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A COUNTEREXAMPLE OF GEVREY CLASS TO
THE UNIQUENESS OF THE CAUCHY PROBLEM

LLARS HORMANDER

We shall here give a special case of a counterexample due to Alinhac and
Baouendi [1,2] which is so explicit that we can show that it belongs to a Denjoy-
Carleman class contained in every Gevrey class strictly larger than the analytic
one. The example of [1,2] is the key to an example of nonuniqueness for the
analytic nonlinear Cauchy problem due to Métivier [4], which we also recall
adding such strong regularity properties. This may be of some interest since
there exist uniqueness theorems which are valid for all Gevrey classes close to
the analytic class but not for every Gevrey class (see Lerner [3]).

Theorem 1. Let (L,) be a positive increasing sequence such that

o0

(1) Z%<oo.

Then one can find u and a in C=(Q), Q = {(t,z,y) € R?;|y| < 1}, such that

(2) (D} — 2D, D,)u+ au = 0,
(3) suppa C {(t,z,y) € Q;t > 0} = suppu,
(4) |D"u| + |D"a| < C**'(vL,)”, v=0,1,...,

where DY denotes any partial derivative of order v and 0° = 1.

With L, = (log(rv +2))Y where v > 2 we conclude that v and a are contained
in every Gevrey class G, with ¢ > 1, for it corresponds to L, = v?~!. (An even
better class is obtained by taking L, = (log(v +2))?(loglog(v +4))” with vy > 2,
and so on with iterated logarithms.) Without the square root (1) would be the
condition for nonquasianalyticity. We do not know if the stronger condition (1)
is essential.

Proof of Theorem 1. For arbitrary § and v # 0, the differential equation (2)
with a = 0 is satisfied by

(5) ult,z,y) = (1 —iBy/y) "2 expliz/B — L12/(y — iBy)),
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616 LARS HORMANDER

and we also have Dyu = u/3, 2Dyu = BD?u. Thus (5) is obtained from the
standard fundamental solution of the heat (or Schrédinger) equation, and we
have

(6) D.D;Ditu = 27" " DF .
To estimate the derivatives of u we shall use the inequality
(7) |DI exp(—t2/2¢)| < 3(n/Rec)?, teR, Rec> 0.

It follows from Cauchy’s inequalities, for if b = 1/2¢ and z € C, |z| < R, then
2Rec = Reb/|b|? and

| exp(—b(t + 2)2)| < exp(—t2 Reb + 2|b||t|R + |b|R2)
< exp((|b] + [b1*/ Re b)R?) < exp(R?/ Rec),

hence

| D} exp(—t%/2¢)| < n! rFrll>i% R~ "exp(R?*/Rec) = nl(e/Rec)™/?(n/2)/2,

which implies (7). Thus we have by (6) and (7), if u is defined by (5) with 5 > 0
and v > 0,

(8) |DLDy Dl < 227(2/7)"™ a6 (m - gn) AT
Let @ be a positive C! convex function on R such that
9) dk)lo, ®(k+1)/P(k)—1 ask— oo.

(At the end of the proof such a function will be constructed from the sequence
(L,) in the theorem.) If B and 7 are replaced by M ~le=*®’(k)? with a large
positive constant M to be chosen later, it follows after a translation in ¢ that

exXpl— ek ek . — 2
\p/1( —32'3/) P (@%kﬂ (“7 - (;(I(Ii(fy); )>

also satisfies (2) with a = 0, and wuy, is concentrated at the plane where ¢t = ®(k).
It is convenient to introduce a notation for a normalised ¢ variable centered there,

(10) ug(t,x,y) =

(11) ty = —(t — ®(k))/ @' (k).
We have
(12) the1 = —(t—®(k+£1))/®'(k+1)

— (' (k) + B(K) — Dk £ 1))/ £ 1)
=t,®'(k)/®' (k£ 1)+ (P(k£1) — D(k))/P'(k£1)
=trt1+0(1), ask— 4oo, |tx| <1,
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for ' (k—1) < ®'(k) < ®'(k+1) < Owhen |k—k| < 1, and ®'(k—1)/®"(k+1) — 1
as k — +oo. With some large positive integer kg to be chosen later we set

. Zzozko X(tk)uk(twrvy)v if ¢ < (I)(k())y
(13) ultz,y) = { U, (t, 2, y), if t > ®(ko).

Here x € C5°((—%, %)) is equal to 1 in [—3, 2] and
(14) XM (t) < C™n™|® (log(n +2))| ™", n=0,2,....

Such a function exists by the Denjoy-Carleman theorem, for > {° |®'(logn)|/n
is finite since

/OO t~1|®' (logt)| dt = /OO —®'(s)ds = ®(logc)

c logec

and t/|®’'(logt)| is increasing. By (14) we have
d?’l
(15) [t exp(~*) < Cn"[(log(n -+ 2)| [ (K)| " exp(—*).

