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GLOBAL WELLPOSEDNESS FOR KDV BELOW L2

J. Colliander, G. Staffilani, and H. Takaoka

Abstract. The initial value problem for the Korteweg-deVries equation on the
line is shown to be globally wellposed for rough data. In particular, we show global
wellposedness for certain initial data in Hs for an interval of negative s. The proof
is an adaptation of a general argument introduced by Bourgain to prove a similar
result for a nonlinear Schrödinger equation. The proof relies on a generalization
of the bilinear estimate of Kenig, Ponce and Vega.

1. Introduction

Consider the initial value problem for the Korteweg-deVries (KdV) equation{
∂tu + ∂3

xu + 1
2∂xu2 = 0

u(0) = φ ∈ Hs(R), − 3
4 < s < 0.

(1.1)

The local wellposedness theory in [1], [6] shows, for s > − 3
4 , there exists a unique

solution u ∈ C([0, T ];Hs(R)) which depends continuously on the data φ. The
lifetime T is bounded below by a negative power of ‖φ‖Hs . The problem is said
to be globally wellposed if we can take T = ∞. Iterating the local result naturally
extends the existence interval. However, successive time steps may shrink due
to the growth of ‖u(t)‖Hs . Consequently, the iteration process may only extend
the solution to a longer, but still finite, existence interval.

Solutions of (1.1) satisfy,

‖u(t)‖L2 = ‖φ‖L2 .(1.2)

Since (1.2) prevents the growth of ‖u(t)‖L2 , successive steps in the iteration of
the local result are all greater than a fixed size. Therefore, for s ≥ 0, (1.1) is
globally wellposed. Our first main result shows (1.1) is globally wellposed for
initial data having a certain degree of regularity below L2. It is conjectured that
KdV is globally wellposed in Hs(R) for s > − 3

4 but we do not obtain this full
range of s.

The proof is an adaptation of the general method introduced by Bourgain
[3] to establish a similar global wellposedness result for the 2d cubic nonlinear
Schrödinger equation below H1. Fonseca, Linares and Ponce [4] used Bourgain’s
approach to prove mKdV (replace u2 by u3 in (1.1)) is globally wellposed below
H1. Similar results for nonlinear wave equations have been obtained by Bourgain
[2] and by Keel and Tao [5]. Takaoka [7] and Tzvetkov [8] have obtained global
results below L2 for the KP − II equation using similar methods.
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The idea is to exploit the L2 conservation law (1.2) of (1.1) even though the
data φ /∈ L2. We briefly describe the proof.

Fix T > 0. We construct the solution u of (1.1) on [0, T ]. Since T is arbi-
trary, this implies global existence; global wellposedness then follows from local
wellposedness.

Break the data φ into low and high frequency pieces by writing

φ = φ0 + ψ0, φ0 = PNφ,(1.3)

where PN is the Dirichlet projection defined by

P̂Nφ = χ[−N,N ]φ̂,(1.4)

and χ[−N,N ] is the characteristic function of the interval [−N, N ] and φ̂ denotes
the Fourier transform of φ. The number N will be selected later, N = N(T ).

Let φ0 evolve forward to u0 according to KdV,{
∂tu0 + ∂3

xu0 + 1
2∂xu2

0 = 0, x ∈ R,
u0(0) = φ0.

(1.5)

Let ψ0 evolve according to{
∂tv0 + ∂3

xv0 + 1
2∂x(v2

0 + 2u0v0) = 0, x ∈ R,
v0(0) = ψ0.

(1.6)

The equation (1.6) is selected so that

u(t) = u0(t) + v0(t)(1.7)

solves (1.1). We may sometimes refer to (1.6) as the “difference equation” since
its evolution expresses the difference between u and u0. The initial value prob-
lems (1.5), (1.6) are shown to be locally wellposed on a δ-sized time interval
with

δ = δ(‖φ0‖L2),(1.8)

provided N is sufficiently large. Since φ0 ∈ L2, the decomposition (1.3) gives
δ = δ(N). Split v0 by writing

v0(t) = e−t∂3
xψ0 + w0(t).(1.9)

Define

φ1 = u0(δ) + w0(δ); ψ1 = e−δ∂3
xψ0(1.10)

and evolve φ1 �−→ u1, ψ1 �−→ v1 according to{
∂tu1 + ∂3

xu1 + 1
2∂xu2

1 = 0,
u1(0) = φ1,

(1.11)

{
∂tv1 + ∂3

xv1 + 1
2∂x(v2

1 + 2u1v1) = 0,
v1(0) = ψ1.

(1.12)

We wish to show (1.11), (1.12) are locally wellposed on an interval of the
same size δ. This requires ‖φ1‖L2 ∼ ‖φ0‖L2 which follows from an estimate
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on ‖w0(δ)‖L2 . Since w0(t) is part of the evolving solution of (1.12) with data
ψ0 /∈ L2, it is not obvious that w0(δ) ∈ L2. The process (1.9)–(1.12) may be
iterated with the same sized δ throughout until, say

‖w0‖L2 + · · · + ‖wM‖L2 ∼ ‖φ0‖L2 ; M = M(N).(1.13)

This extends the solution to an interval of size Mδ. The final step is to show
that, for appropriate s, we can choose N large enough to guarantee

Mδ > T.(1.14)

The main new technical ingredient is the observation that the bilinear estimate
of Kenig, Ponce and Vega [6],

‖∂xuv‖Xs,b−1
≤ C‖u‖Xs,b

‖v‖Xs,b
, s > −3

4
, b � 1

2
,(1.15)

can be strengthened in the case s = 0 to a variant of the false inequality

‖∂x(uv)‖X0,b−1
≤ C‖u‖Xγ,b

‖v‖Xγ,b
(1.16)

for γ < 0. The two parameter spaces Xs,b are defined in (1.17) below. As stated,
(1.16) is not true (see Proposition 1 in Section 2 below.) However, (1.16) does
hold provided u and v have their spatial Fourier transforms supported away
from zero. This estimate reveals “extra” smoothing, beyond the recovery of the
derivative, which allows us to show w0(δ) ∈ L2. The failure of (1.16) occurs due
to interactions with low frequencies and motivates us to consider initial data in
the class H0,a defined below.

A preprint containing similar results to those found here was circulated by
the first two authors last year. However, the failure of (1.16) was not accounted
for and invalidates the claims made in that preprint. The first two authors
thank Professor Y. Tsutsumi for kindly pointing out the issues arising from low
frequency interactions. We thank C. Kenig for several nice discussions.

The rest of the paper is organized as follows. This section concludes with
some definitions and a statement of the main result. Section 2 addresses gener-
alizations of the bilinear estimate (1.15). Local wellposedness of the problems
(1.5), (1.6) is shown in section 3. The final section contains the proof of global
wellposedness.

Notation and statement of result. We recall the definition of the spaces
Xs,b. These spaces, introduced in [1], are tailored to the linear part of the KdV
equation. We will prove a family of bilinear estimates which generalizes the
sharp estimate of [6] in the next section.

