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TWO DISCRETE FRACTIONAL INTEGRALS
DANIEL M. OBERLIN

The paper [SW] is a study of certain operators defined on the groups Z and
Z?. These operators are analogues of fractional integrals along manifolds in
R™, but, in the discrete setting, the manifolds are replaced by sets with certain
arithmetic properties. In particular, for 0 < A < 1, Stein and Wainger introduce
the operator Iy, defined for functions f on Z by
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and the operator Jy, defined for functions f on Z? by
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and establish certain (¢7,¢9) estimates for them. The approach in [SW] is to
obtain these estimates by studying the multipliers associated with the opera-
tors. This is done by employing the ”circle method” from number theory. The
results obtained there continue a line of investigation dating back to Hardy and
Littlewood and are extremely interesting in their own right. The purpose of this
paper is to investigate the applicability to operators like Iy and J, of two meth-
ods which have recently been used to study averaging operators associated with
curves in R"”. These methods make no use of the Fourier transform and so the
“circle method” will not figure in our proofs. Nevertheless, and unsurprisingly,
there are still connections with number theory.

One could abstract the ideas involved in the following proofs in order to
fashion general theorems from which the results below would follow as special
cases. Hoping to emphasize the simplicity of the current methods in this context,
we have chosen not to do so.

We begin with the operator I. Here the results of [SW] are the next theorem
and corollary.
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Theorem. Suppose 1/2 < X\ < 1. The operator Iy maps ¢P(Z) into £9(Z) when
the following conditions hold:

(i) 1/g<1/p—(1=X)/2

(ii) p<1/(1=2X), ¢>1/\

In case of equality in (i) there is the additional restriction that p < 2 < q.
Conversely, if 0 < X\ < 1 and I maps (P(Z) into ¢1(Z), then (i) and (i) must
hold.

Corollary. Suppose 0 < A < 1/2. The operator I maps ¢?(Z) into ¢1(Z) if the
conditions 1/q < 1/p—1+3X/2, p<1/(1 —\), and ¢ > 1/X hold.

We will prove the following;:

Theorem 1. Suppose 0 < A <1 and 1 < p < q < 0o. The operator I, maps
(P(Z) into L1(Z) if the conditions 1/qg < 1/p— (1 —X)/2, p < 1/(1 — X), and
g > 1/\ hold.

Proof of Theorem 1. Interpolation arguments show that it is enough to check
that I, maps the Lorentz space £2-1(Z) into £3(Z) whenever A = s+eand e > 0.
To this end, define
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It is enough to show that
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This inequality will be established using an argument from [O]:
setting £ = (F — k) N [-2%72227%2] it is enough to prove the inequality

9itl_1 9i+l_4
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for sets B C [—2%72 22i%2] Thus, letting S = S; = {n?: 2/ <n < 2771} we

will show that
27+ _q
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Since |S| = 27, it follows that
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and so it is enough to check that
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if k € E. But if x(2_5)(k) = 1, there is n such that (m —n)(m +n) = k.
Then n = vm? — k so that m++v/m? — k is a divisor of |k|. Since m ++vm? —k

is an increasing function of m, the number of such m is bounded by d(|k|), the
number of divisors of |k|. Now d(|k|) is O(|k|°) for any § > 0 ([HW], p.260)
and so (2) follows from |k| < 229%2 if k € E. This completes the proof of
Theorem 1. D

The situation is somewhat analogous for the operator .J, on Z2. Here the
results from [SW] are the following theorem and corollary.
Theorem. Suppose 1/2 < X < 1. The operator Jx maps (P(Z?) into (9(Z?)
when the following conditions hold:

(i) 1/¢<1/p—(1-2)/3

(ii) p<1/(1=X),q>1/\
In case of equality in (1) there is the additional restriction that p < 2 < q.

Corollary. Suppose 0 < X\ < 1/2. The operator Jy maps (P(Z?) into £4(Z?) if
the conditions 1/qg < 1/p—1—5X/3, p<1/(1—=X), and g > 1/X hold.

Analogous to Theorem 1, we will establish
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Theorem 2. Suppose 0 < A <1 and 1 < p < q < oo. The operator Jx maps
(P(Z?) into £9(Z?) if the conditions 1/q < 1/p— (1 —X)/3, p < 1/(1 —\), and
g > 1/\ hold.

Proof of Theorem 2. Interpolation arguments show that it is enough to check
that Jy is of restricted weak type (2,3) whenever A = 2 + € and € > 0. We
begin by defining

29+l 1

I (f)(ny,ng) =27 Z f(ng —m,ny —m?).

m=23

Fixing € > 0 and A = 2 + ¢, it will suffice to show that the operators Jy ; are of

restricted weak type (g, g) uniformly in j. We will adapt some ideas from [C]

and begin with a lemma, the proof of which is contained in the proof of Lemma 1

in [C].