To estimate the product of the last two factors we note that since we have
P'(s)/P'(s+1) — 1 as s — o0, it follows for every € > 0 that |®(s)]e*® — oo
as s — 00, 50 |®'(k)| " exp(—eF) — 0 as k — oco. If k > 0 when the maximum
with respect to k is attained then

| (k — 1)| " exp(—e" 1) < @' ()| 7" exp(—€F),
thus exp(e®(1 —e™1)) < (&' (k — 1)/ (k).

This implies that e < n if k > ki and k; is large enough, so we obtain
(16)  |@(k)| " exp(—e*) < [0/ (max(logn, k)| ™", n=0,1,....

hence with a new constant C

n

(15) C;lt—nx(tk)’ < exp(e®)C™n"|® (log(n 4+ 2))| 72", n=0,1,....

With v =1+ m + n we have by (8) and (16)
| D!, Dy D} ug| exp(e®) < 22727 (MeFd! (k) ~2) 2" (m + Ln)™ 2" exp(—2e")

< 22HIn NI (] 4 L)@ (log(21 4+ n + 2))| 72" (m + Ln)mtEn
< OV |0 (log(v + 2)) 2,
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where C' depends on M. We have also used that e exp(—e*) < p* if p > 0,

with ¢ = [+ 2n, and that ®'(log(v +2))/®'(log(2v + 2)) is bounded. Combined

with (15)" this proves that with another constant C' depending on M
|DLDy D} (x(t)ur(t, z,y))| < C"T10"® (log(v +2)) 7%, I+m+n<v.

For u we have the same bound apart from a factor 2, for at most two supports

of the terms in the series (13) can overlap if k¢ is large enough.
For the kth term in (13) we have

— (D} = 2D, D) (x(tx)ur(t, 2, y))
= &' (k) 72X (tp)up (t, 2,y) — 2i®" (k) "'\ (tp) Dyur(t, z,y).

Thus t), € [-2,—3]U[2, 2] in the support, and it follows from (12) that
1 1 - 3 4
L to(l) < ttpar <3 40(1) if Ftr€[3, 1]

Hence 7 > 1% and 2, < 1—15 then if k is large enough. This means that if we
set

(17) ar(t, z,y) = up(t, 2, y) /up+1(t, x,y) when Fiy € [3, 3],
then for large k

gk (t, 2, y)| < exp (e"((Me/30 + 3e) — 9IM/64 — 3)), Fti € [3, 2].
We choose M now so that M(z5 — 6%) + 3e < —1 and conclude that
(18) lak(t, 2, y)| < exp(—4e®), if [tx| € [3, 3],

To satisfy the equation (2) we must define in these intervals, except the one to
the right of ®(ko),

q(t,z,y)
1+ x(tr)ar(t, =, y)

(19)  a(t,z,y) = <§)I//((]?;g _ 2?//((;;?)Dt logUk(t,x,y)>

Outside all such intervals we define @ = 0. That a is then in C* follows at
once from (18), for differentiation of (19) can only lead to a loss of powers of e*
and @’ (k) in the estimates. However, to prove the theorem we must give precise
estimates for the derivatives.

The estimate (18) remains valid for (y, ;) in a complex C? neighborhood of

E ={(y,s) € R%y| <1, |s| € [3, 2]} which is independent of k for large k.
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Since 9/0t = —®'(k)~10/0ty, it follows using (16) as in the estimates following
(15)" that for (y,tx) € Eand l+m+n <wv

(20) |DLDy D} ai(t,z,y)| < CYFH( @' (k)7%) (m + n)l|@' (k)| ™" exp(—4e®)
< C¥TUY m 4 n)™ @ (log (20 4+ n + 2))| 72" exp(—2¢¥)
< Oy Y@ (log(v + 2)) 2 exp(—2e"),

if k is large enough. Here Cy, C, C3 depend on M. Using (15)" we conclude
that

LDy D} (x(t)a(t 2, y)| < CL 7@ (log (v +2)) ™ exp(—e).

By the results on inverse closed Denjoy-Carleman classes of Rudin [5, Theorem
A], an estimate such as (20) follows for qx(t,z,vy)/(1 + x(tx)qx(t,z,y)) since
|®'|~! is increasing. In (19) we have

Dylogug(t, z,y) = —iMe*® (k) "ty /(1 — iy),
and
Dy D (' (k) 72X (tr) — 20" (k) "2 Me* X/ (tr)tr/ (1 — iy)) | exp(—2¢")

< O imin™| @ (log(n 4 2))| 722
< Cg+m+1(n+m)n+m’@/(log(n +m+ 2))‘72(n+m)'

Hence we conclude that
(21) |DYu(t,z,y)| + |D"a(t, z,y)| < C""v"® (log(v +2)) .

