Mathematical Research Letters 6, 755-778 (1999)

GLOBAL WELLPOSEDNESS FOR KDV BELOW L2

J. COLLIANDER, G. STAFFILANI, AND H. TAKAOKA

ABSTRACT. The initial value problem for the Korteweg-deVries equation on the
line is shown to be globally wellposed for rough data. In particular, we show global
wellposedness for certain initial data in H® for an interval of negative s. The proof
is an adaptation of a general argument introduced by Bourgain to prove a similar
result for a nonlinear Schrodinger equation. The proof relies on a generalization
of the bilinear estimate of Kenig, Ponce and Vega.

1. Introduction

Consider the initial value problem for the Korteweg-deVries (KdV) equation

(1.1) du+03u+ 0,u? =0
' u(0) =¢ € H*(R), -3<s<0.

The local wellposedness theory in [1], [6] shows, for s > —32 there exists a unique
solution v € C([0,T]; H*(R)) which depends continuously on the data ¢. The
lifetime T is bounded below by a negative power of ||¢|| ;.. The problem is said
to be globally wellposed if we can take T = oo. Iterating the local result naturally
extends the existence interval. However, successive time steps may shrink due
to the growth of ||u(t)|| ;.. Consequently, the iteration process may only extend
the solution to a longer, but still finite, existence interval.
Solutions of (1.1) satisfy,

(1.2) lu@®)l 2 = 161l -

Since (1.2) prevents the growth of ||u(t)||, ., successive steps in the iteration of
the local result are all greater than a fixed size. Therefore, for s > 0, (1.1) is
globally wellposed. Our first main result shows (1.1) is globally wellposed for
initial data having a certain degree of regularity below L?. It is conjectured that
KdV is globally wellposed in H*(R) for s > —% but we do not obtain this full
range of s.

The proof is an adaptation of the general method introduced by Bourgain
[3] to establish a similar global wellposedness result for the 2d cubic nonlinear
Schrédinger equation below H'. Fonseca, Linares and Ponce [4] used Bourgain’s
approach to prove mKdV (replace u? by u? in (1.1)) is globally wellposed below
H*'. Similar results for nonlinear wave equations have been obtained by Bourgain
[2] and by Keel and Tao [5]. Takaoka [7] and Tzvetkov [8] have obtained global
results below L? for the KP — I equation using similar methods.
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The idea is to exploit the L? conservation law (1.2) of (1.1) even though the
data ¢ ¢ L2 We briefly describe the proof.

Fix T' > 0. We construct the solution u of (1.1) on [0,7]. Since T is arbi-
trary, this implies global existence; global wellposedness then follows from local
wellposedness.

Break the data ¢ into low and high frequency pieces by writing

(1.3) ¢ = ¢o + o, $o = Pno,
where Py is the Dirichlet projection defined by
(1.4) PN = X[—N,N|®,

and x[—n,n) is the characteristic function of the interval [-N, N] and $ denotes
the Fourier transform of ¢. The number N will be selected later, N = N(T').
Let ¢g evolve forward to ug according to KdV,

(1.5) {3t“0 + Dug + 30,uf =0, z€R,
uo(0) = ¢o.

Let 1)y evolve according to

(1.6) {&tvo + 0209 + %&E(v% + 2ugug) =0, = €R,
' vo(0) = 0.

The equation (1.6) is selected so that

(1.7) u(t) = uo(t) + vo (t)

solves (1.1). We may sometimes refer to (1.6) as the “difference equation” since
its evolution expresses the difference between v and ug. The initial value prob-
lems (1.5), (1.6) are shown to be locally wellposed on a d-sized time interval
with

(1.8) 6 = 0(llgollL2),

provided N is sufficiently large. Since ¢o € L2, the decomposition (1.3) gives
d = §(N). Split vy by writing

(1.9) vo(t) = e~ ahg + wp(t).
Define
(1.10) é1 = uo(6) +wo(8); b1 = e %

and evolve ¢1 — w1, Y1 — v according to

Opuy + O3uy + 18Iu% =0
1.11 z 2 ’
( ) { Ul(O) = §b17
vy + 03v1 + 20, (v? 4 2ugv1) =0
1.12 z 2 ’
( ) { '1)1(0) = lﬁl.

We wish to show (1.11), (1.12) are locally wellposed on an interval of the
same size 6. This requires ||¢1],2 ~ ||¢ol/ > which follows from an estimate
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on |lwg(0)]|;2. Since wo(t) is part of the evolving solution of (1.12) with data
Yo ¢ L2, it is not obvious that wo(5) € L?. The process (1.9)—(1.12) may be
iterated with the same sized ¢ throughout until, say

(1.13) lwollps + -+ + lwarll > ~ lgoll 25 M = M(N).

This extends the solution to an interval of size M¢§. The final step is to show
that, for appropriate s, we can choose N large enough to guarantee

(1.14) Mo >T.

The main new technical ingredient is the observation that the bilinear estimate
of Kenig, Ponce and Vega [6],

3
(1.15) l0zuvliy,, , < Cllullx, lvllx,,. s>-7 02

can be strengthened in the case s = 0 to a variant of the false inequality

(1.16) 102 (o)l x, ,_, < Cllullx, ,lvllx, ,

1
27

for v < 0. The two parameter spaces X ; are defined in (1.17) below. As stated,
(1.16) is not true (see Proposition 1 in Section 2 below.) However, (1.16) does
hold provided u and v have their spatial Fourier transforms supported away
from zero. This estimate reveals “extra” smoothing, beyond the recovery of the
derivative, which allows us to show wg(d) € L?. The failure of (1.16) occurs due
to interactions with low frequencies and motivates us to consider initial data in
the class H%® defined below.

A preprint containing similar results to those found here was circulated by
the first two authors last year. However, the failure of (1.16) was not accounted
for and invalidates the claims made in that preprint. The first two authors
thank Professor Y. T'sutsumi for kindly pointing out the issues arising from low
frequency interactions. We thank C. Kenig for several nice discussions.

