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1. Statement and discussion of the results

Let M be an open connected oriented 2-manifold endowed with an area form
ω. We assume that the total area of M with respect to ω is infinite, i.e.,∫

M
ω = ∞. Consider the group Hamc(M, ω) of Hamiltonian diffeomorphisms of

M consisting of all time-1-maps of time-periodic compactly supported Hamilto-
nians H : S

1 × M → R. We write ϕt
H for the Hamiltonian flow generated by

H.
In this paper, we study the asymptotic behaviour of one-parameter subgroups

of Hamc(M, ω) with respect to Hofer’s metric d where1

d(id, ϕ) = inf
{∫ 1

0

max Ht − minHt dt | H has compact support and ϕ1
H = ϕ

}
.

Let A denote the Lie algebra of Hamc(M, ω); it consists of all compactly sup-
ported time-independent Hamiltonians on M . Given H ∈ A, we are interested
in the growth of the function rH : [0,∞) → [0,∞) defined by

rH(t) = d(id, ϕt
H).

By the triangle inequality for Hofer’s metric we know that rH is subadditive,
i.e.,

rH(t + s) ≤ rH(t) + rH(s).

Therefore the limit

µ(H) = lim
t→∞

rH(t)
t

is well defined. This quantity — which is called the asymptotic non-minimality
of the subgroup generated by H — was introduced in [BP]; see also [Po2] for
further discussion.

In particular, we see that rH grows at most linearly in t. On the other hand,
if (M, ω) is the standard Euclidean plane then a theorem by Sikorav ([Si, HZ];
see also Proposition 3.2 below) states that rH is bounded by a constant, and
this constant depends only on the diameter of the support supp(H) of H.

Received May 20, 1999.
1We refer the reader to [HZ, MS, Po2] for an introduction to Hofer’s geometry.
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In the present note, we show that for open surfaces of infinite area the func-
tion rH is either bounded or behaves asymptotically linear. In order to formulate
our main result we recall that a subset Z ⊂ M is called contractible in M if the
inclusion Z ↪→ M is homotopic to the constant map which maps the whole Z to
a point in M .

Theorem 1.1 (Dichotomy Theorem). Let (M, ω) be an open surface of infinite
area and H : M → R a compactly supported Hamiltonian. Then the following
dichotomy holds:

– If {H �= 0} is contractible in M then the function rH is bounded; in par-
ticular, µ(H) = 0.

– If {H �= 0} is not contractible in M then the function rH grows asymptot-
ically linear, i.e., µ(H) > 0.

As a consequence, we get the following criterion for the boundedness of the
function rH in more dynamical terms; see Section 2 for the proof.

Corollary 1.2. The function rH is bounded if and only if all periodic orbits of
the Hamiltonian flow ϕt

H are contractible.

In fact, it is even possible to calculate the precise value of µ(H) as the differ-
ence of two distinguished critical values of H. In particular, one gets examples
of one-parameter subgroups whose asymptotic non-minimality lies strictly be-
tween 0 and maxH −minH and can be calculated precisely. As far as we know,
this is the first series of examples of that type.

Assume that M �= R
2. Then π1(M) is nontrivial. Let L be the set of all

embedded non-contractible circles in M . Then we define

c+(H) = sup
L∈L

min
x∈L

H(x), c−(H) = inf
L∈L

max
x∈L

H(x).

Since H is compactly supported, it follows that c+(H) ≥ 0 and c−(H) ≤ 0
(see Proposition 2.4). Moreover, one can easily check (see Proposition 2.3)
that c+(H) and c−(H) are critical values of H.

Theorem 1.3. The following equality holds:

µ(H) = c+(H) − c−(H).

We give a short outline of the proof of the two theorems. If {H �= 0} is
contractible then a version of the abovementioned theorem by Sikorav shows
that rH is bounded by a constant depending only on the “size” of supp(H).
Thus we get the first statement of Theorem 1.1 (see Section 3 below). An
elementary argument (see Proposition 2.5) shows that c−(H) = c+(H) = 0
if and only if {H �= 0} is contractible in M . Thus, the second statement of
Theorem 1.1 follows from Theorem 1.3. Theorem 1.3 consists of two parts. The
inequality µ(H) ≥ c+(H)− c−(H) follows from a Lagrangian intersection result
as in [Po1] (see Section 4). The proof of the reversed inequality uses a trick,
namely a decomposition of ϕt

H into two commuting flows:

ϕt
H = Φt ◦ Ψt = Ψt ◦ Φt,
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where Φt has contractible support. Hence, Sikorav’s theorem yields that Φt can
be neglected in the calculation of µ(H) (see Section 3). Let us emphasize that
in order to apply Sikorav’s argument we need that M has infinite area.

