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BOUNDARY LAYERS OF 2D INVISCID
FLUIDS FROM A HAMILTONIAN VIEWPOINT

E. GRENIER

ABSTRACT. In this paper we study how the modulation of Lyapounov function-
nals of Hamiltonian systems leads to nontrivial norms which can be used to in-
vestigate the linear and nonlinear stability of boundary layers. We apply this
method to Euler equations of incompressible and compressible ideal fluids in 2D.

1. Introduction

One classical problem in Fluid Mechanics is the study of the inviscid limit of
Navier Stokes in an half plane. From a mathematical point of view, it is widely
open, except for analytic initial data in small time [4]. Let us consider a sequence
of solutions u” of incompressible Navier Stokes equations in R x R,

(1.1) o’ + (u”.V)u" —vAu” + Vp” =0,

(1.2) div u” =0,

with u”(¢,z,y) = 0 when y = 0, and let us assume that u” has a Prandtl type
boundary layer behavior, namely

)

Ca
(1.3) 1020°0)u”| < Copry + —222 D, 5 (t, 7, —=
y Yt By \/;5 By NG

where ®, 3 ., are rapidly decreasing functions. Let us make the isotropic change
of variables

(1.4) a’(t, x,y) = u’ (Vvt,Vve, Vvy)
to get a sequence of functions 4" satisfying
(1.5) oyu” + (a”. V)" — vAw” + Vp” =0,
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with div @ = 0 and @ = 0 when y = 0, and
(1.6) 10208070 | < Co gy Vv + Carp V™ @ g q(t, 2, y).

Now assuming (1.2) and (1.6), formally, @” converge to a time independent
function wu, solution of Euler equations. The linear and nonlinear stability of
this limit solution is then a crucial point to know whether the formal analysis
is true or not. In fact if the limit v is an unstable stationnary solution of Euler
equations, in some cases, we can construct a sequence of solutions of Navier
Stokes equations which does not converge in H' to the sum of a solution of
Euler equations and of a solution of Prandtl equations [7], due to the apparition
of small scale instabilities, growing like exp(t/y/v). The aim of this paper is
conversely to give criteria which insure linear and nonlinear stability of solutions
of Euler equations satisfying a priori estimates of the form (1.3), where v is
simply the index of the sequence.

An other way to look at things is to say that in some cases solutions of
Navier Stokes equations do not converge in strong sense to solutions of Euler
and Prandtl equations, because of short time instabilities in which viscosity does
not play any significant role (see the construction of [7]): the instabilities are
completely driven by the inviscid part. To be short, if u”(0) is an unstable
sequence of initial data for Euler equations, viscosity is not strong enough to
stop the instability, and instabilities develop. Therefore one first step in looking
for cases when Navier Stokes do converge to Euler even for Sobolev type initial
data is to look for initial data u”(0) which are linearly and nonlinearly stable
for Euler equations, which is the aim of this paper, both in the incompressible
and compressible cases.

A third way to consider the problem is to note with Rayleigh that the viscosity
can have a destabilizing role, and even when viscosity is stabilizing, its strength
may not be sufficient to completely stabilize the flow if there is an inviscid
instability. It is then tempting to throw it away in a first approach [5].

Moreover, to study stability of solutions of Euler equations with a priori
estimates of the form (1.3) is a toy model for semigeostrophic asymptotics in
frontogenesis which is algebraically more complex. We believe this method can
be applied to other physical relevent issues such as semigeostrophic or hydrostatic
dynamics in Meteorology [2],[3] or plasma erosion.

Let us turn to the principle of the method. This problem will be considered in
the more general setting of stability problems of solutions of Hamiltonian partial
differential equations. Namely let H be a Hamiltonian, with Poisson bracket
{.,.} and let us consider a family of solutions u®(t,z1,23) of this Hamiltonian
system in {z; € T,z3 > 0}, having a boundary layer behavior near zo = 0. By
“boundary layer behavior” we mean that u® varies on time scales O(1), and on
space scales O(1) except near zo = 0 where it varies on o scales O(¢) when

e —0:
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for o, 3,7 > 0, some positive constants C, g~ and some rapidly decreasing
functions ®, 3. Our first aim is to prove linear stability of such a sequence of
solutions, that is to find a family of norms |||.||| depending on e, such that

(L.7) ez < T < el
for some n > 0 and s > 0, and such that
(1.8) At [l[oll] < Cllfoll|

for every solution v of the linearized system around u® (with 0 < e < 1), with C
independent on v and . Notice, and this is an important issue, that we do not
require |||.||| to be equivalent to some Sobolev norm. If there were no boundary
we could take |[|.]|] = ||.||z2, but we have to look for more refined norms in order
to handle large gradients near zo = 0. The main observation is that if we make
a “blow up” near a boundary point (z9,0), that is if we set
a(t,xy,x9) = ua(i,x? + E, ﬂ)’
ev E €

then a° (for a suitable choice of v) is again a sequence of solutions of the same
Hamiltonian system, sequence of solutions which may presumably converge to
some time independent solution u, as € — 0. Therefore the stability of u® “near”
(9,0) in times of order O(1) is linked to the stability in large times of w.