The rest of the paper is organized as follows. This section concludes with
some definitions and a statement of the main result. Section 2 addresses gener-
alizations of the bilinear estimate (1.15). Local wellposedness of the problems
(1.5), (1.6) is shown in section 3. The final section contains the proof of global
wellposedness.

Notation and statement of result. We recall the definition of the spaces
X - These spaces, introduced in [1], are tailored to the linear part of the KAV
equation. We will prove a family of bilinear estimates which generalizes the
sharp estimate of [6] in the next section.

We will write a+ for a € R to mean a + € for a sufficiently small ¢ > 0. We

will also write [ to denote the convolution integral i in various places

k=k1+ko
A=A+ A2

below.
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Let X, denote the closure of the Schwarz class S(R?) in the norm

1
2

D), = ([0 DT A= 8D dkar )

Let ijb denote the closure of S(R?) in the norm

-

(1.18) lull s, = inf (/(1 FEDE + A = B2k, \) dde)

where the infimum is taken over all functions w such that w(t) = u(t) for ¢t €

[—0,6]. When b > 3, u € ng implies u € Cps(r)([—d,4]). We introduce a

modification of the space H*(R) with a parameter which allows us to control
low frequencies. Define H**(R) = {¢ : [[¢| .o () < 00} where

=

2

(119) (|9l preca(r) = </ [(1+!k\)SX{|k|>1}(k‘)+IRIQX{|k|<1}(k)]2|$(k)|2dk)

Correspondingly, we define X, ,; and X? , by replacing (1 + ]k\)2s in X, and

s,a,b

s a 2
X2, by [(14 kD) xqriz1y (k) + [E* xqr<1y (B)].

Remark 1. For a > —1, S(R) C H**(R) and the space H**(R) may be defined
as the norm-closure of S(R). For a < —%, there are Schwartz class functions
which are not contained in H*%(R) so some extra care is required in defining
the space.

With these notions, our main result may be stated.

Theorem 1. The initial value problem

{&tu + 03u+ 30,u? =0

(1.20) u(0) = ¢ € H*(R),

is globally wellposed in H** for s € (so(a),0] with so(a) = {5 < 0 for appropriate
a < 0. Moreover, for ¢ € H** with s € (so(a), 0],

(1.21) u(t) — e*tagqb € L*(R) for all t.

Strictly speaking, Theorem 1 does not extend Bourgain’s global result [1] for
L? data since H%® does not contain L? when a < 0. As mentioned above, it is
conjectured that the KAV equation is globally wellposed in H*(R), s > —3.

2. Bilinear Estimate

In this section, the following extension of the bilinear estimate in [6] is proven.

Theorem 2. The bilinear estimate

@1) J2woly,.,  <C (I, . lolx, .+l . lelx,.,)
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holds for parameters o, a, b, v1, a1, Vs,

1
b:§+7 M:1—2b+ﬁ, CM,"}/l,’YQSO, a7a17a2§07

and

1 20—

—lg(a—’yi)gmin<2,u—§,—aj >, 1=1,2 while j = 2,1,

1
2
pt g

. (3 1
—(71 +72) < min (5 +2a,2p + 5);

3
a— (71 +72) <3p— 7.

The reader may find it illuminating to verify that v; = v = a = —%4— satisfy
the conditions above when we set y = %, a = a1 = ag = 0. Therefore, this
theorem extends the bilinear estimate of [6]. The main point of the theorem
is that the a = 0 case allows for 71,72 < 0 provided the other parameters are

selected appropriately.

Proof. The proof is a case-by-case analysis of various regions of the integral
expression for [|0;uv|[y . By duality, the object to be estimated may be

1+ [RD k[ d(k, A) - ~
T Ll Ua X P
Id]| 2 <1 (1 + ’)\ _ k?")

rewritten

*

Assume with no loss of generality that [A\; — k3| > [A\y — k3|. We will show
the first term on the right-side of (2.1) controls the left-side in this case. In the
other case, the second term controls the left-side. By defining

1+ k Yi1—ai k ay R
Cl(kla)\l) = ( | 1|) 3! 1b| |u(k1,)\1)|,
(1+ A — K7

Y2—az2 az
calharg) = LR Rl g
(1+ X2 —k3))

the desired estimate is renormalized with L? right-side. Indeed, (2.1) follows if
we show

gy [ (BT () e A
(1+ A= &3 (1+ M — &)’

(1+ ’k2’)772+a2’k2\7a202(k27)\2)
(1+ A — &3]’

< ldl gz lleall g2 lleall o
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As first exploited by Bourgain [1], we recall the fact that
(2.3) max{|A — &%, |\i — k7], [ Ao — k3[} > Clk| [Ka] [kel,

where k = k1 + ko, A= A + Ao.

We consider Case A |A\—k3| > |\ —k3| and then Case B |A\—k3| < |\ — k3.
Because the integral is not symmetric in k1, ko, we subdivide Case A into 6
subcases: A.1 |k1], |kao] < 1, A2 k1| < 1 < k2], A3 1 < |ki| < |kol,
A4l ‘kl‘ ~ ’kz’, A5 ‘kQ‘ <1<k ‘k’l‘, A6 1l ’kg’ < ‘kl‘ A similar
decomposition is used in Case B.

Before turning to the detailed case-by-case analysis, we record three useful
lemmas.

Lemma 1. Assume spt ¢; C {(k,A) : |ki| ~ M;(dyadic)} for i = 1,2 and
My < Ms. Then the following estimate

Cl(kh)\l) 02(k27/\2)
. / A e e~ K (0t e — )Y

< OMy ldl| 2 lle | galleall e

holds provided b > %

Proof. First, assume that c;(k;, \;) = ¢i(ki)5{>\i:kf}- In this case, the desired
estimate is implied by

@5) [ dlhn o, kn () oa(he) b <
ki ~M;
OMy Hldll g2 llfa ]l el b2l -
To verify (2.5), we change variables u = ki + ko, v = k3 + k3 so that dudv =

3|k? — k2|dkydks. For |ki| ~ My < My ~ |ko|, we know that 3|k? — k3| ~ M2, a
fact we will use shortly. The left-side of (2.5) is bounded by

(2.6) /d(v7q))H(u, v)dudv where H(u,v) = %

We estimate with Cauchy-Schwarz,

< dll» ( / (. v)dudv> |

and change back to k1, k2 to observe that (2.5) holds.