Intuitively, the two distinguished critical values c±(H) correspond to the first
homotopically nontrivial separatrices of H. More precisely, c+(H) is the infimum
of energy values E such that the superlevel set H−1([E,∞)) is contractible,
and c−(H) is the supremum of E with contractible sublevel set H−1((−∞, E]).
Consequently, the asymptotic geometric behaviour of ϕt

H depends only on the
topology of the level sets of H.

When M is the cylinder, the lower bound on the asymptotic non-minimality
µ(H) in terms of the energy levels which carry non-contractible circles was
known [Po2, 9.B]. Theorem 1.3 above shows that this bound is sharp!

Concerning the function rH(t), we obtain the following picture. As long as
there are no non-constant periodic solutions we have

rH(t) = (maxH − minH) t,

see [LM, II, Cor. 1.10]. For large t, however,

rH(t) ∼ (c+(H) − c−(H)) t.

Consequently, if maxH > c+(H) or c−(H) > minH there must be a “phase
transition” in the behaviour of rH(t) from small t to large t.

Let us conclude with a couple of open problems. First of all, it is not clear
if the Dichotomy Theorem holds true for surfaces of finite area, or, even more
ambitious, for higher-dimensional symplectic manifolds. We also do not know
how to deal with cyclic subgroups of Hamc(M, ω), consisting of time-1-maps
of time-dependent Hamiltonians periodic in time. The reason is the lack of an
integral of motion which is essential for our arguments. Finally, it would be
interesting to have a dynamical interpretation of the abovementioned change in
the behaviour of rH(t).

2. Some properties of c±(H)

In this section we sum up some useful elementary properties of c±(H), deduce
the second statement of Theorem 1.1 from Theorem 1.3 and prove Corollary 1.2.

We start with some auxiliary facts and notions from the topology of open
surfaces.

Proposition 2.1. An open subset Z ⊂ M is contractible in M if and only if
every embedded circle which lies in Z is contractible in M .

Proof. Assume without loss of generality that Z is connected. Since an open
surface is a K(π, 1)-space, the inclusion Z ↪→ M is homotopic to a point if and
only if the homomorphism π1(Z) → π1(M) is trivial [Sp, 8.1.11]. But Z is also
an open surface. Representing Z as the union of an increasing chain of compact
surfaces with boundary we see that there exist countably many embedded circles
which generate π1(Z). Hence, Z is contractible if and only if all these generating
circles are contractible.
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Every contractible embedded circle γ on M bounds a unique closed disc which
we denote D(γ). For an arbitrary subset X ⊂ M set2

hull(X) = cl(∪γD(γ)),

where γ runs over all contractible embedded circles which are contained in X.
When N ⊂ M is a compact submanifold with boundary it is not hard to show

that its hull coincides with the union of N with all discs D(γ), where γ stands
for a contractible boundary circle of N . As an immediate consequence we get
that the hull of a compact subset of M is compact. Indeed, each compact subset
is contained in some compact submanifold with boundary. In what follows,
we need a finer description of hull(N) in the case when N ⊂ M is a compact
submanifold with contractible boundary.

Proposition 2.2. Let N ⊂ M be a 2-dimensional compact submanifold with
boundary. Assume that ∂N is contractible in M . Then hull(N) is the union of
a finite number of pairwise disjoint closed discs whose boundaries are connected
components of ∂N . In particular, N is contractible in M .

Proof. It suffices to show that there exist pairwise disjoint closed embedded discs
D1, . . . , Dk ⊂ M such that ∂Dj is a component of ∂N and N ⊂ ∪jDj . Since N
is compact it has only finitely many connected components which we denote by
Ni; let γij denote the boundary components of Ni. Now fix some i. Since M is
open and ∂N contractible, at least one of the discs D(γij) intersects the interior
of Ni. Denote this disc by Di.

We claim that Di contains Ni. Indeed, pick any point x ∈ int(Di ∩ Ni), and
assume on the contrary that there exists a point y ∈ int(Ni) \ Di. Since Ni is
connected, there exists a path α in the interior of Ni which joins x and y. But,
since x lies inside Di and y outside Di, α must intersect ∂Di ⊂ ∂N which is
impossible. This contradiction proves the claim.

