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EIGENVALUES OF PRODUCTS OF UNITARY MATRICES
AND QUANTUM SCHUBERT CALCULUS

S. AGNIHOTRI AND C. WOODWARD

ABSTRACT. We describe the inequalities on the possible eigenvalues of products
of unitary matrices in terms of quantum Schubert calculus. Related problems
are the existence of flat connections on the punctured two-sphere with prescribed
holonomies, and the decomposition of fusion product of representations of SU(n),
in the large level limit.

In the second part of the paper we investigate how various aspects of the
problem (symmetry, factorization) relate to properties of the Gromov-Witten
invariants.

1. Introduction

Beginning with Weyl [32], many mathematicians have been interested in the
following question: given the eigenvalues of two Hermitian matrices, what are
the possible eigenvalues of their sum? In a recent preprint [18], Klyachko ob-
serves that a solution to this problem is given by an application of Mumford’s
criterion in geometric invariant theory. The eigenvalue inequalities are derived
from products in Schubert calculus. In particular, Weyl’s inequalities correspond
to Schubert calculus in projective space. The necessity of these conditions is due
to Helmke and Rosenthal [14].

One of the fascinating points about the above problem are several equiva-
lent formulations noted by Klyachko. For instance, the problem is related to
the following question in representation theory: Given a collection of irreducible
representations of SU(n), which irreducibles appear in the tensor product? A
second equivalent problem involves toric vector bundles over the complex pro-
jective plane.

In this paper we investigate the corresponding problem for products of unitary
matrices. This question also has a relationship with a representation-theoretic
problem, that of the decomposition of the fusion product of representations. The
solution to the multiplicative problem is also derived from geometric invariant
theory, namely from the Mehta-Seshadri theory of parabolic bundles over the
projective line. The main result of this paper, Theorem 3.1, shows that the
eigenvalue inequalities are derived from products in quantum Schubert calculus.
This improves a result of I. Biswas [5], who gave the first description of these
inequalities. A similar result has been obtained independently by P. Belkale [2].

Received December 9, 1997.

817
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The proof is an application of the Mehta-Seshadri theorem. A set of unitary
matrices Aq,...,A; such that each A; lies in a conjugacy class C; and such
that their product is the identity is equivalent to a unitary representation of
the fundamental group of the [ times punctured sphere, with each generator ~;
being mapped to the conjugacy class C;. By the Mehta-Seshadri theorem such
a representation exists if and only if there exists a semi-stable parabolic bundle
on P! with [ parabolic points whose parabolic weights come from the choice of
conjugacy classes C;. This last interpretation of the original eigenvalue problem
can be related to the Gromov-Witten invariants of the Grassmannian and this
is done in Section 5 below.

In Sections 6 and 7 we investigate how factorization and hidden symmetries of
these Gromov-Witten invariants relate to the multiplicative eigenvalue problem.

2. Additive inequalities (after Klyachko and Helmke-Rosenthal)
Let su(n) denote the Lie algebra of SU(n), and

t={(\,... . A) ER™ | YN =0},
its Cartan subalgebra. Let
t={(\,....; ) et A > N, i=1,...,n—1}
be a choice of closed positive Weyl chamber. For any matrix A € su(n) let
A(A) = (A (A), A2(A), -+, An(A)) € by

be the eigenvalues of the Hermitian matrix —iA in non-increasing order. Let
A(l) C (ty)" denote the set

A(l) = {(A(A1),MA2), ... ;A A(A)) | A1,y... A €esu(n), Ay+Ax+...+A; =0}
Define an involution
* 0 t+gt+, (Al,...,An)l—)(—)\n,...,—)\1).

For any A € su(n) the matrix —A has eigenvalues A\(—A) = *\(A). The set A(])
is invariant under the map

*l : (t+)l - (t+)l7 (517 ce 751) = (*517 cee 7*5[))

and also under the action of the symmetric group S; on (t)".

The set A(l) has interesting interpretations in symplectic geometry and rep-
resentation theory. Consider the cotangent bundle 7*SU (n)!~! with the action
of SU(n)! given by SU(n) acting diagonally on the left and SU(n)'~! on the
right. The moment polytope of this action may be identified with A(l) (see
Section 5.) From the convexity theorem for proper moments proved by Sjamaar
[30] (see also [20]), it follows that A(l) is a finitely-generated convex polyhedral
cone. In particular there are a finite number of inequalities defining A(l) as a
subset of the polyhedral cone (t)".
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The set A(l) may also be described in terms of the tensor product of repre-
sentations. Let

(,): su(n) xsu(n) =R, (A, B)— —Tr(AB),

~

denote the basic inner product on su(n), which induces an identification su(n) =
su(n)*. Let A = Z™ Nt denote the integral lattice and A* C t its dual, the
weight lattice. For each A € A*Nt,, let V) denote the corresponding irreducible
representation of SU(n). We will see in equation (9) that A(I) N Q! is the set of
(AL,..., Al such that for some N such that NAL,... NA € A*, we have

Vat ®...0 Vyyi-1 D VJ:;/\;,

that is, Vyxt ® ... ® Vi contains a non-zero invariant vector.
The work of Klyachko and Helmke-Rosenthal gives a necessary and sufficient
set of inequalities describing A(() in terms of Schubert calculus. Let

Cn:FnDFn_lD...DFOZ{O}

be a complete flag in C", G(r,n) the Grassmanian of r-planes in C", and for
any subset I = {iy,...,i,} C{1,...n}, let

op={WeG(r,n) | dm(WnF,)>j j=1,...,r}

denote the corresponding Schubert variety. The Schubert cell C7 C o7 is defined
as the complement of all lower-dimensional Schubert varieties contained in o7y:

C[ == O']\ U agyj.
ojCor
We say that W is in position I with respect to the flag F, if W € Cf.