To complete the proof of Theorem 1 we must choose an appropriate function
¢ starting from the sequence (L,) in the theorem. At first we assume that
Loy /L, — 1 as v — oo, interpolate L, linearly between the integers and define,
at first for large positive ¢,

_1
Then ¢ is decreasing and p(t +1) > L, 7, so o(t +1)/¢(t) — 1 as t — co. By

(1) we have
/ gp(t)dt:/ L;% ds/s < 0.

to exp(to)

If we define ®(k) = f,:o (t) dt then

so (4) follows from (21).
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To eliminate the hypothesis that Lo, /L, — 1 as v — oo we observe that if
a, = (LQV)*% then a, is decreasing and ZTO a, < oo since

1
> >a,/2, v=12....

nv/ L
2v—lan<2v n

By Lemma 2 below we can choose a decreasing sequence A, > a, such that
YA, < oo and Ap41/A, — 1 as v — oo. If we define L, = A2 when
2v=1 <« n < 2¥ then in < a;2 < L, for these indices, En is increasing, (1) is
valid with L replaced by L, and Lo, / L, — 1 as n — oo. Thus we have proved
that u and a can be chosen so that (2), (3), (4) are valid with L replaced by L,
which implies that (4) holds for the original sequence L. The proof is completed
by the following lemma. O

Lemma 2. Let (a,)3° be a positive decreasing sequence such that > o a, < oc.
Then there exists another positive decreasing sequence (A,)5° such that

(22) Ay >a,, v=01,..., Y A, <oo, lim A,41/A4, =1
0

Proof. If a, is exponentially decreasing we can just take A, = C(v + 1)~2 with
C =supa,(v + 1)?, so we may assume that a, is not exponentially decreasing.
As a first step we shall prove that if ¢t € (0,1) then

A, = max a,t" "
0<pu<v

is a decreasing sequence with

(23) Ay >ay, Ay ZtA, v=01,...; Y A, <apt/(1-1)
Ay >ay

The first two inequalities are obvious. If A, > a, then A, =tA,_1 < A,_q1, and
if A, = a, then A, <a,_1 < A,_; so the sequence is decreasing. Moreover, if
O ={v;A, > a,} then A, < Agt"+! = qot" ! if v € O and there are  elements
in O which are smaller than v, which proves the last inequality in (23).

Set t,, = k/(k + 1) and choose an increasing sequence v of positive integers
such that

o0
ayty " > aut " when p < vy Zk%k < 00.
1

This is possible since a,t, " is not bounded when v — oo for fixed k. Set vy =0

and

A, = max aut; " = max aut, " when v, <v <y, k=0,1,2,....
0<p<v v Spsv
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The choice of vy gives A,, = a,, and A, , = a,, , so the definitions agree at
the end points, A, is a decreasing sequence > a,, such that A,.1 > tx A, when
v >, k>1, and

o0

ZA,, < Za,,—l—Za,,ktk/(l—tk) :Zal,—f—z:kauk < o0,
0 0 0 1

1

which completes the proof.! O

A rotation of the z,y coordinates replaces the equation (2) by
(2) (D} + D2 — D2)u+ au =0,

which is hyperbolic with respect to y. We can also replace v and a by u(et,ex, ey)
and e2a(et,ex,ey) to make a and u defined in any desired bounded open set
containing the origin, and at the same time make the constant C' in (4) as small
as we wish. To discuss a counterexample due to Métivier [4] we also need another
solution of the equation (2)" which is different from 0 in €2, given by the following
proposition:

Proposition 3. Let (L,)° be any positive increasing sequence with Lo = 1 and
let a € C(Q) where Q = {(t,x,y) € R |y| + Vt2 + 22 < 1}. If

(24) |D”a(t,z,y)| < C* T (vL,)”, (t,z,y)€Q, v=01,...,

where Cy < i, then the Cauchy problem

(25) (D}+Di-Dlv+av=01in Q, v=1andDyw=0 wheny=0,
has a unique solution in C*° (), and

(26)

|D"v(t, z,y)| < C2Y((v +2)Lysa)"*?, (Lz,y) €Q, |y <3, v=0,1,....

Thus |v(t,z,y)| > 3 if 54CL3|y| <1 and |y| < 1.

Proof. 1t is very well known that there is a unique C'* solution so we shall just
prove (26) when 0 < y < % using that by the standard energy estimates, if
(Df + D2 —D2)u= f in Q and

—

Bo) = ([ (Dwlta ) +|Dault. )P + |Dyutt. )P deds)
(t,z,y)EN

IThe author is grateful to Jan Boman for an observation which simplified the proof.
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is the energy of u at “time” y, then

)< ( |

ftay)Pdtdn)” = f(p)l, 0y <1,

t,x,y)EN

Yy
E<y>3E<o>+/ 1f(s)llds, 0<y<L,
luC ) < s Ol + ¥ E(s)ds, 0<y<1.

