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QUANTIZATION OF SYMPLECTIC COBORDISMS

LEVENTE KORPAS AND ALEJANDRO URIBE
Dedicated to Victor Guillemin on his 60th birthday

ABSTRACT. In this paper we define the notion of quantized cobordism as a unitary
operator between Spin® quantizations of cobordant symplectic manifolds, and
announce a theorem from [13] describing the microlocal structure of this operator.

1. Introduction

Ginzburg, Guillemin and Karshon have used the concept of symplectic cobor-
dism to provide elegant new proofs of some theorems in symplectic geometry (the
Duistermaat-Heckman theorem and the Jeffrey-Kirwan localization theorem),
see [10]. The point is that the natural cohomological invariants of symplectic
manifolds are cobordism-invariant while the relation of symplectic cobordism is
relatively weak, so that “complicated” symplectic manifolds are cobordant to
“simple” ones. In particular the Riemann-Roch polynomial is a cobordism in-
variant. On the other hand, it has been observed that it is possible to quantize
integral compact symplectic manifolds by the Spin® Dirac operator, in a way
that yields a Hilbert space with dimension equal to the Riemann-Roch number
of the manifold (at least if one allows oneself to multiply the symplectic form
by a large integer, see [4]). One is led to wonder what the relationship is be-
tween this quantization and the relation of symplectic cobordism at an analytical
level, with a view for example to using the cobordism relation to simplify the
quantization of complicated objects. This is the subject of the present paper.

We will use the following definition of symplectic cobordism.

Definition 1.1. Let (M;,w;) and (M2, w2) be two compact symplectic mani-
folds of dimension 2n (not necessarily connected). A symplectic cobordism from
M to Ms is an oriented 2n+1 dimensional manifold X, with boundary, endowed
with a closed 2-form, o, such that:
(1) o is non-degenerate, and so its kernel is a rank-one subbundle V C T'X;;
(2) 0X = Mi][[ M, as oriented manifolds, where 0X has the boundary
orientation, M; the orientation induced by wi = wi A--- Awy and My
the orientation induced by —w3y;
(3) for j = 1,2, the pull-back of ¢ to M, under the inclusion M; — X
equals wj.
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The symplectic cobordism is called integral if the form o represents an inte-
gral cohomology class in H?(X,R). In this case there exists a “prequantum”
line bundle, i.e. a complex line bundle £ — X with connection V¥ such that
curv(V¥5) = —io.

The bundle V is oriented by the following condition: A section v of V is posi-
tive if there exists locally 2n vector fields &1, . .. &2y, such that 6™ (&, ... &2n) >0
and (v, &1, ...&y,) is positive with respect to the given orientation of M. There-
fore V is trivial, and we will denote by v a positive non-vanishing section of V.
Since the pull-back of ¢ to the boundary is the symplectic form, v is transverse
to the boundary. Clearly, v restricted to M; (resp. Ms) is inward-pointing (resp.
outward-pointing).

An oriented odd-dimensional manifold X equipped with a non-degenerate
closed two-form o is called an extended phase space by Arnold, ([1], Chapter
9), and “espace d’évolution” by J.M. Souriau, ([18], Chapter 3), based on the
following particular case: If (M,w) is a symplectic manifold and H € C*° (M),
then one can set:

(1.1) X =1[0,T]xM and o =w+dtNdH.

It is well-known that in this case the integral curves of v can be naturally
identified with the integral curves of the Hamilton flow of H on M (for times
0 <t <T). A symplectic cobordism can be viewed as a generalization of this ex-
ample where one does not have a well-defined notion of time, and the non-trivial
topology of X allows for the possibility that the characteristic relation

(1.2) T':={(z,y) € My x My | x and y are on the same trajectory of v }

is not the graph of a smooth canonical transformation M; — Ms. Indeed, not
all integral curves of v that start at M; reach Ms so the domain of I' is not all
of My. (We will denote the image, resp. the domain of I" by M7 and Ms.) T’
is, however, an open Lagrangian submanifold of M; x M, which we think of as
the graph of a symplectic surgery, based on some of the examples we present in
§4. Accordingly, we will call M; \ M7 the surgery set.

Motivated by Example (1.1) (and some K-theoretic considerations that we
won’t go into), our thesis here is that the quantization of a symplectic cobordism
from My to My ought to yield a unitary operator from the quantization of My to
that of My, which in the semi-classical limit corresponds to the canonical relation
I". Our approach however is not to try to generalize the fundamental solution of
the Schrodinger equation, since the latter does not have the covariance properties
required by our setting. Instead, since we are quantizing the manifolds M; by
Spin®, we will seek an operator that realizes the cobordism invariance of the
index.