The homology classes [o] form a basis of H,(G(r,n),Z). Given two Schubert
cycles 01,0, we can expand the intersection product [o7] N[o;] in terms of this
basis. We say [o;] N [0s] contains [0k] if [0x] appears in this expansion with
non-zero (and therefore positive) coefficient. Equivalently, let

*K:{n+1—z},n+l—ir_1,... ,7’L—|—1—i1},

so that [0.k] is the Poincare dual of [ox]. Then [o;] N [0] contains [ok] if and
only if the intersection of general translates of the Schubert cycles o5, 07, 0.k is
non-empty and finite.

Theorem 2.1 (Klyachko, resp. Helmke-Rosenthal). A necessary and suf-
ficient (resp. necessary) set of inequalities describing A(l) as a subset of (t; )"
are

(1) D ON(AD) D XA+ ) Ni(A) <0,

where I,... I, are subsets of {1,...,n} of the same cardinality r such that
lon]N...N[or,_,] D lo«r], and r ranges over all values between 1 and n — 1.
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Note that the cases [ = 1,2 are trivial: A(1) = {0}, and A(1) = {(u, *p) | p €
t, }. Klyachko also claims that these inequalities are independent.*

From Theorem 2.1 follows a complete set of inequalities for the possible eigen-
values of a sum of skew-Hermitian matrices. For instance, for [ = 3 one obtains
the inequalities

(2) S XA+ N(B) <> M(A+B),

i€l j€J kEK
where I, J, K C {1,... ,n} range over subsets such that [o;]N[o ;] contains [ok].

Ezample 2.2. Let r = 1 so that G(r,n) 2 P" L and I = {n—i+ 1}, J =
{n—j+1}. Then oy X P! o; 2 P"J so that [o7] N [o;] P+ = gy
where K = {n —i — j + 2}. One obtains

(3) An—it1(A) + An—j41(B) < An—i—jy2(A + B).
2.1. Duality. Let A;,..., A; € su(n). From (2) applied to —A;,...,—A; one
obtains
(4) =) A(A) - = D> M(A) <0,
1€xlq 1€x1;

or equivalently, >, ., Ai(A1)+...+> ic,p, Ai(Ar) > 0. By the trace condition,
(4) is equivalent to

XA+ 4 ) () <0,

’L’é*[l i%*h

Let If = {1,... ,n}\* ;. Then [o;¢] is the image of [oy,] under the isomorphism
of homology induced by G(r,n) = G(n —r,n) (see page 197 onwards of Griffiths
and Harris [10]). Thus the appearance of (4) in (1) corresponds to a product in
the Schubert calculus of G(n — r,n).

Ezample 2.3. The dual equation to (3) is Weyl’s 1912 [32] inequality
(5) Ai(A) +X;(B) > Aiyj—1(A+ B).

IWe discovered after the first draft of this paper was circulated that in fact these inequalities
are not independent. In the special case n = 4 and b = 4, the inequalities with intersection
number equal to one form a complete and independent set of inequalities describing A. The
unique redundant inequality in this case corresponds to the product 0?24’ 4= 2[pt]. Fulton
observed that this inequality is implied by the inequalities that define the positive chamber.
Belkale [2] has proved that for arbitrary n and b, the inequalities with intersection number
greater than one are redundant. The independence of the remaining inequalities is, at this

time, still open.
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3. Multiplicative Inequalities
Let 2 C t4 be the fundamental alcove of SU(n):
A={Aet, | A — A\ <1}

Let A € SU(n) be a unitary matrix with determinant 1. Its eigenvalues may be

written
e27rz)\1(A)’ e27rz>\2(A)7 o ’627rz/\n(A)7

where A(A) = (A1(A),... , A\ (A4)) € A. The map A — A(A) induces a homeo-
morphism
A= SU(n)/ Ad(SU(n)).
Let A,(I) C 2! (q for quantum) denote the set
Ay ={(A(A1),... , A(A) | A1,..., A € SU(n), A1As... A =1}

As before, A4(l) is invariant under the involution, «t AP — Al and the action
of the symmetric group S; on .

The set A4(l) has an interpretation as a moment polytope. Let M be the
space of flat SU (n)-connections on the trivial SU(n) bundle over the [-holed two-
sphere, modulo gauge transformations which are the identity on the boundary
(see [24]). The gauge group of the boundary acts on M in Hamiltonian fashion
and the set A,y(l) is the moment polytope for this action. By [24, Theorem
3.19], A4(l) is a convex polytope. In fact, an analogous statement holds for
arbitrary compact, simply-connected Lie groups. In particular, a finite number
of inequalities describe A,(l). In the case n = 2, these inequalities were given
explicitly for I = 3 in Jeffrey-Weitsman [15] and for arbitrary numbers of marked
points in Biswas [6]. A description of the inequalities in the arbitrary rank case
was given in [5] but the description given there does not seem to be computable.