But the stability of u, can be studied using Lyapounov method, following V.I.
Arnold [1] and D. Holm, J. Marsden, T. Ratiu [9] [10]. The classical approach is
to find a Casimir C such that u, is a critical point of H 4+ C. If moreover u, is a
local extremum of H + C' we get stability properties. In particular the Hessian
D?(H + C) provides a norm which is preserved by the linearized dynamics. The
principle of our approach is to make the Casimir depend on the point. We
thereby loose any critical point or extremum property, but the Hessian gives a
non trivial norm which controls the linearized dynamics in the sense that (1.8)
is true.

It is then straightforward to prove nonlinear stability results in the following
sense : we say that a sequence of solutions u¢ in Ny L°°([0,T], H*') is nonlinearly
stable if there exists s; and n; (large enough), two functions 5(s,n) and 7(s,n)
with
s = 1 = +00,

im lim
(s,1m)— (+00,+00) (8,m)—(+00,+00)

and constants C, ,, such that any other family of solutions v® € Ny L>([0,T], H*")
with
|u® — 0% s <"

at t =0 (s > s; and n > ;) satisfies

[u — 0% || grscom < Cs e
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for 0 <t < T. Notice that this notion of nonlinear stability is very weak, but
turns out to be sufficient to study and justify asymptotic expansions (see for
instance [7],[8]), which is our main goal.

We will now illustrate the method by studying boundary layers of incompress-
ible and compressible Euler equations.

2. Application to incompressible 2D fluids

Let u® = (uj, u5) be a sequence of solutions of incompressible Euler equations

(2.1) ou + (u°.V)u® 4+ Vp® =0,

(2.2) Vs =0,

inz; €T, zg > 0, with u§ = 0 on 22 = 0. The stability of time indepen-
dent solutions u. has been investigated by V.I. Arnold [1] who introduced the
functionnal

(2.3) He = / g + F(w),

where w = curlu and F” = u,/V* curlu, (which is well defined since u. and
V+ curlu, are colinear). Notice that

2 _ 2 Ue 2
(24) D Hc(v) —/|"U‘ +m‘Cuﬂv|

is preserved by the linearized Euler equations around u.
Here we modulate (2.3) and introduce

= )12
(2.5) ng/qu/Fs(t,x,cuﬂu),

where F¢(t,z,curlu) is a sequence of functions to be choosen carefully, and
where 4 is a given time and space independent scalar, introduced to take into
account the Galilean invariance of the equations with respect to x; translations
of the referential. Notice that [ F*(¢,z, curlu) plays the role of a time and space
“modulated” Casimir.

Theorem 2.1. Let u®(t) be a sequence of solutions of (2.1) and (2.2) on [0,T],
and let us assume that there exists n > 0, a smooth function u(t), exponentially
rapidly decreasing positive functions ¥, 3 and constants Co 3 > 0 for o > 0 and
B > 0 such that for every 0 < e <1, on [0,T],

(H1) 0905 uf| < Coge™P Wy p(e  a2) + Cop for a>0, 3>0,
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Ous + (us.V)us 0103,u5 + (us.V)035us

H2 <C 0< 20 <)
(H3)
’Ufi +Q~L I3 ~ —1 € —1
0< IR <Cy, |ui+al>0C; and |0ew®| > Cy " for 0<mzy <,
2217

82 €\2
(1) (0% + 0]+ [ D290 )08,

2 ,,€
O39ug

|Dru1]?

|8§2u1|

+ + |O1us|?|02,u1| < Cy  for 0 <z <.

Then u® is a linearly and nonlinearly stable sequence of solutions of (2.1) and
(2.2).

Assumptions (H1) to (H4) can be fulfilled by flows of the form
(u§(t, 1,22, T2 /€), u5(t, 21, T2, T2 /€)) (rapidly decreasing in Y = z4/c), where
uj and u5 are smooth functions with uniformly in € bounded derivatives in z;, o
and Y (see [6] for the existence of such solutions). (H1) is straightforward. For
(H2) and (H4) we use incompressibility condition: as |[01ui| < C, |u5] < Cuzs.
(H3) is a classical assumption (there is no inflexion point in the boundary layer)
and is linked to Fjortoft’s Theorem [5]. If (H3) is not satisfied, u® can be linearly
and nonlinearly unstable [6], [7].