Next, we show the denominators in (2.4) are strong enough to prove the
general case using the special case just considered. Decompose ¢; into cubic
level sets by writing

2.7)  cilki,\i) = Y cr,(k,A), spt cr, C{(k,A): A= k> = R; + O(1)}.

R, EZ
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The left-side of (2.4) is rewritten

Z 1

Rk, (L |R1|)*(1+ |Ra|)"

d(k,\)cr, (k1, k3 + Ry + 01)cr, (k2, k3 + Ry + 03).

k=ki+ko
A=k} +k3+R1+R2+61+062

We define ¢r.q, (ki) = cr, (ki, k3 + R; + 0;) and rewrite

Z 1

R R, (1F |Ri|)°(1+|R2))’

//d(k1 + ko, k3 4+ k3 + Ry + Ry + 01 + 02)br, 0, O Ry, dk1dkodb dbs.

The ki ko-integral is of the form considered in (2.5). Therefore, we can bound
by

1 / 1

Z My d 2 loryo, |l 72| P Ro0, || 72 d61dO2.
b b 2 L 1011l 20211 [,

R Ry (L [R1])" (14 |R2|)

Cauchy-Schwarz in 6y, 6y using |0;] < O(1) followed by Cauchy-Schwarz in
Ry, Ry using b > % proves (2.4). O

Lemma 2. Assume spt c; C {(k,A) : |k| ~ M;} fori=1,2 and My = My =
M. Then if R<< M, o> 3,

(2 8) / ’k“a Cl(kla )\1) 02(k27 )‘2)
L+ A — B3 (1 + Ao — K3

k=ki1+ko
A=A1+A2
|[kI<R
_1 _1
CR* 2 M2 |d|| palerll g2 lleall 2

provided b > %
Proof. As in Lemma 1, since b > %, it suffices to establish this estimate for

ci(ki, \i) = (;Si(k:i)é{)\i:k?}. So we consider the expression, for arbitrary € > 0,

(2.9) / |ky + ko|“d(ky + ko, k3 + K3) b1 (k1) do (ko )dkydy.

6<|k1+k2‘<R
ks |~M

Make the change of variable u = ki+ko, v = k}+k3, dudv = 3|k?—k3|dk,dks. By
noting that |k? —k3| = |ky+ko||k1 —ko| and |k;—ks| ~ M, the previous arguments
lead us to the desired bound R*~2 M~3||d|| 2 |c1]| 2 ||c2l| > for (2.9). O

Similar arguments establish the next result.
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Lemma 3. Assume spt c; C {(k,\) : |k| ~ M;} fori = 1,2 and My = Mo.
Then if R << M, agé

(2 10) / |k|Oé Cl(kl, )\1) C2(k27 )\2)
(1+ A = k)" (1+ Ao — K3])°

CROEM ™% ]| alea | o eall o
provided b > %
We return to the case-by-case analysis leading to (2.1).

A.1. |k1]|, |ko| < 1. Since —a <1, —ay, —az > 0, we can estimate the left-side
of (2.2) by

(2.11) / ( d(k, \) c1(k1, M) ca(k2, A2)

LI =B (1 [y — kD) (1 + e — k)

*

where ¢t =1 —2b+ 3. We have borrowed from the largest denominator to raise
the exponent of the other two to b. The Strichartz estimate for the cubic [1]
implies for b > l that

l(kﬂ?“r)\t) dkd\
(1+ |>\ k3

Plancherel’s theorem shows the b = 0 case of (2.12) is valid if L3 is replaced by
L?. By interpolation, the estimate

/ a(k? )‘) 6i(k:r+/\t)dkd>\
(14 |A— k3)) 302+

holds for 2 < p < 8. Hence, we can estimate (2.11),
1 c1(k1, A1) 1 ca(ka, A2)
310 4 310
(L4 A = &) (L4 [x2 = k30)" ) || s

< [ldll allexll 2 lleall 22
where F denotes the Fourier transform with respect to x and t.

(2.12) < Cllal .-

8
Lrl:t

(2.13)

< Cllall 2,
Ly,

lll 2 || F~

LA

In this region, the quantity to be estimated is

(2.14) / [ ey |~ oo
: _ b b
S+ A= B3 T A= R+ A2 — k)
d(k, N)ci(ki, Adr)ea(ka, X2).

We consider two subcases: case a |ki| < case b |k;

1 1
‘k2‘27 il k2|2'
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A.2.a. We borrow from the largest denominator and consider

/‘k2|1+a—’72+2a1 d(k,\) . ci(ki, A1) i ca(ka, A2) =
/ (LHA=ED" (14 A = B3 (1 + [\ — K3|)

Consider the contribution arising form |ko| ~ M, dyadic. Write cpr = coxm
where y s is a cutoff to the region {|ks| ~ M}. The region under consideration
here allows us to replace d by dys = dxa- By Lemma 1, this contribution is
estimated

MmN ldp | o flea [ allear o

Assuming oo — 72 < —2a1, we can sum in dyadic M by applying Cauchy-Schwarz

1 1
. 2\ 2 21\ 2
since (S larllz)” = ldll e, (S llearlz)” = el

Notice that in this case, we have |k||k1||k2| < C so the denominators (2.3) are
not useful in controlling derivatives here. Instead, the wide separation of |k |
1 1

and |kz| allows us to find the factor 57 ~ Thal by the change of variable argument

in the proof of Lemma 1.
A.2.b. k1| > |ko| 7> = (2.3) is useful here. We first borrow from the largest
denominator to raise 5 to b in (2.14). Then we use (2.3) to control (2.14) by

c1(k1, A1) ca(ka, A2)
(1+ A — 3D (1 + Ao — K3))°

/’f\lm_“lkzl_”_”\kl\_‘“_“d(k,A)

If 4 > —ay then we consider the contribution arising from |ks| ~ M, dyadic.
This contribution is bounded by

c1(k1, A1) e (kay A2)
(1+ A — K3 (1+ Ao — k3]

M1+a—u—72—u+2a1+2u/dM(k’)\)

By Lemma 1,
MO d | o llea | e lez] .

and we can sum over dyadic M > 1 provided o — 79 < —2a; by applying
Cauchy-Schwarz as before.

