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A COUNTEREXAMPLE OF GEVREY CLASS TO

THE UNIQUENESS OF THE CAUCHY PROBLEM

Lars Hörmander

We shall here give a special case of a counterexample due to Alinhac and
Baouendi [1,2] which is so explicit that we can show that it belongs to a Denjoy-
Carleman class contained in every Gevrey class strictly larger than the analytic
one. The example of [1,2] is the key to an example of nonuniqueness for the
analytic nonlinear Cauchy problem due to Métivier [4], which we also recall
adding such strong regularity properties. This may be of some interest since
there exist uniqueness theorems which are valid for all Gevrey classes close to
the analytic class but not for every Gevrey class (see Lerner [3]).

Theorem 1. Let (Lν) be a positive increasing sequence such that

(1)
∞∑
1

1
ν
√

Lν

< ∞.

Then one can find u and a in C∞(Ω), Ω = {(t, x, y) ∈ R3; |y| < 1}, such that

(D2
t − 2DxDy)u + au = 0,(2)

supp a ⊂ {(t, x, y) ∈ Ω; t ≥ 0} = suppu,(3)

|Dνu| + |Dνa| ≤ Cν+1(νLν)ν , ν = 0, 1, . . . ,(4)

where Dν denotes any partial derivative of order ν and 00 = 1.

With Lν = (log(ν +2))γ where γ > 2 we conclude that u and a are contained
in every Gevrey class G� with � > 1, for it corresponds to Lν = ν�−1. (An even
better class is obtained by taking Lν = (log(ν +2))2(log log(ν +4))γ with γ > 2,
and so on with iterated logarithms.) Without the square root (1) would be the
condition for nonquasianalyticity. We do not know if the stronger condition (1)
is essential.

Proof of Theorem 1. For arbitrary β and γ �= 0, the differential equation (2)
with a = 0 is satisfied by

(5) u(t, x, y) = (1 − iβy/γ)−
1
2 exp(ix/β − 1

2 t2/(γ − iβy)),
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and we also have Dxu = u/β, 2Dyu = βD2
t u. Thus (5) is obtained from the

standard fundamental solution of the heat (or Schrödinger) equation, and we
have

(6) Dl
xDm

y Dn
t u = 2−mβm−lD2m+n

t u.

To estimate the derivatives of u we shall use the inequality

(7) |Dn
t exp(−t2/2c)| ≤ 3(n/ Re c)n/2, t ∈ R, Re c > 0.

It follows from Cauchy’s inequalities, for if b = 1/2c and z ∈ C, |z| ≤ R, then
2 Re c = Re b/|b|2 and

| exp(−b(t + z)2)| ≤ exp(−t2 Re b + 2|b||t|R + |b|R2)

≤ exp((|b| + |b|2/ Re b)R2) ≤ exp(R2/ Re c),

hence

|Dn
t exp(−t2/2c)| ≤ n! min

R>0
R−n exp(R2/ Re c) = n!(e/Re c)n/2(n/2)−n/2,

which implies (7). Thus we have by (6) and (7), if u is defined by (5) with β > 0
and γ > 0,

(8) |Dl
xDm

y Dn
t u| ≤ 22−m(2/γ)m+ 1

2 nβm−l(m + 1
2n)m+ 1

2 n.

Let Φ be a positive C1 convex function on R+ such that

(9) Φ(k) ↓ 0, Φ′(k + 1)/Φ′(k) → 1 as k → ∞.

(At the end of the proof such a function will be constructed from the sequence
(Lν) in the theorem.) If β and γ are replaced by M−1e−kΦ′(k)2 with a large
positive constant M to be chosen later, it follows after a translation in t that

(10) uk(t, x, y) =
exp(−3ek)√

1 − iy
exp

( Mek

Φ′(k)2
(
ix − (t − Φ(k))2

2(1 − iy)

))
also satisfies (2) with a = 0, and uk is concentrated at the plane where t = Φ(k).
It is convenient to introduce a notation for a normalised t variable centered there,

(11) tk = −(t − Φ(k))/Φ′(k).