We will write a+ for a ∈ R to mean a + ε for a sufficiently small ε > 0. We
will also write

∫
∗

to denote the convolution integral
∫

k=k1+k2
λ=λ1+λ2

in various places

below.
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Let Xs,b denote the closure of the Schwarz class S(R2) in the norm

‖u‖Xs,b
=

(∫
(1 + |k|)2s(1 + |λ − k3|)2b|û(k, λ)|2 dkdλ

) 1
2

.(1.17)

Let Xδ
s,b denote the closure of S(R2) in the norm

‖u‖Xδ
s,b

= inf
(∫

(1 + |k|)2s(1 + |λ − k3|)2b|ŵ(k, λ)|2 dkdλ

) 1
2

(1.18)

where the infimum is taken over all functions w such that w(t) = u(t) for t ∈
[−δ, δ]. When b > 1

2 , u ∈ Xδ
s,b implies u ∈ CHs(R)([−δ, δ]). We introduce a

modification of the space Hs(R) with a parameter which allows us to control
low frequencies. Define Hs,a(R) = {φ : ‖φ‖Hs,a(R) < ∞} where

‖φ‖Hs,a(R) =
(∫

[(1 + |k|)s
χ{|k|≥1}(k) + |k|aχ{|k|<1}(k)]2|φ̂(k)|2dk

) 1
2

.(1.19)

Correspondingly, we define Xs,a,b and Xδ
s,a,b by replacing (1 + |k|)2s in Xs,b and

Xδ
s,b by [(1 + |k|)s

χ{|k|≥1}(k) + |k|aχ{|k|<1}(k)]2.

Remark 1. For a > − 1
2 , S(R) ⊂ Hs,a(R) and the space Hs,a(R) may be defined

as the norm-closure of S(R). For a < − 1
2 , there are Schwartz class functions

which are not contained in Hs,a(R) so some extra care is required in defining
the space.

With these notions, our main result may be stated.

Theorem 1. The initial value problem{
∂tu + ∂3

xu + 1
2∂xu2 = 0

u(0) = φ ∈ Hs,a(R),(1.20)

is globally wellposed in Hs,a for s ∈ (s0(a), 0] with s0(a) = a
12 < 0 for appropriate

a < 0. Moreover, for φ ∈ Hs,a with s ∈ (s0(a), 0],

u(t) − e−t∂3
xφ ∈ L2(R) for all t.(1.21)

Strictly speaking, Theorem 1 does not extend Bourgain’s global result [1] for
L2 data since H0,a does not contain L2 when a < 0. As mentioned above, it is
conjectured that the KdV equation is globally wellposed in Hs(R), s > − 3

4 .

2. Bilinear Estimate

In this section, the following extension of the bilinear estimate in [6] is proven.

Theorem 2. The bilinear estimate

‖∂xuv‖Xα,a,b−1
≤ C

(
‖u‖Xγ1,a1,b

‖v‖Xγ2,a2,β
+ ‖u‖Xγ1,a1,β

‖v‖Xγ2,a2,b

)
,(2.1)
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holds for parameters α, a, b, γ1, a1, γ2,

b =
1
2
+, µ := 1 − 2b + β, α, γ1, γ2 ≤ 0, a, a1, a2 ≤ 0,

and

−1 ≤ (α − γi) ≤ min
(

2µ − 1
2
,−aj

2µ − 1
2

µ + 1
2

)
, i = 1, 2 while j = 2, 1,

−(γ1 + γ2) < min
(

3
2

+ 2a, 2µ +
1
2

)
,

α − (γ1 + γ2) < 3µ − 3
4
.

The reader may find it illuminating to verify that γ1 = γ2 = α = − 3
4+ satisfy

the conditions above when we set µ = 1
2 , a = a1 = a2 = 0. Therefore, this

theorem extends the bilinear estimate of [6]. The main point of the theorem
is that the α = 0 case allows for γ1, γ2 < 0 provided the other parameters are
selected appropriately.

Proof. The proof is a case-by-case analysis of various regions of the integral
expression for ‖∂xuv‖Xα,a,b−1

. By duality, the object to be estimated may be
rewritten

sup
‖d‖L2≤1

∫
∗

(1 + |k|)α−a|k|1+a
d(k, λ)

(1 + |λ − k3|)b
û(k1, λ1)v̂(k2, λ2).

Assume with no loss of generality that |λ1 − k3
1| ≥ |λ2 − k3

2|. We will show
the first term on the right-side of (2.1) controls the left-side in this case. In the
other case, the second term controls the left-side. By defining

c1(k1, λ1) =
(1 + |k1|)γ1−a1 |k1|a1

(1 + |λ1 − k3
1|)b

|û(k1, λ1)|,

c2(k2, λ2) =
(1 + |k2|)γ2−a2 |k2|a2

(1 + |λ2 − k3
2|)β

|v̂(k2, λ2)|,

the desired estimate is renormalized with L2 right-side. Indeed, (2.1) follows if
we show

(2.2)
∫
∗

(1 + |k|)α−a|k|1+a
d(k, λ)

(1 + |λ − k3|)1−b

(1 + |k1|)−γ1+a1 |k1|−a1c1(k1, λ1)

(1 + |λ1 − k3
1|)b

(1 + |k2|)−γ2+a2 |k2|−a2c2(k2, λ2)

(1 + |λ2 − k3
2|)β

≤ ‖d‖L2‖c1‖L2‖c2‖L2 .
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As first exploited by Bourgain [1], we recall the fact that

max{|λ − k3|, |λ1 − k3
1|, |λ2 − k3

2|} ≥ C|k| |k1| |k2|,(2.3)

where k = k1 + k2, λ = λ1 + λ2.

We consider Case A |λ−k3| ≥ |λ1−k3
1| and then Case B |λ−k3| ≤ |λ1−k3

1|.
Because the integral is not symmetric in k1, k2, we subdivide Case A into 6
subcases: A.1 |k1|, |k2| ≤ 1, A.2 |k1| ≤ 1 � |k2|, A.3 1 � |k1| � |k2|,
A.4 1 � |k1| ∼ |k2|, A.5 |k2| ≤ 1 � |k1|, A.6 1 � |k2| � |k1|. A similar
decomposition is used in Case B.

Before turning to the detailed case-by-case analysis, we record three useful
lemmas.

Lemma 1. Assume spt ci ⊂ {(k, λ) : |ki| ∼ Mi(dyadic)} for i = 1, 2 and
M1 < M2. Then the following estimate∫

∗
d(k, λ)

c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

≤ CM−1
2 ‖d‖L2‖c1‖L2‖c2‖L2 ,(2.4)

holds provided b > 1
2 .

Proof. First, assume that ci(ki, λi) = φi(ki)δ{λi=k3
i }. In this case, the desired

estimate is implied by

(2.5)
∫

|ki|∼Mi

d(k1 + k2, k
3
1 + k3

2)φ1(k1)φ2(k2)dk1dk2 ≤

CM−1
2 ‖d‖L2‖φ1‖L2‖φ2‖L2 .

To verify (2.5), we change variables u = k1 + k2, v = k3
1 + k3

2 so that dudv =
3|k2

1 − k2
2|dk1dk2. For |k1| ∼ M1 < M2 ∼ |k2|, we know that 3|k2

1 − k2
2| ∼ M2

2 , a
fact we will use shortly. The left-side of (2.5) is bounded by∫

d(v, v)H(u, v)dudv where H(u, v) =
|φ1(k1)φ2(k2)|

3|k2
1 − k2

2|
.(2.6)

We estimate with Cauchy-Schwarz,

≤ ‖d‖L2

(∫
H2(u, v)dudv

) 1
2

,

and change back to k1, k2 to observe that (2.5) holds.
Next, we show the denominators in (2.4) are strong enough to prove the

general case using the special case just considered. Decompose ci into cubic
level sets by writing

ci(ki, λi) =
∑

Ri∈Z

cRi(k, λ), spt cRi ⊂ {(k, λ) : λ − k3 = Ri + O(1)}.(2.7)
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The left-side of (2.4) is rewritten∑
R1, R2

1

(1 + |R1|)b(1 + |R2|)b∫
k=k1+k2

λ=k3
1+k3

2+R1+R2+θ1+θ2

d(k, λ)cR1(k1, k
3
1 + R1 + θ1)cR2(k2, k

3
2 + R2 + θ2).