If 4 < —ayg, we bound |k1|”* " < 1 and use Lemma 1 to estimate the
|ko| ~ M contribution by

M2 d]| alex 2 lleal e
We can sum provided o — 5 < 2u.

A3. 1k |]€1| <K ’kz’ ~ |/€|
The quantity to be estimated here is

/ (14 k) T ke )" |
1+ A= kD" 4 A= k2D (4 e — ko))

5d(k, A)er(k1, Ar)ez(ka, Az).

*
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Set |ko| ~ |k| ~ My and |k1| ~ M; for dyadic M; < Ms. Using (2.3), we control
this contribution by

c1(k1, A1) ca(k2, A2)
(L =KD (L e = K3)°

M21+Q—W2—2MM1—71—#/d(k’>\)

By Lemma 1 , we control this quantity by
M2 M T e flea | 2 lleall e

If —y1 — 1 < 0 then we can sum over dyadic 1 < My, M, provided a — v <
2. If —y1 — p > 0 then, using 1 < M; < My, we can sum if we assume
a—yy —2u—y —p <0.So we require a« — 2 < 2u and o — (71 + ¥2) < 3p.

A4l 1k “{1’ ~ ‘k’g‘ ~ M.
We wish to estimate

L ) L I

(2.15) _
(L4 A= B (14 Ay — ke?)
‘kQ‘—“IQ
3 5d(k; A)er(kr, Ar)ez(kz, A2).
(L4 A2 = k27|)

We analyze three subcases: case a |k| < 17, case b 1> < |[k| < 1, case ¢
1 < |k|.

A.4.a. In this case |k||k1]||k2| < C so (2.3) is not useful. We borrow from the
largest denominator and then use the argument of Kenig, Ponce and Vega [6] to
bound (2.15) by

|]€’1+a
sup —m——m———
o (L+ [\ — B3]
’k1’*71|k2|*72 2
/(1+!/\ P01 ) el
’ 1— K1 2 — K2

The calculus lemmas in [6] show the prefactor above is bounded by
|/€|%+GM—(71+72) 1
_ L3\
(L+[A—F?) (14 A — 1E3))

W=

We ignore the denominators in this expression and, noting that % +a > 0, use
|k| < 57z to observe this contribution is bounded by M —5-2a—(m+72)  This
sums over dyadic M provided —(7; +72) < 3 + 2a.



GLOBAL WELLPOSEDNESS FOR KDV BELOW L2 765

A.4.b. Since 5z < |k| <1, (2.3) is useful in this region. We bound (2.15) by
c1(k1, M) ca(kz2, A2)
(L4 2 =KD" (14 A2 — B3]

M—(71+72)—2u/|k1 +k:2|a+1_”d(k,)\)

Ifa>up— % then by Lemma 2 we bound by
MO 2R ) o en | e o

So we require — (7, +72) < 21+ 3. If a < pp— & we use Lemma 3 to bound by

, ) 1 ats—H
S 0] B P TP

So, we require —(vy1 + 72) < 2a + %

A.4.c. |]€1 + k2| Z 1.
Here we wish to bound
[ oy |7 kg 2

/ 3\ 3.0 3 bd(ka)\)cl<k17)\1)02(/€2,)\2).
ST+ A= RN+ A = k) (A = E7)

Again, by the argument of [6], it suffices to show

k 1+a Lk —2v; k —272
(2.16) supL / [ L] <C.
’ (1 + |)\1

ma (L4 A= E3])" kDT e — k2D
Recall that |k||ky||k2] < C|A — k3|. So we rearrange the numerator by writing
LT e (Y e TR (L I
< C|k‘(’71+’72)(1_‘_|)\_k3|)_(71+72).
So, (2.16) is controlled by

J1t+72

1+a+(”1§”2)(1+|>\_k3|)*( L5 )*M

sup |k
k,A

/ dkyd)y
2b 2b
S+ A = k)T (L e — k)

Estimating the integral as in [6], we reduce matters to showing

Y1ty _(ditr2_
]{;H‘a"‘( +22)—4 14|\ — k3 (B2)—p
(2.17) Sup| | (1] lD <C.
e (1+ A — 87

Now we consider three cases depending on the relative size of |A| and |k|°.

Adci [\ < LHEP = |A =& ~ |\~ 1&3] ~ [k|’. Then boundedness and
summability in M is implied by 1 + o + (2322) — 1 3 (2d22) — 3, — 3 <0
which unravels to a — (v1 + 72) < 3pu.



766 J. COLLIANDER, G. STAFFILANI, AND H. TAKAOKA

Ad.cii. HkP <A < k)P = |[A—K3| ~ |k|®. For boundedness, we ask that
a—(n+72) <3p—3.

A .4.c.iii. %]k\?’ <Al = P-1E~ A 2 k|>. This case seems to allow
A= k3| = 0. However, since we are in case A.4.c, we know |A—k3| > C|k||ky||k2]
and |k1| ~ |ka| ~ M > 1 and |k| > 1. Since |A — 1k*| > C|\ — k3| in this region
we can bound (2.17) by

|k|%+a+(v142-'v2)|>\ B kgr(ﬁgw)fufi‘

We require that the exponent on |\ — k3| be negative. Then, using |\ — k3| >
C|k||k1]|k2] = C|k|* we have the desired boundedness and summability if o —
(71 +72) < 3p.