We have

tk±1 = −(t − Φ(k ± 1))/Φ′(k ± 1)(12)

= −(−tkΦ′(k) + Φ(k) − Φ(k ± 1))/Φ′(k ± 1)

= tkΦ′(k)/Φ′(k ± 1) + (Φ(k ± 1) − Φ(k))/Φ′(k ± 1)

= tk ± 1 + o(1), as k → +∞, |tk| ≤ 1,
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for Φ′(k−1) ≤ Φ′(κ) ≤ Φ′(k+1) < 0 when |κ−k| < 1, and Φ′(k−1)/Φ′(k+1) → 1
as k → +∞. With some large positive integer k0 to be chosen later we set

(13) u(t, x, y) =
{ ∑∞

k=k0
χ(tk)uk(t, x, y), if t ≤ Φ(k0),

uk0(t, x, y), if t > Φ(k0).

Here χ ∈ C∞
0 ((− 4

5 , 4
5 )) is equal to 1 in [− 3

4 , 3
4 ] and

(14) |χ(n)(t) ≤ Cnnn|Φ′(log(n + 2))|−n, n = 0, 2, . . . .

Such a function exists by the Denjoy-Carleman theorem, for
∑∞

1 |Φ′(log n)|/n
is finite since ∫ ∞

c

t−1|Φ′(log t)| dt =
∫ ∞

log c

−Φ′(s) ds = Φ(log c)

and t/|Φ′(log t)| is increasing. By (14) we have

(15)
∣∣∣ dn

dtn
χ(tk)

∣∣∣ exp(−ek) ≤ Cnnn|Φ′(log(n + 2))|−n|Φ′(k)|−n exp(−ek).

To estimate the product of the last two factors we note that since we have
Φ′(s)/Φ′(s + 1) → 1 as s → ∞, it follows for every ε > 0 that |Φ′(s)|eεs → ∞
as s → ∞, so |Φ′(k)|−n exp(−ek) → 0 as k → ∞. If k > 0 when the maximum
with respect to k is attained then

|Φ′(k − 1)|−n exp(−ek−1) ≤ |Φ′(k)|−n exp(−ek),

thus exp(ek(1 − e−1)) ≤ (Φ′(k − 1)/Φ′(k))n.

This implies that ek < n if k > k1 and k1 is large enough, so we obtain

(16) |Φ′(k)|−n exp(−ek) ≤ |Φ′(max(log n, k1))|−n, n = 0, 1, . . . ,

hence with a new constant C

(15)′
∣∣∣ dn

dtn
χ(tk)

∣∣∣ ≤ exp(ek)Cnnn|Φ′(log(n + 2))|−2n, n = 0, 1, . . . .

With ν = l + m + n we have by (8) and (16)

|Dl
xDm

y Dn
t uk| exp(ek) ≤ 22+ 1

2 n(MekΦ′(k)−2)l+ 1
2 n(m + 1

2n)m+ 1
2 n exp(−2ek)

≤ 22+ 1
2 nM l+ 1

2 n(l + 1
2n)l+ 1

2 n|Φ′(log(2l + n + 2))|−2l−n(m + 1
2n)m+ 1

2 n

≤ Cν+1νν |Φ′(log(ν + 2))|−2ν ,
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where C depends on M . We have also used that ekµ exp(−ek) < µµ if µ > 0,
with µ = l + 1

2n, and that Φ′(log(ν + 2))/Φ′(log(2ν + 2)) is bounded. Combined
with (15)′ this proves that with another constant C depending on M

|Dl
xDm

y Dn
t (χ(tk)uk(t, x, y))| ≤ Cν+1ννΦ′(log(ν + 2))−2ν , l + m + n ≤ ν.

For u we have the same bound apart from a factor 2, for at most two supports
of the terms in the series (13) can overlap if k0 is large enough.

For the kth term in (13) we have

− (D2
t − 2DxDy)(χ(tk)uk(t, x, y))

= Φ′(k)−2χ′′(tk)uk(t, x, y) − 2iΦ′(k)−1χ′(tk)Dtuk(t, x, y).