For the solution v of the Cauchy problem (25) we have
E'(y) < Callo( - 9)ll < Ca(2+ [§ B(s)ds), 0<y <1, E(0) =0,

which implies that F(y) < 2/C,sinh(v/C,y) < 1, and that |jv(-,-,v)]

2cosh(v/Coy) < 3. We want to prove inductively that the energy of v,

D.Dmv is < (vL,)” if L +n = v. When v # 0 the Cauchy data of v, are

equal to 0, and if the claim is proved for smaller values of v, hence || D! D}v|| <

(I+n—1)Liyn_1)"" " when 0 < [ +n < v, we have by (24) when | +n = v
1D D} (av)(-,, y)

|
S (NCaGL) (v =1 = j)Lym1 )"~ 77 +3C T (vL)”

A

N | |
| o
—_

IN
AT
M

V_l_J)Lu 1- ])V - ]+16(VL)

I
=)

J

._.

AN
T

< 1LY ()= 1= ) 4 L) < (L),

J

e L

j=0
where we have used the inequalities
(NCit/(75Y) = Citv/(v—4) < CITH (i +1) <
n

g N — ] 1
()37 (= )7 < 2pi
j=0

N

the second follows easily from Stirling’s formula. Hence the energy of v, is
< (vL,)".
We have now proved that
IDLD D, y)ll < (vLy)”, f0#v=I1+m+n, m<1,

and we want to conclude that

(27) IDLD Dy (-, y)|| < 2™(vLy,)”, f0#v=I1+m+n,
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also when m > 2. Assuming this proved already for smaller values of m we have
since DL Dy Do = DL Dy~ 2Dp(D2v + Div + av)

|DL Dy Do (-, - y)l| < 2 (v Ly)

v—2
272N (V)OI G L)Y (v = 2 = ) Ly—2-j)" TP +3CE T (L)
=0

<2 YwL,)" (14 3+ 3) <2™(vL,)",

< 2m_1(1/L,,)” + Qm_Q%LZQV” + %(Z/Ll,)”

which proves (27). An application of Sobolev’s inequality in the ¢,z variables
gives (26). O

We shall now recall an example of nonuniqueness for the nonlinear Cauchy
problem due to Métivier [4]. Let (L, ) be a positive increasing sequence satisfying
(1). By using first Theorem 1 and then Proposition 3 we can find functions wu,
a, and v in the unit ball  in R? satisfying (4) such that

Lu+au=Lv4+av=0 in (),
where L = 87 + 02 — 97, and
suppu = {(t,z,y) € Q;t >0}, |u| <1< |v|in Q.

Choose x € C*°(R) so that estimates of the form (4) are valid for y and sup |x| <
1, x(z) = 0 when z < 0. If

uX(ta €r,Y, Z) = U(t — T, y) + X(Z)U(t -z, y)
it follows that in Q = {(t,z,y,2) € R% (t — z,z,y) € Q}
(28) |DYuy (t,z,y,2)| < C**Tr(vL,)”, v=0,1,...,
and (L + b)u, = 0if b(t,z,y,2) = a(t — z,x,y), for L does not act on y. Since
uy, # 0 in Q we can define v, (t,2,y,2) = logu,(t,z,y,z) uniquely so that
v5(0,0,0,0) is a given value of logv(0,0,0). Since L, is increasing it follows
again from Rudin [5] that v, also has bounds of the form (28), and the equation
(L 4 b)u,, = 0 means that

Luy + (0yvy)* + (90y)” = (9yv,)? + b = 0.

Since (0 + 0.)b = 0 it follows that v, is a solution of the equation

(29) (0 +9.) (07U + 92U — 0;U + (9,U)* + (9,U)* — (8,U)*) =0
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for every x. We have u, — ug = x(2)u(t — 2z, z,y), hence

supp(uy, —ug) C {(t,z,y,2) € Qit >z > 0},
supp(vy, —vo) C {(t,z,y,2) € Q:t > 0},

and (0,0,0,0) € supp(uy —up) C supp(vy, —vp) if 0 € supp x. Thus the equation
(29) has a continuum of solutions satisfying

(30) |DYU| < C**Y(vL,)", v=0,1,...,

which coincide on one side of the noncharacteristic plane where t = 0 whereas no
two are equal in a neighborhood of the origin. This is a special case of Proposition
3 in [4] apart from the regularity property (30). In particular, the solutions
belong to every Gevrey class G, with o > 1 if we choose L, = (log(v+2))” with
v > 2.
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