Notice also that in the boundary layer, uj is a concave function (if u§ >
0), hence uj/d22uj is negative and has the wrong sign in the estimates. The
introduction of @ is therefore a crucial point in order to reverse the sign of
(uf + 1)/022u] and to make the Hessian of HE convex.

2.1 Linear stability

Let us consider v = (v1, v2), solution of

(2.6) 0w + (u°.V)v + (v.V)u® + Vg =0,

(2.7) vy =0 on x9 = 0.

Let F(t,x,w) be a given sequence of functions with 92_F¢ > 0, let @(t) be a
given smooth function and let us define a sequence of norms N¢ by

(N‘E(v))2 :/|v|2+/Q%wFa(t,x,curlusﬂcurlv|2.
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Lemma 2.2. The sequence u® of solutions of (2.6) and (2.7) is linearly stable
for the norms N¢ provided

(H1") |0:02 F° + (u°.V)9? F°| < CO> F®,
and
(H2') 0% F°Vt curlu® — uf — (4,0)| < C/92Fe,

for some constant C' independent on €, and provided (1.7) holds true.

Proof. This Lemma can be proved directly by deriving in time N¢ and using the
equation, but this approach can not be extended to algebraically more complex
systems like compressible Euler equations since it leads to untractable calcula-
tions. Therefore we will present an alternative proof, based on formal calcula-
tions.

Let us fix ¢ and omit it in the notation. Let u’ be the solution of (nonlinear)
Euler equations with initial data u + 6. We have u’ = u + 04 + 620 where 4
solves (2.6), (2.7) and where @ solves 4(0) = 0 and

Ovt + [(u + 80 + 6%a).V]a + (4.V) (u + 6a) + (@.V)a + Vp = 0.

% = curlu® and let

Let w = curlu, w
He(t,0) = / w + F(t,z, curlu®).
We will compute 8;0f Hc at t = 0 and § = 0 using two different methods. First,
O He = /&tF—l—/awF@t curlu® = /&,F— /8wFufaiw5
= /@F—}—/uf@iF(t,x,curlué),
hence, using & = 0 at ¢t =0,
020,Hc(0,0) = /atainQQ +/uiaiaf,wm2 —I—Q/zli@i@ch‘u.
On the other side, for § =0,
ach:/a2+2/ua+2/aa1+/a§wm2+2/awm,
hence at ¢ = 0, using u = 0,

00FHo(t = 0) = 0;(N°(w))? + 2/u8tﬁ + 2/@@@1 + 2/@,178@.
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Equivalating the two expressions of Ho we get
0:(N*(u))? = 2/ui8i8wa + Q/U(U.V)u + 2/ﬂ(u.V)u1
+2 / 0, FO;(w;) + / (0402 F + 1;0;0%  F)&?
= / (atang + uiﬁiawa> 0? + / @ity (ug — 02, FOLw)
- /(Dﬂg(ul + @+ 02, Foyw).

Therefore under (H'1) and (H'2), 9,(N¢(@))? < C(N¢(@))?, at t = 0 and in fact
for every 0 <t < 7T, which ends the proof of the Lemma. O

(H1'), (H'2) are of course “ad hoc” assumptions to play the game of modu-
lation. Let us show that (H1), (H2), (H3) and (H4) imply the existence of F*©
such that (H1’) and (H'2) hold true. Let x(x2) be a smooth positive function
which equals 1 for zo < 7/2 and 0 for o > n. We will take

Fs(ta IIS‘,CL)) = X($2)F1€(t7$1aw) + (1 - X(-'I:Q))WQ,

and choose carefully Ff. Namely

(2.8) 2L Ff (t,x1, curluf (¢, 21, 22)) = g°(t, 71, 22),
where .
e_ W +u
03pui

Notice that as dow® does not vanish for x4 < 7, Ff is well defined by (2.8) for
xo <mn. By (H1) and (H3), ¢° is strictly positive and there exists C' such that

(2.9) C'_leH%g + 0_182” CUI‘l’UH%Q < (Ng)z(v) < C’||1)H%2 + C| Curlv||%2.

We can make other choices of ¢° : for instance we can take ¢ = —(uj +1u)/02w®,
which leads to slightly modified assumptions (H1) to (H4).

Lemma 2.3. The sequence u® of solutions of (2.6) and (2.7) is linearly stable
for the norms N¢ under assumptions (H1), (H2), (H3), and (H4).