Thus tk ∈ [− 4
5 ,− 3

4 ] ∪ [ 34 , 4
5 ] in the support, and it follows from (12) that

1
5 + o(1) ≤ ±tk±1 ≤ 1

4 + o(1) if ∓ tk ∈ [ 34 , 4
5 ].

Hence t2k ≥ 9
16 and t2k±1 ≤ 1

15 then if k is large enough. This means that if we
set

(17) qk(t, x, y) = uk(t, x, y)/uk±1(t, x, y) when ∓ tk ∈ [ 34 , 4
5 ],

then for large k

|qk(t, x, y)| ≤ exp
(
ek((Me/30 + 3e) − 9M/64 − 3)

)
, ∓tk ∈ [ 34 , 4

5 ].

We choose M now so that M( e
30 − 9

64 ) + 3e < −1 and conclude that

(18) |qk(t, x, y)| ≤ exp(−4ek), if |tk| ∈ [ 34 , 4
5 ].

To satisfy the equation (2) we must define in these intervals, except the one to
the right of Φ(k0),

(19) a(t, x, y) =
(χ′′(tk)

Φ′(k)2
− 2iχ′(tk)

Φ′(k)
Dt log uk(t, x, y)

) qk(t, x, y)
1 + χ(tk)qk(t, x, y)

.

Outside all such intervals we define a = 0. That a is then in C∞ follows at
once from (18), for differentiation of (19) can only lead to a loss of powers of ek

and Φ′(k) in the estimates. However, to prove the theorem we must give precise
estimates for the derivatives.

The estimate (18) remains valid for (y, tk) in a complex C2 neighborhood of
E = {(y, s) ∈ R2; |y| ≤ 1, |s| ∈ [ 34 , 4

5 ]} which is independent of k for large k.
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Since ∂/∂t = −Φ′(k)−1∂/∂tk, it follows using (16) as in the estimates following
(15)′ that for (y, tk) ∈ E and l + m + n ≤ ν

(20) |Dl
xDm

y Dn
t qk(t, x, y)| ≤ Cν+1

1 (ekΦ′(k)−2)l(m + n)!|Φ′(k)|−n exp(−4ek)

≤ Cν+1
2 ll(m + n)m+n|Φ′(log(2l + n + 2))|−2l−n exp(−2ek)

≤ Cν+1
3 ννΦ′(log(ν + 2))−2ν exp(−2ek),

if k is large enough. Here C1, C2, C3 depend on M . Using (15)′ we conclude
that

|Dl
xDm

y Dn
t (χ(tk)qk(t, x, y))| ≤ Cν+1

4 ννΦ′(log(ν + 2))−2ν exp(−ek).

By the results on inverse closed Denjoy-Carleman classes of Rudin [5, Theorem
A], an estimate such as (20) follows for qk(t, x, y)/(1 + χ(tk)qk(t, x, y)) since
|Φ′|−1 is increasing. In (19) we have

Dt log uk(t, x, y) = −iMekΦ′(k)−1tk/(1 − iy),

and

|Dm
y Dn

t

(
Φ′(k)−2χ′′(tk) − 2Φ′(k)−2Mekχ′(tk)tk/(1 − iy)

)
| exp(−2ek)

≤ Cm+n+1
5 m!nn|Φ′(log(n + 2))|−2(n+2)

≤ Cn+m+1
6 (n + m)n+m|Φ′(log(n + m + 2))|−2(n+m).

Hence we conclude that

(21) |Dνu(t, x, y)| + |Dνa(t, x, y)| ≤ Cν+1ννΦ′(log(ν + 2))−2ν .

To complete the proof of Theorem 1 we must choose an appropriate function
Φ starting from the sequence (Lν) in the theorem. At first we assume that
L2ν/Lν → 1 as ν → ∞, interpolate Lν linearly between the integers and define,
at first for large positive t,

ϕ(t) = L
− 1

2
et .

Then ϕ is decreasing and ϕ(t + 1) ≥ L
− 1

2
4et , so ϕ(t + 1)/ϕ(t) → 1 as t → ∞. By

(1) we have ∫ ∞

t0

ϕ(t) dt =
∫ ∞

exp(t0)

L
− 1

2
s ds/s < ∞.