There is also an interpretation of A, () in terms of fusion product. Let ®x
denote the fusion product on the Verlinde algebra R(SU(n)n) of SU(n) at level
N. Then Ay () N Q' is the set of (AL,... A!) € 2N Q' such that for some N
such that NA, ... NA € A*, we have

(6) Var ®n ... ®n V-1 D Vivant-
See Section 8.

3.1. Quantum Schubert calculus. Quantum cohomology is a deformation
of the ordinary cohomology ring that was introduced by the physicists Vafa
and Witten. Quantum cohomology of the Grassmannian (quantum Schubert
calculus) was put on a rigorous footing by Bertram [3]. Recall that the degree of a
holomorphic map ¢ : P! — G(r,n) is the homology class [p] € H?(G(r,n),Z) =
Z. Let p1,...,p; be distinct marked points in P!. The quantum intersection
product x on H,(G(r,n),C) ® C[q] is defined by

[011] K’k [UII] = Z([Uh]v SRR [011]7 [UJ]>d [U*J]qdv
J
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where the Gromov-Witten invariant ([or,],... ,[or], [07])a is equal to the num-
ber of holomorphic maps P* +— G(r,n) sending p1, ... , p;, p to general translates
of or,,... 01,0  if this number is finite, and is otherwise zero.

Our main result is the following description of A, (1):

Theorem 3.1. A necessary and sufficient set of inequalities for Ay(1) are given
by

(7) SonAD + Y Ni(Ag) o+ > Ni(A) < d,
iely i€ls el;
for (I, ..., I;,d) such that ([or,]|*...x[or])a # 0. That is, [on]*...x[or,_,] D
d
q [U*Iz]'

In the last few years several techniques have been developed for computing
the coefficients of quantum Schubert calculus. See for instance Bertram, Ciocan-
Fontanine, Fulton [4]. Therefore the above theorem makes the question of which
inequalities occur computable in practice.

One recovers the inequalities for A(l) from the degree 0 Gromov-Witten in-
variants. This shows that A(l) is the cone on Ay(l) at the O-vertex, i.e.

A(l) =Ry - A(0).

This may be verified by several alternative methods, e.g. Remark 5.4.
The simplest example of a positive degree inequality is given by the following:

Example 3.2. Let r = 1 so that G(r,n) = P"~1 and U,V,W C C" be subspaces
in general position of dimensions 4,j,n 4+ 1 — i — j. There is a unique degree 1
map P! — P"~! mapping p1,p2,ps to P(U),P(V),P(W) respectively. Together
with the degree 0 inequality mentioned before, this gives

(8) Aij—1(AB) < Xi(A) + A;(B) < Aitj(AB) + 1.
We will see in Section 7 that these inequalities are related by a symmetry of

A1),

4. Moduli of flags and Mumford’s criterion

As a warm-up we review some of the ideas involved in Klyachko’s proof. For
any £ € t,, let

Oc = SU(n) - € = {A € su(n) | MA) =€}

denote the corresponding adjoint orbit. Via the identification su(n) = su(n)*,
O¢ inherits a canonical symplectic structure, called the Kostant-Kirillov-Souriau
two-form, and the action of SU(n) on O is Hamiltonian with moment map given
by inclusion into su(n).

The diagonal action of SU(n) on O, x ... x Og has moment map given by

(Al,...,Al)l—>A1—|-A2+...+Al.
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The symplectic quotient N'(&1,...,&) = O, X ... X Og, J/SU(n) is given by
N(fl,... ,fl):{(Al,... ,Al) EO&...O& ‘A1+A2+...+Al :0}/SU(H)

For generic (&1, ... ,&), that is, values where the moment map has maximal rank,
the quotient NV'(&1,...,&) is a symplectic manifold. The I-tuple (&1,...,&) lies
in A(l) if and only if N'(&1,...,&) is non-empty.

The quotients N (&1,...,&) may be viewed as symplectic quotients of the
cotangent bundle 7*SU(n)!~!. Indeed, the symplectic quotient

(T*SU(’R) X Og)//SU(n) = Og.

Therefore, the quotient of 7*SU(n)!~! by the right action of SU(n)!~! and the
diagonal left action of SU(n) is

(T*SU(n)lil X O&l X ... X O&l)//SU(TLY %N(fl,. . ,&).

It follows that A(l) is the moment polytope of the action of SU(n)! on
T*SU(n)!=1.

One can determine whether NV(&1,...,&) is empty by computing its sym-
plectic volume. This is given by a formula due to G. Heckman [13] (see also
[11] or [22, (4)]). Unfortunately the formula involves cancellations and it is not
apparent what the support of the volume function is, or even that the support
is a convex polytope.