A5, ks <1< |ky| ~ k| ~ M.

By borrowing from the largest denominator, this contribution may be estimated
d(k, A) c1(k1, A1) ca(k2, A2)

(LHA=F3D" (1 A = k3D (14 (A — K3

(2.18) M1+ﬂ—%/yk2r“2

This is treated like Case A.2. We obtain the following conditions: If yu > —aso,
we require o — y; < —2as and if p < —aq, we require o — 1 < 2.

A.6. 1 < |ka| < |k1]. This is like Case A.3 and gives the condition o — v, < 2
and a — (71 + 72) < 3u. This ends the discussion of Case A.

Case B. |\ — k3| > A — k3| .
We wish to prove (2.2). By a simple change of variable, we can rewrite the
left-side as

R D P [ha)™ " o]
’ 1-b
(L+ A= B (L4 A — B2 T (L + e — ko))
c1(k, N)d™ (k1, A1)y (K2, A2)

*

where d™ (k, \) = d(—k,—\). We distinguish the following cases: B.1 |ks|, |k1| <
1, B.2 |]€2| <1 |]€1|, B.3 1 « ‘kg‘ <K “ﬁ‘, B4 1« “{ZQ’ ~ ‘kl‘, B.5
|k1] <1< |ka|, B.6 1 < |k1| < |k2|. Note that in these new variables, we now
have |\ — k3| = max(|\ — k3|, |\ — k3], | \a — K3]).

B.1. This is the same as Case A.l discussed above after we redistribute the
largest denominator.

B.2. ko] <1< |ky].
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B.2.a. |ka| < 57z. We bound (2.19) in this region by

ca(ka2, A2) dar(ki, M)
(L+ 2 — kD" (14 [y — k)

M—W1+a+1+2a2/CM(k7 )\)

*

where ¢y = c1xar, dy = dxa and xyy is a cutoff to {|k| ~ M}. By lemma 1,
this is bounded by

M2 ey ea | o dar | 2

We can sum over dyadic M provided o — y; < —2as.

B.2.b. oz < |ko|. This is similar to Case A.2.b considered above. In case

> —ag we require a —y; < —2ag. If p < —ag, we require a — 71 < 2p.

B.3. 1 < |k2| < |k1| ~ |k|. This can be treated like Case A.3 above provided
a—y <2pand a— (y1 +72) < 3p.

B.4. 1 < |k1| ~ |ko| ~ M. We subdivide into two cases: case a |k1 + k2| < 1,
case b |k + k2| > 1.

B.4.a. We wish to bound
(2.20)
/ L L
(L4 A= B3N (L + A — k2] (1 + Ao — ko))

C(k, )\)EM(kQ, )\Q)dM(kl, )\1)

*

where dy; = dx s and ¢y = cax -

B.4.a.i. |ky + k2| < 575 (p > 0 is selected below). We borrow from the largest
denominator and bound (2.20) in this region by

ek
L+ —k3))°

e (kay A2)

Ak, M) .
(1+|A — k7))

Mpa1 Ma—i—l—'yz /

*

Since c is supported in {|k| < M} and ¢y is supported in {|ks| ~ M}, we have
a wide frequency separation and can apply Lemma 1. We obtain

MPAMET2 e 2 llear | g2 lldar | o

We will require that @ — v3 < —pa;. Then, Cauchy-Schwarz in M establishes
the desired estimate here.



768 J. COLLIANDER, G. STAFFILANI, AND H. TAKAOKA

B.4.a.ii. 55 < |ki + k2| < 1. Provided we select 0 < p < 2, this condition
makes (2.3) useful in reducing the powers of |k| and |k;| in the numerator. Upon
borrowing from the largest denominator and using (2.3), we bound (2.19) by

/ |k|—a1—u|k1|a+l—72—2p,

< 31,0 30
(T4 A —k1°]) (T + A2 — k27))

C(k, )\)5]\/1(]62, )\Q)dM(kl, )\1)

*

SMMW%/,M@IMCM(,@A) dar (K1, A1) e (k2, A2)

b b’
(T4 A= k%) (14 A2 — k2%))

Since —a; — p < %, we estimate using Lemma 3 to get

Motz =2 A (et it ) ol | e ] e

We want p(a1 +u+ %) —i—a—’yg—i-%—Qu < 0 so we can sum over dyadic M. If
2pu—

1 _1
we set p = “=7F € [0, 2] for p € [3, 1] then we require o — 75 < (—as) (2:+f).
2 2

B.4.b. 1 < |k + ko|, |k1| ~ |kz2|. The argument of [6] reduces matters to
showing that

(2.21) sup

1 / [ | 727 [foy |22 Ry |22 < C
wx (14X —E3))" ( B

2b 2b
L+ A — k)7 (14 A2 — k2°))

As in Case A.4 above, we reorganize the numerator by writing
a2 1R 7 ko] 7% = (] [Ral) 2 RO wasing k|~ Jhol.
Because o — 2 > —1 and |\ — k3| > c|k||k1||k2| we bound the square of (2.21)
by

sup (1+ |\ — k%)) 70T g A mete

kX

1

3120 3
S (14 A= kr”)) (1 + [A2 — k27

)Qb'

The change of variables argument from [6] gives the bound

(1 + ’A _ k,?,‘)1+a—'72_2.u’k’—Q’yl—a-‘r’}Q—l—%

e Lk

An analysis of this expression in the three regions || < 1[k3|, L|k3| < || <
11k3|, 1|k3| < |A| as in Case A.4 leads to the parameter restrictions v — (v1 +
Y2) <3p, a—(n+2) <3p—3, a—y <2u-— 3.