If we define Φ(k) =
∫ ∞

k
ϕ(t) dt then

Φ′(k) = −ϕ(k) = −L
− 1

2
ek , Φ′(log ν)−2 = Lν ,

so (4) follows from (21).
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To eliminate the hypothesis that L2ν/Lν → 1 as ν → ∞ we observe that if
aν = (L2ν )−

1
2 then aν is decreasing and

∑∞
1 aν < ∞ since

∑
2ν−1<n≤2ν

1
n
√

Ln

≥ aν/2, ν = 1, 2, . . . .

By Lemma 2 below we can choose a decreasing sequence Aν ≥ aν such that∑
Aν < ∞ and Aν+1/Aν → 1 as ν → ∞. If we define L̃n = A−2

ν when
2ν−1 < n ≤ 2ν then L̃n ≤ a−2

ν ≤ Ln for these indices, L̃n is increasing, (1) is
valid with L replaced by L̃, and L̃2n/L̃n → 1 as n → ∞. Thus we have proved
that u and a can be chosen so that (2), (3), (4) are valid with L replaced by L̃,
which implies that (4) holds for the original sequence L. The proof is completed
by the following lemma. �
Lemma 2. Let (aν)∞0 be a positive decreasing sequence such that

∑∞
0 aν < ∞.

Then there exists another positive decreasing sequence (Aν)∞0 such that

(22) Aν ≥ aν , ν = 0, 1, . . . ,
∞∑
0

Aν < ∞, lim
ν→∞

Aν+1/Aν = 1.

Proof. If aν is exponentially decreasing we can just take Aν = C(ν + 1)−2 with
C = sup aν(ν + 1)2, so we may assume that aν is not exponentially decreasing.
As a first step we shall prove that if t ∈ (0, 1) then

Aν = max
0≤µ≤ν

aµtν−µ

is a decreasing sequence with

(23) Aν ≥ aν , Aν+1 ≥ tAν , ν = 0, 1, . . . ;
∑

Aν>aν

Aν ≤ a0t/(1 − t).

The first two inequalities are obvious. If Aν > aν then Aν = tAν−1 ≤ Aν−1, and
if Aν = aν then Aν ≤ aν−1 ≤ Aν−1 so the sequence is decreasing. Moreover, if
O = {ν;Aν > aν} then Aν ≤ A0t

κ+1 = a0t
κ+1 if ν ∈ O and there are κ elements

in O which are smaller than ν, which proves the last inequality in (23).
Set tk = k/(k + 1) and choose an increasing sequence νk of positive integers

such that

aνk
t−νk

k > aµt−µ
k when µ < νk;

∞∑
1

kaνk
< ∞.

This is possible since aνt−ν
k is not bounded when ν → ∞ for fixed k. Set ν0 = 0

and

Aν = max
0≤µ≤ν

aµtν−µ
k = max

νk≤µ≤ν
aµtν−µ

k when νk ≤ ν ≤ νk+1, k = 0, 1, 2, . . . .
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The choice of νk gives Aνk
= aνk

and Aνk+1 = aνk+1 so the definitions agree at
the end points, Aν is a decreasing sequence ≥ aν , such that Aν+1 ≥ tkAν when
ν ≥ νk, k ≥ 1, and

∞∑
0

Aν ≤
∞∑
0

aν +
∞∑
1

aνk
tk/(1 − tk) =

∞∑
0

aν +
∞∑
1

kaνk
< ∞,

which completes the proof.1 �

A rotation of the x, y coordinates replaces the equation (2) by

(2)′ (D2
t + D2

x − D2
y)u + au = 0,

which is hyperbolic with respect to y. We can also replace u and a by u(εt, εx, εy)
and ε2a(εt, εx, εy) to make a and u defined in any desired bounded open set
containing the origin, and at the same time make the constant C in (4) as small
as we wish. To discuss a counterexample due to Métivier [4] we also need another
solution of the equation (2)′ which is different from 0 in Ω, given by the following
proposition:

Proposition 3. Let (Lν)∞0 be any positive increasing sequence with L0 = 1 and
let a ∈ C∞(Ω) where Ω = {(t, x, y) ∈ R3; |y| +

√
t2 + x2 < 1}. If

(24) |Dνa(t, x, y)| ≤ Cν+1
a (νLν)ν , (t, x, y) ∈ Ω, ν = 0, 1, . . . ,

where Ca < 1
4 , then the Cauchy problem

(25) (D2
t + D2

x − D2
y)v + av = 0 in Ω, v = 1 and Dyv = 0 when y = 0,

has a unique solution in C∞(Ω), and
(26)
|Dνv(t, x, y)| ≤ C2ν((ν + 2)Lν+2)ν+2, (t, x, y) ∈ Ω, |y| < 1

2 , ν = 0, 1, . . . .

Thus |v(t, x, y)| > 1
2 if 54CL3

3|y| < 1 and |y| < 1
2 .

Proof. It is very well known that there is a unique C∞ solution so we shall just
prove (26) when 0 ≤ y < 1

2 using that by the standard energy estimates, if
(D2

t + D2
x − D2

y)u = f in Ω and

E(y) =
( ∫

(t,x,y)∈Ω

(|Dtu(t, x, y)|2 + |Dxu(t, x, y)|2 + |Dyu(t, x, y)|2) dt dx
) 1

2

1The author is grateful to Jan Boman for an observation which simplified the proof.



622 LARS HÖRMANDER

is the energy of u at “time” y, then

E′(y) ≤
( ∫

(t,x,y)∈Ω

|f(t, x, y)|2 dt dx
) 1

2
= ‖f(·, ·, y)‖, 0 ≤ y < 1,

E(y) ≤ E(0) +
∫ y

0

‖f(·, ·, s)‖ ds, 0 ≤ y < 1,

‖u(·, ·, y)‖ ≤ ‖u(·, ·, 0)‖ +
∫ y

0
E(s) ds, 0 ≤ y < 1.

For the solution v of the Cauchy problem (25) we have

E′(y) ≤ Ca‖v(·, ·, y)‖ ≤ Ca(2 +
∫ y

0
E(s) ds), 0 ≤ y < 1, E(0) = 0,

which implies that E(y) ≤ 2
√

Ca sinh(
√

Cay) < 1, and that ‖v(·, ·, y)‖ ≤
2 cosh(

√
Cay) < 3. We want to prove inductively that the energy of vl,n =

Dl
xDn

t v is ≤ (νLν)ν if l + n = ν. When ν �= 0 the Cauchy data of vl,n are
equal to 0, and if the claim is proved for smaller values of ν, hence ‖Dl

xDn
t v‖ ≤

((l + n − 1)Ll+n−1)l+n−1 when 0 < l + n ≤ ν, we have by (24) when l + n = ν

‖Dl
xDn

t (av)(·,·, y)‖

≤
ν−1∑
j=0

(
ν
j

)
Cj+1

a (jLj)j((ν − 1 − j)Lν−1−j)ν−1−j + 3Cν+1
a (νLν)ν

≤ 1
4

ν−1∑
j=0

(
ν−1

j

)
(jLj)j((ν − 1 − j)Lν−1−j)ν−1−j + 3

16 (νLν)ν

≤ 1
4Lν

ν

ν−1∑
j=0

(
ν−1

j

)
jj(ν − 1 − j)ν−1−j + 3

16 (νLν)ν ≤ (νLν)ν ,

where we have used the inequalities(
ν
j

)
Cj+1

a /
(
ν−1

j

)
= Cj+1

a ν/(ν − j) ≤ Cj+1
a (j + 1) ≤ 1

4 ,

µ∑
j=0

(
µ
j

)
jj(µ − j)µ−j ≤ 2µµ+ 1

2 ;

the second follows easily from Stirling’s formula. Hence the energy of vl,n is
≤ (νLν)ν .