We define φRiθi(ki) = cRi(ki, k
3
i + Ri + θi) and rewrite∑

Ri, R2

1

(1 + |R1|)b(1 + |R2|)b∫ ∫
d(k1 + k2, k

3
1 + k3

2 + R1 + R2 + θ1 + θ2)φR1θ1φR2θ2dk1dk2dθ1dθ2.

The k1k2-integral is of the form considered in (2.5). Therefore, we can bound
by ∑

R1, R2

1

(1 + |R1|)b(1 + |R2|)b

∫
M−1

2 ‖d‖L2‖φR1θ1‖L2‖φR2θ2‖L2dθ1dθ2.

Cauchy-Schwarz in θ1, θ2 using |θi| ≤ O(1) followed by Cauchy-Schwarz in
R1, R2 using b > 1

2 proves (2.4).

Lemma 2. Assume spt ci ⊂ {(k, λ) : |k| ∼ Mi} for i = 1, 2 and M1 = M2 =
M . Then if R << M, α ≥ 1

2 ,

(2.8)
∫

k=k1+k2
λ=λ1+λ2
|k|≤R

|k|α c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

≤

CRα− 1
2 M− 1

2 ‖d‖L2‖c1‖L2‖c2‖L2

provided b > 1
2 .

Proof. As in Lemma 1, since b > 1
2 , it suffices to establish this estimate for

ci(ki, λi) = φi(ki)δ{λi=k3
i }. So we consider the expression, for arbitrary ε > 0,∫

ε<|k1+k2|<R
|ki|∼M

|k1 + k2|αd(k1 + k2, k
3
1 + k3

2)φ1(k1)φ2(k2)dk1dk2.(2.9)

Make the change of variable u = k1+k2, v = k3
1+k3

2, dudv = 3|k2
1−k2

2|dk1dk2. By
noting that |k2

1−k2
2| = |k1+k2||k1−k2| and |k1−k2| ∼ M , the previous arguments

lead us to the desired bound Rα− 1
2 M− 1

2 ‖d‖L2‖c1‖L2‖c2‖L2 for (2.9).

Similar arguments establish the next result.
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Lemma 3. Assume spt ci ⊂ {(k, λ) : |k| ∼ Mi} for i = 1, 2 and M1 = M2.
Then if R << M, α ≤ 1

2 ,

(2.10)
∫

k=k1+k2
λ=λ1+λ2
|k|≥R

|k|α c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

≤

CRα− 1
2 M− 1

2 ‖d‖L2‖c1‖L2‖c2‖L2 ,

provided b > 1
2 .

We return to the case-by-case analysis leading to (2.1).

A.1. |k1|, |k2| ≤ 1. Since −a ≤ 1, −a1,−a2 ≥ 0, we can estimate the left-side
of (2.2) by ∫

∗

d(k, λ)
(1 + |λ − k3|)µ

c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

(2.11)

where µ = 1 − 2b + β. We have borrowed from the largest denominator to raise
the exponent of the other two to b. The Strichartz estimate for the cubic [1]
implies for b > 1

2 that∥∥∥∥∥
∫

a(k, λ)

(1 + |λ − k3|)b
ei(kx+λt)dkdλ

∥∥∥∥∥
L8

xt

≤ C‖a‖L2 .(2.12)

Plancherel’s theorem shows the b = 0 case of (2.12) is valid if L8 is replaced by
L2. By interpolation, the estimate∥∥∥∥∥

∫
a(k, λ)

(1 + |λ − k3|) 2
3 (1− 2

p )+
ei(kx+λt)dkdλ

∥∥∥∥∥
Lp

xt

≤ C‖a‖L2 ,(2.13)

holds for 2 ≤ p ≤ 8. Hence, we can estimate (2.11),

‖d‖L2

∥∥∥∥∥F−1

(
c1(k1, λ1)

(1 + |λ1 − k3
1|)b

)∥∥∥∥∥
L4

∥∥∥∥∥F−1

(
c2(k2, λ2)

(1 + |λ2 − k3
2|)b

)∥∥∥∥∥
L4

≤ ‖d‖L2‖c1‖L2‖c2‖L2 ,

where F denotes the Fourier transform with respect to x and t.

A.2. |k1| ≤ 1 � |k2| ∼ |k|.
In this region, the quantity to be estimated is

(2.14)
∫
∗

|k|1+α|k1|−a1 |k2|−γ2

(1 + |λ − k3|)1−b(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)b

d(k, λ)c1(k1, λ1)c2(k2, λ2).

We consider two subcases: case a |k1| ≤ 1
|k2|2 , case b |k1| ≥ 1

|k2|2 .
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A.2.a. We borrow from the largest denominator and consider∫
∗

|k2|1+α−γ2+2a1 d(k, λ)
(1 + |λ − k3|)µ

c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

Consider the contribution arising form |k2| ∼ M , dyadic. Write cM = c2χM

where χM is a cutoff to the region {|k2| ∼ M}. The region under consideration
here allows us to replace d by dM = dχM . By Lemma 1, this contribution is
estimated

M1+α−γ2+2a1M−1‖dM‖L2‖c1‖L2‖cM‖L2 .

Assuming α−γ2 ≤ −2a1, we can sum in dyadic M by applying Cauchy-Schwarz

since
(∑

M ‖dM‖2
2

) 1
2

= ‖d‖L2 ,
(∑

M ‖cM‖2
2

) 1
2

= ‖c‖L2 .

Notice that in this case, we have |k||k1||k2| ≤ C so the denominators (2.3) are
not useful in controlling derivatives here. Instead, the wide separation of |k1|
and |k2| allows us to find the factor 1

M ∼ 1
|k2| by the change of variable argument

in the proof of Lemma 1.

A.2.b. |k1| ≥ |k2|−2 =⇒ (2.3) is useful here. We first borrow from the largest
denominator to raise β to b in (2.14). Then we use (2.3) to control (2.14) by∫

∗
|k|1+α−µ|k2|−γ2−µ|k1|−a1−µ

d(k, λ)
c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

If µ > −a1 then we consider the contribution arising from |k2| ∼ M , dyadic.
This contribution is bounded by

M1+α−µ−γ2−µ+2a1+2µ

∫
∗

dM (k, λ)
c1(k1, λ1)

(1 + |λ1 − k3
1|)b

cM (k2, λ2)

(1 + |λ2 − k3
2|)b

.

By Lemma 1,
Mα−γ2+2a1‖dM‖L2‖c1‖L2‖c2‖L2

and we can sum over dyadic M � 1 provided α − γ2 ≤ −2a1 by applying
Cauchy-Schwarz as before.

If µ ≤ −a1, we bound |k1|−a1−µ ≤ 1 and use Lemma 1 to estimate the
|k2| ∼ M contribution by

Mα−γ2−2µ‖d‖L2‖c1‖L2‖c2‖L2 .

We can sum provided α − γ2 < 2µ.