B.5. |k <1< |ka| ~ k| ~ M.
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B.5.a. |k31| < %

M(vl+vz)/|k1|1+a c1(k, ) . d(k1, A1) ca(ka, A2) _
) L+ =R (14 2y = k) 2+ 12— K]

Apply Lemma 1 to bound by
MO =220 || ald| e flea | 2
To sum in dyadic M, we require —(y1 + 72) < 3 + 2a.
B.5.b. 5z < |ki| < 1. This condition ensures that (2.3) is useful. So we bound
by
d(k1,\1) ca(ka, A2)
(L4 A= ka®])” (14 [0 = 2D

M Ontne) =2 / [l " e (R, )

Since a + 1 — > 0, we can use |k1|*7'7# < 1 and Lemma 1 to obtain
M~ =2 ]| o lea| aleall -

To sum in dyadic M, we require —(y; +72) < 1+ 2pu.

B.6. 1 < |k1| < |ka| ~ |k| ~ M. This is similar to Case A.4.c. We bound (2.19)
by

/ LI L R L
b
(L A= KD+ = k) (1 A2 = k)

bcl(kv A)d(k1, A1)ez(k2, Az).
Since (2.3) is useful in this region, we write

d(k1, M) ca(ka2, A2)
(1 = k)’ (1+ e = K3)°

M~ Ontne) =2 / [fer |7 e (R, A)

Ifl+a—pu>0, wecan use Lemma 1 to bound by

M~Onte)=2utltazupr=lye | d| e lleall 2

We require a—(y1+72) < 3u. If instead, we have 1+a—p < 0 then ]]ﬁ’l*o‘*“ <1
and Lemma 1 leads to the condition —(v; +72) < 2u + 1. n

We conclude this section by showing the necessity of some of the parameter
restrictions in the statement of Theorem 2. In case y=band a = a3 =ay =0
with @ = 71 = 72, the counterexample in [6] shows o = 11 = 72 > —% is
necessary for the bilinear estimate to hold. The need for the homogeneous
weights of negative index is demonstrated by the following statement.

Proposition 1. For any b € R, the bilinear estimate

(2.22) 10 (u0)lx, o, < Cliull ol .

fails for v < 0.



770 J. COLLIANDER, G. STAFFILANI, AND H. TAKAOKA

Proof. Fix N > 1. Let R(k A be a thin rectangle of side N ~2 in the k-direction
and side 1 in the A-direction centered at the point (k, \). Set

u(k, A) = XRZv,sz)(k’)\)’ v(k,A) = XR%,O)(kv A).
Then
o~ o~ N 2
~ RNy - ~ N~
(u*v)(k,\) ~ | |XRé\17\7,N XRBN )

(N,N3)

where R denotes the double of R. We calculate the left-side of (2.22),

2 3
102 (o)l o, ™~ <// +|A kg TeE) xRéVNN)(k,A) dde)

~NN73(N~ ) .
The right-side of (2.22) is calculated

1 1
~NYNTEE ol o~ (NP

Jull )

1
7,0, 2

For the estimate (2.22) to hold, we must have C' < N7 for all N > 1 which fails
for v < 0. O

[N

3. Local wellposedness

We begin by considering the initial value problem

(3.1) Ou+ O3u+ 0,u* =0
' u(0) = ¢o € H"*(R), for certain a < 0.

Since H%% C L2, Bourgain’s result [1] shows this problem is locally wellposed.
We revisit Bourgain’s argument and record the size of the existence interval in
terms of the L? norm of the initial data. Moreover, we show the solution wu(t)
remains in H%®.

Next, we consider the initial value problem
(3.2) {Otv +03v + %@(v%—i— 2u(z,t)v) =0
. U(O) =1 € HU7G(R)7 o,a <0,
where the variable coefficient u € Xo 41, and |[¢o]| go.a < 1. We establish local
wellposedness of (3.2) and show the size of the existence interval is determined
by ||u||XgOb provided |[1o|| ;.2 is small enough. When we take the variable

coefficient u to be the solution of (3.1), the wellposedness result of (3.1) permits
us to show the existence interval for (3.2) is determined by ||| ,-.

Proposition 2. The initial value problem (3.1) is wellposed on a time interval
[0, 8] where § satisfies

(3.3) 57| oll 12 ~ 1.
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Moreover, the solution u satisfies

1
(3.4 ol , < Clidollsons =5 +.

Proof. The problem (3.1) is equivalent to finding u which satisfies

(3.5) u(t) = S(t)go — /0 S(t - T)%axﬁ(r)dr

Denote the right-side of (3.5) by ®4,(u). We will show ®4, is a contraction on
Xg,mb with b = %+ for appropriate —% <a <0, § >0 selected below.

Step 1. ®4,: Bounded subsets of nga,b ——DBounded subsets of Xg,a,b-
We have for b = %—i— and €, = b — % = 0+,

(36) IS0l , < CTlollyne, a B
t
(3.7) ‘ / S(t — )02 (r)dr <o ofod||,,
0 Xg,a,b 0,a,b—1

by adapting the proofs of Lemmas 3.1 and 3.3 in [6]. The bilinear estimate
implies

(3.8) [0z?(| ., ., < Clully,, ,lullx,, ,

provided b = %—F, i <pB< % and —% < a < 0. Since X&aﬁ - Xg’a’b, we have
that bounded subsets in X& «,p Map into bounded subsets in Xg, ap under the
mapping P, .

Step 2. Shrink the constant for contraction.
Allowing § < % permits us to exploit the size of the time interval in the definition

of Xg’b. By interpolation,

1-2 2
lullxs, , < llullys® llullgs -

,a

It can be shown that
1
lullys | < C6¥ullys

Indeed, we have

ks, = [ Bz + 6D + xugen) ROl 3k

where @ here refers to the Fourier transform with respect to the spatial variable
x. Since u is supported in a §-sized interval in the t-variable, we have

< /[X{|k|21}(k)(1 + kD) + X{|k|<1}(k)|k|2a]5\m(k)(')\|igcdk-
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Finally, we take the Fourier transform with respect to ¢t and use Cauchy-Schwarz
with b > % to get
2

< [qeizn 00+ W)™ +X{|k|<1}<k>\k|2“15< / |a<k,A>|dA) n

<8 [ bz (9 + KD + xqut<ny DI
b 2
</%m(k,x)m) dk
< 6Cyllulls -
Therefore,
(3.9) lullxs < CO3ODullys .