In §2 we define the quantization of an integral symplectic cobordism. Our
definition of the quantization of (X,o) follows L. Nicolaescu’s proof of the
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cobordism-invariance of the index, [15]. In §3 we announce some of the re-
sults of [13] on the semi-classical properties of this quantization, and in §4 we
take a brief look at some low-dimensional examples.

2. The definition

For the rest of the paper we let let (X, o) be an integral symplectic cobordism.
The quantization of (X, o) depends on the choice of a Riemannian metric, (-, ),
which is compatible with the form o, in the following sense: Let W C T'X denote
the metric normal of the line bundle spanned by the vector field v. Then W is
a symplectic vector bundle and compatibility means that the skew symmetric
bundle endomorphism, J, defined on W by

(v,w)y = 0y (v, Jw) for all z € X and v,w € W,

is an almost complex structure. We also require that in some collar neighbor-
hood, (—1,0] x 90X, of the boundary the metric is a product metric. (This
condition can probably be weakened to an asymptotic statement, i.e. to a b-
metric in the sense of Melrose, without changing the main results.) It is easy to
see that compatible metrics always exist.

Spin¢ Dirac operators. Given a compatible metric and associated almost-
complex structure on W, we can canonically construct a bundle S¢ — X of
irreducible complex Clifford modules for C/(T*X). We let

(2.1) Se == A (WOH,

and define the Clifford action of w € W* C T*M on a section ¢ € C*(Sc
as follows. First decompose w as w'® + w®! according to W* ¢ W* @ C =
(WEO)* @ WOH)* | then set

c(w) - o =V2 (W Ay —i(w"?) ),

where i(w!?) denotes contraction with w!?, using the C-linear extension of the
metric to W* ® C. We assume that v is normalized and let n be its metric dual.

To define the action of 7, let {e!,e?,...,e2"} be a local orthonormal frame of
W* and set
(2.2) c(n) :==ei" et ®", where ¢ = c¢(e?).

Choosing +1 or —1 for &, we obtain two bundles of Clifford modules SE' and S
whose fiber at any point € X realizes the two inequivalent irreducible complex
representations of C/(T; X). Note that in the decomposition

(2:3) &= ATV e AV,
the operator c? := ¢(n) acts as —i [d®*®" + i Id°?*. The chirality operator
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acts on the Clifford modules 8¢ and S; as +1 and —1 respectively. We will set
F := 87 (For related discussion see [3], pp. 109-110.)

As usual, to define a Spin® Dirac operator, D, on sections of F' — X we fix a
connection V on F' compatible with the above Clifford action, and set (locally)
D =Y2" ¢(€')Ve,, where {£, ... ,€an} is alocal frame of TX and {°, ... , 2"}
is the corresponding dual frame.

Notice that if we write the Dirac operator on F' — X in the form

(2.5) D = c(n) (V, + A),

then A is a totally characteristic operator on X whose boundary value is the
Spin® Dirac operator [9], A, on the bundle E := F|sx. (More precisely the
canonical Spin® Dirac operator of the boundary is ¢(n)A, where ¢(n) is a bundle
automorphism.) We will denote by L — 90X the restriction of the line bundle
L — X to the boundary and consider the twisted Dirac operators:

k k k k
(2.6) D*on FeoLF, — AfonE;eLb,

where we have denoted by L; — M; (resp. E; — Mj) the restriction of L to M;
(resp. of F' to M;). Let

(2.7) HY = ker AY, j=1,2.

By the main result from [4], for k > ko (for some positive integer ko) the space
H;-“ consists entirely of even elements with respect to the natural grading of the
Spin¢ Clifford bundle over a symplectic manifold, and therefore its dimension
is the index of the Dirac operator A?. For k > ko the space ’H? is called the
Spin® quantization of M;.

To simplify the notation, we will occasionally omit the superscript k.

Cauchy data spaces. The L? space of the bundle £ ® L* — 90X is naturally
a symplectic vector space with symplectic form 2 given by

(2.8) Q1,6 = / (Tthr, 2w AV (),

0X

where J denotes the continuous L? extension of ¢(n) on the boundary, and (-, -))
the fiberwise inner product.