A.3. 1 � |k1| � |k2| ∼ |k|.
The quantity to be estimated here is∫
∗

(1 + |k|)1+α|k1|−γ1 |k2|−γ2

(1 + |λ − k3|)1−b(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)β

d(k, λ)c1(k1, λ1)c2(k2, λ2).
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Set |k2| ∼ |k| ∼ M2 and |k1| ∼ M1 for dyadic M1 � M2. Using (2.3), we control
this contribution by

M1+α−γ2−2µ
2 M−γ1−µ

1

∫
∗

d(k, λ)
c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

By Lemma 1 , we control this quantity by

Mα−γ2−2µ
2 M−γ1−µ

1 ‖d‖L2‖c1‖L2‖c2‖L2 .

If −γ1 − µ < 0 then we can sum over dyadic 1 ≤ M1, M2 provided α − γ2 <
2µ. If −γ1 − µ ≥ 0 then, using 1 � M1 � M2, we can sum if we assume
α − γ2 − 2µ − γ1 − µ < 0. So we require α − γ2 < 2µ and α − (γ1 + γ2) < 3µ.

A.4. 1 � |k1| ∼ |k2| ∼ M.
We wish to estimate

(2.15)
∫
∗

|k|1+a(1 + |k|)α−a

(1 + |λ − k3|)1−b

|k1|−γ1

(1 + |λ1 − k1
3|)b

|k2|−γ2

(1 + |λ2 − k2
3|)β

d(k, λ)c1(k1, λ1)c2(k2, λ2).

We analyze three subcases: case a |k| < 1
M2 , case b 1

M2 ≤ |k| < 1, case c
1 ≤ |k|.

A.4.a. In this case |k||k1||k2| ≤ C so (2.3) is not useful. We borrow from the
largest denominator and then use the argument of Kenig, Ponce and Vega [6] to
bound (2.15) by

sup
k,λ

|k|1+a

(1 + |λ − k3|)µ∫
∗

|k1|−γ1 |k2|−γ2

(1 + |λ1 − k1
3|)2b

(1 + |λ2 − k2
3|)2b

 1
2

‖d‖L2‖c1‖L2‖c2‖L2 .

The calculus lemmas in [6] show the prefactor above is bounded by

|k| 34+a
M−(γ1+γ2)

(1 + |λ − k3|)µ
1

(1 + |λ − 1
4k3|) 1

4
.

We ignore the denominators in this expression and, noting that 3
4 + a > 0, use

|k| < 1
M2 to observe this contribution is bounded by M− 3

2−2a−(γ1+γ2). This
sums over dyadic M provided −(γ1 + γ2) < 3

2 + 2a.
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A.4.b. Since 1
M2 ≤ |k| ≤ 1, (2.3) is useful in this region. We bound (2.15) by

M−(γ1+γ2)−2µ

∫
∗

|k1 + k2|a+1−µ
d(k, λ)

c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

If a > µ − 1
2 then by Lemma 2 we bound by

M−(γ1+γ2)−2µ− 1
2 ‖d‖L2‖c1‖L2‖c2‖L2 .

So we require −(γ1 + γ2) < 2µ + 1
2 . If a ≤ µ − 1

2 we use Lemma 3 to bound by

M−(γ1+γ2)−2µ− 1
2

(
1

M2

)a+ 1
2−µ

‖d‖L2‖c1‖L2‖c2‖L2 .

So, we require −(γ1 + γ2) < 2a + 3
2 .

A.4.c. |k1 + k2| ≥ 1.
Here we wish to bound∫

∗

|k|1+α|k1|−γ1 |k2|−γ2

(1 + |λ − k3|)µ(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)b

d(k, λ)c1(k1, λ1)c2(k2, λ2).

Again, by the argument of [6], it suffices to show

sup
k,λ

|k|1+α

(1 + |λ − k3|)µ

∫
∗

|k1|−2γ1 |k2|−2γ2

(1 + |λ1 − k1
3|)2b

(1 + |λ2 − k2
3|)2b

 1
2

≤ C.(2.16)

Recall that |k||k1||k2| ≤ C|λ − k3|. So we rearrange the numerator by writing

|k1|−2γ1 |k2|−2γ2 ∼ (|k1||k2|)−(γ1+γ2) ∼ |k|(γ1+γ2)(|k||k1||k2|)−(γ1+γ2)

≤ C|k|(γ1+γ2)(1 + |λ − k3|)−(γ1+γ2)
.

So, (2.16) is controlled by

sup
k,λ

|k|1+α+
(γ1+γ2)

2 (1 + |λ − k3|)−( γ1+γ2
2 )−µ

∫
∗

dk1dλ1

(1 + |λ1 − k1
3|)2b

(1 + |λ2 − k2
3|)2b

 1
2

.

Estimating the integral as in [6], we reduce matters to showing

sup
k,λ

|k|1+α+( γ1+γ2
2 )− 1

4 (1 + |λ − k3|)−( γ1+γ2
2 )−µ

(1 + |λ − 1
4k3|) 1

4
≤ C.(2.17)

Now we consider three cases depending on the relative size of |λ| and |k|3.
A.4.c.i. |λ| ≤ 1

8 |k|3 =⇒ |λ − k3| ∼ |λ − 1
4k3| ∼ |k|3. Then boundedness and

summability in M is implied by 1 + α +
(

γ1+γ2
2

) − 1
4 − 3

(
γ1+γ2

2

) − 3µ − 3
4 < 0

which unravels to α − (γ1 + γ2) < 3µ.
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A.4.c.ii. 1
8 |k|3 ≤ |λ| ≤ 1

2 |k|3 =⇒ |λ−k3| ∼ |k|3. For boundedness, we ask that
α − (γ1 + γ2) < 3µ − 3

4 .

A.4.c.iii. 1
2 |k|3 ≤ |λ| =⇒ |λ − 1

4k3| ∼ |λ| � |k|3. This case seems to allow
|λ−k3| = 0. However, since we are in case A.4.c, we know |λ−k3| ≥ C|k||k1||k2|
and |k1| ∼ |k2| ∼ M � 1 and |k| ≥ 1. Since |λ− 1

4k3| ≥ C|λ− k3| in this region
we can bound (2.17) by

|k| 34+α+( γ1+γ2
2 )|λ − k3|−( γ1+γ2

2 )−µ− 1
4 .

We require that the exponent on |λ − k3| be negative. Then, using |λ − k3| ≥
C|k||k1||k2| ≥ C|k|3 we have the desired boundedness and summability if α −
(γ1 + γ2) < 3µ.

A.5. |k2| ≤ 1 � |k1| ∼ |k| ∼ M .
By borrowing from the largest denominator, this contribution may be estimated

M1+α−γ1

∫
∗

|k2|−a2 d(k, λ)
(1 + |λ − k3|)µ

c1(k1, λ1)

(1 + |λ1 − k3
1|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.(2.18)

This is treated like Case A.2. We obtain the following conditions: If µ ≥ −a2,
we require α − γ1 < −2a2 and if µ ≤ −a2, we require α − γ1 < 2µ.

A.6. 1 � |k2| � |k1|. This is like Case A.3 and gives the condition α− γ2 < 2µ
and α − (γ1 + γ2) < 3µ. This ends the discussion of Case A.

Case B. |λ1 − k3
1| ≥ |λ − k3| .