The smaller 8 € [0, b], the larger the power of ¢ in (3.9).
Combining (3.7), (3.8) and (3.9) gives

t
(3.10) /S(t—T)axUQ(T)dT <Dl ulles
0 0,a1,b 0,a

2,b

Xg,a,b

for b = %—1—, —% < a; < 0and % <pB< % Because we want various quantities to
depend only upon the L? norm, we set a; = 0 in (3.10). A contraction estimate
will follow if we select § so small that

B
05%(1—3)—\@”‘)(370& <1

As in [1] and [6], we observe that HUH)(g < C|ldol| 0., SO We can take 8 = 1+
and choose § satisfying (3.3) and still have the contraction estimate. O
Proposition 3. The initial value problem (3.2) with initial data 1o satisfying

[9ho]| o < 1 with — < 0 and —3 < a < 0 and variable coefficient u € Xo 4
is wellposed in a time interval [0, 6] where ¢ satisfies

1
(3.11) 04 ||u||X0,O,b ~ 1.
Moreover, the solution v satisfies

1
(3.12) lollxs ,, < Cllollsoab =5+

Proof. We show there exists a function v € X(‘;a’b which satisfies for ¢ € [0, ]
the integral equation

(3.13) vo(t) = S(t)o — /0 S(t— T)%@I(UQ(T) + 2u(7)v(7))dT.

As in the treatment of (3.1), the issues are determined by the bilinear estimate.
From Theorem 2, we have

0271, ..., < Cllel, el o,
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provided b = %+, i <pB< %, —% <a<0and —0 < 38— %. As in the earlier
discussion, we obtain

/tS(t — 7)0pv2(7)dr < 053(1-7)|
0

ollxs llellx, .,

X3 a0
< Cllollxs ol .
(For this estimate, we take /3 near % to push o down near —%.)
The other term in (3.13) is estimated using Theorem 2,
(814)  oswwlxs, <O (lullxg, lollxs |+ llullxg, ollxs ),

provided b = %—i—, % <p< %, —0 < min(% +2a,208 + %) Ultimately, we obtain

(3.15) ’ /O " S(t — 1), (u(r)o(r))dr

<0000 ull g lolls , -
0,0,b o,a,b
X2 an
(Here, we take (3 near 1 to improve the power of d.)
A contraction estimate follows provided
11_8 1
(3.16) max (cyyv\\Xiﬁ’b,caa<l b)||u||Xg’0’b> <3
The contraction implies ||v|| s < |1%0]| go.a and, since ||1g|| 0.2 is very small

for large N, we can replace (3.16) by

5512y~ 1

The support properties of 1//13 show that a can be take anywhere in (—%, 0]. Take
B = %+ to observe wellposedness of (3.2) in H%*% on a d-sized time interval given

by (3.11), provided —% <o0. O

4. Global Wellposedness

We show global wellposedness of the initial value problem
du+O3u+ 1o,u? =0
u(0) = ¢p € H>*(R), for certain s,a < 0.

It suffices to construct the solution on [0, 7] for arbitrary 7' > 1. Fix T. We
construct the solution u of (4.1) as

(4.1)

(42)  ult) = X0 Oyt = 3G — 1) + vyt — 56 — 1)}
where u; and v; solve the initial value problems

(4.3) {Ovu; + B3u; + $0,u3 = 0,u;(0) = ¢;,

(4.4) {atUj + 8;’113- + %at(v]z + 2u;(z, t)v;) = 0,v;(0) = v;,

for j = 1,2,..., [% + 1}. Note that u; + v; solves (4.1) with data ¢; + ; if
uj, vj solve (4.3), (4.4), respectively. To carry out this construction, we define
initial data ¢;, 1; which allow us to show (4.3), (4.4) are both locally wellposed
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on a d;-sized time interval determined by |¢;[|;.. Observe that (4.4) depends
upon ¢; through the coefficient u;(z,t), the solution of (4.3). Moreover, the
data may be selected so that

(4.5) sup [[¢; . < Cinflg;] .
J

allowing us to conclude d; = 0 > 0 for all j.
For ¢ € H®* write ¢ = ¢g + ¥o, ¢g = Pn@. This defines the data ¢q, ¥ for
(4.3), (4.4) with j = 0. Note that

(4.6) [@oll g2 ~ N7,
(4.7) [boll go.a ~ N2,

for arbitrary a > —%.
The local wellposedness result in Proposition 2 shows ¢g —— wug(t) is defined
for ¢t € [0, 6] where

(4.8) 57 ol 2 ~ 1.

The smallness of ¢y € H%% makes the cross term the dominant term in (4.4).
As shown in Proposition 3, the evolution 1y — v(t) is defined for ¢ € [0, ]
satisfying (4.8).

Following Bourgain [3], we define
(4.9) ¢1 = uo(6) + wo(0)
(4.10) 1 = S(8)o

where wq(0) is defined via vg(t) = S(t)1pg + wo(t). Unitarity of S(-) ensures that
1 satisfies (4.7). To verify (4.5) for j = 1 it suffices to show

(4.11) [f1l[pz ~ N7% +0(N7%),
in light of (4.6).