Let zo < n/2. (H2) directly implies (H'1). Moreover, dropping the ¢ indices,

~ u12—|— u@%ﬂbl + 0%5u1) —up — @
1 o _ u _ 8221111
gV-w—u <0> = w + @ )
L (0F1ug + 93yuz) — ug
822’11;1

the first component is bounded by Cg using (H4) and thus by C',/g using (H3),
and the second component is bounded by C/g using (H4).

Therefore (H'1) and (H'2) hold true for x5 < n/2. For zo > 1/2 we simply
use [g| > C > 0 and 998547 < C with C independent on e for o + 3 < 3, to
get (H1”) and (H2').
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2.2. Estimates on first order derivatives

In order to control the nonlinearity of Euler equations we now need estimates
on higher order derivatives. This step is straightforward and makes little use of
the precise structure of Euler equations. Let, as in [8],

Vo= 3 / (¢°)7)0508 curl o]?.

a+pB=n

Lemma 2.4. Let us assume that for a + 3 < n we have

(2.10) 0205 uf| < Ce™",
and that
O1u$ 0¢g° + uj01g° + u5029°

(2:10) 10rui] + V0] + | 22|+ o]+ |FEEE SRR <
then for n > 1, we have

n—1
(2.12) ONZ < CNZ 44> " N7,

i=0

Just differentiate 0;w + (u.V)w + (@.V)w = 0 and estimate one by one the
terms appearing in 9;(N¢)?, using in particular for o/ + 8’ > 1,

’ ’ ’ ’ ’ /
10205 vil[72 + 110505 vallF2 < Cll cwrlo|2orsproy <72 72 F2NZ, o

2.3. Nonlinear stability

To obtain nonlinear stability from Lemmas 3.2 and 3.3 is now routine work
(see [7],[8] for instance). Let

N2 =SSN,

n<s

Making intensive use of Sobolev injections in order to handle the nonlinear term
(v.Vv)v we prove for s large enough

B B NS uf — v°)3
(2.13) O:N2(uf — %) < CNZ2(uf —v°) + %,
where u° and v° are two solutions of (3.1),(3.2). The end of the proof of Theorem
2.1 is then straightforward.
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3. Application to 2D barotropic fluids
Let us turn to the stability of boundary layers of compressible 2D fluids

(3.1) Op + div(pu) = 0,

(3.2) O+ (u.V)u+ Vh(p) =0,

where p is the density and h a given increasing function. Notice that Q = w/p
where w = curlu satisfies

(3.3) 8 + (u.V)Q = 0.

The stability of stationnary solutions has been investigated in [9]. Let e(p) such
that d(pe(p))/dp = h(p). The energy is

1 .
1= [ Golu+ @O)P + pe(p)
and the Casimir functions are
¢~ [or@),

where F' is an arbitrary function, and @(t) an arbitrary scalar (smooth in ¢) to
take into account invariance with respect to x; translations. As previously we
introduce the family of modulated functionnals

- u+ (@,0)[? -
He¢ —/p¥+pe(p)+G (t,z,p,Q),

where G° = pF*(t,z,2), and the related norms (with @ = curl,)

ef= ~\\2 __ 2 ﬁ ﬁ _ £ |- (u€+(a70))—2
(N*(p,u))* =D Hc<u> <u>—/p!u+7p5 ol
+ () (¢)? = |u® 4 (@,0)]> + ()20 F°  —Q°0 F*

p — Q93 F* 93 F*

€
€

)()

where (c®)? = p*dh(p®)/dp. Notice that
[+ [1al+ [ 1baFepat < cov (o)

for Cy large enough, provided |u® + (@,0)]* < (c°)? — o everywhere (the flow
is subsonic), p° > o for some o > 0, and 0 < 93,F° < C. Notice that the
natural norm N¢ which will control the linearized equation is very intricated and
almost impossible to infer directly. Let us first derive modulations inequalities,
equivalent of conditions (H'1) and (H'2) of the previous section.
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Lemma 3.1. The sequence (p°,u®) of solutions of (3.1) and (3.2) is linearly
stable for the norms N¢, provided

C7Hl(p,w)llz2 < N < Ce"|[(p. w)|
for somen >0, C' >0 and s > 0, and provided

(H'1) 0, D2 ,G° +uSd, D2 ,G°| < CD2 G,

€ ~ 2
&(M +e(p®) + pae'(pa)) — 8%QFEQ&-Q’ <C, i=1,2,

2
< O\ 0ot

(H'2)

(H'3) ‘ pus — 359F63198) + ) s + pii(t) + O30 FF000°

(H'4) | div (pe(us + (@, 0)))| <,

the constant C' being independent on €.

