} is all of Vg, hence the
image of A is contained in F' C (Cg;. It follows that A := A} is the unique
solution to E in Vi, Now let & € Vgipj. Then A(9) = X(9) lies in CP' by
construction, and A(0) € F, hence A(0) € CP'NF =F'. Thus \: Ve — F
as asserted. If D' = D, then ' = C[D], and the last statement of the corollary
follows. ]

2. Analytic Continuation of Whittaker Functionals

As an application of Bernstein’s theorem and the corollary of Section 1, we prove
that the Whittaker functionals for induced representations of the metaplectic
group possess an analytic continuation with no singularities.
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Let F be a nonarchimedean local field such that the group u, of n-th roots
of unity in F* has cardinality » > 1. We also assume that |n|p = 1. Let
G := GL.(F), r > 1, and let G be the n-fold metaplectic cover of G. As a set,
G:=G x ln, With a multiplication law given by:

(9.¢) (¢, ¢") = (99':¢¢or(9.9)), Vg9 €G, (¢ € pn.

Here 0, : G X G — p, is a 2-cocycle in Z%(G; uu,) constructed in [2] from the
Steinberg symbol ¢ := (-,-)z ', where (-,)p : FX x F* — p, is the n-th order
Hilbert symbol on F. The 2-cocycle o, can be explicitly computed on G x G. In
particular, for elements of T', the subgroup of diagonal matrices in G, we have:

or(t,t) =TI (ti,th)r, Vit = diag(ty,... ,t,.), t' = diag(ty,... ,t\.) € T.
1<i<j<r

We identify p,, with its image under the embedding p,, — C?, ¢ — (e,(), where e
is the identity in G. Let p : G — G be the projection homomorphism (g, () — g.
Then the sequence:

1— py — G2aG— 1,

is exact. For any subgroup H of G, we will denote by H the full metaplectic
preimage p~1(H) in G. Finally, let s : G — G be the p-section g — (g, 1). Note
that s is not a homomorphism if r > 2 since s(g)s(g’) = s(g9g’)o,(g,g’) for all
9.9 € G.

The cover G splits canonically over N, the standard subgroup of upper tri-
angular unipotent matrices in G. In fact, the restriction of s to N yields the
embedding N — G, and we denote by N¥ its image s(N). Let ¢p : F — C*
be a fixed nontrivial additive character, and let ¢ : N — C* be the standard
nondegenerate character given by:

w(s(n)) = Tnll Yr(nit1), Vn e N.

If H is any subgroup of GG, and 7 is a representation of H on a complex vector
space V, then a - Whittaker functional for 7 is a linear functional A : V' — C
such that A(m(n)v) = ¥(n)A(v) for all n € N*N H,v € V. We denote by
Wh(m; 1)) the space of all such functionals.

Since |n|r = 1, the cover G also splits canonically over the maximal compact
subgroup K := GL,(O), where O is the ring of integers in F (cf. §0.1 of [6]).
Let k : K < G be the canonical splitting homomorphism, and let K¥ := k(K).
For every m > 0, let K, := {k € K|k =e (mod ™)}, where g is the unique
maximal ideal in O, and let KX := k(K,,). The collection {K}; ‘ m > 0} is a

basis of compact open neighborhoods of the identity é in G.
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Let r1,... , 7, be positive integers such that »r =r; + ...+ rg, and let M be
the standard Levi subgroup in G of type (r1,...,7r;). Then M is isomorphic
to GL,, (F) x ... x GL,, (F), where the GL,,(F)’s are embedded in G as blocks
along the diagonal. For every s = (s1,...,5;) € C*, let §° : M — C* be the
unramified quasicharacter given by:

Sq

0%(m) = P V'm = diag(mq,... ,my) € M.

—

|det(m;)

=1

We will also regard 0° as a quasicharacter of M that is trivial on n. Let P
be the standard parabolic subgroup in G of type (r1,...,rg), U its unipotent
radical, and U® := s(U).