We wish to prove (2.2). By a simple change of variable, we can rewrite the
left-side as

(2.19)
∫
∗

(1 + |k|)−γ1+a1 |k|−a1(1 + |k1|)α−a|k1|1+a(1 + |k2|)γ2−a2 |k2|−a2

(1 + |λ − k3|)b(1 + |λ1 − k1
3|)1−b

(1 + |λ2 − k2
3|)β

c1(k, λ)d−(k1, λ1)c−2 (k2, λ2)

where d−(k, λ) = d(−k,−λ). We distinguish the following cases: B.1 |k2|, |k1| ≤
1 , B.2 |k2| ≤ 1 � |k1|, B.3 1 � |k2| � |k1|, B.4 1 � |k2| ∼ |k1|, B.5
|k1| ≤ 1 � |k2|, B.6 1 � |k1| � |k2|. Note that in these new variables, we now
have |λ − k3| = max(|λ − k3|, |λ1 − k3

1|, |λ2 − k3
2|).

B.1. This is the same as Case A.1 discussed above after we redistribute the
largest denominator.

B.2. |k2| ≤ 1 � |k1|.
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B.2.a. |k2| < 1
M2 . We bound (2.19) in this region by

M−γ1+α+1+2a2

∫
∗

cM (k, λ)
c2(k2, λ2)

(1 + |λ2 − k3
2|)b

dM (k1, λ1)

(1 + |λ1 − k1
3|)b

where cM = c1χM , dM = dχM and χM is a cutoff to {|k| ∼ M}. By lemma 1,
this is bounded by

M−γ1+α+2a2‖cM‖L2‖c2‖L2‖dM‖L2 .

We can sum over dyadic M provided α − γ1 ≤ −2a2.

B.2.b. 1
M2 ≤ |k2|. This is similar to Case A.2.b considered above. In case

µ > −a2 we require α − γ1 ≤ −2a2. If µ ≤ −a2, we require α − γ1 < 2µ.

B.3. 1 � |k2| � |k1| ∼ |k|. This can be treated like Case A.3 above provided
α − γ1 < 2µ and α − (γ1 + γ2) < 3µ.

B.4. 1 � |k1| ∼ |k2| ∼ M . We subdivide into two cases: case a |k1 + k2| ≤ 1,
case b |k1 + k2| ≥ 1.

B.4.a. We wish to bound

∫
∗

|k|−a1 |k1|α+1|k2|−γ2

(1 + |λ − k3|)µ(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)b

c(k, λ)c̃M (k2, λ2)dM (k1, λ1)

(2.20)

where dM = dχM and c̃M = c2χM .

B.4.a.i. |k1 + k2| ≤ 1
Mρ (ρ > 0 is selected below). We borrow from the largest

denominator and bound (2.20) in this region by

Mρa1Mα+1−γ2

∫
∗

c(k, λ)

(1 + |λ − k3|)b
d(k1, λ1)

c̃M (k2, λ2)

(1 + |λ1 − k1
3|)b

.

Since c is supported in {|k| � M} and c̃M is supported in {|k2| ∼ M}, we have
a wide frequency separation and can apply Lemma 1. We obtain

Mρa1Mα−γ2‖c‖L2‖c̃M‖L2‖dM‖L2 .

We will require that α − γ2 ≤ −ρa1. Then, Cauchy-Schwarz in M establishes
the desired estimate here.
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B.4.a.ii. 1
Mρ ≤ |k1 + k2| ≤ 1. Provided we select 0 < ρ < 2, this condition

makes (2.3) useful in reducing the powers of |k| and |ki| in the numerator. Upon
borrowing from the largest denominator and using (2.3), we bound (2.19) by

≤
∫
∗

|k|−a1−µ|k1|α+1−γ2−2µ

(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)b

c(k, λ)c̃M (k2, λ2)dM (k1, λ1)

≤ Mα+1−γ2−2µ

∫
∗

|k|−a1−µ
cM (k, λ)

dM (k1, λ1)

(1 + |λ1 − k1
3|)b

c̃M (k2, λ2)

(1 + |λ2 − k2
3|)b

.

Since −a1 − µ < 1
2 , we estimate using Lemma 3 to get

Mα+1−γ2−2µ− 1
2 Mρ(a1+µ+ 1

2 )‖cM‖L2‖c̃M‖L2‖d‖L2 .

We want ρ
(
a1 + µ + 1

2

)
+ α− γ2 + 1

2 − 2µ ≤ 0 so we can sum over dyadic M . If

we set ρ = 2µ− 1
2

µ+ 1
2

∈ [0, 1
2 ] for µ ∈ [ 14 , 1

2 ] then we require α − γ2 ≤ (−a2)
(

2µ− 1
2

µ+ 1
2

)
.

B.4.b. 1 ≤ |k1 + k2|, |k1| ∼ |k2|. The argument of [6] reduces matters to
showing that

(2.21) sup
kλ

1
(1 + |λ − k3|)µ

∫
∗

|k|−2γ1 |k1|2α+2|k2|−2γ2

(1 + |λ1 − k1
3|)2b

(1 + |λ2 − k2
3|)2b

 1
2

≤ C

As in Case A.4 above, we reorganize the numerator by writing
|k1|2α+2|k|−2γ1 |k2|−2γ2 = (|k||k1||k2|)1+α−γ2 |k|−2γ1−(1+α−γ2) using |k1| ∼ |k2|.
Because α − γ2 > −1 and |λ − k3| > c|k||k1||k2| we bound the square of (2.21)
by

sup
kλ

(1 + |λ − k3|)1+α−γ2−2µ|k|−2γ1−α+γ2−1∫
∗

1

(1 + |λ1 − k1
3|)2b

(1 + |λ2 − k2
3|)2b

.

The change of variables argument from [6] gives the bound

(1 + |λ − k3|)1+α−γ2−2µ|k|−2γ1−α+γ2−1− 1
2

(1 + |λ − 1
4k3|) 1

2
.

An analysis of this expression in the three regions |λ| < 1
8 |k3|, 1

8 |k3| ≤ |λ| ≤
1
2 |k3|, 1

2 |k3| < |λ| as in Case A.4 leads to the parameter restrictions α − (γ1 +
γ2) < 3µ, α − (γ1 + γ2) < 3µ − 3

4 , α − γ2 < 2µ − 1
2 .

B.5. |k1| ≤ 1 � |k2| ∼ |k| ∼ M.
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B.5.a. |k1| < 1
M2 .

M−(γ1+γ2)

∫
∗

|k1|1+a c1(k, λ)
(1 + |λ − k3|)µ

d(k1, λ1)

(1 + |λ1 − k1
3|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

Apply Lemma 1 to bound by

M−(γ1+γ2)−2−2a−1‖c1‖L2‖d‖L2‖c2‖L2 .

To sum in dyadic M , we require −(γ1 + γ2) < 3 + 2a.

B.5.b. 1
M2 ≤ |k1| ≤ 1. This condition ensures that (2.3) is useful. So we bound

by

M−(γ1+γ2)−2µ

∫
∗

|k1|a+1−µ
c1(k, λ)

d(k1, λ1)

(1 + |λ1 − k1
3|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

Since a + 1 − µ ≥ 0, we can use |k1|a+1−µ ≤ 1 and Lemma 1 to obtain

M−(γ1+γ2)−2µ−1‖d‖L2‖c1‖L2‖c2‖L2 .

To sum in dyadic M , we require −(γ1 + γ2) < 1 + 2µ.

B.6. 1 � |k1| � |k2| ∼ |k| ∼ M. This is similar to Case A.4.c. We bound (2.19)
by∫

∗

|k|−γ1 |k1|1+α|k2|−γ2

(1 + |λ − k3|)µ(1 + |λ1 − k1
3|)b

(1 + |λ2 − k2
3|)b

c1(k, λ)d(k1, λ1)c2(k2, λ2).