The manifolds O, have canonical complex structures (induced by the choice
of positive Weyl chamber) and are isomorphic to (possibly partial) flag varieties.
Suppose that &;,...,& lie in the weight lattice A*, so that there exist pre-
quantum line bundles L¢, — Og,; i.e., equivariant line bundles with curvature
equal to 277 times the symplectic form. The sections of L¢, X... X L¢, define a
Kahler embedding

Og, X ... X Og = P(V)) x ... x P(Vy)),

where Vg, , ..., Vg, are the irreducible representations whose highest weights are
&1,...,&. By an application of a theorem of Kirwan and Kempf-Ness (which
holds for arbitrary smooth projective varieties, see [17, page 109] or [9, Chapter
6]) the symplectic quotient is homeomorphic to the geometric invariant theory
quotient
N(fl,. .. 7§l) = 051 X ... X O&//SL(H,(C)

By definition, O, X ... x O, //SL(n,C) is the quotient of the set of semi-stable
points in O¢, x ... x Og by the action of SL(n,C), where (F¢,,...,F¢,) €
O¢, x...x O, is called semi-stable if and only if for some IV there is an invariant
section of (L¢, X ... X L, )®N which is non-vanishing at (F¢,,..., Fg,). The
quotient N'(&1,...,&) is therefore non-empty if and only if there exists a non-
zero SU (n)-invariant vector in

(9) flo((LE1 &...@L&)@N) :Vv]\]gl ®"'®VN51'
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This explains the representation-theoretic interpretation of A(l) alluded to in
the introduction.?

In order to obtain the inequalities in Theorem 2.1, one applies the criterion of
Mumford, which says that a point is semi-stable if and only if it is semi-stable
for all one-parameter subgroups [25, Chapter 2]. (See also [17, Lemma 8.8] and
[9, Chapter 6].) Let us assume that the & are generic. An application of the
criterion gives that an [-tuple of complete flags (Fi,...,F}) € Og X ... X O, is
semi-stable if and only if for all subspaces W C C™, one has

Zfl,i‘l-'---i-meSU,

i€l i€l

where I; is the position of W with respect to the flag F;. The proof similar to
that for Grassmannians given in Section 4.4 of [25].

The set of semi-stable points is dense if it is non-empty. It follows that
N (&, ..., &) is non-empty if and only if the above inequality holds for every
intersection o7, N...N oy, of Schubert cycles in general position. Any inequality
corresponding to a positive dimensional intersection must be redundant. Indeed,
since the intersection is a projective variety, it cannot be contained in any of the
Schubert cells. The boundary of o, consists of Schubert varieties oy with J such
that ji < iy for kK = 1,...,r, where i1,...,%. and j1,...,J, are the elements
of I; and J in increasing order. The inequality obtained from an intersection
o, N...Noyp_, Noy # ( therefore implies the inequality that is obtained from
o, N...Noy 75@

5. Application of the Mehta-Seshadri theorem
For any £ € U, let
Ce = {A € SUm) | MA) = ¢}

denote the corresponding conjugacy class. The mapping A — A(A) induces a
homeomorphism SU(n)/ Ad(SU(n)) = .

Let p1,...,p € P! be distinct marked points and M (&, ... , &) the moduli
space of flat SU(n)-connections on P\ {py,...,p;} with holonomy around p;
lying in C,. Since the fundamental group of P\ {p,... ,p;} has generators the
loops 71, ..., around the punctures, with the single relation vy - ... -y =1,

M(fl,... ,fl)g{(Al,... ,Al) EC&I X ... XCgl |A1A2Al:I}/SU(n)

In particular M(&;,...,&) is non-empty if and only if (&1,...,&) € Ay(D).
In theory one can determine if M(&q,...,&) is non-empty by computing its
symplectic volume by the formulae stated in Witten [33, (4.11)], Szenes [31],
and [23, Theorem 5.2].

2Recent work of Knutson and Tau [19] shows that one may take N = 1 in this equation.
Klyachko’s work therefore yields a recursive algorithm for determining which irreducibles ap-
pear in a tensor product. This algorithm was originally conjectured by Horn.
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For rational &1, ... ,& the space M(&1,...,&) has an algebro-geometric de-
scription due to Mehta-Seshadri [21]. Let C' be a Riemann surface with marked
points p1,...,p € C and let £ — C be a holomorphic bundle. A parabolic
structure without multiplicity on & consists of the following data at each marked
point p;: a complete ascending flag

0= 5pi,0 cé& ;1 C 5;01.72 o C gpi7n = Cp;>»
in the fiber £,,, and a set of parabolic weights
)‘i,l > >\i,2 >0 > >\i,n7

satisfying A\; 1 — A, < 1. In [21] the weights are required to lie in the interval
[0,1), but the definitions work without this assumption. A parabolic bundle is a
holomorphic bundle with a parabolic structure. Recall that the degree deg(€) of
& is the first Chern class ¢1(€) € H?(C,Z) = Z. The parabolic degree pardeg(€)
is defined by
ln
pardeg(&) = deg(€) + Z i
i=1,j=1
The parabolic slope p(€) is

_ pardeg(€)
u(€) = TK(E)

Given a holomorphic sub-bundle F C £ of rank r one obtains a parabolic struc-
ture on F as follows. An ascending flag in the fiber F,, at each marked point p;
is obtained by removing from

Fpi NEpin ©Fp, NEp2 C© .. ©Fp, NEpyin = Fp,,

those terms for which the inclusion is not strict. The parabolic weights for F
are