We will denote by 7 the operator restricting sections of F®LF to the boundary,
and by W*(F ® LF) the space of s-Sobolev sections of F' @ L£¥. The operator
v: W8(F @ LF) — W Y2(E ® L*) is continuous for s > 1/2, and remains
continuous for s = 1/2 into L?(E ® L*) with domain restricted to

(2.9) Ki,={yveC®FacLh)|D¢y=0inX} n W/(FeLlh)
(See [7].) The space
(2.10) ADF) = {1 | Y €Kiy}
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is called the Cauchy data space of the Dirac operator D*. For us the most
important property of this space is given in the following lemma, which is a
direct consequence of Prop. 3.2 of [8].

Lemma 2.1. The Cauchy data space A(D) C L*(0X,E ® L¥) is a Lagrangian
subspace with respect to the symplectic structure defined in (2.8).

We let H> C L?(0X, E® L*) be the space spanned by the eigenvectors of A*
corresponding to non-negative eigenvalues.

Lemma 2.2 (Cf. [16].). The space H> is coisotropic in L*(0X,E @ L*) and
its symplectic orthogonal is the space H~ spanned by the eigenvectors of AF
corresponding to positive eigenvalues.

It follows that the reduction H>/ H~ can be naturally identified with
(2.11) HE = ker A®

and the projection onto the reduced space with the orthogonal projection
m: H> — Hp. Of central importance to us is the reduction of the Cauchy
data space

(2.12) L(D) := n(Hx> N A(D)),

which is a Lagrangian subspace of the kernel of A*. Explicitly, L(D) consists of
those elements in ker A* that are the Hy components of the Cauchy data in H>.

The Definition. Notice that Hf = ker A" is the direct sum
(2.13) Hy = HY o HE,

where H; consists of those elements of ker A* which are supported on M. ;. We
further have the decomposition according to the eigenspaces of J:

(2.14) HE=Hite M j=1.2.

Since the boundary orientation of M5 is the opposite of its symplectic orientation,
in the above decomposition Hj resp. H, consists of the odd resp. even elements
of Hs. Formally (for k = 1), the quantization of M is the virtual vector space
H — Hi, while that of M, is Hy — Hy. Let U*: HY & HE — HY & HE be
the orthogonal reflection across the subspace L(D). U* can be thought of as a
morphism between virtual vector spaces:

Proposition 2.3. (Cf. [15].) The operator U* is unitary and anti-commutes
with J. It therefore restricts to a unitary operator U*: HET — HE™ (and also
to a unitary operator HY~ — HET).

The anti-commutativity of U* and J is equivalent to L(D) being Lagrangian.
Note also that for k& > ko the Spin® quantization of M; (resp. M) is precisely
HET (resp. HE™).

We can finally state our definition:
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Definition 2.4. The quantization of (X, o) associated to the choice of compat-
ible metric is the sequence of unitary operators U*: H¥ — HE, (k > k).

3. Semiclassical properties of the quantized cobordism

We now describe the semiclassical (i.e. large k) behavior of the operator U*.
To make sense out of this, we consider the pull-back of the bundle E; (j = 1,2)
to the unit circle bundle P; — M; of L7 — Mj:

(31) g] = 71'*Z?j7 e PJ HM]
The circle group acts on &;, and in the isotypical decomposition
(3.2) L*(P;, &) = P L* (P}, &),

keZ

the space L?(Pj,&;)y is naturally isomorphic to L?(M;, E; ® L%). Under this
isomorphism the family of Dirac operators {Af} is induced by a single first-
order operator A;, acting on C*>°(P;,&;), which is transversally elliptic to the
ST action and commutes with it. If we set Q; = ker A; @B~ L (P}, ),
then the quantization H;‘? is the space of k' isotypes in Q;, and the projector H?
is the k" Fourier component of the orthogonal projector IL; onto Q;. The family
{U*} (the quantized cobordism) also lifts to a single operator U: Q; — Qs, and
the large k behavior of U* can be understood in terms of a precise description
of the microlocal structure of U.

Before stating the main theorem on the structure of I, we make some further
comments. The connection form, «, of the circle bundle 7: P — M satisfies
da = 7w, 1p,a = 1, where 9y is the infinitesimal generator of the S action.
As usual, the connection induces bundle splittings

TP=HaYV, T"P=H"® V™

where H is the kernel of o, V' is spanned by dy and V* is spanned by . We put
the unique S'-invariant metric on P that makes m a Riemannian submersion
with totally geodesic fibers (of length 27). We will denote by

7: T"P — R
(p7 C) = <C789>

the symbol of Dy := %89. Notice that, for every ¢ € TP, 7(¢)ay is the V*
component of ¢ in its H*® V* decomposition.