Since (2.3) is useful in this region, we write

M−(γ1+γ2)−2µ

∫
∗

|k1|1+α−µ
c1(k, λ)

d(k1, λ1)

(1 + |λ1 − k1
3|)b

c2(k2, λ2)

(1 + |λ2 − k3
2|)b

.

If 1 + α − µ ≥ 0, we can use Lemma 1 to bound by

M−(γ1+γ2)−2µ+1+α−µM−1‖c1‖L2‖d‖L2‖c2‖L2 .

We require α−(γ1+γ2) < 3µ. If instead, we have 1+α−µ < 0 then |k1|1+α−µ ≤ 1
and Lemma 1 leads to the condition −(γ1 + γ2) < 2µ + 1.

We conclude this section by showing the necessity of some of the parameter
restrictions in the statement of Theorem 2. In case µ = b and a = a1 = a2 = 0
with α = γ1 = γ2, the counterexample in [6] shows α = γ1 = γ2 > − 3

4 is
necessary for the bilinear estimate to hold. The need for the homogeneous
weights of negative index is demonstrated by the following statement.

Proposition 1. For any b ∈ R, the bilinear estimate

‖∂x(uv)‖X0,0,b−1
≤ C‖u‖Xγ,0,b

‖v‖Xγ,0,b
,(2.22)

fails for γ < 0.
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Proof. Fix N � 1. Let RN
(k,λ) be a thin rectangle of side N−2 in the k-direction

and side 1 in the λ-direction centered at the point (k, λ). Set

û(k, λ) = χRN
(N,N3)

(k, λ), v̂(k, λ) = χRN
(0,0)

(k, λ).

Then
(û ∗ v̂)(k, λ) ∼ |RN |χR̃N

(N,N3)
∼ N−2χR̃N

(N,N3)
,

where R̃ denotes the double of R. We calculate the left-side of (2.22),

‖∂x(uv)‖X0,0,b−1
∼

(∫ ∫ |k|2
(1 + |λ − k3|)2(1−b)

∣∣∣∣N−2χR̃N
(N,N3)

(k, λ)
∣∣∣∣2dkdλ

) 1
2

∼ NN−2(N−2)
1
2 .

The right-side of (2.22) is calculated

‖u‖X
γ,0, 1

2

∼ Nγ(N−2)
1
2 , ‖v‖X

γ,0, 1
2

∼ (N−2)
1
2 .

For the estimate (2.22) to hold, we must have C ≤ Nγ for all N � 1 which fails
for γ < 0.

3. Local wellposedness

We begin by considering the initial value problem{
∂tu + ∂3

xu + 1
2∂xu2 = 0

u(0) = φ0 ∈ H0,a(R), for certain a ≤ 0.
(3.1)

Since H0,a ⊂ L2, Bourgain’s result [1] shows this problem is locally wellposed.
We revisit Bourgain’s argument and record the size of the existence interval in
terms of the L2 norm of the initial data. Moreover, we show the solution u(t)
remains in H0,a.

Next, we consider the initial value problem{
∂tv + ∂3

xv + 1
2∂x(v2 + 2u(x, t)v) = 0

v(0) = ψ0 ∈ Hσ,ã(R), σ, ã < 0,
(3.2)

where the variable coefficient u ∈ X0,a,b, and ‖ψ0‖Hσ,ã � 1. We establish local
wellposedness of (3.2) and show the size of the existence interval is determined
by ‖u‖Xδ

0,0,b
provided ‖ψ0‖Hσ,ã is small enough. When we take the variable

coefficient u to be the solution of (3.1), the wellposedness result of (3.1) permits
us to show the existence interval for (3.2) is determined by ‖φ0‖L2 .

Proposition 2. The initial value problem (3.1) is wellposed on a time interval
[0, δ] where δ satisfies

δ
1
4−‖φ0‖L2 ∼ 1.(3.3)
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Moreover, the solution u satisfies

‖u0‖Xδ
0,a,b

≤ C‖φ0‖H0,a , b =
1
2

+ .(3.4)

Proof. The problem (3.1) is equivalent to finding u which satisfies

u(t) = S(t)φ0 −
∫ t

0

S(t − τ)
1
2
∂xu2(τ)dτ.(3.5)

Denote the right-side of (3.5) by Φφ0(u). We will show Φφ0 is a contraction on
Xδ

0,a,b with b = 1
2+ for appropriate − 3

4 < a < 0, δ > 0 selected below.
Step 1. Φφ0 : Bounded subsets of Xδ

0,a,b �−→Bounded subsets of Xδ
0,a,b.

We have for b = 1
2+ and εb = b − 1

2 = 0+,

‖S(t)φ0‖Xδ
0,a,b

≤ Cδ−εb‖φ0‖H0,a , a ∈ R,(3.6) ∥∥∥∥∫ t

0

S(t − τ)∂xu2(τ)dτ

∥∥∥∥
Xδ

0,a,b

≤ Cδ−εb
∥∥∂xu2

∥∥
Xδ

0,a,b−1
,(3.7)

by adapting the proofs of Lemmas 3.1 and 3.3 in [6]. The bilinear estimate
implies ∥∥∂xu2

∥∥
X0,a,b−1

≤ C‖u‖X0,a,b
‖u‖X0,a,β

(3.8)

provided b = 1
2+, 1

4 < β < 1
2 and − 3

4 < a ≤ 0. Since Xδ
0,a,β ⊂ Xδ

0,a,b, we have
that bounded subsets in Xδ

0,a,b map into bounded subsets in Xδ
0,a,b under the

mapping Φφ0 .
Step 2. Shrink the constant for contraction.

Allowing β < 1
2 permits us to exploit the size of the time interval in the definition

of Xδ
s,b. By interpolation,

‖u‖Xδ
γ,a,β

≤ ‖u‖1− β
b

Xδ
γ,a,0

‖u‖
β
b

Xδ
γ,a,b

.

It can be shown that

‖u‖Xδ
γ,a,0

≤ Cδ
1
2 ‖u‖Xδ

γ,a,b
.

Indeed, we have

‖u‖2
Xδ

γ,a,0
=

∫
[χ{|k|≥1}(k)(1 + |k|)2γ + χ{|k|<1}(k)|k|2a]‖û(k)(·)‖L2

δ
dk,

where û here refers to the Fourier transform with respect to the spatial variable
x. Since u is supported in a δ-sized interval in the t-variable, we have

≤
∫

[χ{|k|≥1}(k)(1 + |k|)2γ + χ{|k|<1}(k)|k|2a]δ‖û(k)(·)‖2
L∞

δ
dk.
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Finally, we take the Fourier transform with respect to t and use Cauchy-Schwarz
with b > 1

2 to get

≤
∫

[χ{|k|≥1}(k)(1 + |k|)2γ + χ{|k|<1}(k)|k|2a]δ
(∫

|û(k, λ)|dλ

)2

dk

≤ δ

∫
[χ{|k|≥1}(k)(1 + |k|)2γ + χ{|k|<1}(k)|k|2a](∫

(1 + |λ − k3|)b

(1 + |λ − k3|)b
|û(k, λ)|dλ

)2

dk

≤ δCb‖u‖2
Xδ

γ,a,b
.