Proof. Let (p,u) be a solution of linearized compressible Euler equations. As
in the previous section, to compute 0; N¢(p, @) at t = 0 we introduce (p°,u’)
solution of (nonlinear) compressible Euler equations with initial data p+ dp and
u + 81, with p° = p+ 6p + 62p and similarly for u’. Let HE(t,8) = HE (o, u?).
We have, considering GG¢ as a function of p and €2, and dropping the ¢ indices,

8,5HC = /6tG—/8pG81(u,p) —/ébGuZ&Q

therefore at ¢ = 0 and § = 0, considering G as a function of p and w, as
p(0) = a(0) =0,
BtagHC = /(&D%QWG—F uzasz,’wG) <g> <g>

On the other side, for § =0,
0103 He = 0;(N°)? + / lu+ (,0)|?0¢p + 2/puata + Q/paatal

+2/e(p)8t,6+2 pe'(p)@tﬁ+2/BpGatﬁ—i—Z/&dG@td).
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Therefore at t = 0 and § = 0,

Gt(NE)2 = —Q/puata—Q/pﬂﬁtﬂl —2/8PG3tﬁ—2/8wG3th

~ 0 2
+2 [o0,6om -2 [ 000 4 e(p) + e ()

g i
€ i

+ Q/Bi(?wqui + /(&Dﬁ’vaLuiﬁin,,wG) <

)()

This leads to

oy = -2 [ o) 4 ') + - 0]

+ 2/(61}7 — Q@ﬁgF)ﬁﬂl — Q/puatﬂ — 2/pﬂ6ta1 — 2/8QF8th

+ 2/3¢39Fuiw + /(atD,‘ij + w6 D2, G) <£> <£>
__ lu+ (@, 0)| /
= -2 | pu; [81(# + e(p) + pe (p) + F — 8QFQ) —0;F + 8189179]

+ 2/wu1 (pug - 8QQF81(2) 2/qu <pu1 + pu + QQQF(?QQ)
/le pu+p<g> a3+ h'p?)
+

/(&DQ G+ wid,D2,G) <£> <5>

1
/pu(u.V)u = /p(u2u1 — uytg) curlu — 5 /div(pu)(u% + 13),

hence (H'1), (H'2), (H'3), and (H'4) imply 0;N© < CN*® at ¢ = 0 and similarly
for 0 <t < T, which ends the proof of the Lemma. O

since

We will now translate conditions (H'1), (H'2), (H'3), and (H’4) into conditions
on p® and u®. There is not a unique way to do this since we have some freedom
on F¢. Near the boundary we will take here 93¢ F¢ = —p°(u§ + @)/020°.

Theorem 3.2. Let (p°,u®) be a sequence of solutions of (3.1) and (3.2) on
[0,T], and let us assume that there exists C >0, n > 0, a smooth function u(t),
rapidly decreasing positive functions W, g, and constants Co g > 0 for a > 0
and B > 0, such that for 0 < ¢ < 1, for all 0 < t < T, |p| > C~L, and
|u® + (@,0)]* < () = CH,
(H1)

- 1 uj +u
|07 <C™, C> FXGE

>0, and |uS+al>Ct for 0<azo <0,
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(H2) p°[ + [uil + [u] + |01ui| + |0rus| + |Oaus| + | divus| + [div(p®u®)]
i + (us.V)ug

N ’ N ‘815(25 + (us.V)Qe ’8758295 + (uf.V)020°
u‘i +u Qs 8295
€\2 € (8198)2 e e e Q°0.0¢
A — <
—i—’(uz) 0202 +‘ 0,0 ‘+|8tu | + |uj curlu ]—i—) 5,0 <C

fOT 0§332§777

(H3) |07 05u%| + 0705 7| < Cap(l+& Wy (e ws)) for a>0,8>0,

then (p*,u®) is a linearly and nonlinearly stable sequence of solutions of (3.1)

and (3.2).

Let F© = x(x2)Ff + (1 — x(22))Q? where 03 FF = —p°(u§ + @) /029 (which
is meaningful by (H1)). (H2) directly implies (H'1), (H'3), and (H'4). Moreover,
using the equation (H'2) gives

plu1 + @)

9,0 Qa1ﬂ‘ + ’ —UWw + ﬂagul — atUQ + p(u1 + ﬂ)Q|,
2

‘UQW + ﬂalul — atU1 +

which is bounded using (H2). Nonlinear stability can be obtained as in sections
2.2 and 2.3 and will not be detailed here. Notice again that the introduction of
@ is crucial in order to make 93, F'® positive.
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