Notice that for i �= j either Di and Dj are disjoint, or one contains the other.
So choose from the set {D1, . . . , Dp} those discs which are maximal with respect
to inclusion. This family of discs satisfies all the above requirements.

Let us return now to the quantities c±. As before we assume that M �= R
2.

The next proposition is quite standard in the calculus of variations and could
be formulated, for instance, in the setting of the Minimax Lemma in [HZ, Sect.
3.2]. For the convenience of the reader, we give a slightly more direct proof here.

Proposition 2.3. c±(H) are critical values of H.

Proof. Assume on the contrary that c+(H) is a regular value of H. Then there
exists a segment [c, c′] which consists of regular values of H and such that
c < c+(H) < c′. By definition of c+(H), the set {H ≥ c} contains a non-
contractible circle. Since the gradient flow of H takes {H ≥ c} into {H ≥ c′},
we conclude {H ≥ c′} also contains a non-contractible circle. Hence c+(H) ≥ c′,
in contradiction to the choice of c′.

2We write cl(Z) and int(Z) for the closure and the interior of a subset Z, respectively.
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The proof for c−(H) is analogous.

Proposition 2.4. c+(H) ≥ 0 and c−(H) ≤ 0.

Proof. It suffices to show that the set M \ supp(H) contains an embedded non-
contractible circle. Write M = ∪iNi, where Ni are compact surfaces with bound-
ary such that supp(H) ⊂ int(N1) and Ni ⊂ int(Ni+1) for all i ≥ 1.

If some boundary component of some Ni is non-contractible in M we are
done. Assume therefore that all of them are contractible. Then Proposition 2.2
implies that all Ni are contractible in M . We conclude that π1(M) = 0, i.e.,
M = R

2, in contradiction to our standing assumption.

Proposition 2.5. c−(H) = c+(H) = 0 if and only if {H �= 0} is contractible
in M.

Proof. We are going to apply Proposition 2.1 with Z = ZH = {H �= 0}.
If ZH is not contractible in M then it contains a curve from L. This curve

lies either in {H > 0}, which implies c+(H) > 0, or in {H < 0}, in which case
c−(H) < 0.

Suppose now that ZH is contractible in M . Then ZH cannot contain a curve
from L. This means that every curve from L intersects the set {H = 0}, so
c+(H) ≤ 0 and c−(H) ≥ 0. But, as we have seen in Proposition 2.4, c+(H) is
non-negative and c−(H) is non-positive. Therefore c−(H) = c+(H) = 0.

As a consequence we see that the second statement of Theorem 1.1 follows
from Theorem 1.3.

We conclude this section with the proof of Corollary 1.2 stating that the
function rH(t) = d(id, ϕt

H) is bounded if and only if all periodic orbits of ϕt
H are

contractible.

Proof of Corollary 1.2. In view of Theorem 1.1, we have to show that the set
{H �= 0} is contractible if and only if all periodic orbits are contractible.

Assume first that some energy level {H = c} contains a non-contractible
closed orbit L. Note that there are no critical points of H on L. Thus for every
c′ ∈ R close enough to c, also the level {H = c′} contains a non-contractible
embedded circle. Choosing c′ �= 0 we get that the set {H �= 0} contains a non-
contractible embedded circle. Therefore this set is not contractible in M in view
of Proposition 2.1.

Assume now that every closed orbit of the Hamiltonian flow generated by H
is contractible. Arguing by contradiction, we suppose the set {H �= 0} is not
contractible in M . In view of Proposition 2.1, there exists a non-contractible em-
bedded circle L on which H does not vanish. Assume without loss of generality
that H|L > 0. Choose a regular value c of H such that 0 < c < minL H, and pick
any c′ ∈ (c,minL H). Note that the open set N ′ = {H > c′} is not contractible
in M since it contains L (apply again Proposition 2.1). We want to show that
this leads to a contradiction. For this, consider the set N = {H ≥ c} which
is a compact submanifold of M whose boundary consists of closed orbits of the
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flow. By our assumption, this boundary is contractible in M , so Proposition 2.2
implies that N is contractible in M . But then also N ′ ⊂ N is contractible in
M , and we arrive at a contradiction. Therefore {H �= 0} is contractible in M .
This completes the proof.

3. Decomposing Hamiltonian flows

In this section we prove the following result.

Theorem 3.1. The following inequality holds:

µ(H) ≤ c+(H) − c−(H).