Now let m : M — Aut(V) be an admissible representation such that the
dimension ¢ of Wh(m; ) is nonzero (by theorem 1.5.2 of [6], { < o0). Such a
representation is said to be generic. For all s € C*, let 6% : M — Aut(V) be
the admissible representation given by 6°7(m) := §*(m)mw(m) for all m € M. Tt
is easily shown that dim(Wh(dSﬂ; w)) = ¢ for all s € C*. Extend each §°7 to a
representation of P by letting U® act trivially, and let w5 be the unnormalized
induced representation Ind(]g, é; 0°m). In other words, 7y is the representation
obtained from the action of G by right translation on the vector space:

Vo= {fs € C¥(G;V) | fs(pg) = 6°7(p) fs(9), Vp€EP, g€ G},
where C"X’(é; V') is the space of locally-constant functions f : G- V. According

to the results of [1], dim(Wh(,; 1)) = ¢ for all s € C*.
Lemma 1. Let V be the space of functions f € C°(K¥; V) that satisfy:

flpk)=7(p)f(k), VpePNKX keKX

is an isomorphism for every s € CF.

Then the map Vs — V, fs— fs’Kk)

Proof. The proof is straightforward in view of the fact that G = PKk. |

An element f € V is called a flat section of the series {773 | s € (Ck}. By the
lemma, V can be regarcied as the space of 7, for every s € C*. By abuse of
notation we define 75 : G — Aut(V) so that the diagram:

Vs %
7s(g) l ‘ 7s(9)
Vs 1%

commutes for all g € G.

restriction to K¥
it

restriction to K¥
hitiiislehiisinai el
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Lemma 2. For all g € G and f €V, the function C* — V, s+ 7,(g)f, is
reqular in the sense of §1.

Proof. This is well-known and follows from the fact that s +— §°(p) is regular for
any p € P. O
The main result of this section is the following theorem, which describes the
analytic continuation of the ¥-Whittaker functionals for the series {773 ‘ s € Ck}.
Theorem. For all1 <i < {¢ and s € C*, one can choose Ais € Wh(ms;1)) so
that:
(a) For each s € CF, the collection {)‘1’73 ’ 1<i< 6} is a basis for Wh(mg; 1),
(b) For every f € V and 1 < i < £, the map C*¥ — C, s — N\ s(f), is
holomorphic.

The proof is a straightforward application of the corollary to Bernstein’s theo-
rem in Section 1. Before turning to the proof, we will establish some preliminary
results of a technical nature.

For the rest of this section, let W [resp. W] be the Weyl group of permutation
matrices in G [resp. M], and let w be the long element in [W/Wy,] (cf. [4]). Then
M, == wMw™! is the standard Levi subgroup in G of type (ry,... ,r1). Let P,
be the standard parabolic subgroup in G of type (rg,...,r1), Uy, its unipotent
radical, and U} :=s(U,). Finally, let @ := s(w).

Lemma 3. For every m > 0, w'US N Pu—'KX = @&~ 1(US N KkX).

Proof. Since k‘NmK = S‘NHK (cf. §0.1 of [6]), this follows from the corresponding

nonmetaplectic statement:
w U, N Pw K, = w (U, N Kp),

which is easily shown. ]

We now introduce some special functions in ¥ to be used below. First, let:
faps =ms(n)f—v(n)f, VYneNS feV, seCk

Next, for any v € V, choose m > 0 so that v is fixed by PN KX . Then for all
k e KX, let:

Fom (k) = { n(p)v g = pu K for some p e POKS, I € K,

0 otherwise.

Then fv,m is a well-defined element of the space V™ of KX -fixed vectors in V.
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Proposition. Let {)\i ‘ 1<i< E} be a fized basis for Wh(m;1). Then:
(a) For any compact open subgroup C C Uy, let C3 :=s(C), and let:

A= [ Nlmla @) By du,  VI<i<h seCh fe,
Cs
where du is a left Haar measure for U;. If C is sufficiently large
(depending only on f), then \; s(f) := Ags(f) is independent of C,
(b) For all s € C*, the collection {\; 5|1 <i <} is a basis for Wh(ms; 1)),
(c) If {v; |1 < j <t} are elements of V such that \i(v;) = &;;, and m is a
sufficiently large positive integer, then for all s € CF:

V= span<fvj,m ! 1<5< E> @span<fn7fvs ‘ ne N3 fe V>.