Hij = Nik;s
where k; is the minimal index such that 7, ; C &, x;. Let K; = {k1,... k. }.
The fiber F,, may be viewed as a element of the Grassmannian of r-planes in
&p,, and K is the position of F,, with respect to the flag &,, .. The parabolic
degree of F is

pardeg(F) = deg(F) + Z i k-
i, k€K,

A parabolic sub-bundle of £ is a holomorphic sub-bundle F C FE whose
parabolic structure is the one induced from the inclusion. A parabolic bundle
€ — C is called parabolic semi-stable if p(F) < u(€) for all parabolic sub-
bundles F C &. There is a natural equivalence relation on parabolic bundles:
Two bundles are said to be grade equivalent if the associated graded bundles are
isomorphic as parabolic bundles. See [21] for more details.
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Theorem 5.1 (Mehta-Seshadri). Suppose the parabolic weights \; ; are ra-
tional and lie in the interval [0,1). Then the moduli space M(A1,... ,\) of
grade equivalence classes of semi-stable parabolic bundles with parabolic weights
Aij and parabolic degree 0 is a nmormal, projective variety, homeomorphic to
the moduli space of flat unitary connections over C\{p1, ... ,p.} such that the
holonomy of a small loop around p; lies in Cy,.

In fact, the Mehta-Seshadri theorem also holds without the assumption that
the parabolic weights lie in [0,1). One can see this either through the theory
of elementary transformations, or through the extension of the Mehta-Seshadri
theorem given in Boden [7].

The explanation using elementary transformations goes as follows. Let Q
denote the skyscraper sheaf with fiber &,,/&,, n—1 at p;. One has an exact
sequence of sheaves

08 —-€—-59—0.

The kernel £’ is a sub-sheaf of a locally free sheaf and therefore locally free.
Since degree is additive in short exact sequences deg(€’) = deg(€) —1. One calls
the £ an elementary transformation of £ at p;. There is a canonical line £, ; in
the fiber £, which is the kernel of the fiber map 7 : &, — &,,. One extends the
canonical line to a complete flag by taking &), ; = n1 (&, j—1) for j > 1. Finally
one takes as parabolic weights at p; the set A\; , + 1, i 1,..., A\ n—1. With this
parabolic structure the bundle £’ is parabolic semi-stable of the same parabolic
degree as £. Details, in a slightly different form, can be found in Boden and
Yokogawa [8].

The following is the key lemma in the derivation of Theorem 5.3 from Mehta-
Seshadri. Let d = deg(£) = —)_ \;; denote the degree of any element £ €
M()\l, .. ,)\l).

Lemma 5.2. Suppose that there is some ordinary semi-stable bundle on C of
degree d. Then the set of equivalence classes of parabolic semi-stable bundles of
parabolic degree O whose underlying holomorphic bundle is ordinary semi-stable
is Zariski dense in M(A1, ..., \i).

Proof. Recall from the construction of M(Aq, ..., ;) in [21] that for some integer
N there exists an SL(N)-equivariant bundle R - R whose fibers are products

of [ complete flag varieties, such that the geometric invariant theory quotients
of R, R are

RJ/SL(N) = M(M,...,N), RJ/SL(N)=M,

where M denotes the moduli space of ordinary semi-stable bundles on C' of
degree d. By definition,

RJ/SL(N) = R®/SL(N), RJ/SL(N)= R*/SL(N)
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where R*, R® denote the Zariski dense set of semi-stable points in R, R respec-
tively. The inverse image 7' (R*) N R%/SL(N) is thus dense in R*/SL(N) =
M()\l,... ,)\l). UJ

Now we specialize to the case C' = P! with | marked points p1,poa,... ,p;.
Let &,...,6 € A NnQ\. By Lemma 5.2, M(&,...,&) is non-empty if and
only there exists a parabolic semi-stable £ with parabolic degree 0 and weights
&1, ..., & whose underlying holomorphic bundle is semi-stable. Since the sum
of the parabolic weights is zero, the degree of £ is also zero. By Grothendieck’s
theorem, £ is holomorphically trivial. A sub-bundle F C & of rank r is given by
a holomorphic map

or: P'— G(r,n).

Since ¢z is the classifying map of the quotient £/F, the degree of F is minus
the degree of ¢ . The parabolic slope of F is given by

u(ﬂz% —deg(pr)+ Y Lnitot > &l

i€l (p) i€l1(p)

where I;(¢) is the position of the subspace ¢(p;) C &, with respect to the flag
&p, « above. The parabolic bundle £ is called parabolic semi-stable if and only
if for all such F', u(F) <0, that is,

Z 1i+ ...+ Z & < deg(y),

i€l1(p) ieli(p)

for all maps ¢ : P! — G(r,n).
The following result was obtained independently by P. Belkale [2].

Theorem 5.3. A complete set of inequalities for Ay(1) as a subset of Al is given
by
(10) STN(AD) S N Ae) + o > N4 < d,

iell 7;612 iGIZ

for subsets Ir,... . I C {1,...,n} of the same cardinality r and non-negative
integers d such that there exists a rational map P — G(r,n) of degree d mapping
Di,-.. D1 to the Schubert cells Cr,, ... ,Cy, in general position.