Moreover, if c−(H) = c+(H) = 0 then rH is bounded.

Together with Propositions 2.4 and 2.5 this implies the first statement of
Theorem 1.1.

An essential ingredient of our approach is the following version of Sikorav’s
theorem [Si]; see also [HZ, Sect. 5.6]. If X ⊂ (M, ω), we write area(X) for

∫
X

ω.

Proposition 3.2. Let X ⊂ M be a finite union of pairwise disjoint closed discs,
and let F ∈ A be a Hamiltonian function on M whose support is contained in
the interior of X. Then

d(id, ϕt
F ) ≤ 16 area(X)

for every t.

Proof. When M = (R2, dp∧ dq) this is proved in [Si, HZ]. The case of a general
open surface of infinite area can be reduced to this one as follows. Assume
without loss of generality that X ⊂ (M, ω) consists of just one disc of area A.
Let D ⊂ (R2, dp∧dq) be the closed standard disc of area A. Since M has infinite
area, it is an easy consequence of the Dacorogna-Moser theorem ([DM], see also
[HZ, Sect. 1.6]) that there exists a symplectic embedding

i : (R2, dp ∧ dq) ↪→ (M, ω),

such that i(D) = X. Clearly, i induces the natural homomorphism

i∗ : Hamc(R2, dp ∧ dq) → Hamc(M, ω).

It is important to notice that i∗ does not increase the corresponding Hofer dis-
tances. Our flow ϕt

F lies in the image of i∗, i.e., ϕt
F = i∗(ft) where ft is a

one-parameter subgroup of Hamc(R2, dp ∧ dq) whose Hamiltonian is supported
in int(D). Thus, the desired inequality follows from Sikorav’s original theorem
since d(id, ϕt

F ) ≤ d(id, ft) ≤ 16 A.

Proof of Theorem 3.1. Let us decompose the flow ϕt
H into two commuting flows

as follows. Fix some ε > 0, and choose a smooth function ρ : R → R satisfying
the following properties:

1. ρ(s) = s if c−(H) − ε ≤ s ≤ c+(H) + ε
2. ρ(s) = c+(H) + 2ε if s ≥ c+(H) + 3ε
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3. ρ(s) = c−(H) − 2ε if s ≤ c−(H) − 3ε
4. 0 < ρ′(s) < 1 if c−(H)−3ε < s < c−(H)−ε or c+(H)+ε < s < c+(H)+3ε

Define the new Hamiltonians K = ρ ◦ H and H0 = H − K, and denote their
flows by Ψt and Φt, respectively. Then

ϕt
H = Φt ◦ Ψt = Ψt ◦ Φt.(1)

Observe that supp(H0) is contained in the set

Z(ε) = H−1((−∞, c−(H) − ε] ∪ [c+(H) + ε,∞)).

Pick κ ∈ (0, ε) such that c−(H) − κ and c+(H) + κ are regular values of H.
Then Z(κ) is a compact 2-dimensional submanifold with contractible boundary.
Denote by X the hull of Z(κ). Proposition 2.2 implies that X is a finite union
of pairwise disjoint closed discs. Moreover, Z(κ) is a subset of supp(H), so X
is contained in the hull of supp(H). Recall that this hull is compact, so it has
finite area. Combining this with Proposition 3.2 above, we conclude that there
is a constant C > 0, depending only on supp(H) but not on ε, such that

d(id,Φt) ≤ C

for every t.
On the other hand, Ψt is generated by K with maxK − minK = c+(H) −

c−(H) + 4ε, hence

d(id,Ψt) ≤ t (c+(H) − c−(H) + 4ε).

Now, the relation (1) implies that

d(id, ϕt
H) ≤ d(id, Φt) + d(id,Ψt).

Therefore

d(id, ϕt
H) ≤ C + t (c+(H) − c−(H) + 4ε)

for every ε > 0, and the inequality in Theorem 3.1 follows. Moreover, if c−(H) =
c+(H) = 0 we get that rH(t) ≤ C for all t ≥ 0, and Theorem 3.1 is proven.

4. A lower bound on µ via Lagrangian intersections

In the present section we prove the following result.

Theorem 4.1. We have the following inequality:

µ(H) ≥ c+(H) − c−(H).

Together with Theorem 3.1 this completes the proof of Theorem 1.3, and thus
that of Theorem 1.1.