Proof. Let s € C* be fixed throughout the proof, and let:
V’Lb,s = Span<fn,f,s } ne Nsa f € V>

Since f,. ;s := ms(n)f —(n)f, a linear functional A : V — C lies in Wh(7; 1))
if and only if Vy, s C ker(X). Consequently, Wh(my; 1)) can be identified with the
linear dual of V/Vy s, hence dim(V/Vy,s) = ¢. Thus, to prove (c) it suffices to
show that the ¢ elements { fvj,m} are linearly independent and not contained in
Vip,s-

First, we claim that if f € V,, 4, then Afs(f) = 0 if C is sufficiently large. It
suffices to prove this for elements of the form f,, s, where n € N and f € V.
Write n = n'u’ with n’ € N5 := NN M, and v’ € US,. Let C be any compact
open subgroup of U, such that «’ € C%, and n’CSn/~! = CS. Then:

X (ms(n)f) ://\i(vrs(@_lun)f(é))i(@du=/ i(fs(@ ™ unu')) P(u) du

Cs Cs

where fs € V; corresponds to f under the isomorphism Vi = V of lemma 1.
After a change of variables {u — n'un’~';du — du}, we obtain:

/)\i(fs(w_ln’uu’)) p(n'un' 1) du = /)\i (W(lb_ln’ﬁ})fs(zb_luu/)) P(u) du
Cs Cs

Qp(w_ln’w)/ (fs(w uu )) P (u) du
Cs
Note that ¢ (0~ 1n/w) = ¢(n’) for all n’ € N3, since conjugation by @ permutes
the blocks of NS. After a change of variables {u +— wu'~';du — du}, the
preceding expression becomes:
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() / N (fo (")) Pl ) du = () / N (o () £(2)) Bw) du
Cs Cs

= ¥(n) XY, (f),

since ¥(u'~1) = ¢(u'), and Y(n')(u') = P(n'u’) = (n). We have therefore
shown that XS (ms(n)f) = ¥(n) AS,(f), or that XS (fn.f.s) = 0, provided that
C is sufficiently large. This establishes the claim.

Next, let {v; ’ 1 < j <{} be elements of V such that X;(v;) = &;;. Choose
m > 0 so that each v; is fixed by PN Kk

m?

and w’NsﬁKk = 1. Then for any
compact open subgroup C C U, containing U,, N K,,:

Ao (fogm) Z/)\i(ﬂs(w_lu)ﬁj,m(é)) o(u) du:/&(fs(w_lu))a(u) du,
Cs Cs

where fs € Vs now corresponds to f%m under the isomorphism of lemma 1.
Since f, is supported on Pw~!KX  lemma 3 implies that:

)\gs(fvj,m) = / )\z (fvj,m(’(z}_lu)) E(U) du = Cméijg

Us NKk,

where ¢, is the volume of US N KX with respect to the measure du. Since c,, # 0,
the elements { fvj,m ‘ 1<5< E} are linearly independent and not contained in
Vy.s, and (c) is proved. The other statements follow easily from (c) and the
preceding calculations. O

Proof of Theorem: Part (a) of the theorem has already been proved. We continue
to use the notation of the proposition. Let 1 < i < ¢ be fixed, let D := C¥, and
let R be the indexing set:

R:={(n,f)|neN® feVIu{(y)|1<j<t}

For r = (n, f) and s € D, let v, 5 := fn,f,s, and let z, 5 := 0. For r = (j) and
s€D,let v, := fvj,m, and let x,. 5 := ¢;nd;;. Let:

Es = {(vps,2r5) EVXC|reRrR}, VseCh

By lemma 2, the collection Zp := {Es } s € D} is a regular family in the sense
of Section 1. By part (c) of the proposition, it follows that A; s is the unique

solution to = for all s € C*. Since V = [J V™ has countable dimension over
m>0
C, we see that all of the hypotheses of Bernstein’s theorem and the corollary are

met. Thus, if A is the unique solution to Z, then X : V¢ip) — C[D]. In particular,
for all f € V, the map C¥ — C, s+ \; 5(f), is none other than A(f ®1) € C[D],
which proves part (b) of the theorem. O
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