Recall that the square of Dirac operator A* is a (generalized) Laplacian on
the bundle E® L* — M, with scalar principal symbol h(z,¢) = |¢|2. The square
of A; is therefore a “horizontal” Laplacian, [J;, on the bundle &;, with scalar
principal symbol ﬁ(z, ¢) = |Chor|?, where (por is the horizontal component of (.
It follows that the characteristic set of [; is

2, = V*\ {o}.

(3.3)
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Since A* is self-adjoint, we have ker A¥ = ker (A*)? and therefore ker A; =
ker ;. Tt is also well known that any distribution in the span of spaces L?(P, £)x,
k > 0 has wave front set contained in {7 > 0} hence for all ¢ € Q;, the wave-
front set of 1) is contained in Zj =%;N{r >0}

The main theorem. Recall that v is the vector field on X spanning the kernel
of 0. We denote by v its horizontal lift to the circle bundle Z — X of £L* — X,
and let H(z,() = (7., () be the symbol of v. The Hamilton vector field of H
(on T*Z) will be denoted by Eg. Let P; = W;l(MJQ) denote the set of points
of Pj projecting onto M7 (the complement of the surgery set). Notice that the
boundary of Z is P; [[ P», and that one can naturally embed 7™ P; into T*Z as
the annihilator of the span of ¥ restricted to P;. We next define the isotropic
submanifold W C T*(Py x P7):

(34) W= {(p2a€2;p17€1) ’ (p27£2) € Z; and (plvgl) € ET
are connected by a flow line of =y }.

As is customary we let W' :={(p1,&1;p2, —&2) | (p1,&1;p2,&2) € W }. We can
now state our main theorem on the microlocal structure of the quantized cobor-
dism map, U. Let U(z,x) be the Schwartz kernel of U: Q1 — Qo, which is a
distributional section of the bundle & X Ef — P, x P;. (We define U to be zero
on the orthogonal complement of Q;.)

Theorem 3.1. (L. Korpds, [13].) Let U(z, x) be the restriction of U(z,z) to
the manifold Ps x P?. Then U(z,x) is an Hermite-Fourier distribution (in the
sense of Boutet de Monvel and Guillemin [6]) in the space I'/?(Ps x PP, &, X
EW'). In particular, in the semiclassical regime, the operator U* propagates
singularities along the relation I', given in (1.2).

For a description of the symbol of the operator U we refer to [13].

The proof of this theorem involves several steps which are of independent
interest. We now describe two of them.

The family of Dirac operators {D*} is also generated by a single operator D
on the bundle F := 7*F — Z. The idea of the proof is then to realize U as the
composition of the fundamental solution of a boundary value problem for D and
the projector II, which we will call the Spin® Szegd projector.

Theorem 3.2. The Spin¢ Szegd projector 11 is an Hermite operator of order
zero in the sense of [6], i.e. it has a distribution kernel which is a Hermite-
Fourier distribution in the class I'/?(P x P,E X £*;L+%), where

(3.5) S ={(z,&x,-€) | (2,8 et} cT*(P x P).

and X7 was defined previously.



126 LEVENTE KORPAS AND ALEJANDRO URIBE

The boundary problem involved in the proof of Theorem 3.1 is given as follows:

Dip = 0
3.6
( ) {¢|P1 :¢7

with ¢ € Q1 NE'(PY), a distribution in Q;, compactly supported away from the
“surgery set” set Py \ Pf.

Theorem 3.3. The fundamental solution of this boundary problem is an Her-
mite-Fourier distribution in 12(Z° x P2, FRE*Y), where Z° C Z is the set
reachable from Py along the flow of v and Y 1is the flow-relation defined by =g
on T*Z° x T*Py, analogously to W.

This solution can be constructed explicitly using the symbol calculus of Her-
mite-Fourier distributions [13].

4. Examples

In this final section we describe some examples of cobordisms between sur-
faces. By work of V. Ginzburg [11], the cobordism invariants of symplectic
surfaces are their Euler characteristics and symplectic volumes. Here we con-
sider Riemann surfaces with a fixed complex structure, but with the symplectic
form and the metric rescaled by a factor of 1/2 when g > 2.