We will make use of the Lagrangian suspension construction and Lagrangian
intersection theory, similar to what is done in [Po1]. It is convenient to split
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Hofer’s original definition for d into two parts separating the maximum and
minimum. Define

d+(id, ϕ) = inf
F

{∫ 1

0

max
x

Ft dt | ϕ1
F = ϕ

}
,

d−(id, ϕ) = inf
F

{∫ 1

0

−min
x

Ft dt | ϕ1
F = ϕ

}
,

where F : S
1 × M → R runs over all compactly supported Hamiltonians gener-

ating ϕ. Then

d(id, ϕ) ≥ d+(id, ϕ) + d−(id, ϕ).

Recall that we consider ϕ = ϕ1
H where H is autonomous.

Lemma 4.2.

d+(id, ϕ) = inf
F

{
max
t,x

F | ϕ1
F = ϕ

}

= inf
G

{
max
t,x

(H − G) | ϕ1
G = id

}
,

d−(id, ϕ) = inf
F

{
−min

t,x
F | ϕ1

F = ϕ

}

= inf
G

{
−min

t,x
(H − G) | ϕ1

G = id
}

.

Proof. The first equalities are proved in [Po1, §7], and the second ones in [Po1,
Lemma 3.A].

Lemma 4.3. Suppose that G : S
1 × M → R is a compactly supported Hamil-

tonian which generates the identity: ϕ1
G = id. Let L ⊂ M be an embedded non-

contractible circle. Then there exist t0 ∈ S
1 and x0 ∈ L such that G(t0, x0) = 0.

Proof of Theorem 4.1. Since ϕt
H = ϕ1

tH and c±(tH) = tc±(H) for t > 0, it
suffices to show that

d(id, ϕ1
H) ≥ c+(H) − c−(H).

Fix an arbitrary ε > 0. Choose L to be a non-contractible circle on M such that
H|L ≥ c+(H) − ε. Lemmata 4.2 and 4.3 imply that d+(id, ϕ1

H) ≥ c+(H) − ε.
Analogously, d−(id, ϕ1

H) ≥ −c−(H)− ε. Thus d(id, ϕ1
H) ≥ c+(H)− c−(H)− 2ε,

for every ε > 0. Thus we get the desired inequality.

Lemma 4.3 can either be proven along the lines of Lemma 3.B in [Po1], or be
reduced to that lemma; we choose the second alternative.

Let us start with the following situation. Suppose that (V, Ω) is a closed
symplectic manifold of dimension 2n, and let L ⊂ V be a closed Lagrangian
submanifold. Consider the new symplectic manifold

(P, σ) = (V × T ∗
S

1, Ω ⊕ dp ∧ dt),
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where (p, t mod 1) are canonical coordinates on the cylinder T ∗
S

1. Write Z for
the zero section {p = 0} of T ∗

S
1. Assume that L has the stable Lagrangian

intersection property (see [Po1]) which means that

ψ(L × Z) ∩ (L × Z) �= ∅,
for every Hamiltonian diffeomorphism ψ of (P, σ). Finally, let

F : S
1 × V → R

be a time-periodic Hamiltonian function satisfying the following conditions:
(i) F generates the identity, i.e., ϕ1

F = id;
(ii)

∫
V

F (t, x) Ωn = 0 for all t ∈ S
1;

(iii) the loop of Hamiltonian diffeomorphisms {ϕt
F }, t ∈ S

1, is contractible in
the group of all Hamiltonian diffeomorphisms of (V, Ω).

Lemma 4.4 ([Po1]). Given the above assumptions, there exist a t0 ∈ S
1 and

x0 ∈ L such that F (t0, x0) = 0.

For the sake of completeness we present the proof.

Proof. Let A : S
1 × V → R be any function which satisfies conditions (i) and

(ii). Consider the so-called Lagrangian suspension

L × S
1 → V × T ∗

S
1,

(x, t) �→ (ϕt
A(x),−A(t, ϕt

A(x)), t).

A direct calculation shows that this is a Lagrangian embedding with respect to
the symplectic form σ = Ω ⊕ dp ∧ dt on P = V × T ∗

S
1. Denote its image by

KA. It is an easy exercise to show (see [Po3, Ch. 6] for details) that if A(s)
is a smooth family of functions satisfying (i) and (ii) then the corresponding
Lagrangian isotopy KA(s) is exact, and thus extends to an ambient Hamiltonian
isotopy of P . In particular, there exists a Hamiltonian diffeomorphism ψ of P
such that ψ(KA(0)) = KA(1).