Lemma. For k = 0,1,... there are positive constants 0 and €, such that the
following holds. Suppose T is a positive operator taking measurable functions
XE on some measure space onto measurable functions. Suppose a > 0, F =
{a <Txgp <2a}, |F| >0, and 8 = |E|""(xr, Txp). Define Ey=E, Fy=TF,
Eppi ={z € B : T"xp,(x) > 0} and Frp1 = {y € Fi, : Txg,, (y) > era}.
Then all of the sets By and Fy are nonempty.

Fix E C Z? and a > 0. Writing T for Jy; and F = {a < Txg < 2a} as
above, the restricted weak type result we seek will follow from the estimate

3) o®|F|* < C(e) | B,

Let z and y stand for elements of Z2. Continuing to argue as in [C], we note
that = € Ej implies

(4) Yo X (@ (mem?) = 2Y6.

21 <m<2i+1

and y € F}, implies

(5) Z XEy (y - (m7 mQ)) = 2)\j€k—1a'

20 <m<2i+1

Fix y € F5 and consider the sum S given by

Z XE (y_ (mh m%) + (m27 mg) - (m37 mg) + (m47 mz) - (m57 mg))

2i<myq,...,m5<27t1

Now (5) shows that there are at least 22 e; v values of my with y—(my, m?) € E.
For each of these, (4) shows that there are at least 2*76;3 values of my with



TWO DISCRETE FRACTIONAL INTEGRALS 5

y — (mq1,m?) + (m2,m3) € F;. Continuing this process, and recalling that

Ey = F, leads to

. . 2
S 2 25>\3605061510[3,82 2 025’\3045("%) s

where the second inequality follows from 8 > «|F|/|E|. Let § = 5e so that
5A = 2+ 4. Then for some fixed ms, m4 we have

Z XE (y_ (mla m%) + (va mg) - (m37 m%) + (m4a mi) - (m57 m%))

29 <my,m3,ms<29+1

Thus (3) will follow from the estimate

Z XE (y_ (mla m%) + (m27 m%) - (m37 m%) + (m47 mézl) - (m57 m%))

27 <mq,m3,ms<2i+1
< C(8)|E|2%.
Replacing E by y + (ma, m3) + (mg,m?) — E, we have

> xe((m1,m?) + (m3,m3) + (ms, m3))

29 <my,m3,ms<29+1
=2 2 1

(a,b)eE mitmatmp=a
WL%-}—’VVL%—‘—’"L%:})

where, in the last sum, 2/ < my,ms,ms < 2’71, It is therefore enough to
observe the following lemma.

Lemma. For (a,b) € Z* the number of solutions in positive integers m; to the
simultaneous equations my +ma+ms = a and m}+m3+m3 = b is O((b+a?)?)
for any 6 > 0.

Proof of Lemma. Setting n; = 3m; — a leads to the equations ny +ng +n3 =0,
(n1+a)?+ (n2+a)?+ (n3+a)? = 9b and hence to n? +ning +n3 = (90— 3a?)/2.
The equation n? + nyns + n3 = n is solvable in integers only if n = 3*TIp°Ilq”
where the primes p are of the form 3k + 1, the primes ¢ are of the form 3k + 2,
and all the exponents 7 are even. Then the number of solutions is IL,(3 + 1).
(See problem 4 on page 176 of [NZM], for example.) It is easy to check that
I, (34 1) is O((IIp”)°®) for any § > 0. This gives the lemma and concludes the
proof of Theorem 2. O

The analogue of Theorem 1 with m? in the definition of I replaced by m*
would require replacing the inequality 1/¢ < 1/p— (1 —X)/2 in the statement of



6 DANIEL M. OBERLIN

Theorem 1 by 1/q < 1/p — (1 — X\)/k. An analogy between the powers m* in Z
and the curve (t,#2,... ,t¥) in R* tempts one to try to apply the ideas from [C] to
prove the (conjectured) result for m*. Things go smoothly until the end, where
one requires the following number-theoretic result: the number of representations
of a nonnegative integer n as a sum of k k' powers of nonnegative integers is
O(n®) for any § > 0. This is true when k = 2 (and thus the method of proof of
Theorem 2 could be adapted to yield Theorem 1 as well) but is stronger than the
"Hypothesis K*” (see the discussion in [SW]) and is therefore an open question
for k > 2.

Note. Shortly after this paper was completed, Stein and Wainger (oral commu-
nication) were able to strengthen the conclusions of Theorems 1 and 2. Their
results replace the inequality 1/¢ < 1/p—(1—X)/2 of Theorem 1 by the equality
1/¢ = 1/p — (1 — A\)/2 and the inequality 1/¢ < 1/p — (1 — X)/3 of Theorem
2 by the equality 1/¢ = 1/p — (1 — X)/3. These were obtained by a compli-
cated argument involving the circle method and certain decompositions of the
operators.
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