Theta functions and holomorphic differentials. Consider integral sym-
plectic manifolds M; = X5 [[ S and My = T [[ T, where T is a torus, S is the Rie-
mann sphere and 3 is a genus 2 surface. (See Figure 1.) Since their Euler char-
acteristics and symplectic volumes are equal, they are cobordant: My [[ M, =
0X for some symplectic cobordism X. (For an explicit construction of such
cobordisms see [12].) We let Ly denote the fundamental prequantum line bun-
dle, i.e. the one corresponding to the positive generator of the second cohomology
group of the surface. Then, in this example, our operator 4* is an isomorphism
from the space of theta functions H*(T, O(L§)) & H°(T,O(L§)) to the direct
sum of the holomorphic differentials H° (Eg, O(LE )) and the space of polynomi-
als of degree k in one complex variable.

The quantized “baker’s transformation.” Symplectic cobordisms can be
used to realize certain piecewise-smooth area preserving transformations of a
symplectic manifold, and therefore our constructions can be used to quantize
such maps. For example, let M = T be the standard two torus. The baker’s
map is the following discontinuous map: B: [0,1) x [0,1) — [0,1) x [0,1):

(22,%), if 0<z<j
B ==

We will think of B as operating on the torus obtained by the usual identifications
of [0,1] x [0, 1]. In the following paragraphs we briefly describe how to construct
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FIGURE 1. Surgery of two tori via cobordism. (Dotted-dashed
lines show the locations of the cuts.) The foliation of the tori
by the curves a, b, c, ¢’ etc. is mapped to a singular foliation of
the genus 2 surface and the sphere. Note that some leaves of
the foliation get cut and pasted.

an integral symplectic cobordism, X, from 1" to itself whose characteristic rela-
tion (1.2) is precisely the smooth part of the graph of B. It would be interesting
to compare the quantization of this symplectic cobordism with the definition of
the quantized baker’s map that Balazs and Voros gave in [2], or with the recent
construction of Rubin and Salwen [17]. We believe that our definition agrees
with theirs at least to leading order as k — oo.

To construct a cobordism realizing the baker’s transformation, we first de-
scribe a cobordism between a torus of volume 2 and two tori, each of volume 1.
(This construction can also be found in [12].) Let P be a “pair of pants” surface
with volume form Q and set Z = P x S'. Let § denote the canonical local coor-
dinate on the cirle, then 2 Adf is a volume form on Z. Choose a divergence-free
vector field v on P which is transverse to the boundary and vanishes exactly at
one point, p, as shown on Fig. 2. We set v = v+ x0y, where Yy is a smooth cutoff
function on P, zero outside of a small neighborhood of the point p, and x(p) = 1.
Then o =1,,(2 A df) will give X the structure of a symplectic cobordism. With
appropriate choice of the vector field v and the volume form {2 we can achieve
that the volumes of the boundary tori are 2 and 1, as required.

Note that, although the area is preserved, the flow will introduce an “infinite
twisting” since the vector field v on the pair of pants vanishes at the point p.
(See Fig. 3a for an illustration. On the figure horizontal lines indicate a foliation
of half of the initial torus parallel to the boundary circle of P.) The twisting can
be “undone” if we modify the original vector field on P as follows. Define the
divergence-free vector field on the cylinder I x S! as shown on Fig. 3b. (This
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e

LS)

FIGURE 2. A divergence-free vector field on a pair of pants
which vanishes at one point.

+

FIGURE 3. (a) “Twisting” of a foliation of the torus under the
flow of v. (b) Part of a construction to “untwist” the foliation.

vector field can be chosen Hamiltonian.) Now attach this cylinder along the
boundary circle to each of the boundary circles ST and SI of P, and construct
the 2-form o as before, by choosing the appropriate cutoff functions, centered at
A, B and p. We let X denote the cobordism between one torus and the disjoint
union of two tori, modified by this procedure.

Finally, let X~ denote the manifold X with the vector field v oppositely
oriented. The cobordism realizing the baker’s map can be obtained by gluing X
and X~ along the two smaller tori, as follows. Near the boundary X has the
form:

(1,0 x S x ST T (-1,0] x §* x SF.
To obtain the cobordism, we identify the respective circles in the boundary tori:
Stx ST with S x S!
and -
S'x SP  with S xSt
(P~ denotes the pair of pants with the vector field v replaced by —wv.) It is easy
to check that the flow of the vector field indeed realizes the baker’s map.
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