Therefore,

‖u‖Xδ
γ,a,β

≤ Cδ
1
2 (1− β

b )‖u‖Xδ
γ,a,b

.(3.9)

The smaller β ∈ [0, b], the larger the power of δ in (3.9).
Combining (3.7), (3.8) and (3.9) gives∥∥∥∥∫ t

0

S(t − τ)∂xu2(τ)dτ

∥∥∥∥
Xδ

0,a,b

≤ Cδ
1
2 (1− β

b )−‖u‖Xδ
0,a1,b

‖u‖Xδ
0,a2,b

,(3.10)

for b = 1
2+, − 3

4 < ai ≤ 0 and 1
4 < β < 1

2 . Because we want various quantities to
depend only upon the L2 norm, we set a1 = 0 in (3.10). A contraction estimate
will follow if we select δ so small that

Cδ
1
2 (1− β

b )−‖u‖Xδ
0,0,b

< 1.

As in [1] and [6], we observe that ‖u‖Xδ
0,a,b

≤ C‖φ0‖H0,a , so we can take β = 1
4+

and choose δ satisfying (3.3) and still have the contraction estimate.

Proposition 3. The initial value problem (3.2) with initial data ψ0 satisfying
‖ψ0‖Hσ,ã � 1 with − 1

2 < σ and − 3
4 < ã ≤ 0 and variable coefficient u ∈ X0,a,b

is wellposed in a time interval [0, δ] where δ satisfies

δ
1
4−‖u‖X0,0,b

∼ 1.(3.11)

Moreover, the solution v satisfies

‖v‖Xδ
σ,ã,b

≤ C‖ψ0‖Hσ,ã , b =
1
2

+ .(3.12)

Proof. We show there exists a function v ∈ Xδ
σ,ã,b which satisfies for t ∈ [0, δ]

the integral equation

v0(t) = S(t)ψ0 −
∫ t

0

S(t − τ)
1
2
∂x(v2(τ) + 2u(τ)v(τ))dτ.(3.13)

As in the treatment of (3.1), the issues are determined by the bilinear estimate.
From Theorem 2, we have∥∥∂xv2

∥∥
Xσ,ã,b−1

≤ C‖v‖Xσ,ã,b
‖v‖Xσ,ã,β
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provided b = 1
2+, 1

4 < β < 1
2 , − 3

4 < ã ≤ 0 and −σ < 3β − 3
4 . As in the earlier

discussion, we obtain∥∥∥∥∫ t

0

S(t − τ)∂xv2(τ)dτ

∥∥∥∥
Xδ

σ,ã,b

≤ Cδ
1
2 (1− β

b )‖v‖Xδ
σ,ã,b

‖v‖Xσ,ã,b

≤ C‖v‖Xδ
σ,ã,b

‖v‖Xδ
σ,ã,b

.

(For this estimate, we take β near 1
2 to push σ down near − 3

4 .)
The other term in (3.13) is estimated using Theorem 2,

‖∂xuv‖Xδ
σ,ã,b−1

≤ C
(
‖u‖Xδ

0,0,b
‖v‖Xδ

σ,ã,β
+ ‖u‖Xδ

0,0,β
‖v‖Xδ

σ,ã,b

)
,(3.14)

provided b = 1
2+, 1

4 < β < 1
2 , −σ < min( 3

2 + 2ã, 2β + 1
2 ). Ultimately, we obtain∥∥∥∥∫ t

0

S(t − τ)∂x(u(τ)v(τ))dτ

∥∥∥∥
Xδ

σ,ã,b

≤ Cδ
1
2 (1− β

b )−‖u‖Xδ
0,0,b

‖v‖Xδ
σ,ã,b

.(3.15)

(Here, we take β near 1
4 to improve the power of δ.)

A contraction estimate follows provided

max
(
C‖v‖Xδ

σ,ã,b
, Cδ

1
2 (1− β

b )‖u‖Xδ
0,0,b

)
<

1
2
.(3.16)

The contraction implies ‖v‖Xδ
σ,ã,b

≤ ‖ψ0‖Hσ,ã and, since ‖ψ0‖Hσ,ã is very small
for large N , we can replace (3.16) by

δ
1
2 (1−2β)‖u‖X0,0,b

∼ 1.

The support properties of ψ̂0 show that ã can be take anywhere in (− 3
4 , 0]. Take

β = 1
4+ to observe wellposedness of (3.2) in Hσ,ã on a δ-sized time interval given

by (3.11), provided − 3
4 < σ.

4. Global Wellposedness

We show global wellposedness of the initial value problem{
∂tu + ∂3

xu + 1
2∂xu2 = 0

u(0) = φ0 ∈ Hs,a(R), for certain s, a < 0.
(4.1)

It suffices to construct the solution on [0, T ] for arbitrary T � 1. Fix T . We
construct the solution u of (4.1) as

u(t) = χ[δ(j−1),δj](t){uj(t − δ(j − 1)) + vj(t − δ(j − 1))}(4.2)

where uj and vj solve the initial value problems{
∂tuj + ∂3

xuj + 1
2∂xu2

j = 0, uj(0) = φj ,(4.3) {
∂tvj + ∂3

xvj + 1
2∂x(v2

j + 2uj(x, t)vj) = 0, vj(0) = ψj ,(4.4)

for j = 1, 2, . . . ,
[

T
δ + 1

]
. Note that uj + vj solves (4.1) with data φj + ψj if

uj , vj solve (4.3), (4.4), respectively. To carry out this construction, we define
initial data φj , ψj which allow us to show (4.3), (4.4) are both locally wellposed
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on a δj-sized time interval determined by ‖φj‖L2 . Observe that (4.4) depends
upon φj through the coefficient uj(x, t), the solution of (4.3). Moreover, the
data may be selected so that

sup
j

‖φj‖L2 ≤ C inf
j
‖φj‖L2(4.5)

allowing us to conclude δj = δ > 0 for all j.
For φ ∈ Hs,a, write φ = φ0 + ψ0, φ0 = PNφ. This defines the data φ0, ψ0 for

(4.3), (4.4) with j = 0. Note that

‖φ0‖L2 ∼ N−s,(4.6)

‖ψ0‖Hσ,ã ∼ Nσ−s,(4.7)

for arbitrary ã > − 3
4 .

The local wellposedness result in Proposition 2 shows φ0 �−→ u0(t) is defined
for t ∈ [0, δ] where

δ
1
4−‖φ0‖L2 ∼ 1.(4.8)

The smallness of ψ0 ∈ Hσ,ã makes the cross term the dominant term in (4.4).
As shown in Proposition 3, the evolution ψ0 �−→ v0(t) is defined for t ∈ [0, δ]
satisfying (4.8).

Following Bourgain [3], we define

φ1 = u0(δ) + w0(δ)(4.9)

ψ1 = S(δ)ψ0(4.10)

where w0(δ) is defined via v0(t) = S(t)ψ0 + w0(t). Unitarity of S(·) ensures that
ψ1 satisfies (4.7). To verify (4.5) for j = 1 it suffices to show

‖φ1‖L2 ∼ N−s + o(N−s),(4.11)

in light of (4.6).