The requirement that the given Hamiltonian function F satisfies (iii) above
guarantees that there exists a smooth family of functions A(s) satisfying (i)
and (ii) with A(0) ≡ 0 and A(1) = F . Since KA(0) = L×Z, the stable Lagrangian
intersection property of L yields that KF ∩(L×Z) �= ∅. Thus there exist t0 ∈ S

1

and y0 ∈ L such that ϕt0
F (y0) ∈ L and F (t0, ϕt0

F (y0)) = 0. Setting x0 = ϕt0
F (y0)

completes the proof.

Lemma 4.5. Let (V, Ω) be a closed symplectic surface, and let L ⊂ V be a
non-contractible embedded circle. Then L has the stable Lagrangian intersection
property.

This is a particular case of a result by Gromov [Gr, Thm. 2.3.B′
3]; see also [Fl],

and Thm. 2.3.6 of Ch. X in [AL] for a detailed exposition.

Lemma 4.6. Let (V, Ω) be a closed symplectic surface of genus at least 2. Then
π1(Ham(V, Ω)) = 0.
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Although this fact is well known to experts, we have not been able to locate
it in the literature; so we give a proof here.

Proof. Assume without loss of generality that
∫

V
Ω = 1. Write Diff0(V ), resp.

Symp0(V, Ω), for the identity component of the group of all, resp. symplectic,
diffeomorphisms of V .

Note first that the inclusion π1(Symp0(V, Ω)) → π1(Diff0(V )) is an isomor-
phism. To see this, consider the space X of all area forms on V with total
area 1. Consider the mapping Diff0(V ) → X which sends a diffeomorphism f
to the form f∗Ω. One can prove a version of Moser’s stability theorem [Mo] (see
also [MS, Thm. 3.17]) with parameters in order to show that this mapping is a
Serre fibration. Its fibre is simply Symp0(V, Ω), and the base X is contractible.
Hence the desired fact follows from the homotopy exact sequence

0 = π2(X) → π1(Symp0(V, Ω)) → π1(Diff0(V )) → π1(X) = 0.

Furthermore, because the genus of V is at least 2, the group Diff0(V ) is
contractible [EE]. Hence π1(Symp0(V, Ω)) = 0.

Finally, the inclusion π1(Ham(V, Ω)) → π1(Symp0(V, Ω)) is injective [MS,
10.18 (iii)].3 Since π1(Symp0(V, Ω)) = 0 this finishes the proof of the lemma.

Proof of Lemma 4.3. Choose a compact connected submanifold N ⊂ M with
boundary whose interior contains both L and ∪t supp(G(., t)). Take two copies
of N and glue them together along ∂N . This yields a closed surface (a double of
N) which we denote by V . Let I : V → V be the reflection along ∂N . Extend
the form ω on N to an area form Ω on V so that I∗Ω = −Ω. Furthermore, we
extend the function G(t, x) by 0 to V \ N and set

F (t, x) = G(t, x) − G(t, ϕt
G(Ix)).

Note that the Hamiltonian F generates the flow ϕt
GIϕ−t

G I and satisfies our con-
ditions (i) and (ii) above.

Without loss of generality we can assume that genus(V ) ≥ 2. Indeed, if
genus(V ) ≤ 1 we may add handles outside the set ∪t supp(F (., t)) ∪ L, extend
Ω to an area form on the handles, and set the function F zero there. Applying
Lemma 4.6, we see that now F satisfies also the last condition (iii).

Since L is non-contractible in N it is also non-contractible in V . Lemma 4.5
yields that L has the stable Lagrangian intersection property in V . Thus all
assumptions of Lemma 4.4 are fulfilled, and we get that F (t0, x0) = 0 for some
t0 ∈ S

1 and x0 ∈ L. Since F and G coincide on S
1 × N with L ⊂ N , we obtain

G(t0, x0) = 0. This completes the proof of the lemma and finishes the proof of
Theorem 4.1.

3In fact, this is true for all closed symplectic manifolds.



ON THE ASYMPTOTIC GEOMETRY OF AREA-PRESERVING MAPS 243

Acknowledgement

This work was done while the second author was visiting Tel Aviv University
in December 1998. We thank the Hermann Minkowski Center for Geometry for
the financial support.

References

[AL] M. Audin and J. Lafontaine (eds.): Holomorphic curves in symplectic geometry,
Progress in Mathematics, 117, Birkhäuser Verlag, Basel, 1994
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