We have now proved that

‖Dl
xDm

y Dn
t v(·, ·, y)‖ ≤ (νLν)ν , if 0 �= ν = l + m + n, m ≤ 1,

and we want to conclude that

(27) ‖Dl
xDm

y Dn
t v(·, ·, y)‖ ≤ 2m(νLν)ν , if 0 �= ν = l + m + n,



COUNTEREXAMPLE TO THE UNIQUENESS OF THE CAUCHY PROBLEM 623

also when m ≥ 2. Assuming this proved already for smaller values of m we have
since Dl

xDm
y Dn

t v = Dl
xDm−2

y Dn
t (D2

xv + D2
t v + av)

‖Dl
xDm

y Dn
t v(·, ·, y)‖ ≤ 2m−1(νLν)ν

+2m−2
ν−2∑
j=0

(
ν−2

j

)
Cj+1

a (jLj)j((ν − 2 − j)Lν−2−j)ν−2−j + 3Cν−1
a (νLν)ν

≤ 2m−1(νLν)ν + 2m−2 1
4Lν

ν2νν + 3
4 (νLν)ν

≤ 2m−1(νLν)ν(1 + 1
4 + 3

8 ) < 2m(νLν)ν ,

which proves (27). An application of Sobolev’s inequality in the t, x variables
gives (26). �

We shall now recall an example of nonuniqueness for the nonlinear Cauchy
problem due to Métivier [4]. Let (Lν) be a positive increasing sequence satisfying
(1). By using first Theorem 1 and then Proposition 3 we can find functions u,
a, and v in the unit ball Ω in R3 satisfying (4) such that

Lu + au = Lv + av = 0 in Ω,

where L = ∂2
t + ∂2

x − ∂2
y , and

suppu = {(t, x, y) ∈ Ω; t ≥ 0}, |u| < 1 < |v| in Ω.

Choose χ ∈ C∞(R) so that estimates of the form (4) are valid for χ and sup |χ| ≤
1, χ(z) = 0 when z ≤ 0. If

uχ(t, x, y, z) = v(t − z, x, y) + χ(z)u(t − z, x, y)

it follows that in Ω̃ = {(t, x, y, z) ∈ R4; (t − z, x, y) ∈ Ω}

(28) |Dνuχ(t, x, y, z)| ≤ Cν+1(νLν)ν , ν = 0, 1, . . . ,

and (L + b)uχ = 0 if b(t, x, y, z) = a(t − z, x, y), for L does not act on χ. Since
uχ �= 0 in Ω̃ we can define vχ(t, x, y, z) = log uχ(t, x, y, z) uniquely so that
vχ(0, 0, 0, 0) is a given value of log v(0, 0, 0). Since Lν is increasing it follows
again from Rudin [5] that vχ also has bounds of the form (28), and the equation
(L + b)uχ = 0 means that

Lvχ + (∂tvχ)2 + (∂xvχ)2 − (∂yvχ)2 + b = 0.

Since (∂t + ∂z)b = 0 it follows that vχ is a solution of the equation

(29) (∂t + ∂z)(∂2
t U + ∂2

xU − ∂2
yU + (∂tU)2 + (∂xU)2 − (∂yU)2) = 0
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for every χ. We have uχ − u0 = χ(z)u(t − z, x, y), hence

supp(uχ − u0) ⊂ {(t, x, y, z) ∈ Ω̃; t ≥ z ≥ 0},
supp(vχ − v0) ⊂ {(t, x, y, z) ∈ Ω̃; t ≥ 0},

and (0, 0, 0, 0) ∈ supp(uχ −u0) ⊂ supp(vχ − v0) if 0 ∈ suppχ. Thus the equation
(29) has a continuum of solutions satisfying

(30) |DνU | ≤ Cν+1(νLν)ν , ν = 0, 1, . . . ,

which coincide on one side of the noncharacteristic plane where t = 0 whereas no
two are equal in a neighborhood of the origin. This is a special case of Proposition
3 in [4] apart from the regularity property (30). In particular, the solutions
belong to every Gevrey class G� with � > 1 if we choose Lν = (log(ν +2))γ with
γ > 2.
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