Proof. If M(&1, ... ,&) is non-empty, then a trivial bundle with a general choice
of flags will be parabolic semi-stable. Indeed, by the above discussion the fiber
Flagl of 7 : R — R over a trivial bundle intersects R*5, so R** N Flagl is open
in Flag'. Therefore, M(&, ..., &) is non-empty if and only if

St > Gi<d
i€l iel;

for all subsets I1,...,I; and integers d such that there exists a degree d map
sending p1,... ,p; to general translates of the Schubert cells Cy,,... ,Cr,. O
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Remark 5.4. For sufficiently small parabolic weights \; ; any parabolic semi-
stable bundle on P! is necessarily ordinary semi-stable of degree 0, and therefore
trivial. It follows that the moduli spaces M(\y,...,N\) and N (Ay,..., ;) are
isomorphic. This shows that Klyachko’s result is implied by Theorem 5.3.

We now show that the existence of the maps described in Theorem 5.3 may
be detected by Gromov-Witten invariants. Let op,,... 07, be some collection
of Schubert varieties, and consider the expansion

lon]*lon]. .. xlon] = d'es,

i

where o; € H,(G(r,n)).> We say that ¢? divides [o7,] % [01,] ... % [o7,] if a; =0
for all i < d. The following lemma is stated in Ravi [28].

Lemma 5.5. Let d be the lowest degree of a map P! — G(r,n) sending p1, ... ,p
to general translates of oy, , ... ,or, respectively. Then q is the mazimal power
of q dividing [o,] *...*[oy,].

Proof. Let Mg denote the space of maps P* — G(r,n) of degree d, ev! : My —
G(r,n)! the evaluation map, and o7, (p.) = (ev!)~1(o;,) the subset of maps
sending p; to oy, for j = 1,...,l. By [3, Moving Lemma 2.2A], oy, (p.) is
a quasi-projective variety, of the expected codimension in My. By choosing
enough additional marked points pf, ... ,pl,, we can insure that the correspond-
ing evaluation map ev™ : My — G(r,n)™ is injective when restricted to
o1, (ps). Let Y C G(r,n)! x G(r,n)™ be the closure of (ev! x ev™)(My), and
let ¢ : G(r,n)! x G(r,n)™ — G(r,n)™ be the projection.

Since the homology class [¢(Y N oy, )] is non-trivial [10, page 64], ¢(Y Noy,)
must intersect some Schubert variety

g, =04, X0, X...x05 CGrn)™"

of complementary dimension. By Kleiman’s lemma, [12, Theorem 10.8 page 273],
the singular locus of ¢(Y N oy, ) does not intersect a general translate of o, ,
and similarly the singular locus of o, does not intersect ¢(Y Moy, ). Therefore
the intersection occurs in the smooth loci of ¢(Y Noy,) and o, , and another
application of the lemma implies that the intersection is finite.

For generic translates of o, , the intersection is contained in ev™ (o, (p«)).
Indeed, let o1, (p«) be the compactification of oy, (ps) given in [3], and T' C
o1, (p«) X G(r,n)™ the closure of the graph of ev™. Let Z C I' be the complement
of the graph of ev"™. The projection 7(Z) of Z in G(r,n)™ is a closed sub-variety
of (Y Noy,). By Kleiman’s lemma, for generic translates of o7, the intersection
of 7(Z) and o, is empty, so the intersection is contained in ev™(oy, (ps)).

3The following argument shows that this product is always non-zero. Multiply the left-hand
side by the dual classes [041,],. .. ,[0«1,]. The leading term in this quantum product is the
I-th quantum power of the class of a point, [pt]*!. Tt is easy to verify, using the techniques of
Section 7, that this product is non-zero. Therefore, [o7,] % ... [or,] is also non-zero.
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Because ev™ | oy, (p«) is injective, the intersection oy, (p«) N oy, (pl) is finite
and non-empty. Since the homology class [¢p(Y N oy, )] is independent of the
choice of general translate of o7, , the above intersection is finite and non-empty
for general translates of the o7, and o;;. This implies that Gromov-Witten
invariant

<[0-11]¢ cee [O-Iz]? [O-JJ? SRR I:O-J7n:|>d 7é 0.

In terms of the quantum product

lon]%...x[on]x[on]*...x[o5, ] D¢ 0w,

which implies that [o,]*...x[0},] contains a term with coefficient ¢ with i < d.
That is, for some Schubert variety o,

<[JI1]7 [012]7 SRR [O-Iz}a [U]>i ?é 0.

To prove the lemma it suffices to show that i = d. By [3, Moving Lemma
2.2], for general translates of the Schubert varieties the degree i moduli space
on,(p1)N...Nop(p) No(p) is finite and consists of maps sending p1,... ,p;,p
to the corresponding Schubert cells. Since d is minimal, i = d. O

6. Factorization

In this section we show that a relationship between the polytopes for different
numbers of marked points is related to factorization of Gromov-Witten invariants
(i.e. associativity of quantum multiplication). A similar, easier, discussion holds
for the additive polytopes A(l). A consideration of a “trivial” factorization
completes the proof of Theorem 3.1.

Suppose that | can be written [ = j + k — 2 for positive integers j, k > 2. It
is easy to see that A,(l) are projections of a section of A,(j) x A, (k).

Ag(l) ={(p1s s pjmrsvas o ve—1) | () € Bg(d) X Ag(R), py = *vi}

To show the forward inclusion, note that if AyAs...A; = I then letting B =
AjAj+1 . Al we have

(AM(A1), -+, A(Aj21), M(B)) € Ay (3),

(AMB™Y), AAj), ... A(A))) € Ay(k).