Estimating |[¢1]|;.. We have

(4.12) [é1llz2 < lluo(6)ll 2 + sup [lwo(t)l|fe
t€[0,4]

and by L? conservation of the evolution ¢y —— ug(t) and properties of Xs.ab
spaces

(1.13) Hqﬁlum < 6ol + lwollx,

Since vo(t) = S(t)Yo + wo(t), we recognize that

(4.14) / S(t —7)= 0, (v3(T) + 2ug(T)vo(7))dr.
Hence,

(4.15) HonXO’O’b < C(Sfe”HagcuovoHXO,O,b_l + CéiEbH&EU(%HXO,O,b,l'
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By the bilinear estimate, we have

(4.16) 9000, ,, , < C (lluollx,, Ioollx, ..., + ol ., Ioollx. ..., )

where

1 26-%3
4.17 oy <min (28— >, a2 2.
(4.17) o1 mln(ﬁ 5 aﬁ+% 2)
Then, taking 5 = b in (4.16) allows us to manufacture a positive power of § to
kill 67¢. So, we require —o; < min (%, —%) Similar arguments apply to the
second term in (4.15) allowing us to show
2
(18) oy, < € {lluollx,,, lollx, ., +loli%, .}
for
1 26—3 3 13, 3 as 3
—09 <min (28— =, —as—2, = ~ —f—=)<min|—-—=, =
0‘2H11H<ﬁ 27 a2ﬂ+%a47ﬁ+472ﬁ 8>H11H< 2a8>

upon choosing = b ~ % The local wellposedness result (Proposition 3) shows
the quantities on the right-side of (4.18) are controlled by norms on the initial
data ¢g, 1. Indeed, we have

2
(4.19) leoll g, < € {1600l 0.0 180 s s + 180 [ Frezims |
The definition of ¢g, g then imply
(4.20) lwolly, ,, < ONT=2).

Returning to (4.13), we have a quantified version of (4.11),
(4.21) ¢1llz2 < lldoll 2 + O(NT72).

The appearance of ||¢o|| yo.. in (4.19) forecasts the need to estimate ||$1]] yo.a
during the next step. So, we estimate this quantity next. Since H®® ~ L? +
H (k<1 and the L? norm is controlled in (4.21), we need to control the contri-
bution arising from the low frequencies. Let P be the Dirichlet projection onto
k| <1, ﬁf(k) = X{|k|<1}(k‘)f(k‘). We must estimate

(4.22) [Pyl o0 <

0
1
IPS(8)¢oll oo + IP’/ S(0 = 7)50xug(7)dr + [[Pwo(0)]] gro.a-
0

HO,a
The last term may be estimated as above,

(4.23)  [[Pwo(9)]| gro.a < [[wo(O)] o, < [lwollx,

2
< C {100 s 10l o1 o1 + 1803z 02 }

The first term in (4.22) is bounded by ||[P¢yg|| 4o.. using the unitarity of S(-) and
the commutativity of P and S(-). The dominant term in (4.22) is controlled
using the following lemma.
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Lemma 4. Fora > —%,

(4.24) < C5 sup |uo(t)]7z-

t€(0,4]

4
P / (5 — T)%axug(ﬂdr
0

HO,a
Proof. The left-side is controlled by

(4.25) C6 sup ||PO.ug(t)]| 0.0
t€0,6]

NI

—_— —_— 2
— O sup ( / K209 1 (2) * a0 (D) (k)dk)
|k|<1

te[0,4]

Since a > —%, matters are reduced to controlling

—

(4.26) C6 sup |luo(t) * uo(t)] ;o-

t€[0,4] *
The desired estimate follows from Young’s inequality and the Plancherel Theo-
rem. O

Combining the estimates on the terms in (4.22) gives the estimate

(4.27) [é1ll 0.0 < Cllollzz + ON).
We complete the construction of u, the solution of (4.1), with an induction
argument. Suppose for j =0,1,...,n we write
(4.28) Gir1 = u;(8) +w;(6)
(4.29) Yiv1 = S(0)¢;

where ¢; — u;(t), ¥; — v;(t) are solutions of (4.3), (4.4) for t € [0, ] where
J satisfies (4.8). Suppose furthermore that

(4.30) 5112 < ol + TCiNT =5
(4.31) 651l 0.0 < CION.

Observe that (4.21) and (4.27) show (4.30) and (4.31) hold for j = 1. If n >

[% + 1], the solution is constructed on [0, T] and we are done. Therefore, assume

n < L. Then ¢,11, ¥n41 are defined by (4.28), (4.29). We verify (4.30), (4.31)
for j =n+1.
We have

(432)  Nbuwealis < Uoallzs + C5~ (100unvnllx, o, , 1002, ) -
The hypothesis (4.30) and the bilinear estimate (as used in (4.16)—(4.18)) show
(433) [fnsallys <
_ 2
I60llys + TCNT "+ C (llunll ., Jonlx, .., + ol ..,)
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provided

3 1
(4.34) —02 < min <§, —%) , —o1 < min <— —9> .

By the local result,
(4.35) Jlénialle <
o1— 2
I60ll 2 + TCRN =2 4 C (11nll gro.0 Il gev.n + 60 l3rez.ns )

and by induction
(436)  [[dnsllze < 6ol + TORNT =3 4 C (N3 4 N2

Since nd < T, if we take o3 = %, a = ag, for large N, we can write

(4.37) 16nsall 2 < lidoll > + TC(n+ N5
This is the n + 1 case of (4.30) as desired. The estimate (4.31) follows from the

argument (4.21)—(4.26) .
Finally, the uniformity of § with respect to j is guaranteed if

(4.38) sup [|9;l 2 < 2/[@ol| -
J

Estimate (4.30) shows we can take j = 1,..., M steps with the uniformly sized
§ determined by (4.8) where M satisfies TCM N 735 ~ N 7% that is

1
4.39 M ~ — N>~
(4.39) TC
This process extends the solution u of (4.1) to the time interval [0, MJ]. By
(4.8), (4.6) and (4.39),
(4.40) Mé§ ~ CNO

and we can ensure M§ > T by choice of N if 6s—o; > 0. Recalling the condition
(4.34), we have global wellposedness provided

1 1 . 1 a a
(4.41) S>601__6mm <§,—§> =15
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