Estimating ‖φ1‖L2 . We have

‖φ1‖L2 ≤ ‖u0(δ)‖L2 + sup
t∈[0,δ]

‖w0(t)‖L2(4.12)

and by L2 conservation of the evolution φ0 �−→ u0(t) and properties of Xs,a,b

spaces

‖φ1‖L2 ≤ ‖φ0‖L2 + ‖w0‖X0,0,b
.(4.13)

Since v0(t) = S(t)ψ0 + w0(t), we recognize that

w0(t) = −
∫ t

0

S(t − τ)
1
2
∂x(v2

0(τ) + 2u0(τ)v0(τ))dτ.(4.14)

Hence,

‖w0‖X0,0,b
≤ Cδ−εb‖∂xu0v0‖X0,0,b−1

+ Cδ−εb
∥∥∂xv2

0

∥∥
X0,0,b−1

.(4.15)
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By the bilinear estimate, we have

‖∂xu0v0‖X0,0,b−1
≤ C

(
‖u0‖X0,a,b

‖v0‖Xσ1,a1,β
+ ‖u0‖X0,a,β

‖v0‖Xσ1,a1,b

)
(4.16)

where

−σ1 < min
(

2β − 1
2
,−a

2β − 1
2

β + 1
2

,
3
2

)
.(4.17)

Then, taking β = b in (4.16) allows us to manufacture a positive power of δ to
kill δ−εb . So, we require −σ1 < min

(
1
2 ,−a

2

)
. Similar arguments apply to the

second term in (4.15) allowing us to show

‖w0‖X0,0,b
≤ C

{
‖u0‖X0,a,b

‖v0‖Xσ1,a1,b
+ ‖v0‖2

Xσ2,a2,b

}
,(4.18)

for

−σ2 ≤ min
(

2β − 1
2
,−a2

2β − 1
2

β + 1
2

,
3
4
, β +

1
4
,
3
2
β − 3

8

)
≤ min

(
−a2

2
,
3
8

)
upon choosing β = b ∼ 1

2 . The local wellposedness result (Proposition 3) shows
the quantities on the right-side of (4.18) are controlled by norms on the initial
data φ0, ψ0. Indeed, we have

‖w0‖X0,0,b
≤ C

{
‖φ0‖H0,a‖ψ0‖Hσ1,a1 + ‖ψ0‖2

Hσ2,a2

}
.(4.19)

The definition of φ0, ψ0 then imply

‖w0‖X0,0,b
≤ O(Nσ1−2s).(4.20)

Returning to (4.13), we have a quantified version of (4.11),

‖φ1‖L2 ≤ ‖φ0‖L2 + O(Nσ1−2s).(4.21)

The appearance of ‖φ0‖H0,a in (4.19) forecasts the need to estimate ‖φ1‖H0,a

during the next step. So, we estimate this quantity next. Since H0,a ∼ L2 +
Ḣa

|k|<1 and the L2 norm is controlled in (4.21), we need to control the contri-
bution arising from the low frequencies. Let P be the Dirichlet projection onto
|k| < 1, P̂f(k) = χ{|k|<1}(k)f̂(k). We must estimate

(4.22) ‖Pφ1‖H0,a ≤

‖PS(δ)φ0‖H0,a +

∥∥∥∥∥P

∫ δ

0

S(δ − τ)
1
2
∂xu2

0(τ)dτ

∥∥∥∥∥
H0,a

+ ‖Pw0(δ)‖H0,a .

The last term may be estimated as above,

(4.23) ‖Pw0(δ)‖H0,a ≤ ‖w0(δ)‖H0,a ≤ ‖w0‖X0,a,b

≤ C
{
‖φ0‖H0,a‖ψ0‖Hσ1,a1 + ‖ψ0‖2

Hσ2,a2

}
.

The first term in (4.22) is bounded by ‖Pφ0‖H0,a using the unitarity of S(·) and
the commutativity of P and S(·). The dominant term in (4.22) is controlled
using the following lemma.
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Lemma 4. For a > − 3
2 ,∥∥∥∥∥P

∫ δ

0

S(δ − τ)
1
2
∂xu2

0(τ)dτ

∥∥∥∥∥
H0,a

≤ Cδ sup
t∈[0,δ]

‖u0(t)‖2
L2

x
.(4.24)

Proof. The left-side is controlled by

(4.25) Cδ sup
t∈[0,δ]

∥∥P∂xu2
0(t)

∥∥
H0,a

= Cδ sup
t∈[0,δ]

(∫
|k|<1

|k|2(1+a)|û0(t) ∗ û0(t)|
2
(k)dk

) 1
2

.

Since a > − 3
2 , matters are reduced to controlling

Cδ sup
t∈[0,δ]

‖û0(t) ∗ û0(t)‖L∞
x

.(4.26)

The desired estimate follows from Young’s inequality and the Plancherel Theo-
rem.

Combining the estimates on the terms in (4.22) gives the estimate

‖φ1‖H0,a ≤ Cδ‖φ0‖2
L2 + O(N−s).(4.27)

We complete the construction of u, the solution of (4.1), with an induction
argument. Suppose for j = 0, 1, . . . , n we write

φj+1 = uj(δ) + wj(δ)(4.28)

ψj+1 = S(δ)ψj(4.29)

where φj �−→ uj(t), ψj �−→ vj(t) are solutions of (4.3), (4.4) for t ∈ [0, δ] where
δ satisfies (4.8). Suppose furthermore that

‖φj‖L2 ≤ ‖φ0‖L2 + TCjNσ1−3s(4.30)

‖φj‖H0,a ≤ CjδN−2s.(4.31)

Observe that (4.21) and (4.27) show (4.30) and (4.31) hold for j = 1. If n >[
T
δ + 1

]
, the solution is constructed on [0, T ] and we are done. Therefore, assume

n < T
δ . Then φn+1, ψn+1 are defined by (4.28), (4.29). We verify (4.30), (4.31)

for j = n + 1.
We have

‖φn+1‖L2 ≤ ‖φn‖L2 + Cδ−εb

(
‖∂xunvn‖X0,0,b−1

+
∥∥∂xv2

n

∥∥
X0,0,b−1

)
.(4.32)

The hypothesis (4.30) and the bilinear estimate (as used in (4.16)–(4.18)) show

(4.33) ‖φn+1‖L2 ≤
‖φ0‖L2 + TCnNσ1−3s + C

(
‖un‖X0,a,b

‖vn‖Xσ1,a1,b
+ ‖vn‖2

Xσ2,a2,b

)
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provided

−σ2 ≤ min
(

3
8
,−a1

2

)
, −σ1 ≤ min

(
1
2
,−a

2

)
.(4.34)

By the local result,

(4.35) ‖φn+1‖L2 ≤
‖φ0‖L2 + TCnNσ1−3s + C

(
‖φn‖H0,a‖ψn‖Hσ1,a1 + ‖ψn‖2

Hσ2,a2

)
and by induction

‖φn+1‖L2 ≤ ‖φ0‖L2 + TCnNσ1−3s + C
(
nδNσ1−3s + N2(σ2−s)

)
.(4.36)

Since nδ < T , if we take σ2 = σ1
2 , a = a2, for large N , we can write

‖φn+1‖L2 ≤ ‖φ0‖L2 + TC(n + 1)Nσ1−3s.(4.37)

This is the n + 1 case of (4.30) as desired. The estimate (4.31) follows from the
argument (4.21)–(4.26) .

Finally, the uniformity of δ with respect to j is guaranteed if

sup
j

‖φj‖L2 ≤ 2‖φ0‖L2 .(4.38)

Estimate (4.30) shows we can take j = 1, . . . , M steps with the uniformly sized
δ determined by (4.8) where M satisfies TCMNσ1−3s ∼ N−s, that is

M ∼
1

TC
N2s−σ1 .(4.39)

This process extends the solution u of (4.1) to the time interval [0, Mδ]. By
(4.8), (4.6) and (4.39),

Mδ ∼ CN6s−σ1(4.40)

and we can ensure Mδ > T by choice of N if 6s−σ1 > 0. Recalling the condition
(4.34), we have global wellposedness provided

s >
1
6
σ1 = −1

6
min

(
1
2
,−a

2

)
=

a

12
.(4.41)
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