* 41n fact, the volume functions satisfy the factorization propertics
VO (1, o+ 11,1, 1)) =

/ Vol(N (1, -+ s pj—1, X)) VOL(N (%A, w1, . .., vp—1))dA,

t+
VOl(M(ul,. sy M —1,V1, . aVk—l)) =

/ Vol(M(p1,. .. 5 pj—1, %)) VOI(M (X, v1,. .., vp—1))dA.

A

The second formula is implicit in Witten [33, p.51], proved in [16], and generalized in [24].
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In particular this means that any face of A,(l) is a projection of a face (usu-
ally not of codimension 1) of Ay(j) x Ay(k). Any face is the intersection of
codimension 1 faces. This shows that any defining inequality of A,(l) is implied
by a finite set of defining inequalities for A,(j) and A, (k).

Using associativity of quantum cohomology one can be more specific about
which inequalities for Ay(j), A4(k) are needed to imply an inequality for A, (7).
Suppose that a Gromov-Witten invariant (oy,,... ,07,,075)4 7 0 so that one has
an inequality for A(l) given by

(13) ZA1,¢+...+ZAM§d.
i€l i€l
Associativity of quantum multiplication says that
(015 ,01,,07)d =

E (OLs e 0L OK)d (0K, 01,5 oo 01, 07)dy-
d1+d2=d, ‘K|=7”

In particular there exist some d;, ds with d; +ds = d and some Schubert variety
ok such that

<UI17'-' 7UIj—17UK>d1 #07 <U*K701j7"' ,O'[l,O‘J>d2 #0

From the non-vanishing of these Gromov-Witten invariants one deduces the
inequalities for A, (j), Ay(k) :

(15) ZMM—’_'“"’_ Z /ij—l,i+zuj7k§d1;

i€l i€l keK
(16) E Vi + E Voi+ ...+ E Vi < do.
hexK i€l i€l

Restricting to the section p1; = *v; one has that

Z Vik = — Z(*V1)k = - Z Hj.ks

kexK keK keK

so by adding the two inequalities one obtains (13).
Using the trivial factorization | = (I+2)—2 we complete the proof of Theorem
3.1.

Lemma 6.1. Any inequality for A,(l) corresponding to a Gromov- Witten in-
variant

(lon]s - lon] lok])a # 0,

is a consequence of an inequality corresponding to a Gromov- Witten invariant
of the form

<[UI1]7 ) [01171}7 [UJ]>d1 # 0,
for some J C {1,...,n} and d; < d.



EIGENVALUES OF PRODUCTS AND QUANTUM SCHUBERT CALCULUS 831

Proof. Suppose that
([011]7 cevy [011]7 [UK]>d 7é 0.
Taking k = 2 we obtain that for some J and dy < d
<[UI1]’ ey [01171]7 [UJ]>d1 <[U*J]7 [011]7 [UK]>d2 # 0.
Thus the inequality
(17) Z)\l’i+"'+z)\lvi§d'
i€l i€l
follows from the inequalities
(18) Z/\l,i+---+ Z )\l—l,i+z>\l,j < dy,
i€ly i€l 1 jeJ
for A € Ay4(1), and
(19) D)+ Y (W) < da
jE*J iEIZ
The last equation is a tautology for A\; € A by the [ = 2 case of Theorem 5.3. In
other words, (19) is implied by the equations A\;; > Ajiy1, A1 — Ain < 1. Thus
(17) follows from (18) and the inequalities defining 2. O
7. Hidden symmetry

An interesting aspect of the multiplicative problem is that it possesses a sym-
metry not present in the additive case, related to the symmetry of the funda-
mental alcove 2 of SU(n). Let Z = Z/nZ denote the center of SU(n), with
generator ¢ € SU(n) the unique element of SU(n) with

AMe)=(1/n,1/n,... , 1/n,(1 —n)/n).

The action of Z on SU(n) induces an action on 2 = SU(n)/ Ad(SU(n)), given
by

c- (A, )=+ 1/n A3+ 1/n, ... ;A\, +1/n, A — (n—1)/n).
Let C(I) C SU(n)! denote the subgroup
C(l) = {(Zl,... ,Zl) C A ‘ 2129 ...2] = 1} ~ g1,

The action of C(I) on A leaves the polytope A, (1) invariant.
This symmetry of the polytope A,(l) implies a symmetry on the facets of
A,(1). Let ¢ act on subsets of {1,2,...,n} via the action of (12...n)~! € S,:

i, yip ={isg1 —my. .. i —myip —m A4 n, ... i —m+n},

where s is the largest index for which i; —m > 1
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Suppose an [+ 1-tuple (I3, ..., I;,d) defines a facet of A,(l) via the inequality
(10). Under the action of (¢™,...,c™) € C(l), (10) becomes the inequality
corresponding to (¢ Iy,...,c¢™1I;,d") where d' is defined by

l

l
(20) > ™|+ nd =" L]+ nd.
=1

i=1
Ezample 7.1. From the degree 0 inequality A, (A)+ A\, (B) < A\, (AB) we obtain
by the action of (¢™% ¢/, "), i+ j < n the degree 1 inequality (8).
Equation (20) defines a C'(l) action on the set of [ + 1-tuples (I1,...,I;,d)
defining facets of Ay(l). It is an interesting fact that the Gromov-Witten invari-
ants (or,,...,07,)q are invariant under this action:

Proposition 7.2. Let (¢™,...,c™) € C(l). Then,
(O, s0n)d =(Ocminy, - s Ocmin)dr-

gees

Grassmannian G(r,n — 1) of r-planes contained in n — 1-space. We claim that
quantum multiplication by o is given by the following formula:

(21) [oe] % [or] = g =10 " o],

The exponent (|cI| +r — |I|)/n equals 1 if 1 € I, and equals 0 otherwise. In
particular [o.]*" = ¢".

The lemma then follows by associativity of the quantum product. Without
loss of generality it suffices to show that the Gromov-Witten invariants are in-
variant under an element of the form (c,c71,1,...,1) € C(l). Given that

lon]*..oxlor_ 1 D (on, - yon)alown]d,

multiplying by [o.] on both sides yields

/ !

[0611] KooKk [0-1171] ) <0117 <. 7011>d[gc(*ll)]qd = <011¢ cee 7UIL>d[U*c—1Il]qd

The formula (21) may be proved using either the canonical isomorphism of
quantum Schubert calculus with the Verlinde algebra of U(r),

QH™(G(r,n))/(qg=1) = RU(r)n—r.n)-

given a mathematical proof in Agnihotri [1], or using the combinatorial formula
of Bertram, Ciocan-Fontanine and Fulton [4]. R(U(7),—) denotes the Verlinde
algebra of U(r) at SU(r) level n —r and U(1) level n, and is the quotient of the
tensor algebra R(U(r)) by the relations

Vi ~ (_1)l(w)vw(/\+p)—paw € War,
and if A\; — A\, <n —r, then

Vi) ~ Vio—1as-1,. A—1,A — (n—rt1)-
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Here W,og acts on A* at level n, and p is the half-sum of positive roots. The
Verlinde algebra R(U(7)n—rn) has as a basis the (equivalence classes of the)
representations V), where A = (A1,... ,\.) € Z", 0 < \; < n —r are dominant
weights of U(r) at level n —r.

The canonical isomorphism is given by oy — V), where A is defined by

/\j:n—r—i-j—ij.

The key point is that the sub-algebra R(U(1)) C R(U(r)) descends to a
sub-algebra R(U(1),) C R(U(r)n—rr) generated by the representation V. :=
Vi1,1,... 1), which maps under the isomorphism to the Schubert variety o.. From
the description of the algebra given above one sees that V., ® V = Vi, where

\ — ()\1+1,A2+1,...,)\T+1) if A <n—r
Aoy oo s A Ay —n+7) ifAdy=n—r"
Since Vs maps to o.; under the canonical isomorphism, this proves (21).
Alternatively, (21) can be derived from the combinatorial rim-hook formula
of [4, p. 8]. Let A’ denote the transpose of A, so that oy: is the image of oy
under the isomorphism G(r,n) = G(n — r,n). The ordinary (resp. quantum)
Littlewood-Richardson numbers are invariant under transpose

NPt — NP

t
Rt o thut(n—r,r):Nf\M(r,n—r).

The rim-hook formula [4] gives

NS, (ron =) = e(p/v)NY,,

where p ranges over all diagrams of height < r that can be obtained by adding
m rim-hooks Ry, ..., R, and €(p'/v!) = (—l)z(r_height(Ri)).
If p=(1,1,...,1) then

VoeaWa=V,, p=XM+1,..., A +1).

If Ay < n —r, then since the height of p is < r, there are no rim n-hooks in p.
On the other hand, if Ay = n — r, then it is easy to see that there is a unique
rim n-hook in p, whose complement is A’ above. O

We have learned from A. Postnikov that formula similar to (21) holds for the
full flag variety [27]. A deeper reason for the appearance of symmetry is given
by Seidel [29]. This symmetry simplifies the computation of many Gromov-
Witten invariants. For sufficiently small n and [ all Gromov-Witten invariants
are equivalent to degree 0 ones.
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8. Verlinde algebras

Finally we want to explain the representation-theoretic interpretation of A, (1)
in terms of the Verlinde algebra of SU(n). Denote by A% the set of dominant
weights of SU(n) at level N:

=11, ) €(Z/n)" | Xi = Xig1 € Z>0, M1 — A S N}

The Verlinde algebra R(SU(n)y) is the free group Z[A}] on the generators
Ve, € € Ay The algebra structure is given by “fusion product”

Ve, ®n ... ®N Vg, = Z m™ (&1, 6, v) Vi,

vEAY

where the coefficients m™ (&;,... &) are defined as follows. There is a pos-
itive line bundle LN (&,...,&) — M(&/N, ... ,&/N) which descends from

the polarizing line bundle on R (see Pauly [26, Section 3|). The coefficient
m™ (&, ..., &) is defined by

mN (&1, ,&) = dim(HO (LN (&, ..., &)).
Since LV is positive, M(&1/N, ... ,&/N) is non-empty if and only if for some k
dim(HO(L* (&1, ... ,&)®N) = dim(H(LFN (k&1 ... k&) # 0,
that is, m*N (k&p,... k&) # 0.

Question: Does the quantum saturation conjecture hold? That is, is it true that
the number m (&1,... &) is non-zero (and therefore positive) if and only if the
inequalities in Theorem 3.1 are satisfied. This would imply that the vanishing
of m™ (&1, ... ,&) is also determined by a recursive algorithm.
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